Cyclicity and Titchmarsh divisor problem
for Drinfeld modules

Cristian Virdol

Abstract Let A =F,[T], where F is a finite field, let Q = Fq(T), and let F be a finite
extension of Q. Consider ¢ a Drinfeld A-module over F of rank r. We write r = hed, where
E is the center of D := Endz(¢) ® Q,e=[E:Q],and d = [D: E]% If p is a prime of
F, we denote by F, the residue field at p. If ¢ has good reduction at g, let ¢ denote the
reduction of ¢ at p. In this article, in particular, when r # d, we obtain an asymptotic
formula for the number of primes g of F' of degree z for which ¢(F,,) has at most (r — 1)
cyclic components. This result answers an old question of Serre on the cyclicity of gen-
eral Drinfeld A-modules. We also prove an analogue of the Titchmarsh divisor problem
for Drinfeld modules.

1. Introduction

Let F, be a finite field, let A=TF,[T], let Q =F,(T), let F be a finite extension
of Q, let Fr be the constant field of F, and let Fr be the algebraic closure of
Fr. For p a prime of F', we denote by IF,, the residue field at p and by F@ the
algebraic closure of F,. Let ¢ be a Drinfeld A-module over F' of rank r. For all
but finitely many primes p of F', ¢ has good reduction at p, and we denote by
P, the set of primes p of F' of good reduction for ¢. For p € Py, let ¢ be the
reduction of ¢ at p.

We have that ¢(F,,) C ¢[m|(F,) C (A/mA)", for some m € A with m # 0,
where ¢[m](F,,) is the set of m-division points of ¢ in F,,. Hence,

(1.1) A(Fy,) ~ AJwiAx AjwaA x - x AjwsA,

where s <7, w; € A\ Fy, and w; | w;+1 for 1 <i<s—1. Each A/w;A is called a
cyclic component of ¢(F,,). (Thus, when 7 =1, ¢(F,,) is always cyclic.) If s <r,
we say that ¢(F,,) has at most (r — 1) cyclic components.

For z € N, define

fo.r(x) = |{p € Py | degp p = x,$(F,) has at most (r — 1) cyclic components}

)
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where degp o = [F,, : Fr]. Let F(¢[m]) be the field obtained by adjoining to F
the m-~division points ¢[m] of ¢.

For x € N we define (throughout this article m € A is a monic polynomial
and p € A is the prime below p)

féb,F(x)

1.2
2 = Z |{m € A| (m,p) =1, p splits completely in F(A[m])}’
PEPy
degp p==

Let 7, := [F(¢[m]) NFr : Fr), let dp := [Fr : F,], and let 7 () be the num-
ber of primes of F of degree z. Let E be the center of D := Endx(¢) ® Q. By the
theory of central simple algebras, there exist positive integers e, d,h such that
[E:Q]=e, [D:E]=d?, and r = hed.

In this article we prove the following results.

THEOREM 1.1

Let ¢ be a Drinfeld A-module over F of rank r > 2. We write r = hed, where E
is the center of D :=Endp(¢) ® Q, e=[E:Q], and d=[D: E]2. Assume that
r#d. Then, for x € N, we have

fo.r (@) = co,p()mp () + O((¢7*) ),

where
r4+3 p 72 r4l
A _ e htex,
mhe =\ p2e41 h .
Shic otherwise,
and

_ fiq (M)7m (2)
erl@)= 2 (o]

m is monic

where g (-) is the Mobius function of A and

0 otherwise.

Moreover, assume that F'=Q, D= A, and all division fields of ¢ are geometric.
(Thus, rm(x) =rm =1, and cy = cy r(x) is independent of x.) Then, from
[11, Theorem 3], we know that c4 r is positive if and only if Q(¢[a]) # Q for all
a € A of degree 1.

THEOREM 1.2

Under the same conditions and assumptions as in Theorem 1.1, for x € N, we
have

fo.p (@) =cly p(a)mr(z) + O((qux)Ar,h,e)7
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where
Appe= {i%l e > 5,
Shes  otherwise,
and
wr@= T st
mea
m is monic
where

() Tm  if rm |,

it 0 otherwise.

