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ABSTRACT. We investigate the convergence rate of the generalized Bochner—
Riesz means S;i:j on LP-Sobolev spaces in the sharp range of 4 and p (p > 2).
We give the relation between the smoothness imposed on functions and the
rate of almost-everywhere convergence of Sf{’. As an application, the corre-
sponding results can be extended to the n-torus T™ by using some transference
theorems. Also, we consider the following two generalized Bochner—Riesz multi-
pliers, (1—|¢|7)% and (1—[&[2)3., where 71, 72, § are positive real numbers. We
prove that, as the maximal operators of the multiplier operators with respect
to the two functions, their L?(|z|~#)-boundedness is equivalent for any 1, 72
and fixed §.

1. Introduction

Let R > 0. We consider the generalized Bochner-Riesz means S}S{’ on the
Euclidean space R" defined via the Fourier transform by

s’ ©=(1-50) fe (1)

R - R,Y n 3 .
where 0 and v are two real numbers satisfying 6 > —1 and v > 0. Also, we
may initially assume that the f’s are functions in the Schwartz class S (R"). The
function (1 — |¢|7)% is called the generalized Bochner—Riesz multiplier, and we
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denote it by m®Y. The kernel Bf%’7 of S}S{’ is defined by

0,y _ |€|"/ J 2mi€-x _ J\Vv
B @) = [ (1= 50) e de= (=1 1))y
We may write S};’V as a convolution operator
SY'f =By * f.
The associated maximal operator of S?%’V is defined by

(537 )(a) = sup (S} ) @)

When v = 2, the classical Bochner-Riesz means that 5}2’2 is one of the most
significant and awesome operators in analysis since it is connected to a large
number of important conjectures in harmonic analysis, such as the Bochner—Riesz
conjecture, the disk conjecture, and the Kakeya conjecture, among many others.
Hence, research on S};’Z has attracted many authors (we direct the reader to
23], [20], [5], [3], [1], [26], [13], [6], [14], [15] and the references therein, among
numerous research papers). In particular, the study of the convergence of S%Q is a
long-standing subject in the classical theory of Fourier analysis. The number §y =
(n—1)/2 is called the critical index of L'. When § > &y, imp_,s0 S5 f(x) = f(x)
almost everywhere for any f € L'(R"), while Stein [19] found an L'(R™)-function
f for which limsupp_, |S%?f(z)| = oo almost everywhere. Finding a suitable
subspace of L'(R") related to almost-everywhere convergence of S%°(f)(z) thus
became an open problem, which was solved in 1982 by Lu, Taibleson, and Weiss
[16] when they introduced the block space (see the related work of Stein [21]
and Fefferman [9]). Also, for 0 > dy, Stein, Taibleson, and Weiss [22] considered
the weak-type boundedness for maximal operators of S%”Q on the Hardy space
H?, and they proved that limpg_, Sif”Q f(z) = f(z) almost everywhere for any
f € H?, where 0 < p < 1 and 6, = n/p—(n+1)/2. The most challenging research
involves the case in which ¢ is below the critical index dy. In this case, we list two
famous conjectures below.

Conjecture 1.1 (Bochner—Riesz Conjecture 1, (see [21, p. 390])). For 0 < 4 <
(n—1)/2,
67
IS Fllze < N1fzs

if and only iof
2n 2n

nritr2 P a 1o
Conjecture 1.2 (Bochner-Riesz Conjecture 2, (see [21, p. 390], [11, Section 5.5])).
Ifo<d<(n—1)/2, f e LPr, and
2n 2n
nrlr2 P12
then
lim S%2f(z) = f(z), a.e.

R—o00
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The second conjecture was partially solved by Carbery, Rubio de Francia, and
Vega [2] in the range [2, —2%=) of index p. To reach the conclusion, they consid-
ered the boundedness of S%2 on the weighted space L*(R", |z|~" dz) and estab-
lished the following Theorem A. Then invoking Theorem A, they obtained The-

orem B below, which is the desired conclusion.

