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ABSTRACT. Let £L = —A + p be the generalized Schrodinger operator on R"™,
n > 3, where A is the Laplacian and p # 0 is a nonnegative Radon measure on
R™. In this article, we give a characterization of BMO, in terms of Carleson
measures, where BMO/ is the BMO-type space associated with the generalized
Schrédinger operator.

1. Introduction and preliminaries

Let £ = —A+p be the generalized Schrodinger operator on R™, n > 3, where A
is the Laplacian and p # 0 is a nonnegative Radon measure on R™. We note that
only a handful of authors have studied the harmonic analysis problems related
to the generalized Schrodinger operator. Research of the generalized Schrodinger
operator was motivated by Christ [1]. After that, Shen [5] established the bounds
for the fundamental solution of —A + p in R™ and studied the boundedness of
the corresponding Riesz transform V(—A + p)~%2 on LP(R™). Sun [7] proved a
uniform Harnack inequality for nonnegative solutions of —Agu + pu = 0, where
—Ag is a sub-Laplacian on the stratified Lie group. Moreover, Wu and Yan [§]
recently studied the Hardy space H} by means of a maximal function associated
with the heat semigroup e ** generated by £, and they obtained its character-
izations via atomic decomposition and Riesz transforms. They also investigated
the BMO, space, which is the dual space of H}. As a continuation of [8], we
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will characterize BMO, in terms of Carleson measures. This problem has been
investigated in [2] and [4] for the case of the Schrodinger operator.
As in [5] and [8], we will assume throughout this article that p satisfies the
following conditions. There exist positive constants Cy, C7, and ¢ such that
r\ n—2+6

u(B.r) <Co(%)  w(B.R)) (1.1)
and

w(B(z,r)) < Ci{p(B(z,r)) +r"?} (1.2)
for all z € R™ and 0 < r < R, where B(x,r) denotes the (open) ball centered
at x with radius r. Shen [5] has proved that condition (1.1) is equivalent to the

condition ;
B
/ u(y)_2 gO“( (:B_,QR))_
B(a,R) |Y — T|" Rm

Condition (1.1) may be regarded as the scale-invariant Kato condition, and con-
dition (1.2) says that the measure p is doubling on balls satisfying u(B(x,r)) >
cr™=2. As pointed out in [5], when dp = V(z)dx and V(z) > 0 is in the reverse
Hélder class (RH),, 2, that is,

<|B(;,T)| /B(gg,m V(" dy) R C(|B(;,r)| /BW) Viy)dy).

then g satisfies conditions (1.1) and (1.2) for some § > 0. However, in gen-
eral, measures which satisfy (1.1) and (1.2) need not be absolutely continuous
with respect to the Lebesgue measure on R". For instance, if du = do(zy,
x3) dxs - -+ dz,, where ¢ is a doubling measure on R?, then y satisfies (1.1) and
(1.2) for some § > 0.

To state our results, we recall the following definition of the auxiliary function
m(z, i) (see [5, p. 522]):

1 B
— = sup{r >0: (B, r)) < Cl},
m(z, pt) rn?
where (' is the constant in (1.2). With the modified Agmon metric
ds® = m(x, p){dxs + -+ da't},

we define the distance function
1
d(z,y, 1) = igf/ m(y(t), 1) |7 (1) dt,
0

where v : [0, 1] — R™ is absolutely continuous and v(0) = z, v(1) = y.

We next recall some basic facts regarding Hardy and BMO spaces associated
with the generalized Schrodinger operator £, which has been studied by Wu
and Yan [8]. The Hardy space was introduced in [3], where du = V(z)dx and
V € (RH),/2. Since p is nonnegative on R", the Feynman-Kac formula implies
that the kernel KC;(z,y) of the semigroup

Tff(z)=e " flx) = | Kilz,y)f(y)dy

Rn
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has a Gaussian upper bound. We will use the notational conventions

M~ f(x) =Sup|7ff($)|,

sof(x) (/ Qi f (x 2%)é7

which correspond to the Hardy—Littlewood maximal function and the L-square
function, respectively.