Theorem 1.1 is a generalization of [11, Theorem 1], where only the case End#(¢) =
A was considered (i.e., with our notation r = hed, with h =7 and e =d = 1), but
the error term in the asymptotic formula in [11, Theorem 1] even in this par-
ticular case is weaker than ours. (The error terms in Theorem 1.1 above and
[11, Theorem 1] coincide only when r =2, h =2, and e =d =1.) To improve
and generalize the asymptotic formula in [11, Theorem 1], we make use of the
Chebotarev density theorem, the open image theorem for l-adic representations
associated to general Drinfeld A-modules (i.e., [13, Theorem 0.1]), Lemma 3.3,
which the authors of [11], [2], and [3] could prove only for k=1 and k=7 (in
the case of both Drinfeld modules and abelian varieties), Lemmas 3.4 and 3.5,
the sets S.(m) defined in Section 5, and the splitting from formula (5.1).

In the very particular case r =2, h=1,e=2,d=1, Theorems 1.1 and 1.2 are
also a generalization and improvement of Cojocaru and Shulman [3, (9)] and of
the main theorem of [3], that is, [3, Theorem 1.1]. (In [3] an additional condition
is imposed: ¢ has complex multiplication (CM) by the full ring of integers of an
imaginary quadratic field.)

Here is a brief history of the cyclicity question we consider in this article.
Let E be an elliptic curve defined over QQ of conductor V. For p a rational prime
we denote by F, the finite field of cardinality p and by F, the algebraic closure
of F,. Let Pg be the set of rational primes p of good reduction for E (i.e.,
(p,N) =1). For p € Pg, we denote by E the reduction of E at p. We have that
E(F,) C E[m](F,) C (Z/mZ)? for any positive integer m satisfying |E(F,)| | m.
Hence,

(13) E(]Fp) ~ Z/le X Z/TTLQZ,

where m; € Z>1 and my | my. Each Z/m,Z is called a cyclic component of E(Fp).
If my =1, we say that E(F,) is cyclic.
For = € R, define

feo@)=|{p€Pr|p <z, E(F,)is cyclic}|.
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In 1976, Serre proved (see [15] and also [12, Theorem 2]), under generalized
Riemann hypothesis (GRH), that if E is a non-CM elliptic curve, then

. x
feo(z)=cg l1x—|—o<logx),

where liz := f; }gt dt and

lo,

p(m)
CE = TN T .
mz::l [Q(E[m]) : Q)
where p(-) is the M&bius function. Moreover, Serre proved that cp > 0 if and
only if Q(E[2]) # Q. In 2004, the error term in Serre’s estimate was improved by
Cojocaru and Murty [2, Theorem 1.1], where they obtained the formula

feo(@)=cpliz 4+ O(z*%(logz)?/?).
Q

This corresponds to the case r =2, h=2,e=1, and d =1 in Theorem 1.1 above,
and we obtain

fo.r(@) = co p(z)mp(x) +O((g"")"°),

which is the same formula as in [11, Theorem 1.1].

When the elliptic curve E has CM by the full ring of integers of an imaginary
quadratic field, Cojocaru and Murty in Theorem 1.2 of [CM] obtained a better
asymptotic formula:

feo(x)=cgliz+0O 23/ log x 172y,
,Q

This corresponds (with the condition “full ring of integers” removed) to the case
r=2,h=1,e=2,and d=1 in Theorem 1.1 above, and we obtain

fo.r(z) = co.r(@)mr () + O((¢"*)*"),

which is better than [3, (9)] or [3, the formula in Theorem 1.1]. (These two last
results were obtained also under the restriction: “¢ has CM by the full ring of
integers of an imaginary quadratic field.”)

Finally, the results regarding Serre’s cyclicity question from [15], [2], and [11]
were extended to arbitrary abelian varieties defined over number fields in [18] and
to arbitrary generic Drinfeld A-modules in this article. We remark that Theorem
1.2 is an analogue of the Titchmarsh divisor problem for Drinfeld modules of
rank 7 > 2 (see [1], [17] for details). We remark that the methods of this article
could be used to generalize [1] and [5], where the authors were able to prove their
results only for the very particular case when the abelian variety A from [1] is
defined over Q and contains an abelian subvariety E of dimension 1 also defined
over Q (see [1, Theorem 1.2 and Remark 4.1] and also [5, the last sentence of
Section 1.1], where the authors say that they can prove their results only for
“abelian varieties defined over Q which have a 1-dimensional subvariety which is
also defined over Q7).
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2. Known results

For F' a finite extension of @, we define G := Gal(F®°?/F'), where F*P is the
separable closure of F inside a fixed algebraic closure F of F. Let ¢ be a Drinfeld
A-module over F of rank r. For m € A with m # 0, we denote by ¢[m] the m-
division points of ¢ in F. Then

olm] =~ (A/mA)".