Theorem A ([2, p. 514]). Let 6 > 0 and 0 < < 1+ 20 < n. Then there is a
constant C = C(f,6,n) such that

[ s P Plel P < € [ | lelda

for all functions f € S (R™).

Theorem B (]2, p. 513]). Let § > 0 and n > 2. Then for all f in LP(R™) with

2n
2 <p < 55, we have

lim S%*f(z) = f(x)

R—o0

for almost all x € R™.

Besides the convergence problem, another interesting question is to study the
convergence rate of S’%’V f(z) if f satisfies some smoothness condition. At the crit-
ical index dyp, this problem was studied by Lu and Wang [17] and Fan and Zhao
[7], who introduced the block Sobolev space I)(B,)(R") to study the convergence
speed of the generalized Bochner—Riesz means S;;O’W. Thus, the relation between
the smoothness imposed on functions in the block space and the rate of almost-
everywhere convergence of S}?’” is addressed. For § > 0y, Fan and Zhao [8] studied
the convergence of S5 with d = &, on the Hardy-Sobolev spaces I,(H?)(R") and
revealed the relation between the smoothness imposed on the Hardy space HP(R™)
and the rate of almost-everywhere convergence of the generalized Bochner—Riesz
means. As the authors mentioned in [8], the study of generalized Bochner—Riesz
means S? on some corresponding Sobolev-type spaces is not merely a simple
extension of using v to replace 2, but rather it is naturally raised from the approx-
imation theory in order to enhance the saturation of approximation.

The Sobolev-type spaces mentioned above, the block Sobolev space I,(B,)(R"),
the Hardy—-Sobolev spaces H?(R™), and the LP-Sobolev spaces I(L?)(R™) were
introduced by Strichartz [24], [25] in a more general setting. Let I denote the
Riesz potential operators of order A on R” for A € R, which may act on functions
or tempered distributions. The Fourier transform of a Schwartz function (or even
a tempered distribution f) satisfies (I, f)"(§) = |§|*Af(§) If X is any function
space or a space of tempered distributions, one can define Sobolev spaces based
on X using I,(X) to be the image of X under ). Thus, by this definition in [25,
p. 129], we know that I,(LP)(R™) are the classical homogeneous Sobolev spaces
for p > 1 and that I,(H?)(R™) are the Hardy—Sobolev spaces for 0 < p < 1.

Now we are in a position to state our main results in this article. We will study
the convergence rate of Sf%” f in the sharp range of p and ¢ as in Theorem B,
when the index ¢ is below the critical index. Precisely, our first aim is to analyze
the convergence rate of the Bochner-Riesz means Sf{” f on LP-Sobolev spaces
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and to obtain the relation between the smoothness imposed on functions and the
rate of almost-everywhere convergence. As an application, by using a transference
theorem by Kenig and Tomas [12] for 1 < p < oo, we will transfer our results to
the n torus 1.

Below we formulate our main theorems. They are new even when v = 2.

Theorem 1.3. Let§ > 0, letn > 2, and let 2 < p < —"55. If f is in I, (LP)(R"),

then for 0 < \ <,
(S5 f)(x) — f(z) = o(1/RY), a.e. as R — oo,

1

and for A\ =,
(S5 f)(x) — f(x) = O(1/RY), a.e. as R — oo.
Moreover, the rate O(1/R") is sharp at the endpoint A = .

Clearly, Theorem 1.3 recovers Theorem B when A = 0. We consider the maxi-
mal function

(M3 1)(a) = sup| (S 1)) — S} |
Let g := I_, f. Define the operator Tg’f\ by
(1 - ’R‘ )
i

and (M, g)(x) = supp [(Tg9)(x)|. We have M7 f =
To prove Theorem 1.3, we will need the following estimate on M,g