Definition 1.1. A function f € L'(R") is said to be in H} if the maximal function
M¥~ f belongs to L'(R™). The norm of such a function is defined by | f 1l emy =

M- fl gy

Definition 1.2. Let 1 < g < oo. A function a € LY(R") is called an H}-atom if
r < and the following conditions hold:

m(xo,u)
(1) suppa C B(xq,r);

(2) [lallze@ny < |B(zo,7)|2 71;
()1fr<m —» then [y a(z)dz = 0.

Wu and Yan [8, Theorem 1.2] gave the following atomic decomposition for the
space H}(R™).

Proposition 1.3. Let p be a nonnegative Radon measure in R", n > 3. Assume
that v satisfies conditions (1.1) and (1.2) for some § > 0. Then f € H}(R™) if
and only if f can be written as f = Zj Aja;, where the a;’s are HE’OO(R”)-atoms,
>, Il < 00, and the sum converges in the Hy(R™) quasinorm. Moreover,

I lliry ey ~ LS 1},
J

where the infimum is taken over all atomic decompositions of f into H[ll’oo-atoms.

The dual space of H}(R™) is the BMO-type space BMO,(R") (cf. [8]). Let f
be a locally integrable function on R", and let B = B(x,r) be a ball. Set

1
- d
b ’B(:Ij" 7ﬁ)| /B(z,'r) f(y) Y

) fs ifr< m(z, 1),
f(B,w) = {0 if v > m(z, ;)"

and

Definition 1.4. Let f be a locally integrable function on R™. We say that f €
BMO,(R™) if

| llsso, 2 s%p|_;| / F) = F(B.p)| dy < o,

Remark 1.5. We can easily get the fact that L>(R™) C BMO,(R") ¢ BMO(R")
and || f|lsmo < C||f|lsmo,- By a simple deduction, we obtain



540 S. QI Y. LIU, and Y. ZHANG

i b\
sup (g7 [ 1) = 1B dy)" < Clf v

Definition 1.6. A positive measure p on R = R" x (0,00) is said to be a
Carleson measure if
A p(B(x,r) x (0,1))
= sup < 00.
HIMH zeR™,r>0 |B(;C,7”)|

s—2f)(2), (z,t) € R™™. Then our result is given as

Let (Quf)(x) = t2(=
follows.

Theorem 1.7. Suppose that u satisfies (1.1) and (1.2) for some § > 0. Then we
have the following.
(1) If f € BMOg, then dug(z,t) = |Q.f(z)|*dx dt/t is a Carleson measure.
(2) Conversely, if f € L*((1+ |x|)~"*Y dx) and duy(x,t) is a Carleson mea-
sure, then f € BMOy.

Moreover, in either case, there exists C' > 0 such that

1
Gl Bsoq < lldugll < Cllfllsmo,

Throughout the article, the letters ¢ and C' denote (possibly different) constants
that are independent of the essential variables. By A ~ B, we mean that there
exists a positive constant C' such that % < % < C. By U £V, we mean that
there is a constant C' > 0 such that U < CV. Given a ball B, we denote by B*
the ball with same center and twice the radius.

2. Estimates for kernels

We begin by recalling some basic properties of the semigroup kernel K;(z,y)
associated with TX = e7**. From the Feynman-Kac formula, it is well known
that the kernel KC;(z, y) satisfies the estimates

lz—y|?

0 < Ki(z,y) < h(x —y) 2 (4nt) 2 o . (2.1)

Denote by I',(x,y) the fundamental solution of —A + . Then we have the fol-
lowing estimate for the fundamental solution (cf. [5, Theorem 0.8]).

Proposition 2.1. Let p be a nonnegative Radon measure in R™, n > 3. Assume
that p satisfies conditions (1.1) and (1.2) for some § > 0. Then

—ead(z,y,1) C —e1d(z,y,u)
«“ < Tu(a,y) < =

|z —y|"? jz —y|"2

where €1, €9, C, and ¢ are positive constants depending only on n and constants

We can obtain the following proposition by using (2.1), Theorem 1.1 in [8], and
the symmetry of K;(z,y), which can be deduced from the symmetry of I',,(z, y).
Proposition 2.2. For every N, there is a constant Cy such that

0 < Kilwy) < Ont™3e 7 {1+ Vim(o, p) + Vim(y, )} ™
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By using Proposition 2.2 and arguments similar to those in the proof of Lem-
ma 3.8 in [8], we obtain the following estimate for the integral kernels of the
operators OQ;:

OKs(z,y)
0s
Proposition 2.3. The kernel Q;(x,y) satisfies the following estimates.