If F(¢[m]) is the field obtained by adjoining to F' the elements of ¢[m], then we
have a natural injection

®,,, : Gal(F (¢[m])/F) — Aut(¢[m]) ~ GL,(A/mA).
We denote Gy :=Im ®,,, (Gal(F(¢[m])/F)). Define
n(m) := |G| = [F(6[m]) : F).
For a rational prime [, let
Ti(9) =lim o[1")
and Vi(¢) = Ti(¢) ® Q. The Galois group G acts on
Ti(¢) = A7,

where A; is the l-adic completion of A at [, and also on Vj(¢) ~ Q7, and we
obtain a continuous representation

Pl Gr — Aut(Tl ((]5)) ~ GLT(AZ) C Aut (W(¢)) ~ GLT(Ql)
Hence, we get a representation

P = Grp — HGLT‘(AZ)'
1

If pePy, let p=pnNA, let pe A be the prime such that pA =p, and
let I € A be a prime satisfying (I,p) = 1. Then F(¢[l*°])/F is unramified at
o, and let o, be the Artin symbol of p in Gal(F(¢[I>°])/F'). We denote by
Py o(X)=X"4a14(0) X" "+ 4 a,_14(p) X +uyp™ € A[X], where u, € F}
and my, = [F,, : A/p], the characteristic polynomial of o, on T;(¢). Then P, ,(X)
is independent of . One can identify Tj(¢) with Tj(¢), where ¢ is the reduction of
¢ at p, and the action of o, on T;(¢) is the same as the action of the Frobenius m,
of ¢ on Tj(). Define Qg (X) = X" +c1.4(0) X" 4+ crm1.6(p) X +crg(p) €
A[X] by Qp,o(X) := Py (X +1).

We know the following (see [11, Proposition 11]).

LEMMA 2.1
Let F/Q be a finite extension, and let ¢ be a Drinfeld A-module over F of rank
r>2. IfpePy, letp=pNA, and let p € A be the prime satisfying pA=p.

(i) For m € A with (m,p) =1, the finite A-module ¢(F,) contains an
(A/mA)" -type submodule if and only if o splits completely in F(¢p[m]).
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(ii) The module ¢(F,,) contains at most (r —1) cyclic components if and only
if  does not split completely in F(@[l]) for all primes 1 € A with 1 # p.

3. Drinfeld modules

Let ¢ be a Drinfeld module of rank r, defined over a finite extension F/Q,
such that Endr ¢ = Endz¢. (In the proofs of Theorems 1.1 and 1.2 one does
not have to assume that Endr ¢ = Endg ¢: the reason is that the inequality on
the left in Lemma 3.2 below holds true even without the assumption Endp ¢ =
Endz ¢ as is noted just after the proof of Lemma 3.2.) Let E be the center of
D :=Endz(¢) ® Q. By the theory of central simple algebras (see [14, the section
after Theorem 0.1]), there exist positive integers e,d,h such that [E: Q] =e,
[D: E]=d?, and r = hed. Let Og be the “ring of integers” of F.

Let [ be a rational prime. Since the actions of D =Endg ¢ ® @ and G on
Vi(¢) commute, we obtain a continuous h-dimensional representation

Pl GF — AutDl Vz(gﬁ) = GLh(El),
where D; :=Endr ¢ ® Q; and E; := F ® Q;. Hence, we get a representation
p:Gp— [[GLA(OE @ A)).
1

(Actually throughout this article we should have written, as in [13, Theorem 0.2],
Centgr, (4,)(Endz(¢)) instead of GL,(Or ® A4;), but to simplify the notation,
because for almost all [ these two groups are isomorphic, and also because this
identification does not affect our arguments, we leave it in this form.)

We know the following (see [13, Theorem 0.2]).

LEMMA 3.1
The image of the homomorphism

p:Gp— [[GLA(OE ® A)
l
1S open.
Hence, we obtain the following (see also [19]).