T = [ 36 S g

Theorem 1.4. Let § > 0 and 0 < 8 < 1+ 20 < n. Then there is a constant
C =C(pB,9,n) such that

| 10ng) @[l dr <. [ Jota) el ds, (1.2
for all functions g € S (R™).
Remark 1.5. Moreover, M, has a unique bounded sublinear extension M on
L*(R™, |x|~? dz) which also satisfies (1.2). Also, for each R > 0, Tg’j\ has a
unique bounded linear extension E’;’\ on L*(R",|z|~P dz) and the relationship
(M,g)(x) = supp-g |(ﬁg)(x)| holds for all g € L*(R", |z|~? dz). In the follow-
ing, for simplicity, we denote ﬁ’;\ by T]‘;’X\ and we denote E by M,
Our idea is mainly inspired from Fan and Zhao’s previous work (see [7], [8]).

Precisely, observe that the Fourier transform of RN (S%” f)—f} is u(-/R) §, where
g := I_,f and the multiplier u is given by

1— €[ —1 1) —1
R T R e
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Hence we will decompose the multiplier ¢ as a sum of g, 1, fteo, centralizing at
0, 1, and near oo, respectively. Then each corresponding kernel will be carefully
estimated.

Here we make some further comments about Theorem 1.4. In the proof of
Theorem 1.4, we essentially prove that the L?(|z|~#)-boundedness of S%7 can be
reduced to the L?(|z|~#)-boundedness of S92 so that Theorem A can be employed.
Consider the following two generalized Bochner—Riesz multipliers, m®" = (1 —
€))% and m®72 = (1 — [£]72)%, where 71, 72, § are positive real numbers. As the
maximal operators of the multiplier operators with respect to m®” and m?®?2,
does the L?(]x|~")-boundedness of S imply the L?(|z|~#)-boundedness of 52727
Furthermore, is the L2(|z|~?)-boundedness of S® and S%7 equivalent for any
Y1, Y2, and fixed 07 Our second aim gives it a positive answer by proving the
following.

Theorem 1.6. Let 6 > 0 and let 0 < [ < 1+ 20 < n. Suppose that vy, va, 0
are positive real numbers. Then the L?(|x|=%)-boundedness of S and S°7 is
equivalent for any v1, V2, and fixed 9.

We were informed by the referee of the following result closely related to this
article.

Theorem C ([4, p. 87]). Let § > 0 and n > 2. If f is in I,(L?)(R™), then for
0< A<y,

(S5 f)(x) — f(x) = 0o(1/R"), a.e. as R — oo,
and for A\ =,

(S5 f)(x) — f(x) = O(1/RY), a.e. as R — co.

It is worth comparing our Theorem 1.3 to Theorem C. In fact, for a fixed
0>0and 2 < p < n_21"_26, in Theorem 1.3 we obtain the almost-everywhere
convergence of (S%7f)(z) for all f € I,(L?)(R"™), while Theorem C only states
the result for f € I,(L?)(R™). Also, our proof for Theorem 1.3 is quite different
from that of Theorem C.

This article is organized as follows. In Section 2, we define some necessary
notation, definitions, and lemmas that will be used throughout this work. Since
the proofs of Theorems 1.3 and 1.4 are based on Theorem 1.6, we first prove
Theorem 1.6 in Section 3. Theorems 1.3 and 1.4 will be proved in Section 4. In
Section 5, we extend Theorems 1.3 and 1.4 on R" to the n-torus T". We use the
letter C' throughout to denote positive constants that may vary at each occurrence
but are independent of the essential variables. Also, the statement A ~ B denotes
that there exist positive constants C', Cy such that Cy < A/B < C, and the
statement f < g denotes that there exists a positive constant C' such that f < Cyg.

