Scaling distances on finitely ramified
fractals

Roberto Peirone

Abstract In this article we study two problems about the existence of a distance d on a
given fractal having certain properties. In the first problem, we require that the maps v;
defining the fractal be Lipschitz of prescribed constants less than 1 with respect to the
distance d, and in the second one, we require that arbitrary compositions of the maps
1; be uniformly bi-Lipschitz of related constants. Both problems have been investigated
previously by other authors. In this article, on alarge class of finitely ramified fractals, we
prove that these two problems are equivalent and give a necessary and sufficient condi-
tion for the existence of such a distance. Such a condition is expressed in terms of asymp-
totic behavior of the product of certain matrices associated to the fractal.

1. Introduction

Fractals are very irregular mathematical objects. Over the past three decades,
they have been investigated rather intensively. The notion of fractal is very gen-
eral, and in this article a specific but rather general class of fractals is consid-
ered. More or less, we consider the so-called self-similar fractals, that is, geometric
objects having the property of containing copies of themselves at arbitrarily small
scales. A concrete and relatively general class of self-similar fractals is the follow-
ing. We are given finitely many contractive similarities 11,...,%¢y in R"; that is,

(1.1) d(i(x),¢i(2")) = @d(z,2")

for every z,z’ € K, where the &;’s are constants lying in ]0,1[. The self-similar
fractal K (generated by the similarities 1);) is the set invariant with respect to
such a set of similarities. More precisely, K is the only nonempty compact subset
K of R™ such that (see, e.g., [1])

k
(1.2) K:U%my

More generally, we could define a self-similar fractal as a compact metric space
or as a compact topological space satisfying (1.2), where the 1);’s are maps sat-
isfying certain conditions (see [3], [4]). Examples of self-similar fractals are the
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Cantor set, the Koch curve, the (Sierpinski) gasket, the (Sierpinski) carpet, the
Vicsek set, and the (Lindstrgm) snowflake. See, for example, [5] and [7] for the
description of such fractals.

Here, following [4], we will say that v := (v, ..., o) is a polyratio if a;; €]0,1]
for every i =1,..., k. When the self-similar fractal is defined by (1.2) in a metric
space where the 1;’s satisfy (1.1), by definition, the maps 1; are a;-Lipschitz.
More generally, one could ask for what polyratios « := (a1, ..., ax) there exists
a distance d on K such that the maps 1; are ay;-Lipschitz with respect to d.
This problem is discussed by A. Kameyama in [3] and [4]. When this happens,
following [4], we will say that « is a metric polyratio (on K), and we will say
that d is an a-self-similar distance.

In [4] a pseudodistance D, is constructed on a general class of self-similar
fractals for every polyratio, and it is proved that if a is a metric polyratio,
in other words if an a-self-similar distance exists, then D, is an a-self-similar
distance and, moreover, D, induces on K the same topology as the original one.
Furthermore, in [3], a necessary condition for « being a metric polyratio is given
in terms of a matrix related to the notion of frame introduced there.

In this article, another problem naturally related to the previous one is also
studied. The problem is, roughly speaking, whether there exists a distance such
that arbitrary compositions of the maps v; are uniformly bi-Lipschitz. More
precisely, we will say that « is an asymptotic metric polyratio (on K) if there
exist a distance d on K and positive constants ¢ q,C2,o such that

d(iy,...i,,(Q), Vi .4, (Q"))
1.3 a< 1y--5tm ? 1y--05tm < o V , !/ K: I’
(18) e THhtn el S <60 VQ.Q €K 1Q£Q
where 9, ;. =1 0.0y, for every i1,...,ip =1,...,k. We say in such

a case that the distance d is an «-scaling distance. Now the problem is what
polyratios are asymptotic metric. A strictly related problem has been studied by
J. Kigami [6]. However, the problem in [6] is not exactly the same. In fact, instead
of formula (1.3), it is required that the distance is adapted to a scale. This notion
is rather technical, and it will not be described here (see [6, Definition 2.3.4])."
The results in [6] are discussed in relation to problems concerning Dirichlet forms
and heat kernels.

There is rather extensive literature about Dirichlet forms on fractals and
related notions and more generally about analysis on fractals. Analysis on fractals
has been developed mainly on the finitely ramified fractals and more specifically
on the postcritically finite (PCF) self-similar sets. The gasket, the Vicsek set,
and the snowflake are examples of PCF self-similar sets, while the carpet is not
a PCF self-similar set nor is it finitely ramified. However, on certain infinitely
ramified fractals, for example, the carpet analysis has been developed. Standard

I (6], emphasis is put mainly on the question of whether for a given polyratio « there exists
a distance for which the contraction ratio of 1, is asymptotic to a . for some a. J. Kigami
considered, during a workshop, the question of what polyratios « satisfy the property given in
Theorem 5.2(iv) in the present article.
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textbooks on analysis on fractals are [5] and [7], where the precise definition of
PCF self-similar sets is given.

In [6], a rather general class of self-similar fractals (not only finitely ramified)
is discussed, and some conditions are given. In particular, it is proved that in a
class of fractals, including that considered in this article, for many polyratios
there exists a distance having a property similar to (1.3). However, no conditions
given in [6] are both necessary and sufficient.

In this article, I restrict the class of fractals. (More or less, I consider the
connected PCF self-similar sets.) See Section 2 for the details. For such a class of
fractals, I prove that both the notion of metric polyratio and that of asymptotic
metric polyratio are equivalent to a notion expressed in terms of some special
matrices introduced in Section 4. In particular, the notions of metric polyratio
and of asymptotic metric polyratio are in fact the same. These matrices are
related to paths on the fractal. The condition is that this set of matrices satisfies
a special property, which is strictly related to the notions of joint spectral radius
or, better, of joint spectral subradius. Joint spectral radius and joint spectral
subradius are notions that generalize the notion of spectral radius to the case of
a finite set of matrices. More precisely, given a finite set E of (n X n)-matrices,
the joint spectral radius (resp., joint spectral subradius) is defined as

lim rnaX{HAi1 s A | Ay, Ay € E}

h—+o0

(resp.,hgr_ir_loornin{HAi1 s A | Ay, Ay € E})

A textbook on joint spectral radius and joint spectral subradius is [2].

Section 5 is devoted to proving the condition given here (see Theorem 5.2).
The condition is strictly related to the statement that such spectral objects are
greater than or equal to 1. However, it is not equivalent. Namely, we require that
a set E of matrices with nonnegative entries satisfy

HAH A'Lh (6J)H ¢,

where c is a positive constant independent of h, of the matrices 4;,,...,4;, € E,
and of the vector e; of the canonical basis. Note that usually, at least to my
knowledge, it is difficult to evaluate the joint spectral radius and the joint spectral
subradius of a finite set of matrices. So, I expect that in the general case an
explicit and effective condition for a polyratio being metric on the given fractal
could be hard to find. However, this can be done for some specific fractals. In
Section 6, I give explicit necessary and sufficient conditions on the gasket and on
the Vicsek set. I expect that similar explicit conditions can be given for fractals
having a simple structure and for more complicated fractals if the factors «; have
some good symmetry properties. Moreover, note that it can be easily seen that
« is always a metric polyratio if a; > % for every i =1,...,k (see Remark 5.8).
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2. Fractals

In this section, we describe the construction of a fractal, following more or less
the approach of [5]. The results of this section are standard (either known or
simple consequences of known results), but I prefer to recall them. Let &k be an
integer greater than 1. Define

Wi ={L....k}", W= W, W= W,

I<m meN
W(=Wu):={1,....k}".

If w* e W*, let |w*|:=m if w* € W,,, and we say that w is a word and m
is the length of w. We equip W with the product topology {1,...,k}", where on
{1,...,k} we put the discrete distance. Note that the unique word in Wy is the
empty word @.

For i=1,...,k, let 0;: W — W be defined by o;(w) = iw, where if w =
(i1,12,13,...), we set iw = (i,41,12,13,...). If we W or w € W, with m > m,
w = (i1,42,13,...), let W) € Wiy be defined by wamy = (i1, ... ,im). If w* € W*
and m < |w*|, we say that wfm) is a segment of w*. We say that two words w*
and w*’ are incomparable if neither w* is a segment of w*’ nor w*’ is a segment
of w*. Denote by i(™) the element of W,, of the form (i,...,1) where i is repeated
m times, for m e NU {0}, i=1,...,k.