LEMMA 3.2

Let ¢ be a Drinfeld A-module over F of rank r. Assume that Endz(¢) = Endp (o).
We write v = hed, where E is the center of D :=Endz(¢) ® Q, e=[E: Q], and
d=[D: E])Y2. Then, for m € A a monic polynomial, we have

|(Op/mOR)*|g""* D™ < |G, | < |(Op/mOg)*|qc™ ~1deam < geh®degm.

Proof
From the injection

¢m : Gal(F(¢[m])/F) < GLy(Og/mOg),
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one obtains trivially the inequality
|G| < |(OE/mOE)* |qe(h2*1)degm < qeh2 degm

From [16, Théoréme 1] (see also [7], [13]), after eventually replacing F' by a finite
extension, we obtain that the function

1" [F(o[1Y]) : F|
is multiplicative in I, where [ runs over the rational primes (and d stands for

arbitrary powers of [). Hence, from the open image theorem for Drinfeld A-
modules, that is, Lemma 3.1 above, we get that

|G| > |GLy(Op/mOg)|

h2 1) degm 1 1
¢ H( degl) (1 - q2degl) (1 - qrdegl)

= [0 /mow) | [T (1= i) (1 i)

llm
where the product is over distinct primes ! | m. Because
1 1
H(liq2degl)'”(1 rdegl>>>H< 2degl) “<]'7qrdegl)>>1’
llm

where the last product is over all primes [, we are done with the proof of
Lemma 3.2. (]

We remark that in Lemma 3.2, even if we do not assume that Endp ¢ = Endx ¢,

we have
’(OE/mOE) e(h?—1)degm < |Gm|

because Endpr ¢ = Endg ¢ for some finite extension F’/F.

LEMMA 3.3
Using the same notation as above, let p € Py, and let p be the rational prime below
p. Let m € A be a monic polynomial such that (m,p) =1. If p splits completely
in F(¢[m]), then

m* | exs(p),
forany k=1,....r

Proof
Let I | m be a rational prime, and let m(l) be the largest natural number such
that ™" | m. Let

e (E(Fgo) - é(Fp)

be the Frobenius endomorphism. Assume that o splits completely in F(¢[m]).
Then ¢(F,)[I™®] C Ker(r, — 1) and we get that ps,(o,) = I, + 1™V B, where
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B € My(Ap). Thus, X"+ c1,4(0) X"+ + crm1,6(0) X + () = Qpp(X) =
Py o(X +1)=det((X + 1)1, — pg1(0,)) = det(XI. — ™V B), and we obtain that
1mOF | ¢y o(p) for any k=1,...,r. O

LEMMA 3.4
We have
‘Ck,¢(@)| < q(k/T)dF degp .
forany k=1,...,r.
Proof
We know (Riemann hypothesis; see [9, Theorem 5.1]) that
Pyo(X) = (X —x1,0) - (X —arp),

where |z; | < ¢(t/drdegr e Hence, X" + c1 4(p) X" 1 + -+ + cr1,0(p) X +

Cro(9) = Qp,0(X) = P o(X +1) = (X — (210 — 1)) (X = (2, — 1)), from
which we deduce that |cx 4(p)| < ¢*/M4rdeer e for any k=1,...,7. O

LEMMA 3.5
We have

Crp(9) = upp™® + dic1p(p) +dac2 p(9) + -+ dro1¢r-1,6(p) + dr,

where dy,...,d,. are integers which depend only on r.

Proof
From Qg,,(X):= Py (X + 1), we get

cral) =aalo)+ (7).

erofo) =analo) +ano(o) () + ().

m 1 ,
ero(9) = upp™ +ar—1a(0) || )+ ()

and by writing a; 4(p) in terms of ¢ 4(p), then as »(p) in terms of ¢z 4(p) and
c1,6(9),-.., and uEp™s in terms of ¢i4(p),...,crg(p), we are done with the
proof of Lemma 3.5. O

4. Chebotarev density theorem

Let L/F be a Galois extension, let G be the Galois group of L/F, let C be a
union of conjugacy classes of G, let 7, := [LNFr : Fr|, and let Fy, be the constant
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field of L. For z € N, define
mc(x,L/F) = |{p|degp p =z, p is a prime unramified in L/F, and o, C C}|,

where o, is the Artin symbol of p in Gal(L/F').
We know the following result (see [6, Theorem 6.4.8]).