2. Some preliminaries

We begin with some preliminaries. A multi-index « is an ordered n-tuple of
nonnegative integers. For a multi-index a = (aq,..., ), 0%f or 0*f denotes
the derivative 07" ---0%"f. Let |a| = a3 + -+ + a, and a! = oy!---a,!. The
number |o| indicates the total order of differentiation of 9% f. For x € R"™ and
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a = (aq,...,q,) a multi-index, we set z® = z{"*---2%. Let § = (51,...,0,) be
a multi-index. The notation @ < [ means that § ranges over all multi-indices
satisfying 0 < a; < f3; for all 1 < j < n (for more details, see [10, p. 104]). Let [r]
be the greatest integer less than or equal to the real number r. Given a function ¢
on R" and € > 0, we denote by ¢, the following function: ¢.(z) = e "p(c¢~'z). For
the sake of conciseness, we denote L*(|z|™#) = L*(R", |z|~? dz) and L = LP(R")
for 1 < p < o0.

Let ¢o, 1, 0o € C°°(R™) be radial functions satisfying the following conditions:
(i) ¢o is supported on the set {{ € R : || < 1/2}, ¢, is supported on the annulus
{£ € R": 1/4 < [¢| < 2}, and ¢ is supported on the set {{ € R"™ : [¢| > 3/2};

_ Ll sy, 1 o2<g <2,
%("C)_{o, €l >1/2, W"C)_{o, €] < 1/4 and [¢] > 2,

)L k=2,

Let Uoo(§) = ¢1(€) + oo (€). Obviously, ¥, € C*(R") is supported on the set
{€ 1 [¢] > 1/4} satistying 0 < U (§) < 1 and U (§) = 1 on the set {£ : |£] >
1/2}. Assume that the kernel B%” of S%" is defined by

BY(z) = / n (1 - ﬁ—’:)iemw de.

We rewrite S]&Df as a convolution operator
SV f = BY « f.
Let g := I_,f, ng\g = RA{(S%'Yf) — f}. Then the Fourier transform of the

function Tg’j\g can be written as mf\’})(-/R)E—i- mi”l(/R)ﬁ — mi’lo('/R)ﬁ, where

$o(§) 5 ¢1(£) 5
4, \Ijoo(g)

m)\,?l)o(é-) = W

Here and in what follows, for simplicity, we define the operators

(T33,9)" (&) = mSL(E/R)F(E),

and we denote by (K:\Sg)l/R(:c) = R”Kf\s’}(R:c) the kernel of T]‘;’}J, where

5 A d, Ti&-x ;
K)\,;((:L') - m)\,’;' (ZL’) - Rn mA}(g)GQ d dgv J= 07 17 0.

Then

0,y . mdyy 0,7y 0,7y
TR\ =TR\09 +TE\19 — TR} o8
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and each operator 57 R.A;9 can be written as a convolution operator

T3k ;9(0) = 3 )ym * 9(2),
for j =0,1,00. Let M,g be the maximal function defined by

1—1&M% -1,
[ oo R e g

%

(M,g)(z) = sup

Then we have
(ML) (@) = sup| RN (S5 /) (@) — f(a)}]

%‘(TR)\Q)( )}

Z M, ;9)(

where M, ;g are the associated maximal operators
(M’ijg>( _Sup’ TR)\gg)( )’7 j:O,l,OO.
We next introduce the following two useful lemmas, both of which can be found
n [7]; they play a crucial role in the proof of Theorem 1.4.

Lemma 2.1 ([7, Lemma 2]). For 0 < A <+ and 6 > —1, we have
1

67
’K/\,g(@‘ = 1+ [z
and for A =, we have
1
57
‘K%g(xﬂ j m fOT any L > (.
Lemma 2.2 ([7, Lemma 3]). For A >0 and 6 > —1, we have
1
5, :
‘Kﬁ/ |_|:E|”>‘ if |z < 1,
and if |z| > 1, then we have
1
|KM ‘ ——  for any L > n.

We also need the following lemma which can be found in [10].

Lemma 2.3 ([10, p. 92]). If a function ¢ has an integrable radially decreasing
majorant ®, then the estimate

Stg-l()?‘(f*@t)(x” < [ @l M(f)(z)

1s valid for all locally integrable functions f on R™, where M 1is the Hardy—
Littlewood maximal operator.
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3. Proof of Theorem 1.6

The main purpose of this section is to establish Theorem 1.6. To do this, we
first state an auxiliary result in [18]. Our idea is also partially motivated from
[18].