Let (K,d) be a compact metric space. We say that K is a self-similar fractal
is there exists a continuous map 7 from W onto K and continuous one-to-one
maps ¥;, it =1,...,k, from K into itself such that

(2.1) Y,om=moo; Vi=1,... k.
If w* = (i1,...,ém), let oys =04, 0 2005,y Yy =1, 0+~ 0 . Tt follows that
(2.2) Yy OM =T 00y VW' € W™

For every w € W we have
(23) {m(w)} = [ Yug, (K-
m=1

In fact, w = 0y, (w') for some w’ € W; thus, for every m=1,2,..., we have

ﬂ-(w) = T((O’w(n),) (w/)) = d)w(m) (W(w/)) € ww('rn) (K)v

and the inclusion C in (2.3) is proved. On the other hand, if y € (7_; Y, (K),
then for every m =1,2,..., there exists w;,, € W such that y =1y, (7(wy,)) =
(0w, (wy,)). Since, by the definition of the topology on W, we have
aw(m)(wjﬂ) —m—+oo W, in view of the continuity of 7, we have y = 7(w), and
(2.3) is completely proved.

Now let

Euye =t (E) Yw* € W*ECK.
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By (2.1) we have
k k k k
UK =Jwi(xW)) = (o:(W)) = 7r( Ui(W)> = (W) =K.
i=1 i=1 i=1 i=1
More generally, for every m=1,2,3,..., we have
(2.4) K= |J Ku,
w*eW,,
k
(2.4') Ki iy = U Kiy it im -
im=1

As a consequence, we have

(2.4") K; DK, i1 Yit, .. im=1,... k.

1yeeesbm
In the following, we will require additional properties on the fractal. We

require that the fractal be a PCF self-similar set with a little additional prop-

erty similar to that required in [7]. Suppose that ¢; has a unique fixed point

which we denote by P;, and let V ={P;,i=1,...,k}. Assume that there exists a

subset V=V ={P; ... Py} of V of N elements with 2 < N <k such that if

wrw* € W, w* #£w*', |w*| = |w*'|, then

(2.7) Ky NKyyer = Ve N Vs,

(2.7) H#( Ky N Kyper) < 1.

Requirement (2.7) is more or less the finite ramification property. Note that
the Sierpinski carpet does satisfy (2.7). Requirement (2.7) is possibly not strictly
necessary, but simplifies many arguments and is satisfied by almost all the finitely
ramified fractals considered in the literature. Moreover, we require that

(2.8) ifi=1,....k,j,h=1,...,N, and ¢;(P;) = Py,then i =j =h.
Note that (2.8), in particular, implies that P; # P} if j # j'. Let
j:: {(jlva) tJ,J2=1,...,N, i1 ¢j2}7

~

and note that #(J) = N(N — 1). The sets of the form V;,  _; will be called
m-cells. Let

1see02m?

vm) — O 1%

81 yeensim =1
() — U y(m)
m=0

Note that V(™) C V7t for every positive integer m. I now prove some lemmas
useful in the following.
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LEMMA 2.1

For every w* € W*, the map ), sends K\ V) into itself. More precisely, if
w* € Wi, m >0, and ¥+ (Q) = P; € VO, QeK, then Q= P; and w* = j(m),

Proof

Let @ € K, and suppose that ¢,«(Q) = P; € VO Then w* = ;™) and conse-
quently @ = P;. In fact, in the opposite case, as P; = 1;um) (P}), by (2.7) we have
Q €V and by (2.8) and an inductive argument we have w* = 5™, which is a
contradiction. |

Note that (2.7) holds under the hypothesis |w*| = |w*’| and that (2.7) is no longer
valid if w*, w*’ are two arbitrary different words. In fact, if w*’ is a segment of

w*, then Ky« N Ky = Ky« by (2.4”). However, as we see now, this is the only
case in which (2.7) does not hold.

LEMMA 2.2

If w* and w*' are two incomparable words, then

Ko N Kyper = Vige O Viger.

Proof

Let w* = (i1,...,im), w*' = (i},...,i,,,). Since the case m =m’ follows at once
from (2.7), we can and do assume that m’ > m. As we have also assumed that
w* and w*’ are incomparable, we have (i1, ... i) # (i},...,i,,). Thus, if Q €

Ky« N Ky, then
QeKiy i, Ky o =V

1,

NV

Uyl
It remains to prove that @ € Vj; ;v . To see this, note that there exist Q ekK
and P; € V) such that

Q=1 i (1/%;”“,...,1';”, (@) =ir,....ir (P}).

Hence, by Lemma 2.1, we have Q" = P; (and i}, =--- =1, =j). Thus, Q €
Vit - O
LEMMA 2.3

For every m’ Z m we have
(29) Kil, ! N V C an

Hence, K;,,...;, , N V(™) has at most one element z'f m' >m.

Proof

Let Qe Kyy,...i,, N V™) and let 4),...,i m be such that Q € Vi; ;. Then, if
(41, ytm) =(41,...,4,,), we have Q € V;, ;. If, on the contrary, (i1,...,im) #
(#},...,4.), we have

Q € Kil;uwi'm m Ki/17~~;i’ C ‘/7/1; lim
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and (‘? 9) is proved Since every point in Kj ..; , N V(™) has the form

Viyyoin (Q) =iy i (P )wth eV Qe K, wehave;, ., i (Q)=P;.
Thus by Lemma 241, J=tmpr = =ly, Q=P; =F; O

m-+1"°

COROLLARY 2.4
The set Vi, N Vi has at most one point whenever w,w’ € W*, w#w'.

Proof
Let m = |w|, m' = |w'|. If m =m/, this follows from (2.7"). If, for example,

m' >m, let w=(i1,...,0m), w' = (i1,...,4,,). Then V,, NV, CVjs il NV,
and we conclude by Lemma 2.3. O
COROLLARY 2.5

We have (V) \ V) C 420\ VD) for epery m € N and every i =
...k

Proof

Let @ € VD \ V™ namely, Q = i, i, ( j). Then, clearly, ;(Q) €
Vm+2) - Also, if 1;(Q) € VD | then 14(Q) € Ky, 4, N V<m+1> v

Ty yeensbm )
by Lemma 2.3. Thus, ;(Q) = 1/)1(1/)117 im (Pi7)) for some j' =1,...,N; hence,
Q=1vi,, i, (Py) € VU™ which is a contrad1ct1on. O

In the following we will often use, with no mention, the simple consequence
of (2.7).

LEMMA 2.6
We have that V(&) N K- = Vu(,fo) Yw* € W*.

Proof

To prove the C part, note that if Q € V() N K, then Q € Vu(ff) for some
w*' € W* with |w*'| = |w*|. Thus, if w*' # w* by (2.7), we have Q € V,,» C Vu(ﬁo).
The D part is trivial. O

LEMMA 2.7
We have that V() is dense in K.

Proof

Let Q € K. By (2.2), Q@ = n(w) for some w € W. Note that, by the defini-
tion of the topology on W, we have aw(m)(l(oo))—>m_>+oow; hence,
T(Twi,) (1)) — 1, 4 oo T(w) = Q. On the other hand,

(2.10) W(Uw(m)(l > )) %;(m)( (1(00)))5

and since ¢ (Py) = Py, we have ¢ (P;) = P;. Hence, by (2.3), 7r(1(°°)) =Py,
and thus, in view of (2.10), (0w, (1)) g V(o). O
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Finally, we require that the fractal be connected. By this we mean that for every
Q,Q € V) there exist Qq,...,Qn € V) such that Qo = Q, Q, = Q’, and for
every h=1,...,n there exists i(h) =1,...,k such that Qn_1,Qn € Vj@). Note
that, for example, the Cantor set is not connected.

From now on, all fractals are meant to have all the properties required in
this section, including, in particular, (2.7), (2.7"), and (2.8).