THEOREM 4.1 (CHEBOTAREV DENSITY THEOREM)

Let L/F be a finite Galois extension with Galois group G, and let C C G be a
conjugacy class whose restriction to Fy, is the ath power of the Frobenius auto-
morphism of Fp. If t € N and © £ a (mod ry,), then

Ure; (1‘, L/F) =
If r=a (mod ry) and g1, and gr are the genera of L and F, respectively, then

|C| ¢ir®
|G|

’ﬂc(x L/F) —rp 2!

<Al
e
where Ap = [F : Q] and dp := [Fp : F,].

((‘G| +gL7’L) drx/2 + |G|(29F + 1)quz/4 +gLrr + ‘G|AF/dF),

Let mp(z) be the number of primes of F' of degree x. Then from Theorem 4.1
with L =F, we get
dFI/Q
+o(t—).

x
Also from Theorem 4.1, for C equal to the trivial element of Gal(L/F), we obtain
the following result.

qir® q

7TF(.’£) =

THEOREM 4.2
Let L/F be a finite Galois extension with Galois group G, and let

m (2, L/F) = |{p| degp p ==, p splits completely in L}|.
If €N and rp{x, then
7T1(£L',L/F):0.

If ri, | x, then
dFCE/Q
gLrr q
m(e, L/F) = o <>]<<(|G‘ )

where the implicit constant depends only on F.

We know the following result (see [8, Corollaire 7]).

LEMMA 4.3
For each m € A\F,, we have

g(m) == gp(sim)) < D(®) - [F(¢[m]) : F] - degm,
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where the implicit constant depends only on F and the constant D(¢) depends
only on ¢.

We know the following result (see [4, Lemma 3.2], [10, Remark 7.1.9]).

LEMMA 4.4
If ¢ is a Drinfeld A-module over F, and Fy is the field obtained by adjoining to
F all division points of ¢, then

E(¢) = [F¢ QFFIIFF] < 00

5. The proofs of Theorems 1.1 and 1.2

From Lemma 2.1(ii) we get
for(@) =" pg(m)m (z, F($lm])/F),
meA

where the sum is over monic square-free polynomials m of A. If p splits com-
pletely in F(¢[m]), then from Lemma 3.3 we obtain that m” | P, ,(1). Since
deg Py (1) < dpdegp p = dpx, it is sufficient to consider only square-free poly-
nomials m € A with degm < dpx/r.

If y =y(z) is a real number with y < dpx/r (y will be chosen later), then

for@ =Y pg(m)mi(x,F(¢m])/F)

degm<drz/r

= Y pg(m)mi(x, F(¢[m])/F)

degm<y

Y wmm e (ol /)

y<degm<dpz/r

(5.1)

= main + error.
From Theorem 4.2, we obtain

main = 37 PR )y 3 o (M) ),

degm<y degm<y

and from Lemmas 4.3 and 4.4, we get

3 (%H) < 3 D()E(¢)degm < gV,

because degm < y < x and the number of m € A with degm <y is much less
than ¢¥. Thus,

degm<y degm<y

Hg\T) T (L) (m)rm ( (dpz/2)+
5.2 - ( ) ra/2)+y),
(5.2) main = 7 (z Z n(m) + O(q )
degm<y
Now we estimate the error. For each ¢ = (c1,...,c,—1) € A7~1 with |cg| <

g\k/mdrdegr o for any k=1,...,r —1, and for each square-free monic polynomial
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m € A, we define

Sc(m):={pe€Paldegprp=2,cre(p)=cp fork=1,...,r =1,
o splits completely in F(A[m])/F}.

Then, because from Lemma 3.4 we know that |cy 4(p)| < g(#/Mdrdeer e for
any k=1,...,r, we obtain

error < Z Z |Sc(m) |

y<degm<dpx/r ceAr—1
m square-free |ck|§q(k/r)dF degp ¢ for k=1,...,r—1

From Lemma 3.3 we know that for each p € S.(m) we have m” | ¢ 4(p) for
k=1,...,r, and from Lemma 3.5 we know that ¢, 4(p) = u,p™e + dic1g(p) +
doco,o(p) + -+ +dr_1¢r-1,4(p) + d;. Therefore,