Lemma 3.1 ([18, Lemma 7]). For any p > 0, 6 > 0, we have [(1+ |- |p)_5]\/
LY(R™).

€

Proof of Theorem 1.0. By symmetry, we just need to give the implication rela-
tionship on one side. Without loss of generality, we suppose that S is bounded
on L2(|z|=?). Its proof can be completed by an iteration argument. Pick a positive
integer k such that 25y, > max{n + 1,7, }. Recall that ¢; € S (R") is supported
on the annulus {£ € R" : 1/4 < |£] < 2} and that it satisfies

11z
¢1<§>‘{o, €< 1/4 and [¢] > 2

We can decompose the generalized Bochner—Riesz multiplier md2* 72 ag

md2t e — (1 _ ‘512’%)‘1

DL é )
= <—11__|T§||71 ) €1 - le)] + (1= 16 )] (1 - 61(9))
= mp . (3.1)

For my;, from the assumption 28y, > n + 1 and the definition of ¢;, we obtain
that my; is supported on the disk {£ € R": 0 < [¢] < 1/2} and mp € C7HH(R™).
Integrating by parts n-+1 times, we see that [m(-)]" € L'(R"). Hence, Lemma 2.3
and Young’s inequality yield that

sup| ([ ()]"), 5 * 9(2)] 2 M(g)().

Invoking the L?(|x|~#)-boundedness of M when —n < 3 < n, we obtain that

L sl 0))y s flet o = [ Jo@Plel Par. 62)

n  R>0

For the first term m;, we have

s (1m0 0

Y

2kay O
<sul{(F=r ) @0)

(527 g)(z) = ;glgl(sfé“g)(@\ = fggl(Bfé“ % g)(z)|

* (807 g) (@), (3-3)

where

and
\2
Byt = ((L=1-)%)")r
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First, define the function F' by
L=t ¢ #1
F (t) = { 1=t ’

v, t=1.

Then it is easy to see that F' € C*°(R) and that it is infinitely differentiable at
the point t = 1. Pick v = Q,k%, t = £, Invoking the assumption 2%y, > 7, and
the deﬁnition of ¢1(£), we have (F(|£]))°¢1(€) € CX(R™) C S (R"); that is,

(2 |§|§W32) $1(§) € S (R™). Therefore, we obtain that

1 - | ) |2k72 0 v n 1/mn
((W> ¢1(')> € S(R") C L'(R"). (3.4)
From (3.4), using Lemma 2.3 combined with (3.3), we can reach the conclusion
that

oupl ([ ()], 9(0)| = M(S2720)0),

Again, invoking the L?(|]x|~")-boundedness of M when —n < 8 < n, and by the
hypothesis of Theorem 1.6 that S%7 is bounded on L?(|z|=#), we obtain that for
0>0and 0 < (<1420 <n,

/ ‘sup‘ ([ml( )}v)l/R * g(a:)|‘2|x]*5 dx < /RJg(x)ﬁm]B dx. (3.5)

R>0
Combining (3.1), (3.2), and (3.5), we obtain that

[ Jsul (o2 (0], x @) ol e < [ ool e

R>0

which yields the inequality

/ |S52k72 | x|~ 6dac-</ |g(x) |x| fda. (3.6)

§,2k—1

Decompose the multiplier m 72 as

(1 P = () T (L )
that is, m*2*"2 = (1 4 |¢]2" ") 9m%2" 2 Using Lemmas 3.1 and 2.3, we have
562]“ Ly g = M(S62 2 )(:C)

Recalling the L?(|z|~%)-boundedness of M when —n < 8 < n and (3.6), we
further obtain that

/n ](5372’“*1729)(3:)}2@;% dr < /Rn’g(:c)ﬁx]_’g dx. (3.7)

Write m®2" > = (1 4 [€[2"*2)=9m52" %2 From (3.7), we have

/ s g @) ol da < [ Jgta)Plel " d
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Repeating the process of the above argument k — 2 times, we finally obtain that

[Nt el de < [ o) al* e

which concludes the proof of Theorem 1.6. 0

4. Proofs of Theorem 1.3 and Theorem 1.4

We postpone the proof of Theorem 1.4 until the end of this section. First, let us
describe how we can complete the proof of Theorem 1.3 by virtue of Theorem 1.4.
We need the following lemma.