I now introduce the problems discussed in this article. Following Section 1,
we say that a:= (aq,...,q) is a polyratio if o; €]0,1] for every i =1,...,k.
Here, we put au- 1= ay, =+, , agg = 1. Put Quin = min{«; }, @max = max{a;}.
Given a polyratio a as above we say that a distance d on K is a-self-similar if
the maps v;, i =1,...,k, are a;-Lipschitz with respect to d. If an a-self-similar
distance exists on K, we say that « is a metric polyratio (on K). We say that a
distance d is an a-scaling distance if there exist positive constants c; o, ¢2,o such
that, for every i1,...,4m =1,...,k, (1.3) holds. We say that « is an asymptotic
metric polyratio (on K) if there exists an a-scaling distance on K. The problems
discussed in this article are what polyratios are metric and what polyratios are
asymptotic metric. We will treat such problems in Section 5. Sections 3 and 4
are devoted to introducing preparatory notions.

3. Graphs on the fractal

In this section, we first define a suitable graph on V(°) and, then, based on it,
the notion of a path on V(). We define a graph on V() by putting Q ~ Q’
for Q,Q" € V(™) if Q # Q' and there exist P,P’ € V() and w* € W* such that
Q =1y (P), Q =1y« (P’). Put also Q ~ Q' if either Q ~ Q' or Q = Q’. Given
L= (j1,j2) € J, let

P, = (levpj2)7 ww*(PL):(ww*(le)vww*(sz))'

Let Y be the set of (Q,Q") € V(™) x V() such that @ ~ Q’. The following
function will be useful in the sequel. Let asw : Y — R be defined as
s (Yo (P), hu+ (P')) = a VP, P € VIO Yu* e W,

Note that, in view of Corollary 2.4, such a definition is correct; that is, the

pair (Q,Q") with Q,Q' € V() Q # @', can be represented uniquely as (¢, (P),
Y (P")). The following lemma is a consequence of the assumptions on the fractal
(in particular, (2.7)).

LEMMA 3.1
IfQ,Qev®™ Q~Q, and Qe Ky, 4, @ ¢ Kiy i, then Q€ Vi, ;. .

Proof
We have Q,Q" € Vy; i for some if,...,4;. Let h =min{l,m}. If

(i), y35) = (i1, .-y 0n),
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then

Q€Ki iy \Kiy,..i-
Thus, m > h =1 and

cVi

1seotm =

QEeVi, iuNK;

1yeeytm)?

where the inclusion holds since if

Q="Yir iy ©Vipsy i (Q) =iy i, (P)

If instead (¢%,...,4),) # (i1,...,i), then either { >m and Q € K, ;, N
Ky i or l<m and Q€ Ky . Thus, by (24), Q € Ky ... 4 for some
1415+ lp,- In both cases (i1,...,9m) # (i, ... ,4,). Thus, in view of (2.7), Q €

Vi (]

.....

L1yeeytm*

A V(®)_path (or simply a path) I is a sequence of the form
(QOa ceey Qn) = (Q07H7 ey Qn(H),H)

such that Qp, € V() for every h=0,...,n and, moreover, Q_1 ~ Qy, for every
h=1,...,n. Thus, there exist w(h,II) € W*, i(h,II) € J such that

(Qn—1,11, Qn,11) = Vi (h,mm) (Pi(h,m))-

More generally we say that a weak path is a sequence (Qo,...,Q,) such that
Q€ V) for every h =0, ...,n and, moreover, Q,_1 ~ Qy, forevery h=1,...,n.

Here, we say that Qpnn, h=0,...,n(II), are the vertices of II and that the
pairs (Qpr—1,1m, Qn,11), h=1,...,n(II), are the edges of II. We say that n(II) +1
is the length of II.

An E-path II is a path whose vertices belong to E whenever E C V() In
particular, we will use the terms V()-paths and V (?-paths. So, II is a V(D-path
if, for every h =1,...,n(II), Qnn # Qnr—1,m and Qp i and Qp—_1,11 either both lie
in a common 1-cell or both lie in V(®) (see Lemma 2.3).

A path II is strong if w(h,II) # @ for every h=1,...,n(II), in other words
if two consecutive vertices of the path are not both in V(9. We say that II is
a t-path if P, = (Qom, Qny,n)- If £ C V() we say that II is a (¢, F)-path
if it is both an E-path and a t-path. We say that a path is a strong :-path
if it is both a strong path and a :-path. We say that IT connects Q to Q' if
Qo1 = Q and Q,r),;n = Q'. We say that IT is a strict path if Qp i1 # Qn/,;1 when
h#h.

When IT is a path and w* € W*, we define the path ¢« (II) = (Y= (Qo 11), - - -,
(e (Qn(H),H))' It = (Q07 ) Qn) and II' = (Qéa T 7Q;n) with Qn = Q{)’ we put

HOH/:(QO?"‘?QH?Q&?"'?Q”N})'
A subpath of a path II is a path of the form

Ir .= (thl_h Q7L1+17H’ Tt an—l’rb Qn2’n)
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with 0 <ny < ng < n(Il), where ny =: ny1(IL,II'), ny =: ny(IL,I1'). Note the fol-
lowing simple properties of the graphs.

LEMMA 3.2
(1) IfQ,Q e K, w* e W*, then Q ~ Q" if and only if 1y (Q) ~ 1y (Q').
(ii) If w* € W*, then the sequence (Qo,...,Qn) is a path if and only if
(Y (Qo)s - - -, W+ (@) is a path.

Proof
(i) The = part is trivial. We prove <. Suppose ¥« (Q) ~ ¥, (Q"), so that
there exist w} € W* and P;, Py € V(© such that ¢, (Q) = ¥ (P}), tu- (Q) =

Yui (Py). Let wi = (i1, vim), 0" = (i, 8hy). Lot Q = $u-(Q), @ =
Y+ (Q"). We have Q # Q' and

,,,,,

Thus, on one hand, by Lemma 2.3 we have m’ < m; on the other hand, by
(2.7") and (2.4”), we have (i1,...,%m/) = (¢},...,4,,). It follows that

m/’

Vi, i Q) =iyt (Wi i (P5))
Vi i Q) = Vitoit (Tl)z‘mlﬂ,...,im (Py)),

m/’

and Q=i , |, . in (Pj) ~ Vi1 i1 reeerim (Pj) =@Q'. Thus, (i) is proved, and (ii) is
a simple consequence of (i). O

In the next lemmas we investigate some properties of the graphs connecting
points lying in some specific subsets of V(). In particular, the statement of
Lemma 3.3 corresponds to the intuitive idea that V;, is a sort of boundary

----- Tm

of K;, .., Hence, a path connecting a point of Kj;, , to a point not in
K, ..., necessarily passes through V;, ;. .
LEMMA 3.3

If 11 is a path connecting Q ¢ K,
n(Il) such that Qnm ¢ K,

.....

Proof
Let @ be the maximum n such that

Qn’,H ¢ Kil,...,im ‘v’n’ = 0, e, n.

Then Qnmu ¢ Kiy.. i, Qi+ € Kiy,. 4, and Qmm ~ Qny1m. Thus, by
Lemma 31, Qﬁ+1)n S V;hmﬂ‘m. O
LEMMA 3.4

Suppose that 11 is a path connecting Q € K;,,
there exists m such that Qnn € Vi, .

ey \V(m) to Q' € V™). Then
and Qnn € K, . for every n <m.

colm colm
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Proof
The proof is similar to that of Lemma 3.3, but a bit more complicated. We have
Qo= Q, Qnany,n = Q. Let 7 be the maximum n € [0, n(II)] such that

’
Qn/,n eKil,A..,im Yn' =0,...,n.

We will prove that Qnm €V, .
Qun €Ki, i NV TV, i

If m < n(II), then we have Qm n ~ Qmy1,n by the definition of a path and
Qmu €Kiy, i, Qar1n ¢ Kiy...i,., by the definition of 72. Thus, we have Qi €
Vii....i,, by Lemma 3.1. O

. If m = n(II), then, in view of Lemma 2.3,

A 7/L’"L

Tyeeny

Note that, given a path (Qo,...,Q,) connecting Qo to @, we can associate to it
a sort of reverse path connecting @, to Qq, that is, (Qp,..., Qo). Thus, we can
use Lemmas 3.3 and 3.4 (and other similar lemmas) also in the reverse direction.
This is what we will do in the proof of Lemma 3.5.

