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ABSTRACT. We construct topological bases in spaces of Whitney functions on
Cantor sets, which were introduced by the first author. By means of suitable
individual extensions of basis elements, we construct a linear continuous exten-
sion operator, when it exists for the corresponding space. In general, elements
of the basis are restrictions of polynomials to certain subsets. In the case of
small sets, we can present strict polynomial bases as well.

1. INTRODUCTION

This article is supplementary to [5], where the extension problem is discussed
for equilibrium Cantor sets K (v) introduced in [4]. The set K(v) is defined by
means of a sequence of parameters v = (75)2, and can be considered as a gen-
eralization of the classical quadratic Julia set, but as opposed to Julia sets, it is
more flexible with respect to its features.

Following [10] (see also [1] and [2]), we say that a compact set K C R? has the
extension property (EP) if, for the space £(K) of Whitney jets on K, there exists
a linear continuous extension operator W : £(K) — C*=(R9). In [5], we present
a characterization of EP for K(v) and, by means of local Newton interpolations,
construct an operator W, when it exists. This approach goes back to [8] (see also
[9]), so we can say that W is a local version of the Pawlucki-Plesniak operator.
Here, we construct topological bases in the spaces £(K(7)). The construction
follows [3]. Besides, for K(vy) with EP, we present an extension operator W by
individual extensions of basis elements.
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The article is organized as follows. Section 2 contains definitions and some
auxiliary results about the sets K (7). In Sections 3 and 4, we show that the
method from [3] can be adapted to our case as well. In Section 5, by means of

extension of basis elements, we construct an extension operator W for the spaces
E(K (7)), provided K(v) has EP. In the case when the space has a Faber basis,

the operator W coincides with the operator presented in [5].

For a finite set A C R, let #(A) be the cardinality of A. Given = € R, by
di(z, A) we denote distances from z to the points of A arranged in nondecreasing
order, so dg(z,A) = | — ay,,| . Also, |a] is the greatest integer less than or
equal to a, and |A] is the diameter of A.

2. UNIFORM DISTRIBUTION OF POINTS

As in [5], we consider v = (7,)22; with 0 < v, < 1/32 and > 2,7, < oc.
Let 79 = 1, let Po(z) = x(x — 1), and let ry = 12 |, Pyst1 = Pos(Pos + 1)
where s € N. Then Fy := {x € R : Pyi(z) < 0} = Uj; I; s, where the sth
level basic intervals I;, are disjoint. Since 1 C g, we have a Cantor-type set
K(y) =2 Es-

For the length ¢; ; of the interval I; 5, by Lemma 6 in [4], we have

55 < gj,s < OO(SS for 1 ﬁ] < 28, (21)
where dp := 1,05 := 7172+ -+ ¥s for s € N and Cy = exp(16 Y, , 7). Clearly,
e = Op0k_102_ o0k 4o 82 (2.2)

Each I; ; contains two adjacent basic subintervals Iy ¢41 and Ioj 1. Let b3 =
Ujs —laj—1541 — lajs11 be the distance between them. As in [4], Lemma 4,

1S

hj,s > 7/8 : gj,s > 7/8 . (55 (23)
for all s and 1 < j < 2% and

Coj1o41 + lojsi1 < 4ljs. (2.4)

We decompose the zeros of Pss into s groups: Xo = {x1,22} = {0,1}, X; =
{ZL’3, I4} = {Kl’l, 1-— 6271}, e ,Xk = {El,lmél,k—l — gg’k, cee 1-— EQk’k} for k S S — 1,
so X}, contains all zeros of Pper1 that are not zeros of Pyr. If Yy = (J;_y X, then
Pos () = [1,,ev. , (& — x). Clearly, #(X,) = 2° for s € N and #(Y,) = 2°*! for
s € Zy. The elements of X are called sth-type points.

We put all points (zx)72, from (J;- , X in order by means of the rule of increase
of type. The order of (x;,)}_, is given above. To put the points from X, in order,
we increasingly arrange the points from Y, so Yy = {x1, 23, x4, 22 }. After this we
increase the index of each point by 4. This gives the ordering Xy = {z5, 27, x5, x4}
Similarly, indices of increasingly arranged points from Yy 1 = {x;, zi,, - . . ,:z:iZk}
define the ordering X, = {x;, 1or, Tipyok, . . ,$i2k+2k}. We see that z;,00 = 2; &
U i, Where the sign and m are uniquely defined by j.

A useful feature of this order is that for each N, the points Z := (z3)_, are
distributed uniformly on K(7) in the following sense. Suppose that 2" < N <
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271 Then the binary representation

N=2"4+2"4. ... 4+ 24 ... +2¥ with0O<w<---<i<---<m<n (2.5)
generates the decomposition Z = Zn uz,J---uz, with 2, =Y,,_1 and Z,,, U
U Z, C X,. Here, #(Z;) = 2" for i € N := {w,...,m,n}, and each basic
interval of ith level contains just one point from Z;. Also, for each s and 7,5 < 2%,

[#(ZN 1) - #(ZN 1) < 1. (2.6)

In what follows, we will associate with a number N not only the sets Z and N/,
but also the product [, . ri, where r; is defined in (2.2). We combine together
all the d;’s that constitute this product and arrange them in nondecreasing order:

[Licnm = Iney om =TT 032 with 37 s6(N) = N, p < pg. For exam-
ple, N = 2" gives Hﬁ:l Pm = Ty, whereas N = 21 generates N' = {0,2,4} and
T2, pm = 0403036204 For each N > 1 and k > 0, the corresponding degrees
are given by the formula

sp(N) = [27F7 (N +28)].