Lemma 4.1 ([11, p. 410]). Let 0 <7 <p < oo and let n(1 — 7) < 3 <n. Then
LP(R™) is contained in L"(R"™) + L"(R", |z|=7).

Proof. For any g € LP(R"), write g = g1 + ga, where g; = gX|-1<1y 92 = gX|-|>1-
Noting that 0 < r < p < oo, n(1 — If?) < f < n, and combining with Holder’s
inequality, it is easy to check that g; € L"(R") and g, € L"(R"™, |z|77). O

Now we explain how to deduce Theorem 1.3 from Lemma 4.1 and Theorem 1.4.

Proof of Theorem 1.5. For any given function f € I,(LP)(R"), let g := I_,f.
Then g € LP(R"). For2 < p < 1—25, from Lemma 4.1 we can choose (3 satisfying
0<n(l—2)<p<1+25<mn,for which L¥ C L? + L*(|z|~ ). We have the
decomposition formula

9=91+ ga;
where g; € L}(R") and g, € L?(R", |2|7#). Accordingly,
f=h+ [ (4.1)

where f; = g1 € [,(L*(R")) and f, = Iy g2 € L,(L*(R™, |x]77)). Since S (R™) N
I (L*)(R") is dense in I(L?)(R"), for any € > 0, we choose an [; € S (R") N
I (L?*)(R") such that h; = f; —[; and

”thIA(L?)(R") < €.
Since [, € S (R™), for any fixed s > 0, we conclude that
[ TN A 0,7y _ —
{zeR .ggngz((SR h)(x) —h(z))| > s/2}]| = 0.

Let hy = I_yhy. Then

th\lmmn) = HL/\hluLQ(Rn) = thl‘IA(LQ(R"))‘

Making use of the sublinearity of the maximal function, together with Theo-
rem 1.4, it follows that for any s > 0,

erRn3(MMf1)( >5H
Z‘{xERn hm|R)‘ S‘Hf |>3}|
< |[{zeR": (Mhy)(x ;>5/2}‘
= [{z e R": (M, I)(z) > 5/2}
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< <”h1HL2(R")>2

S

_ <||h1||IA(L2(]R"))>2

s
eN 2
< (%)
s
Letting ¢ — 0, we deduce that
[{z e R : (MY fi)(z) > s}| =0,
which concludes that
(S5 f)(z) — fi(x) = o(1/RY), ae. € R"as R — .

Since the measure |x|_5 dz is absolutely continuous with respect to the Lebesgue
measure, we have

(Sf{’fg)(x) — fo(z) = o(1/RY), ae z€R™as R — oc.

Thus, recalling (4.1), we can obtain that for any given function f € I,(L?)(R"),
0 < X <7, we have

(%7 f)(z) — f(z) = o(1/RY), ae. z€R"as R — oco.

Let us now consider the sharpness of the convergence rate O(1/R) in the case
A = . For any fixed § > 0, we pick an f € S (R")NI,(L?)(R") and f # 0. There
exists a point zg satisfying (| - |7 f)¥(xo) # 0; that is,

FOleremier de # o.
R'/L
Using the continuity of the Fourier transform, we have
FOlgre*™sedg #0 (4.2)

in a neighborhood of xj. Write
r{syne -swi - r [ ((-]5]) - )ﬂ@mwf
(Yo

o [ 1R e
=: Ip(z) + I g(x).

Since f € S (R"), we have [IIg(z)| 2 R [ 51f F(€)|d¢ = RF, for any L > 0.