LEMMA 3.5
If 11 is a path connecting two points in K;, . ; and Il is not entirely contained
in K, . ., then there exist | <m and a subpath of 11 of length greater than 2,

connecting two points in K;, entirely contained in K;, . ;

s b1 e

Proof
Since every point of II lies in K = K¢, by our hypothesis there exists a natural
I <m (possibly I =0) such that there exists a point Qm € K;, ..o \ Kiy,...ir -
We can assume that [ is the minimum natural number satisfying such a property.
By Lemma 3.3 there exist nq and ng with ny <7 < ng such that Q,, n ¢ K;, .

RIEE)
for every n=mn1 +1,...,n0 — 1 and Qpn, 11,Qn,1 € Viy .51y, € Ky, 5. But
by the definition of I, we then have Q. € K;,,..; for every n=n; +1,...,
ng — 1. O

Suppose we are given a path II. We now describe a way to construct a longer
path by inserting new paths between any pair of consecutive vertices of II, and
in Lemma 3.6 we will prove that any path connecting two given points @) and
Q' of V™) can be obtained by repeating this process starting from a V(™) -path
connecting Q and Q’.

More formally, let ' be the set of functions ~ from J to the set of strict paths
such that v(:) is a (¢, V(1))-path. Let T be the set of functions 7 from Jx W* to
the set of strict paths such that 7(¢,w) is a (¢, V()))-path. For 7 € T, let

5(7)(ww(Pj1)aww(sz)) = Yy (7((]’1,]’2)7'“)))7
D(H)(Qo,---,Qn) = D(7)(Q0.Q1) 0+ 0 D(7)(Qn-1,Qn),

when IT:= (Qo, ..., Q) is a path. When this happens, clearly, D(¥)(II) is a path
as well. We will say that D(¥)(II) is the J-insertion of II. Moreover, note that
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Qo1 = Qo 1(3)(11y» @), 11 = Qu(B() (1)), D)y it Other words, IT and D()(II)
have the same endpoints.

LEMMA 3.6
If I is a strict path connecting two points Q and Q' of V™), then there exist a
strict path 11 lying in V™) connecting Q and Q' and 7,,...,7, €T such that

II'=D(7,)0---o D(7,)(I0).

Proof

We proceed by induction on the number of points s(Il') of II' not lying in 74408
The lemma is trivial if s(TI') = 0. Suppose that s(II') >0, and let Qp v ¢ V(™).
Thus, Qnv € V7 \ V=1 for some 7 > m. We can assume that m is the
maximum index with such a property. In other words,

(3.1) Quir € V™ ¥n=0,... n(Il').
Since Q,Q" € V™ C V(™1 we have 0 < 7 < n(Il'). Moreover, there exist
51, ce ,Em,1 such that Qﬁyn’ € Kgl7___jW71 . Thus, Qﬁﬁn/ S K51,4~.,€m71 \V(m_l) By

Lemma 3.4 there exist nq,ny such that n; < <ng, Qn, 7, Qn,. v € V5
and

1y-elmm—1"

(3.2) Qnm €K; 5 if n1 <n<ns.

115l —1

Let

H” = (QO,H’; .. ~7Qn1,H'aQn2,H’,' . '7Qn(H’),H’)'

Then, 11" is a strict path and s(II"”) < s(II'). By the inductive hypothesis, there
exist a strict path II lying in V(™ connecting @ and Q' and 7,,. .. .7, € T such
that

1" =D(A,) 0+ 0 D(,)(I0).
By (3.1), (3.2), and (2.4"), for every n such that n; <n < ns there exists

tm=1,...,k (depending on n) such that we have

Quuwe€K; 5 s nvimcy oo o cyi;

clm—1,tm V1yeeslm—1,tm — ll,...,%ﬁ_l’
where the first inclusion follows from Lemma 2.3. Hence, in view of Lemma 3.2(ii),
for some 7 € J, the path II defined by

II:= (w;_l]; 3 (in,n')7"'7w:1

Slm—1 U1 yeeeybm—1

(Q’ﬂz,l—[’))

is a strict (z,V)-path. Thus, (Qn, 1w, Qna.iv) =3, 5., (Pr). Let 7€ T be
defined by

_ % ﬁ if (L7w*):(2,51,...,fm,1)7
Y, w*) = .
P, otherwise.
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Note that
D) (Qny 15 Quair) = D(7) (1/’%1,...,%_1 (P;))
= V5, iy (T io1))
=¢; i (D) =(Qny s Quyar).

Moreover, since II" is strict, if h # nq, we have (Qn v, Qrt1,117) # (Qnymivs
Qny+1.17). Thus, by the definition of D(T) we have

D) (Qn,s Qn1.11)
_ {E(’Y)(in,anng,H') =(Qny vy, Qnyyiv)  if h=ny,

(Qn,17, Qh1,117) otherwise,

and letting Q, denote Qy, 11/, we have
DH)I1") = D(F)(Qo,Q1) 0 -+ 0 D(F)(Qny, @ny) 0+ 0 D) (Quairy—15 @uar)
=(Q0,Q1,--,Qnys-- s Qnyy - s Qury—1, Querry) =11,
so that D(¥) o D(¥,) o ---0 D(¥,)(II) = D(7)(I") =11'. (Il

4. Linear operators related to the paths

In this section, we associate some special linear operators (or equivalently matri-
ces) to every element of I' or of . Basically, we interpret the edges of the paths
as the basis of a linear space. Recall that we have defined the function as on Y
with real values. Then, we associate to the given path the vector having as the
(Q, Q")-component the value aw(Q, Q). More precisely, let e, be the elements of
the canonical basis in Rj; that is, (e,), =9,,. For every v € I we define a linear
operator T4* from R7 to RY by

Tfsa) (6L) = Z a’y,L,Llebla &'Y,L,L/ = Z AG(hyy(L))s
veg hit(h,y(e))=v

or in other words,
n(v(¢))
TSN e) = ) Qi) Cithn(e)-
h=1

Now, we introduce similar notions related to I' instead of related to I'. The
reason for which we introduce these notions both in I' and in T is that, on one
hand, we have a closer relationship between D(¥) and the linear operators related
to T, and on the other hand, the linear operators related to I' are simpler to
handle. However, for our purposes the two notions are equivalent; more precisely,
the asymptotic behaviors of the composition of linear operators are in some sense
the same in both situations (see Corollary 4.4).

Let e, be the elements of the canonical basis of Z, where Z is the set
of z€ R7*W" guch that Z,w+ =0 for almost all (¢,w*) (i.e., for all (:,w*) but
finitely many). That is, (€,w* ) w* = 0(,we),(/,w)- Let Z.m be the set of z of



488 Roberto Peirone

R7*W™ such that Z,w+ = 0 for every w* ¢ Wm. Of course, we have Z,, C Z. We
also set e, :=¢, . For every 7 € T we define a linear operator T(Va) from Z into
itself by

(3 (w*))

—(a)

T3 (Cows) = D Ca(h () Coh (0w ) w d(hg(w")-
h=1

Note that, for every m € N, T(;) maps Z,, into Z,,,1. Let H : R7 — R, H:Z—>R

be defined by
H(Q?) :qu E(.’L‘) = Z xL,w*-
ed (t,w*)ETXW*

Let f: Y — R. We now define the sum operators along a path, that is, some
kind of sum of f along a given path. We will use such notions in the sequel,
specifically when f = asr, but also other f’s will be considered in Section 5.
Namely, if IT is a path, we define

n(II)

Su(f) = Z F(Qn—1.11, Qn,11)€x(h,11),5(h,11) € Z,

h=1
n(1I)

Sn(f) = Z f(Qn—1,11,Qn11)ei(n,m) € R,

h=1
n(IT)

Su(f) =Y f(Qn-1.11, Qn.)-

h=1
For paths II, TI', we will occasionally use such definitions (more specifically, the

definition of X11(f)) also when II is a weak path, with the convention f(Q, Q) = 0.
We will use the following simple properties in the sequel without mention:

Su(f) =H(Eu(f) = H(En(f)),
Snerv (f) = En(f) + S (f), St (f) = Zu(f) + S ().

Recall that, given ¢ = (j1,72) € J, the symbol P, denotes the pair (Pj,,Pj,),
which of course can be interpreted as a path of length 1. We immediately have

(4.1) Sp(aw) =e,, Sp (aw) =e,.