(1) For every N € Z, there is a constant Cy such that

Qt('r? y) =t

s=t2

cla—y|?

Qi y)| < Ont e T {1+ tmla, ) + tm(y, )} .

(2) For every 0 < ¢ < min{1,d}, there exists a constant ¢ > 0 such that for
all |h| < Vt, we have

|Qt($ + h,y) — Qy(x, y)}

\RINY |, _ele—ul® -N
< CN(T) t e t {1+tm(a:,u)+tm(y’/i)} :
mix, 6
(3) We have | [, Qi(z,y) dy| < CN(litnS(x/f;)))N'

From Lemmas 2.1 and 2.7 in [8], we obtain the following.

Proposition 2.4. There exists a sequence of points {xy}5>, in R" such that the
family B = {By | By & B(wg, m(zp, u)™Y), k = 1,2,...} satisfies the following
conditions:

(1) Uy, Br = R™,
(2) there exists N = N(6) such that card{j | Bj* N B* # 0} < N for all
k>1.

Moreover, we have

B, R)[ < > |Bil <clB, B,
BkﬂB(:r,R);ﬁ@
where ¢ = ¢(8) and R > m(x, )~ .

By the proof of Theorem 1.2 in [8] and the proof of Theorem 4 in [2], we can
easily obtain the following lemma.

Lemma 2.5. The correspondence
BMO, > f+— ®; € (H})*
1$ a linear isomorphism of Banach spaces.

Similar to [2, Lemma 2], the following lemma is also valid for the case of the
generalized Schrodinger operator.

Lemma 2.6. There exists ¢ > 0 such that for all f € BMO, and B = B(x,r)
with v < m(x, p)~*, we have

[fae] < (1 +log(rm(z, 1)) ") | fllsnop-
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3. Proofs of main results
In this section, we prove Theorem 1.7.
Lemma 3.1. For all f € L*(R"), we have ||sgf]l2 = \/LngHQ Moreover, we have,
in L*(R™),

f(z) =8 lim / Q2 f(

5—>0 ,N—00

We can prove the above lemma by using spectral techniques and the method
of the proof of Lemma 3 in [2]. We omit the details.

3.1. Proof of Theorem 1.7(1). Noting the kernel decay in Proposition 2.3
and the integrability of (1+ |y|)™ | f(y)| (see [0, p. 141]), we can conclude that

Quf(x) = [ Qulz,y)f(y)dy

]Rn
is a well-defined absolutely convergent integral for all (x,t) € R’}r“. Let B =
B(xg,r). We wish to show that

dx dt
51 | [led@P=E < clltio. (3.)

To do this, we write

[=(f—fe)xs+ (f = [B)X(B*) + [B*
=fi+ fot [B

For fi, using Lemma 3.1 we have

1 " odx dt C 2
@/0 /B|Qtf1($)‘ : SE/B‘SQﬁ(@"” dx

C C
<= 2:—/ — fpelPda
< Ol flltmo.

where we have used Remark 1.5 in the last step.
Let © € B(xo,r) and t < r. Then via Prop081t10n 2.3(1), we get

‘Qth / |f2 1+ |$ y|)n+1 d

t
< — fr«
N/(B*)c‘f(y) /B

Ty — y|n+l
> t

(2kr)ntt fy)— 18
k=1 (2kT)n+1 [/Z‘krﬁy—ac0<2k+1r‘ ( ) Skl

@) fn, — fel]

dy

S

dy

< | -+

= t
<= 27 fllsmo + Kl fllsmo] S I flleao.
k=1
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Thus, by integrating over B x (0,r), we obtain

1 (" dx dt 2 dt
EA /B‘Qtf2($)|2 ; 5/ rgtHfHBMO

C
= EHfHZBMO 5 HfHIQBMOE'

It remains to estimate the third term. At first, we assume that r < m(zg, ).