By Taylor’s expansion, we notice that

(1—1€P). —1=alel + O(I€™).
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where v > 0 and [¢| < 1. Then for |¢| < R,

R )
So we have
Infr) =3 [ NefiOecdeo( g [ Feea)
=0 [ lenfieeneas + o)
Thus,

J, _ iy T, 1 —
(SN - s =] [ lerfeentad o)+ mt
for any L > 0. From (4.2), we obtain that
lim R ((Sy” f)(x) — f(x)) #0

R—o0

in a set of positive measure. This concludes the proof of Theorem 1.3. 0
Now we return to prove Theorem 1.4.

Proof of Theorem 1.4. The sublinearity of the maximal function M,g leads to
(Myg) (@) < > (M,;9)(x), (4.3)
j=0,1,00
where M, ;g is the associated maximal operator
57
(M, ;9)(x) = sup| (T} ;9)(x)]-
R>0
Invoking Lemmas 2.1 and 2.2, we know that for any 0 < A <4, K, ; € L'(R")
for j = 0, 00. Combining with Lemma 2.3, we have
M’Y»]g(x) jM(g)(x)v jZO,OO,

which says that M, ;g (j = 0,00) can be dominated by the Hardy-Littlewood
maximal function. Taking note of the fact that when —n < 8 < n, the Hardy—
Littlewood maximal function operator is bounded on L?(R",|z|=" dx) (see [10,
Theorem 7.1.9, Example 7.1.7]), we know that

M9 L2 (je-5) = N9l 22(a-5)  for j =0, 00. (4.4)
Invoking (4.3) and (4.4), to prove Theorem 1.4 it suffices to show that
1My 190 L2 w5y = 191 L2(1z-5)- (4.5)
Thus, we mainly pay attention to the estimate of M, ;g. Let

o) = (1)
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and let ®,/g(r) = R"®(Rw) for R > 0. Then

(Trh19)(@) = uym* By * g(x)

and
(M,19)(x) = sup| (T} 19) ()]
R>0
< sup |®y/p| * (S27g)(z)
R>0
< M(S2g)(x),

where M is the Hardy-Littlewood maximal operator, since ® is a Schwartz func-
tion by its choice. Invoking the L?(|z|~#)-boundedness of M when —n < 8 < n,
we have

1My 190 2al-2) = | M(S29)]| 109
< 1152791l 2 a-5)-

Thus, in order to prove (4.5), we only need to show that

1279 2=y = 1|91l L2(1a)-5)- (4.6)

From Theorem 1.6, we know that the L?(|z|~?)-boundedness of S%? implies the
L*(|x|7P)-boundedness of S%7. Recalling Theorem A, we deduce the L?(|z|~#)-
boundedness of S%7 in (4.6). This finishes the proof of Theorem 1.4. OJ

5. Generalized Bochner—Riesz means on the torus

In this section, we study the generalized Bochner-Riesz means operators on the
torus T". Let m = (my,ma, ..., my) € Z", and let |m| = (m2 +m2+---+m?2)1/2.
Functions on T" are functions f on R” that satisfy f(z) = f(z-+m) for all z € R"
and m € Z". For a complex-valued function f in L'(T") and m € Z", we define
the mth Fourier coefficient of f by ¢,, = S f(z)e=2mm= gy The Fourier series of
fat z € T" is the series f(z) ~ > mezn Cm€2™ ™ The Riesz potential I_, of order
A > 0 is defined as I \(f)(z) ~ 3, cpn [meme 2% where {c,,} is the set of
Fourier coefficients of ]7 For the sake of simplicity, without loss of generality, we
initially consider functions f € C*° (T™), that is, f is a C>-function satisfying

f(@) = f(z+m)
for any z € R™ and m € Z". Similar to the definition established in (1.1) on

R", the generalized Bochner—Riesz means S? of order § on the torus T" is the
operator

(P = 3 (1= Y, ermim

mezZm™
|m|<R
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defined on integrable functions ]7 on T", where 6 and v are two real numbers
satisfying § > —1 and v > 0. Denote (m%7)"(y) by L%7(y), where y € R™. Then
we have