REMARK 4.1

When II is a path, the following formulas are immediate consequences of the
definition of w(h,II):

(4.2) aw(Qn-1,1,Qn,11) = Qg(n,1),

(IT)
(4.2') Yn(ow) = Z Qg (h,IT) -
h=1
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Note that (4.2) and (4.2) are also valid when II is a weak path if we use the
convention agp 1) =0 when Qp—111 = Qp11-

For every v € I', let I(7y) € T be defined by I(v)(¢,w*) =~(¢). Let D(vy) = D(I(%)).
The following properties will be useful in the sequel. For every ¢,.’ € J and every
w* € W*, we have

(4.3) (T40(e)), = T = > (Thn () s
w*leW*
() o
(4.4) H(T\(e) = ) damawy) = H(Ti)(ew)).
h=1

The next lemma shows that the linear operators Ty(a) and T(;) allow us to
evaluate the sum operators along insertion paths.

LEMMA 4.2
For every path II we have

IS @) e _ _ =
(1) 25(71)0'”05(7”)(1_[) (Oé ) = T* "0 T (Z ( W)) V’YU <Y € F;
(i) Ep(y1)0-0D(y) () () = Tv(f“) OTw(n)(E (o)) Y715, €T

Proof
It suffices to prove the lemma when n = 1. Note that, for every ¢ € J. , every
w* € W*, and every 7 € I, we have
_ n(¥(v,w"))
e () (OF) = D Qi (uw) Ca (e ) B ()
h=1
- Olw*T(a) (eL,w*)-

Let 7 € T'. We thus have

n(II)

25(7)(1_[) (O(W) = Z ZB(W)(thl,mQh,n)(aW)
h=1

n(II)

= Z ED(W)(TIJ@(;L,H)(Pz(n,n)))(aw)
h=1

n(II)

> S i (@1 (D)) ()
h=1

n(1I)
= Z Q(h, H)T GZ(h,n),w(h,H))
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n(IT)
= T(;) (Z Oéa(h,n)euh,n),a(h,n))
h=1

=T (S (ow)).

This proves (i), and (ii) can be proved similarly. O

We are now going to introduce a notion for polyratios which will turn out to be
equivalent to the notions of metric polyratios and of asymptotic metric polyratios.

We say that the polyratio « is (T, T')-uniformly positive ((7,T")-UP) (on K)
if there exists c3,, > 0 such that

(4.5) H(T§f‘> o OT,gi)(eb)) >c3q YMmEN VY, ..., ymel, Ve J.

Given a polyratio a and c3 o > 0, we will also consider the following variant of
(4.5):

@5y  HTW o 0T

1 Ym

(eL)) >c30 VmENVY,..., 7, €L,ViE J.

Note that, since J and V) are finite sets and the elements of ' are by
definition strict V()-paths, T is a finite set as well. Thus, as hinted in Section 1,
(4.5) is related to the notion of joint spectral radius and to that of joint spectral
subradius of a finite set of matrices. On the contrary, I is an infinite set. Thus,
(4.5") is more complicated to verify. However, as we will see in Corollary 4.4,
(4.5) and (4.5") are equivalent. We need the following lemma.

LEMMA 4.3
(i) For every v1,...,Ym+1 €', we have

H(TE) 00T (e) = 30T, (e H (T 0o T (e)).
ved

(ii) For every ¥y,...,¥pm41 €L, we have

AT 00T (erur))

= Z T(a) (ehw*)bl,w*/ﬁ(T(;:) 0 OT(;;) (eL/7w*,))

Ym41
(¢ w* ) ETXW*

(Vg1 (Lw07))

(@) —(a)
= > @H(T5 o 0Tx (€xthy, (o) wr (b7 (o))
h=1

A 1= Qi (07, (w07)
(iil) Gwen vy €T, 1=1,2,...,m, L€ f, and w* € W*, we have

a a =7 (@) ()
H(TW(1 Yoo Tv(m)(e'«)) = H(TI(%) 0--0 TI('ym)(eb,w*>)'
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(iv) Given7,€T,1=1,2,...,m, there exist v, € ' such that for every 1 € f,
we have

(4.6) H(Ty(f)o"'oTéi)(eb)) H(TS (a) T(ﬁ’:( ).

Proof
(i) Note that

H(T!{® o 0T (e,))

TYm+1

_ Z T o 0T())o Tw(i)ﬂ (e)),
IIEJ

S (1o (S 1 ),
Vel e

= Z (Z ’Ym+1 )IIT'g'la) O.“Ongz)(eL/))L//
wel vel

= 3T, (e (30 T 0o T (o))
vel vred

= Z 777L+1 (T(a) ' 0 T’&Z) (e’»/)))
Ve

and (i) is proved. For (ii), the proof of the first equality is very similar and is

omitted. The second equality follows from the definition of T({‘jﬂ

(iii) The case m = 1 follows from (4.4). The general case follows by induction.
In fact, if (iii) holds for m, by (i), (ii), (4.3), and the definitions of T'(v), T(¥),
H, and H, we have

H(T{ 00T (e)) = ST, (e o H (T 0+ 0 T (e,)

Ym41
veg

_Z( > Ty o e H(T10 000 TH, () )

. EJ w*' €W *

Aa(a) (a) AA(a)
= Z TI('YHHrl)(e” w*>b w*IH(TI('Yl) OTI("/m)(eL w*’))

(/w* ) ETXW*

(o) ()
- H(TI('Y ) o TI(’Y771+1)(€L7w*))’

and (iii) holds for m + 1.
(iv) Note that, for every ¢,i/ € J, every w* € W,,,, and every 7 € I, we have
the following simple analogue of (4.3):

() () ~
Z (Tia (eLyw*))L,vw*/ = Z (Tﬁa (eL,w*))L/7w*/ = Q0,0 w*>
(4.7) e W €EWpni1

0,00t 1= > Qb 7 (e,w%))
hit(h 5 (ew™)) =
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We define v; by induction. Suppose that we have defined 71,...,v, { <m,
satisfying

« (e +5 (7r(e) ()
(48)  H(T!o---oT{®(e,)) <H(T5 o---0Tx

3, (ewr)) Yw'e W1,

and define 4,41 in this way. Let
0.(w*) =" as, oo H(TL 0 0 T (e,1)),
el
le-‘rl(L) = Y41 (L,’U)*(L)),

where, for every given ¢ € J. , w*(¢) is an element of Wm_l_l minimizing 6,, that
is, such that

0,(w* (1)) <6, (w*) Vw*e Win—i1-1.
Note that, in view of (4.3) and (4.7), we have
7(04) fe%
(4.9) Z TﬁHl(eL,w*(L)) Jw* = T~51+)1 (e)v
w*’Ef/f/mfl
for every ¢,1/ € J. Thus, for every w* € Wm_l_l, we have

H(T(_a) . T(a) (eb,w*))

Yi+1

= Z T(;:J)rl (eL,w* )L’,w*/ﬁ(T%O;) ©--+0 T(W?)(eu,w*’)) (by (11))
(/s w*") e T x W*

=3 X Ti?L(eL,w*)u,w*«F(T%?o-~-oT$7)<eu,ww>)

L GJw*’GW —

=D Ti?‘L(emLf,wH(Té?)o~~-oT§?><eL/>> (by (1))
LG]w*’EWm_

=0,(w*) >0, (w*(L))
() N N
— Z Z TVHI(ehw*(L))L/’w*,H(T’sl Vo0 T e,))

e w EWp_y

= DT e H(TE 00T er)) - (by (49))

Vel
=H(T\M 00T (e,))  (by (1))

and (4.8) holds for [ + 1. The inductive step is completed. Now, (iv) follows from
the case [ =m. g

COROLLARY 4.4
A polyratio o is (T,T')-UP if and only if there exists cs,o >0 such that (4.5)
holds.
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Proof
This immediately follows from Lemmas 4.3(iii) and 4.3(iv). O

5. Distances on the fractal

In this section, we prove that, for a given polyratio a;, a being (T,T)-UP is a
necessary and sufficient condition both for being metric and for being asymp-
totic metric (see Theorem 5.2). In the sequel we will always implicitly use Corol-
lary 4.4. Moreover, an explicit distance which is both a-self-similar and a-scaling
is described when « is (T, T")-UP. This distance was introduced by A. Kameyama
[4] in a more general context, including fractals that are not finitely ramified. It
is denoted by D, and is called the standard distance in [4]. Recall the definition
of D,. If Q,Q" € K and wj,...,w) € W*, we say that (w7,...,w}) is a prechain
if Ky MKy, # 0 forevery h=1,...,n—1. We say that (wy,...,wk) is between
Q and Q' if Q € K+ and Q' € K,,-. We say that a prechain (w7,...,w},) is a
chain if wj,...,w} are pairwise incomparable. Denote by G'(Q,Q’) the set of
prechains between @ and @', and denote by G(Q, Q') the set of chains between
Q and Q. Let a = (ay,...,a ) be a polyratio, and let

AC) =) awy IfCEG(Q.Q),
h=1

Da(Q,Q) :=inf{A(C):C € G(Q,Q)} =inf{A(C): C€ C'(Q,Q")}.