From here it follows that, for N +1 = 2™(2p+1), the values si (V) and sg(N +1)
coincide for all k except k = m, where s,,(N+1) = s,,(IN)+1. We choose similarly
the set Z = (z.s)h, on any [; .. If 2" < N < 2" then Z includes 2" zeros of
Pysin on I s and N —2" points of the type s+n. Let r; s = 05440511102, o« - - 6F
and [[,cn 7is = [1_, pm.s. We estimate the sup-norm of fu(z) = [[o, (x—2k )
on K(v) NI in terms of the last product.

Lemma 2.1. In the above notation,

N N
(7/8)NHPk,s < [fwlo,xenz,, < CéVHpk’S‘
k=1 k=1

Proof. For brevity, let us consider the interval I; ; = [0, 1], since the proof for the
general case is the same. Thus, we drop the subscripts j and s. For z € K(v), we
have |fy ()] = [Th, |z —2x| = [Ticar [, ez, 12— |- For each i € NV, we consider
the chain of basic intervals containing x: x € I, ; C I, ;-1 C --- C I;, 0 = [0, 1].
Since the points from Z; are uniformly distributed, the interval I, ; contains just
one point from Zi7 as well as Ijl,ifl\[jo,i‘ AISO, #(Zﬁ ([jk,i*k\[jkfh’i*kJrl)) = 2k_1
for 1 < k <. Therefore, [[, cy |7 — a1l < €yily,i105,; o L2 < C¥ry, by
(2.1) and (2.2). From this, |fy(z)| < CY [Ticp i and

N
| fxlox@) < C(J)VHPk- (2.7)

k=1
The bound (2.7) is sharp with respect to the product Hff:l pr. Indeed, let us
consider |fn(xn+1)|. As above, xyi1 € Ljgn C Ljjpno1 C -+ C I, o = [0,1].

2n71

Hence, [, oz 1on41 = Tkl > Ggnhjym1h3, o5 o > (T/8)% s, by (2.3).
As for Ha:kezm |ni1 — x|, we observe that the point xy,; must be in some
interval I;,,+1 which is free of points from A := Z,,, U---U Z,,. Indeed, the set
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{zny41} U A contains at most 2"+ points that are uniformly distributed, so each
I 41 contains at most one point from this set. Thus, x4 and its closest point

from Z,, are located in distinct intervals of the (m + 1)th level. Arguing as above,
om— 1

we see that [[, ., [on1 — 2| > hjo,mhjlm,lh?%m‘f2 hE e > (7/8)
In a similar fashion, [[, o, x4 — 2x] > (7/8)*r; for each i € . Therefore,

N
| fnlox(y) = |fN(xN+1)‘ > (7/8)NHpk. (2.8)
O

Remark. Given z € K(v), we have |fy(z)] = [[,_, dx(x, Z). The lengths of
basic intervals of the same level may be rather different (we can say only that
l;s < Colis, by (2.1)). For this reason, as k increases and z,y belong to different
parts of K(7), the values di(x,Z) and di(y, Z) may increase in quite different
fashions. Nevertheless, the product Hff:l pr is defined by N only, so it does not
depend on the choice of z.

In the following technical lemmas, we use the decomposition (2.5). Let 2" <
N < 2! and a basic interval I = I be given. Suppose that Z = (xx)r,

and Z = (a:k)ﬁ:f are chosen on I by the rule of increase of type. Write ¢ =
8/7-(Co+1).

Lemma 2.2. For each © € R with dist(z, K(y) N I;4)) < ern and z € Z, we
have Sgyn [ oy di(x, Z) < ON T2 di(z, Z).

Proof. As above, for brevity, we take s = 0,7 = 1. Let & € K(v) realize the
distance above. Also, let x, € Z, C Z be such that d,(z, Z) = |x — z,|. Of course,
x, may coincide with z. Clearly,