(S¥P@) = 3 mt(E)ae™ = Fx By (@),
i

—_—

for any integrable function fon T™ and x € T", where Bf{’.7 is a function whose
sequence of Fourier coefficients is {m®7(%)}ezn. By the Poisson summation for-
mula (see [10, Theorem 3.2.8]), we have

B?(m) = Z mo (}%)e%ik'w =R" Z L‘S”((x + Z)R).

keZ™ lezn

By Fubini’s theorem, it is easy to check that RA{(S?]?) — f} can be written as
the Fourier series

S F I o
R/\{(Sfﬁf) — fHz) = Z |l|>\clﬂ<}_%>€27rzl-x7
lezn

where {¢;} is the set of Fourier coefficients of fvand (it is the same as in Section 1.
Precisely, the multiplier p is given by

(1—Jgms -1 (1)) -1
G r0 o=y EEEEEL

u(é) =

Denote by K% the inverse Fourier transform of p, that is, K% (y) = pV(y) =
Jan 11(€)e™ v dE, where y € R™. Let g = I, f and Tg’j\ﬁ = R)‘{(Sfff) — 1},
and let til\e/associated maximal operator of T g’:\ﬁ be defined by (]\Zﬁ) (x) =
SUP <0 |(T£&§)(w)| We can write
Tp3g(x) = RM(SY ) — f}(z) = K« G(a),
where
K3 z) ~ Z /A(E)ezml“ — R" Z K" ((x +1)R).
lezn lezn

For the convolution operator ¢; % f(x), one can define its periodic version via
the Fourier series by

Box fla) ~ > crBlth)e ke,

keZm

where ¢ is the mth Fourier coefficient of f We recall the following result on the
transference of maximal multipliers.
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Theorem D ([12, Theorem 1]). Let 1 < p < oo. Suppose that $ is a bounded
and continuous function on R™. If

su * = p(R"
||0<t§1 [0 % 9l gy = N9llzrcen)
for all g € LP(R™) N S(R™), then we have
5P, 181 #3111y gy = 5120
for all g € LP(T™).
Using Theorem D, we have the following theorem.
Theorem 5.1. Let § > 0, p > 2. If [ is in I\(LP)(T"), then for 0 < A < v,
(S% )(z) = f(z) = o(1/R"), a.e. as R — oo,
and for A =,
(S5 F)(x) — f(z) = O(1/RY), a.e. as R — oc.

Moreover, the rate O(1/RY) is sharp at the endpoint X = v in the sense that
O(1/R") cannot be replaced by o(1/R).

The sharpness of the theorem easily follows the same argument as in the proof of
Theorem 1.3. For the proof of convergence, by checking the proof for Theorem 1.3,
it suffices to prove the following result.

Theorem 5.2. Let 8 > 0. If f is in I,(L?)(T"), then
Mgl 2y = (g L2crn)- (5.1)

Proof. From Theorem 1.4, taking 8 = 0, we obtain that M, is bounded on L*(R").
To prove Theorem 5.2, it is easy to see that u is a bounded and continuous function
on R™. Then by Theorem C we obtain the transference result (5.1). O

Now we return to explain how to deduce Theorem 5.1 from Theorem 5.2.

Proof of Theorem 5.1. By standard arguments as in the proof of Theorem 1.3,
Theorem 5.2 implies that

(S5 F)(x) — ) = o(1/RY), a.e. as R — oo,

for f in I,(L?)(T"). For p > 2, we note that I,(L*)(T") C I,(L?)(T") because T"
is compact. In fact, if f € I,(L?)(T"), then by Holder’s inequality we have

I 5 e2yerny = Mafllzemy 2N llzemy = 115 oy )
Since I,(LP)(T™) C I (L2)(T™) for any p > 2, we have
(S%F)(x) — f(z) = o(1/R), a.e. as R — oo,
for any f € I,(LP)(T"), p > 2. O
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