Note that a standard argument shows that D,, is in any case a pseudodistance,
in the sense that it satisfies all properties of a distance, except possibly for the
fact that D, (Q,Q") =0 could also occur when @ # Q’. It will turn out to be a
distance when « is (T,T')-UP.

LEMMA 5.1

(i) For every polyratio o, D, is a pseudodistance, and if Do (Q, Q") >0 for
every Q,Q' € V() with Q # Q', then Dy is an ac-self-similar distance.

(ii) If @ is @ metric polyratio, then Dy, is an a-self-similar distance, which
induces the same topology as the original distance.

Proof

(i) This follows from [4, Theorem 1.33, Proposition 1.12]. (ii) See [4, Proposi-
tions 1.13, 1.11]. Note that, according to the definitions in [4], which are equiv-
alent to the definitions here but slightly differ from them, in the hypothesis of
[4, Proposition 1.13] it is assumed that d induces the same topology on K as the
original distance, but the proof does not use this fact. (I

In this section, we will prove the following theorem.

THEOREM 5.2
Given a polyratio o, the following are equivalent.
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(1)  There exist a distance d on K and cz o > 0 such that, for every w* € W*,

we have diamg (K ,+) < ¢g,q00,+ diamg(K).
(ii) « is a metric polyratio.
(iil) « is an asymptotic metric polyratio.

(iv) There ezist a distance d on K and two positive constants ci o, C2,o Such

that, for every w* € W*, we have
1,00+ diamg (K) < diamg(K =) < 2,000+ diamg(K).

(v) ais(T,T')-UP.

If such equivalent conditions hold, D, is both an a-self-similar distance and an
a-scaling distance. More precisely, Dy, satisfies (1.3) and (v) with cao = 1.

The proof will be given later. Note that [6, Theorem 2.3.16] states that if « is
a metric polyratio, then D, is a distance adapted to a scale, which, as seen in

Section 1, is a property similar to that of being an a-scaling distance.

LEMMA 5.3
In the statement of Theorem 5.2, (i) = (v).

Proof

Suppose that Theorem 5.2(i) holds. Note that for every path II connecting P;,

to P;, and every h=1,...,n(II) we have
n(II)

(5.1) d(Pj,, Pj,) < d(Qn-1.11, Q) = S (d).
h=1

Moreover, for some j, j° (depending on h), by (i) we have
d(Qn-1,11,Qn,11) = d(Yanm) (P)), Yas(n.my (Pyr))
< diamg(Kgn,m) < €2,000n,m) diamg(K)
= ¢, diamy (K) asg(Qn—1,11, Qn,11)-
Thus, summing the previous inequalities, we obtain

n(IT)

En(d) = Z d(Qn—1,11,Qn,11)
h=1

n(IT)
< €9, diamg(K) Z a(Qn—1,11, Qn,m)
h=1
= ¢ o diamg(K) X (o),
and in view of (5.1), we have

(52) d(le,sz) S Cg)a dlamd(K)Zn(OéW)

Now let 7,,...,7, € T, and let (j1,j2) € J. Set Il := (P;,,P},), so that
Sn(ow) = e, ) (see (4.1)). Recall that the path D(¥;) o ---o D(¥;)(II) con-
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nects Pj, to Pj,, so we can use (5.2) with this path in place of II, and in view of
Lemma 4.2(i), we have

min{d(Phl,PhQ) (hl,hz GJ} <d i )
< e2,0 diama(K)Xp(5, )o...0D(7,) m) ()
. -7 () ()
=C2.0 dlamd(K)H(T71 0T (e(hm)))
Hence, « is (T,T')-UP, since (4.5") is satisfied with

mln{d(Phl,th) (hl, hz) S j\}
2o diamgy(K) ' U

C3,a =

Now, we are going to prove the other implications in Theorem 5.2. To do this,
we will introduce a pseudodistance d on V(°°) that is more strictly related to
the notion of (7,I')-UP than D,. However, in Lemma 5.7 we will prove that
D, and d, are equivalent on V(). A similar distance is discussed in [4, The-
orem 1.34]. The context in [4] was a bit different; that is, it was assumed that
there exists a distance on a set like V(9. Note that we could extend c?a on K
and use such a distance on K in place of D, but I have preferred to use D, in
order to relate it to results already existing in the literature. We will use in the
sequel the following trivial statement. For every path II and every w* € W*, we
have

(53) Eww* (11) (Oéw) = Oéw*zn(OlW).
Let (Pa)g g be the set of weak paths connecting @ to @', let (Pa)q,q’ be

the set of paths connecting @) to @', and let (PQ)Q ¢’ be the set of strict paths
connecting @ to Q’. We now define the function d on V() by

do(Q, Q') = inf{Sp(ow) : IL€ (Pa)g.q }
= inf{Sn(aw) : TT€ (Pa)g.q }
=inf{Sn(aw) 1L € (Pa)byQ/}.

It can be easily proved that gi; is a pseudodistance on V(>). The only nontrivial
point for proving this is that for every Q,Q’ € V() we have (Pa)q .o/ # @, so
that do(Q, Q") < +oc. This will follow from the next lemma. There, diamg (E),

of course, denotes sup{c?a (Q,Q):Q,Q € E} for every E C V().

LEMMA 5.4
There exists a constant Cy o > 1 such that

diamj (V) < O a0y

for every w* € W*. Thus, in particular, diamg_ (V( )) is finite for every
w*eWr.
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Proof

Since the fractal is connected, there exists C,, > 1 such that for every @, @’ cv®
there exists a path II connecting them such that X(as) < C,. Thus, for every
w* € W*, in view of (5.3), the path II' := 1,,~ (II) satisfies X (asr) < Couy.
Since I’ connects - (Q) to 1+(Q'), we then have

(5.4) oy (Ve (@), Y- (Q")) < Corttyye.

Now, suppose that w* = (i1,...,4,). IfQ € Vu(ffo), then there exist 4y,4.1, - - -, Iy
and P € V(® such that Q = ¥, i imssri, (P). Let = (Qum,...,Qum),
where Qp = i, i, ..in (P). Then II is a path that connects Q :=1;, ;. (P) €

Viio..im t0 Q. Therefore,
Ja(Qa@) S Z Ja(thlth)
h=m+1
= > da(Wirnivrin s (P) i i oin, (¥3,(P)))
h=m-+1
< Ca Z Qy iy yin—1 (by (() ‘L))
h=m+1
= Caaw* Z aim+1 “en aih—l
h=m+1
m/
< Cpoy- Z aﬁ;}r{n—l
h=m-+1
Ca
—1- amax v
Now, given Q,Q’ € Vu(ffo), let @, @ be as above. Then, we have
do(Q, Q) < da(Q,Q) +da(Q, Q) + da(Q', Q')
S (Ca + 207_0‘)0411)* .
1- Omax
Thus, the lemma is proved with Cy o = C, + 2 Co O

1—0max
To completely prove Theorem 5.2 we need some more lemmas.

LEMMA 5.5

If a is (T,T)-UP and 11 is a strict path connecting two different points Q and Q'
of V™) | then

(55) EH(QW) > CS,a(amin)m

and, consequently, Ja is a distance on V().
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Proof
In view of Lemma 3.6, there exist a strict path II' lying in V™ connecting Q
and Q' and 74, ...,%,, € such that

II=D(F)o: o DF,,)(IT).