Using m(z, pu)~' ~ m(zg, )" for z € B (cf. [5, Proposition 1.8]), we have

I odrdt  |fp-|* [T 2dx dt
5 | [letm@Pes - //\Rngt(a:,ymy
|fB*| zgdl‘dt
~ 18] / ] ;
<\ foe 2 (rmlo, 1)) *
<130, (1 + log (rm(zo, 1)) ™) (rmiwo, 1))

< I lEvo,»

where the second line follows from Proposition 2.3(3), and we have used Lem-
ma 2.6 in the last step.

Finally, suppose that r > m(xzg, #) ™!, and choose from Proposition 2.4 a finite
family of critical balls { By} such that B C UBy, and ) |Bx| < |B|. Via Proposi-
tion 2.3 and the fact that | fp«| < | fllBMmo,, We have

5 | [ledme P
_ ‘]‘c];f/or/B‘ i Qt(x’y)dyrdmtdt

Il f1lEno (/m(mkvu)‘l/ a5 dx dt
S mr tm(xg, p

/ dt>
m(epg)-1 I8y ( 1+rm (zo, u))2N 2 ¢
S HfHBMoJB! "> IB]

< 1/ Bno,.-

The above argument implies that (3.1) holds. This establishes the first part of
Theorem 1.7.

26

3.2. Proof of Theorem 1.7(2). Let us fix f € L'((1 + |z|)™ ! dx) such that
py = |Qif(z)?dxdt/t is a Carleson measure. In what follows, we show that
such f must belong to BMO,. By Lemma 2.5, it suffices to show that the linear
functional

Hp g ®4(g) = f()()



544 S. QI Y. LIU, and Y. ZHANG

defined at least over finite linear combinations of H}-atoms, satisfies the estimate

1
[@4(9)| < cllgl2llglla-
We list some notation as follows:

F(z, )AQtﬂ) ( t) eRY,
Gla,t) 2 Qug(x )ER”“

dy dt 3
Sog(x / / 2 g+1> , xR
|x— y|<t 13

From [6] we obtain the following.

(3.2)

Lemma 3.2 ([6, p. 162]). Let F(x,t) and G(x,t) be measurable functions on
R™H satisfying

r(B) dy dt
Z(F)(x) —sup / /|F 2 ) € L=(R"),
reB ’B‘

() [ ewori e v,

where r(B) denotes the radius of B and T'(x)
Then there exists a constant ¢ > 0 such that

| Fwocwn)®® <c [ 2R)@e@) ) i

< | Z(F)|| . [IG (@]

We temporarily assume that the following two lemmas are true

Lemma 3.3. Suppose that f € L*((1 + |z|)~™*V dx), and let g be an H}-atom
Then
1

S RCrorsy|

n+1
RJr

= {(y,t) e RV ¢ |y — x| < t}.

Fo G o dt

(3.3)

Lemma 3.4. If g is a finite linear combination of H}-atoms, then there exists
¢ > 0 such that [[Saglnr < cl|gllm -

Noting that ||us|| = [|Z(F) |3~ and G(G)(x) = Sgg(x), then by the above three
lemmas we obtain

20)| < [ |#@)s@)] da
<c /R n+1|F(:v,t)G(x, t)|d”“"t dt

< ||IZ(P) = 1G]

1
< cllprll> gl
which establishes (3.2

.2). To complete the proof of Theorem 1.7, it only remains to
prove Lemmas 3.3 and 3.4.
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Proof of Lemma 5./. By Proposition 1.3 and Definition 1.2, it suffices to consider
sums of atoms associated to balls B(zg,r) with r < m(zg, 1) . Suppose that g(z)
is an H}-atom associated with a ball B = B(xq,r). Then we have

2 dy dt
HSQQH%Q(R") = /Rn [/ 1|Qt9(y)‘ Xr(z)(y,t)tnﬁ] dx

dy dt
— [ oswlBw.o| T
R-‘r

dy dt
o [ Q)[R

+1 t
R}

Cy
= CnHSQgHi?(R") = §||9||%2(Rn)a

where we have used Lemma 3.1 in the last step. Thus, by Holder’s inequality we

obtain
1

Sog(z)? d:c) ’
B***

1
S B2lglle S 1.

Sog(w)de < B[} (

Bk

In order to complete the proof of Lemma 3.4, it remains to find a uniform bound

for
I = / Sog(x)dz.
(B***)c

We first assume that r < m(zg, )~ ". Then by the moment condition on g, we
have

N N\2dydtls
S z , d
w@=[["[ (L~ gt ar') G

lz— Io\

2dy dtq 3

<[ [ et - ety ST
2dy dtq 3

ﬁl zo/lr y|<t /‘Qt bo) = Qb To “B’> tnﬂ}

= Wi(z) + Wa(x

For W7, it is obvious that |y — 2’| ~ |y — x| ~ | — x| and |2" — xo| < |y — zo|/4
and we will get the following estimate from the smoothness of Q,(x,y) = Q(y, )
established in Proposition 2.3:

Wi(x)
(L] / () e (g gy Ry )

|z— 960\

/ / r 25 t_zn<1 Iy—:co!> 2n+1) dydt]
o y|<t t tntt
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5 [/ 2 (C>25’t_2n( t >2(n+1)@i|§
0 t |z — x0] t

|z—xq|

ol [
|z — 2ot Lo t

/
7"6

=C——.
|£E _ xo‘n+5/
For Wy, we have |2' — 2| <7 < |z — 29|/2 < t. Applying Proposition 2.3 gives

!/ 5
|Qu(y, 2") — Quly, m0)| S (kgt—%l> e

Thus, for z € (B**)¢ a similar argument to the above deduction leads to

/ / / ]:c —a:o\> - L dx’ >2dydt]
=20l J)p—y|<t t |B|/ it
/ / 26 Qndydt];
l2s0l J);— y|<t gt
2
-or’| /| W]

/
7“6

=C

|ZE _ x0|n+5’ ’
Then integrating Sgg(z) over (B**)¢ gives

[, sawirs [ we s

(B***)C

6/
r
S Ty ST
|z—z0|>8r |JZ - {E0|

We next estimate f B . Sog(z) dr with the condition that r is comparable to

m(xo, ). Similar to the argument before, we will obtain the pointwise estimate
of Sgg(x) for each x € (B**). To do this, we split the integral in ¢ > 0 defining
Sog(x) into three parts:

N2dydtys
soo) = [ [ ([ etwaata)ar) L]
|lz— y\<t

N2dydtns
/4y< Qty7 Ng(z )d$> th}

|x— a:0|

o N\2dydt1s
+ Q , d
/ / y|<t !y, )g() a:) t”“}

o0 , o N\2dydts
Qt(yvx)g(x)dx) tn+1]

|z— I()I

|x— y|<t R

l’) + By () + E3(x).
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For E;, we have |2’ — y| ~ |x — z¢|. Applying Proposition 2.3(1), we obtain

ly — 2|\ ~(+D da’ \2dy dt | 3
El(x)g// /t”1+ ) ) }
|lz—y|<t |B| gt
/ / 2 1_|_ |I—$0|> 2n+1) dydt}
lz—y|<t et

2/\

< / t_Q”( t )2(n+1)dt}
~ Lo |# — o t
<___ "
~ |ZL’—{L‘0|”+1

For the second term, by using Proposition 2.3(1) together with |z’ —y| ~ |z — x|
and m(a’, u) "t ~ m(xg, )~ ~ r, we obtain

lz— Zol

/ / /t‘ (1+ |y — /| /t)~(+N+D dx’)Qdydt]é
|lz—y|<t (1+tm($07ﬂ)) |B| et

lz— Iol

<[/ ) )
~ |z — 0 tm(xg, 1) t

2(N+1) 2e=zol 1
r T 2
o C[|x — g2t N+ [ tdt]
— (:7 74]V

- |ZE _ x0|n+N'

Finally, for the last term the extra decay just gives

_ndx'\2dydts
t" 1—|—tm To, I —) ]
/I zo/lr yl<t / ( ° )) |B| et
<[ Gro) 5
~ 2=zl tm(zo, 1) t

TN

‘LL’ _ xo‘n+N'

=C
Thus, by integrating Sgg(x) over (B**)¢, we also have

/ Sog(x)dx < / Ei(z) + Ey(z) + E3(z) dx
( ***)c ( ***)C

,,,.N
< / " <1
~ _ +N ~ *
lx—zo|>87 ’.CC x0|n

This completes the proof of Lemma 3.4. 0

We observe that (3.3) is clearly valid when f, g € L?(R"), while we must justify
the convergence of the integrals in the case when f € L'((1 4 |z|)~™*Y dx) and
g is an H }-atom.