> > |Se(m)]

y<degm<dpzx/r ceAr—1
m square-free |ck|§q(k/r)dF degp ¢ for k=1,...,r—1

< X >
y<degm<dpzx/r ceAT—1
m square-free |ci|<q(F/mdF degr © for k=1,...,r—1

mF|ck,for k=1,...,r—1

> 1
©EPA
degp p=x
¢k, 6 (p)=cp,for k=1,...,r—1
M7 |cr,¢(0)=uep™® +dici,¢(p)++dr_1¢r—1,4(0)+dr

(53) < Z Z qufL‘—T‘ngm

y<degm<dpz/r ceAr—1
m square-free |ci|<q(F/mdF degp © for k=1,...,r—1

mk|cy for k=1,...,r—1

r—1
< § : qdpx—rdegm H q(k/r)dpx—kdegm
y<degm<dpz/r k=1
m square-free
< § qdpx—rdcgmqr—gldpm—(rgl)r degm

y<degm<dpz/r
m square-free

< g T ety
(We remark that in the above computation we should have considered whether
¢k is zero or not for each k=1,...,r — 1, but in each of these 2"~! cases the

computation is similar and could be dealt with by induction.)
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Since |(Og/mOg)*| > q¢¢9°™ /logdegm (see [11]), from Lemma 3.2 (see the
remark after it) and Lemma 4.4 we get (see also [11] for all details)

,uq logdegm logy
(54) Z < Z hzedegm q(thfl)y ’

degm>y degm>y

From (5.1)—(5.4) we distinguish two cases.

(i) If h2%e > T'H , then we choose y such that ¢(@r#/2)+v = qrﬂd pa— =2 2y7
that is,
1
5.5 =—d
(5.5) Y= drT,

and from (5.2)—(5.4) we get

(5.6) for (@) = e p(@)mp(x) + O(g2 72 07).
(i) If h%e < “£L, then we choose y such that ¢(@r=/2)+v = qirz—(h’e=1)y that
is,
1
5.7 -
(5.7) Y=g

(so the error term in (5.1) disappears), and from (5.2) and (5.4) we get

(5.8) fo,r(@) = cp,r(2)TFR(2) +O(q%e§d”).

Thus, we are done with the proof of Theorem 1.1.

Now we prove Theorem 1.2. (We remark that to prove Theorem 1.2 we have
to use Lemma 3.2 above, and not a weaker version of it, that is, [19, Lemma 3.2]:
the reason is that in the proof of Theorem 1.2 we have to consider a sum over
all monic polynomials m of A, and in the proof of Theorem 1.1 it is sufficient to
consider a sum over only square-free monic polynomials m of A.)

From the definition of f} () we get that

for(@) =Y m(z, F(om])/F),

meA

dpl‘

where the sum is over monic polynomials m of A. Again, if p splits completely in
F(¢[m]), then from Lemma 3.3 we deduce that m” | P, ,(1). Because
deg Py (1) < dpdegp p = dpx, it is sufficient to consider only monic polyno-
mials m € A with degm < dpz/r.

For y = y(x) a real number with y < dpx/r, we have

fop@= 3 m(z,F(elm])/F)

degm<dpz/r
(5.9) = Y m(xF(em)/F)+ > m(x,F(glm])/F)
degm<y y<degm<dpz/r

= main + error.
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From Theorem 4.2, we get
dFI/Q

main— 3 rm(x)m:(m)+ 5 O((Q(m)rm(x)Jrl)q _ )7

n(m) n(m)

degm<y degm<y

and from Lemmas 4.3 and 4.4 as above, we deduce that

E:(ﬂﬂmﬁﬁ+g< Y D(®)E(¢)degm < xg".

degm<y n(m) degm<y
Hence,
s T () (dpz/2)+y
(5.10) main = 7 (x) Z n(m) +0(q ).
degm<y

Now the error can be estimated as above by doing the computations not
only for square-free monic polynomials m € A, but also for all monic polynomials
m € A, and we get that

+1 r(r+1)—2
dpmff

(5.11) error < q = Y.

As above we have that

- log d 1
(5.12) Z r (33)<< Z ogdegm _ _logy

n(m) qthdegm q(h2efl)y’

and by considering again the cases (i) and (ii) we get that

degm>y degm>y

(5.13) F (@) = ¢ (@) (x) + O(g 5 47,

Thus, we are done with the proof of Theorem 1.2.
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