Note that, by Lemma 2.3, since II’ lies in V™), |w(Qr—111, Qna)| < m.
Thus,

(5.6) Aw(Qn—111, Qn1rr) > (Wmin)™ Vh=1,...,n(Il").
Therefore, by Lemma 4.2 we have
Zn(aw) = X000 (,,) (1) (Ow)

= H(TS, 0015 (B (0w)))

TYm

n(I1")
= Z aW(Q}L—LH'a Qh,H’)H(T(ﬁCz) O+++-0 T(ﬁo:j (e;(h’nl)’w(h’nl)))
h=1

— —(a

> ase(Qo,m,s QI,H’)H(TV

Z CS,a(amin)mv

) ()
Voo Tﬁm (ef(l)H’),'uNj(l,H/)))

where we have used (5.6), (4.5'), and the definition of S (as). Therefore, (5.5)
holds. To prove that Ja is a distance, the only nontrivial fact to prove is that
if Q,Q' eV(®) Q#Q, then JQ(Q,Q’) > 0. But, since for some natural m we
have Q,Q € V(™) by (5.5) we have da(Q, Q') > ¢3.0(@min)™ > 0. O

LEMMA 5.6

If a is (T,T")-UP, there exists cq,o >0 such that for every w* € W* and every
P,P' ¢ V() we have

(5.7) 00 do (P, P') < do (V- (P), 1y (P')) < vy do (P, P).
Proof
Let @ := 1y (P), Q' := 1y (P’). We have
do(Q,Q') = min{4, B},
A= inf Snlow),  Pi=tu- (Pa)pr),

B:= inf Tnlaw), P'=(Pa)gq \P.

Iep’
Let w* = (i1,...,%m). Since, in view of (5.3),
(5.8) A= ay-do(P,P),

the second inequality in (5.7) follows at once. By Lemma 3.5, if II € P/, then
there exist [ <m and a subpath II" of II connecting different points of V;, ;.

entirely contained in VZ(IOO)” Thus, I = ¢, .. ;,(1I""), where II" is a path in y ()
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connecting two different points in V!, By Lemma 5.5, Xp» (057) > €3,00min-
Hence,

Xn (CVW) > Y (OZW)
= Qiy,...iy 211 ()
Z aw*c?),aamin
7 . €3,aQmin
> 4 0l Ao (P, P if cp g < ——20Cmin__
= G400 ( ) ifesas diam; (V (o))

If, moreover, ¢4 , < 1, then in view of (5.8), the first inequality in (5.7) holds. O

LEMMA 5.7
For every polyratio o we have

(5.9) Do(Q,Q") < do(Q,Q) < C1.aDa(Q,Q) VQ,Q" eV,

Proof
We can and do assume Q # @Q’'. Let II € (Pa)g,q/- Then for every h=1,...,
n(II) — 1 we have Qpm € Kgnm N Kgh1,m- Thus, C := (w(1,10),...,
w(n(Il),I)) € G'(Q, Q). Moreover,
o
AC) =) agmnm = Sn(ow),
h=1
so that the first inequality in (5.9) follows. Next, let C € G(Q,Q’) and C =
(wi,...,wk). Suppose for the moment that n > 1. For h=0,...,n — 2, let Qp

be an element of KWZH N Kw;+2. Thus, w},, and w}, ,, being incomparable, by

Lemma 2.2 we have Qp € Vi, N Vw;+2. It follows that II, defined by
IT:= (QOa cee 7Qn72)7
is a weak path, but not necessarily a path. In fact, for every h=1,...,n — 2

Qn_1,Qn € szﬂ, so that either Qp—1 # Qpn and w(h, 1) = w} | or Qn—1 = Qp.
Now, thanks to the convention (s m =0 (see Remark 4.1), we have

n—2 n—1
do(Qo,Qn—2) < Xn(aw) = Z Ag(n,m) < Z Qs -
h=1 h=2

Moreover, since @ € Ky N V() = Vu()?o), we have Q,Qo € Vu(;lfo). Hence,
by Lemma r)_17 ga(QvQO) S Cl,aawf~ Simﬂarly’ Cflva(QTLvaQ/) S Cl,aaw;~ In
conclusion,

do(Q,Q") < du(Q, Qo) + du(Qo, Qn—2) + da(Qn_2,Q")
n—1
< Cl,aawi‘ + Z aw;‘L + Cl,aaw;‘,’
h=2
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n—1
S Cl,a (awi“ + Z Oéw;i + aw;‘l)
h=2

n
=Cl,a E Qupy
h=1

= C1,a A(C).
We have proved the inequality
(5.10) da(Q,Q") < C1aA(C)

when n > 1. However, (5.10) also holds in the case n = 1. In fact, in this case,
Q.Q eVEINK,: = VUS?O). Thus,

do(Q. Q") < diamy (V,3”) < C1 a0u; = C1.aA(C).

Since (5.10) holds for every C € G(Q,Q"), the second inequality in (5.9) easily
follows. ]

Proof of Theorem 5.2

The implications (iii)=-(i), (ii)=(i), (iii)=-(iv), and (iv)=-(i) are trivial, and in
fact, if (iii) holds, then (iv) holds with the same constants ¢1 o and ¢z o asin (1.3).
Moreover, (i)=(v) is proved in Lemma 5.3. It remains to prove that if (v) holds,
then D, is both an a-self-similar distance and an «-scaling distance, so that
(ii) and (iii) hold, and moreover, since the maps 1); are a;-Lipschitz with respect
to Dy, D, satisfies (1.3) with ¢34 = 1. Suppose « is (7,T')-UP. By Lemmas 5.7
and 5.5, if Q,Q' € V¥, Q # @', then Do(Q,Q") > £—da(Q, Q") > 0. Thus, by
Lemma 5.1, D, is an a-self-similar distance on K and induces on K the same
topology as the original distance. Therefore, in view of Lemma 2.7, V(*) is dense
in K also with respect to D,. Now, D, is an a-scaling distance by Lemmas 5.6
and 5.7. ]

REMARK 5.8
Note that it follows from Lemma 4.3(i) that if we have

(5.11) H(T\(e,))>1 YeeJWyerl,

then « is(7,T')-UP. More precisely, it is not difficult to prove by induction that
(4.5) holds with ¢3,, =1. As a consequence, if o; > % for every i =1,...,k, then
a is (T,T)-UP. In fact, if v(¢) is not a strong V(D-path, then @(h,v(:)) = @; thus,
Q(h,y (1)) = 1 for at least one h =1,...,n(y(¢)). Therefore, in view of (4.4), (5.11)
holds. If on the contrary v(:) is a strong V-path, then the sum in (4.4) has
at least two summands. Indeed, on one hand, (¢) connects two different points
of V(© and on the other, two consecutive vertices of (), by the definition
of a strong V(M-path, lie in the same 1-cell, which, by (2.8), cannot contain
more than one point of V(°). Moreover, in (4.4) we have @w(h,v(¢)) = i), for some
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in=1,...,k, and by our assumptions, such summands are not less than % Thus,
(5.11) holds in any case.

6. Examples

In view of the results of Section 5, the problem of whether a given polyratio « is
metric (or asymptotic metric, Whlch is the same) on K is reduced to the problem
of whether « is (T, T')-UP. In turn, such a problem is strictly related to the notion
of joint spectral radius or, better, joint spectral subradius. More precisely, it is
related to the fact that the joint spectral subradius is greater than or equal to 1.
However, the notion of (T,T)-UP in general is not perfectly equivalent to having
the joint spectral subradius greater than or equal to 1. In this section, we will
discuss some explicit necessary and sufficient conditions for a being (7,T")-UP.
However, such conditions require the existence of some special paths, and this
occurs only on some fractals having a rather simple structure.
If IT = (TI(1),...,II(I)) is a finite sequence of paths, we put

l
w) = Z EH[; (o).
B=1

We say that the subpaths II(1),...,II(I) of II are separated if they have length
greater than 1, and moreover, the intervals

]nl(H,H(ﬁ)),ng(H,H(ﬁ))], ﬂzl,...,l,

are mutually disjoint. Roughly speaking this means that they have no common
edge. In this setting we say that IT:= (II(1),...,II(1)) is a multisubpath of II.
We say that a sequence I := (Qpo 11, - - -, Qn,.11) is a refinement of I1 if 0 = hy <
hy <--- < hgs=n(II), and moreover, Qp, , 1 = Qn,+1,11 for every [ =0,...,5 —1.
Thus, I’ is a path. Note that if II is a strict path, then every refinement of IT
amounts to II itself.

Suppose now that there exist finitely many V-paths Iy, ..., II, such that
the following statements hold.