548 S. QI Y. LIU, and Y. ZHANG

Proof of Lemma 5.5. It should be noted that, by Lemmas 3.2 and 3.4 and the
dominated convergence theorem, the following integral is absolutely convergent
and satisfies

dx dt

J = /n+1 F(z,t)G(x,t)

. N ———dxdt
= lim Qi f(2)Quig(x)
=0 f, R t
N—oo

Then, for each ¢ > 0, via Fubini’s theorem we get

0, f(x)0rg(a) dr = / 0\ ) (y) Orgl@) dy de

Rn n R~

= - fly )th( ) dy,

and then
' N dt
J = lim [ nf(y)Q?g(y) dy];
N—ooo Y€
= hm / th (34)
N—)oo

It is easy to prove the absolute integrability in these steps. We can obtain the
following lemma by combining the hypothesm f e LY + |z))~*V dx), the
kernel decay [Qy(x,y)| <t7"(1+ |z —y|/t)~", and the following general estimate
on H}-atoms.

Lemma 3.5. Let Vi(z,y) be a function satisfying
-n |I B y| N -N
Vi(z,y)| < Cnt (1 + T> (1 + tm(z, p) + tm(y, ). (3.5)

Then there exists Cy, » > 0 such that for each H}-atom g supported by B(yo, 1),
we have

Wyg(x) = sup
t>0

/ Vi(z,y)g( dy‘ < Cyopr(1+ | |) (n+D) , T €R" (3.6)
Proof. By Definition 1.2, we know that r < 4m(yg, u)~". We use (3.5) to obtain

\/ Vi(z,y)g(y) dy\ < \/ V,(z,)9(y) dy‘ < C|lgllpe < Cr ™. (3.7)

If x € B(yo,2r), it is easy to see that 1 < 1+ |z] < 1+ |yo| 4+ 2r. Combining with

(3.7), we obtain

(1+ lyo| +2r)™+
(1 + ||+t

where Cy, , = Cr~"(1 + |yo| + 2r)" .

[ Vst ay| < o < Cyor (14 [2f) ",
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If x ¢ B(yo,2r), then for y € B(yo,r) we have |x — y| ~ |z — yo|, m(yo, 1) ~
m(y, pu). Therefore, via (3.5) we obtain

’/n Vi(z,y)g(y) dy’ < Cn||g||pt™ (1 + @)—N(l . tm(yohu))—N

< Ol = yol ™ Vm(yo, ). (3.8)
Denote by I the integral | [5, Vi(z,y)g(y) dy|. Applying (3.7) and (3.8) and choos-
ing N =1 1in (3.8), we can easily obtain, for |z| > 2|y,
(1 + lyol) I77 < Cr= a7 (1 + [y

and
1

(1] = lyol) 77 < Cxmyo, i)~
Then
1< (Cr 7 (1+ [yol) + Cvmyi, 1)) (1 + o)) ™

Therefore, we conclude that (3.6) holds true by letting C,, , = (Cr~ a1 (1+]|yo|)+
CNm(yo,M)_"%l)"H. For |x| < 2|yo|, we have

1< Cr(1+20yo))" (14 [2]) "
We also conclude that (3.6) holds true by letting C,, , = Cr~"(1 + 2|yo)"**. O

Finally, to complete the proof of Lemma 3.3, it remains to prove the estimate

sup
e,N>0

N dt —(n+1 n
| o] <Curltew) ™ yern @)

dt

Thus, we define a new kernel D.(z,y) associated to the operator [~ QFg(y)%.

Then
N dt > dt > dt
| eanT|=|[ QT - [ et

:‘ | Dew)g)dy — | Dl y)g(y) dy‘

D.(z,y)9(y) dy‘ + sup
N>0

< sup
e>0

Dy (r,y)9(y) dy’-

Rn R

By using spectral techniques, we can easily conclude that

De(x,y) = é(’C252(l’,y) - Q\/Qs(l’,y))

So the kernel D.(x,y) satisfies the condition of Lemma 3.5. Thus, (3.9) holds.
Indeed, (3.9) allows passing the limit inside the integral in (3.4). Applying
Lemma 3.1, we conclude that

J = % . fW)g(y)dy.

This completes the proof of Theorem 1.7. OJ
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