(i) For every s=1,...,r there exists ¢s € J such that II, is a strict and
strong (15, V1))-path, and also 7(h,I1,) = ¢, for every h.

(ii) There exists m € N such that every path II connecting two different
points of V(%) and such that |w(h,II)| > m for every h =1,...,n(II) also contains
a subpath of the form )« (II), where II is a t,-path for some s =1,...,r and
w* € Wx.

(iii) For every s=1,...,r and every strong ts-path II, there exist

) 8 =1,.
) a multlsubpath .= (Hl, LI (1)) of I,
3) reﬁnements H’ of Hg for every f=1,...,n(Ily),
) s(B ) ,T for every B=1,. n(HS/)
such that Hﬁ = ¢ﬁ(5,ﬂs/)(ﬁg)v where ﬁg is a 14(5)-path. We put - (ﬁ’l,,

H’:L(H /))

(1
(2
(
(4
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Note that [4, Section 3, Condition A(2)] has some relationship with the set
of conditions (i), (ii), and (iii) above. In [4], continuous curves are used and not
discrete paths as in this article.

LEMMA 6.1

Under assumption (i), if I1 is a strong vs-path, s =1,...,r, and Y5, (o) > 1
8

for every B=1,...,n(lly), then

EH((J{W) Z EHS/ (aW)

Proof
Note that if II’ is a refinement of II, we have

In fact, using the previous notation we have

EH/ aw ZOZW Qh; 1 Hthz )

S
= Z aW(th—hH’ th,1+1,H)

I=1
n(II)
< Z aw(Qn—1,11,Qn11) = Ln(ow).
h=1
Moreover,
(6.2) Y (ow) < Zn(aw).

In fact, on one hand, by (6.1) we have

n(Il,/) n(Ily)
ZA/ (omg) = Z Yq aw < Z Eﬁﬂ(aw)zzﬁ(aw).
B=1

On the other hand, by (4.2’) we have

n(IL,) n(IL,) n(Tlg)
w)= D Zalow)= D0 > agu,

p=1 B=1 h=1

n(Il,,) n(lig) (1T)

Z Z Qi(htny (ILTTs), Z g(n,m) = X (aw)-

B=1 h=1 h=1

In fact, we can easily verify that n(HB) = no(II, ﬁB) nq (I, HB) and, for
every h=1,. (HB) we have w(h, Hg) w(h+nq(I1,115), IT), h+n1(H Hg)
In

8)s
]nl(H,Hﬁ),nz(H,Hﬁ)], and moreover, the intervals |nj(II, Hg) no (11, Hg)] are
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mutually disjoint. Thus, (6.2) is proved. By (6.2) and (5.3), we have
n(I,/)
Sn(aw) > Sgy(ow) = B; Sy, (o)

n(Il,/) n(Il,/)
= Y s Saylow) 2 ) aan,) =S, (o).
B=1 B=1 U
LEMMA 6.2
Under the previous assumptions, suppose moreover that for every s’ =1,...,r we

have ¥11_, (o) > 1. Let 1 be a path connecting two different points of VO, Then

(6.3) Sii(aw) > A
Proof
Suppose for the moment that IT is a ¢s-path for some s=1,...,r, and prove

Let m =m(II) be the maximum m such that there exists a point in II that lies
in V) \ vim=1_ (Here V(-1 := @.) Note that we have Q1 € V™ for every
h by the definition of m.

We prove (6.4) by induction on 7. If 72 = 0, then II is a V(?)-path. Thus,
o (Qn_1,11,Qn,r) =1 for every h=1,...,n(Il), and (6.4) is trivial.

Suppose now that (6.4) holds for ™ <my € N, and prove that it holds also
for my + 1. So, assume m =mq + 1. If II is not strong, then there exists h =
1,...,n(IT) such that Q;_; 11, Q. € V. Thus, as(Qp_y 11, Qpr) =1 and (6.4)
is trivial. Thus, we can and do assume II is strong. For every 8 =1,...,n(Ily)
and h = 1,...,n(ﬁg), let mg n € N be such that

. (mga,n) (mg,n—1)
Quiy €V \V :

If mg , >0, we have

Qnfiy, = Ya(a,) (@ i) € VIt Ve,
In fact, since Iy is a strong VM-path, @(B,11y) has length 1, and we can use
Corollary 2.5. Now, since thﬁb is also a vertex of II, by definition we have mg p, +
1 <m=m; + 1. Thus, mgy < mq, and this is trivially valid also if mg ; =0. By
definition, m(ﬁg) <my, and by our inductive hypothesis, ﬁg satisfies (6.4). By
Lemma 6.1, ¥p(asw) > Y11, (o) > 1. Thus, IT satisfies (6.4).

Now, we prove (6.3). If there exists b =1,...,n(II) such that |@(h,II)| < m,
then X (aw) > agpm) = @™ and (6.3) holds. In the opposite case, by assump-

tion (ii), using notation thereof, we have a,~ > @, and, by (6.4), S(aw) > 1

since II is a ts-path. Also using (5.3), we obtain Xp(ag) > g mlow) =
m
min*

O

(o) > @
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THEOREM 6.3

Under the previous assumptions, the polyratio o is (T,T)-UP on K if and only
if 2, (o) > 1 for every s=1,...,r

Proof
Suppose ais (T,T')-UP. Let v € T be such that vy(¢s) = II,. Putting IT = D(y)(P,,)
and ts = (j1,72), we obtain

IT=D()(P.,) = D(V)(Pj,, Pj,) = (1, j2) = ;.
Hence, in view of (4.1) and Lemma 4.2, we get
T (e,,) =T (S, (o)) = Zp(y)(p,, ) ()

n(II) n(II)

ZZ w(Qn—1,11, Qn,11)ei(h,m) = Zanh 1,11, Q1) e 11,
h_

n(Ils)

( Z w(Qn—1,11,,Qn11, ))QS = (S, (aw))e.,

Consequently,

(T3)"(e.,) = (Zm. (aw)) e,

for every positive integer n. Thus, since « is (T, T")-UP, we must have Xy (as7) > 1.
For the converse, suppose Xy, (asr) > 1 for every s =1,...,r, and prove that «
is (T,T)-UP. Let 71,...,7, €T, and let ¢ € J. Of course, the path D(y1)o---0
D(7,)(P,) connects two points of V(9. Thus, by Lemma 6.2, we have

D)0 0D () (P) () > Ty
By Lemma 4.2(ii) we have
H(T{¥ 0. 0T{(e,)) = H(T{V 0 0 T\ (Ep, (a

)

= H(Ep(31)0-0D(3)(P) (O )

= ED()o-oD(va)(P) () = @
and thus, « is (7,T')-UP. O

We now apply Theorem 6.3 to two examples. For the gasket with three 1-cells
Vi, Va, Vs, let Pi, Pa, P53 be the three fixed points of the maps, and let Q;, j, =
Qjy.in =V (Pj,) =¢;,(Pj,) when ji,j2 =1,2,3, ji # jo. It is simple to verify
that the six paths of the form (P;,,Qj, ., Pjs), j1,72 =1,2,3, ji # jo, satisfy (i),
(ii), and (ili) with m = 0. Thus, in view of Theorem 6.3, « is (T,I')-UP on the
gasket if and only if we have

(6.5) o) +ag >1, o +a3z>1, oo +az >1.

In the Vicsek set, let ¥;, i =1,2,3,4,5, be the contractions defining it, and
we order them in such a way that 5 is the contraction that fixes the center.
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Let P; be the fixed points of V; for j =1,2,3,4. Choose the order so that P; is
opposite to Pz and P» is opposite to P4. Let @; be the only point in V; N V5.
Now, we take the four paths of the form II; := (P;,Q;,Q;/, Pjs) when j =1,2,3,4
and Pjs is opposite to P;. It is simple to verify that such paths satisfy (i), (ii),
and (iii) with m = 1. Thus, by Theorem 6.3, « is (T,T")-UP on the Vicsek set if
and only if we have

(66) a1 +az+as>1, oo+ oy +as > 1.

Similar considerations could be extended to other fractals. However, to have
simple conditions like (6.5) or (6.6) the structure of the fractal should be simple.
In most cases, I expect that it could be hard to give simple necessary and sufficient
conditions for a to be (T,T")-UP.
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