(5Hdka:Z HHdka ( Hdka)

i€EN i#£p k=1
Fori # p,let ¥ € I;,;, C Ij,,-1 C--- C Ij,0 = 1. As in Lemma 2.1, for fixed ¢
with 1 < ¢ < i we consider 297! points z;, from the set L, i \1 jo_1,i—g+1- FOr each
of them we have |x —ap] <o — 2|+ 4, i—q < (Co+ )(5 . A similar estimation
is valid for z, € Ij,;. Combining these gives [[, ., [z — x| < (Co + 1)%'r;
The terms di(z,Z,) for 2 < k < 2? can be handled in much the same way:
veo i (7, Zy) < (Co+1)* 7152 This yields 6, [Ty, di(, 2) < (Co+1)N [T 74,

as 0, < 0p.
It is sufficient to show that
N+1
Hd,c (2.2) > (7/8)" [ [ - (2.9)

ieN

The case N + 1 = 2" follows immediately by the argument of Lemma 2.1.
Suppose that N + 1 < 27", First consider w = 0 in (2.5), so N = 2" + 2™ +

co 2t g2t 4 9v2 4l 4 2 4 ] with some 1 < v < u and, correspondingly,
N+1=2"4---42“42". Fix z € Z and the chain z € Livw Cljn—1 C--- Clj 0.
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Here, z is an endpoint of I}, ,. Suppose that z € Z,, and that another endpoint
of Ij,, is z, € Z, C Z. We estimate separately [1. ez, |7 — 2| for each ¢ from
the binary decomposition of N + 1.

For ¢ = n we have, as in Lemma 2.1, dy(z2, Z,,) = ¥}, n—1, d2(2, Zy,) > hjyn—2, - ..,
and [[, .z |2 — x| > (7/8)% =21, /6.

Ifp<q<m,then ][, ., |z — x| > (7/8)*ry Indeed, 2, € Ij, , | 441, Which
may contain at most one point from the set Z,U---UZ,U---UZ,. Hence, the point
xy, € Z, which is closest to z belongs to the adjacent interval of the (¢ +1)th level
and dy(z,Z,) > hj,_, Continuing in this fashion, by (2.3), we get the desired
bound for given q.

We now handle the case ¢ = p. Here, dy (2, Z,) = |z —2p| = lj,.n > J,. Since z, €

I;,_, p, this interval cannot contain another point from Z,. Therefore, ds(2, Z,) >
Rjprrp—1 = 7/80p—1 and [, |2 — x| > (7/8)% 10,/ 0.

To deal with indices ¢ < p, let us take the nearest to z point z,, from the set
I\(ZnUZpU---UZ,) = ZU---UZ, U---UZ,. If p < q <t then, as above,
opez, |2 — 2l = (7/8)"rg. I g = py, then [[, oy |2 — ai| = (7/8)" 1,0,/ 0p,.
Indeed, the interval Ijn ,_1,p+1 contains z,, so it cannot contain another point
from Zp U---UZy U---UZ,. Therefore, z and z, must be in different intervals
of the (p + 1)th level. Then dy(z, Z,,) > hy,_,p Now [; _ , contains z,,, so
do(2, Zp,) > hj,_ pripi— 1 The values di(z, Z,,) for k > 2 we estimate in much
the same way as in the case ¢ = p.

We continue in this way and combine all bounds up to p, = v together:

N+1

J
(8/7)N HdeZ . 5_”7~t... &---r 5&...74 Pho1

T T
p p1 p2 Pk
(510 6101 6102 5pk

:Tn"'rurv/év: | | ry="Tp:  Tyly—1-"T170,
1eEN

since ry,_17ry_g - T1T9 = T4/0y, as is easy to check. This yields (2.9). The cases
z € Z, C Z and w > 0 are very similar. O

In the next lemma we consider the same N and Z as above, but we now
arrange the points in increasing order. Thus, Z = (zp)ntt € I with z, . For
g=2"—1withm<nand 1 <)< N+1—g¢q,let J= {zj,.. . Zj+q} consist of
2™ consecutive points from Z. Given j, we consider all possible chains of strict
inclusions of segments of natural numbers:

[],] +Q] = [ao,bo] C [al,bl] c---C [aN—qbe—q] = [].,N + 1], (210)

where ar, = ap_1,bp = b1 +1orap = a1 —1,bp =bp_1 for 1 <k < N —q.
Every chain generates the product [r (2, — %, ) For fixed J, let TI(J) denote
the minimum of such products for all possible chains.

Lemma 2.3. For each J C Z, there is 3 € J such that HQZ;FQ de(2,2) <TI(J).



BASES IN SOME SPACES OF WHITNEY FUNCTIONS 61

Proof. We take I = [0, 1], as the corresponding change of indices gives the proof
in the general case. Fix J C Z. Let Ji = [2a,,2%,). Then (2.10), which defines
I1(.J), generates inclusions J C J; C -+ C Jy_q = I with TI(J) = oy’ | Jl.

Clearly, #(Z \J) = N —q and each z € Z \ J appears as an endpoint of
some Ji. Let wy be the endpoint of J; in its first appearance. This gives an
enumeration of Z \ J. We aim to find Z € J and a permutation (w;, )r? such
that for 1 < k < N—q we have dyy144(%, Z) < |Ji, |. Multiplying these inequalities
yields the result. Given %, let dj, be shorthand for dy(Z, Z).

Recall that 2" +1 < #(Z) < 2", Y,_, C Z C Y,, and #(J) = 2™. The
points from Z are distributed uniformly on I. Hence, for each basic interval of
the (n —m + 1)th level, we have

2 < H(Z N L) <27 (2.11)

We observe that J may be located on v consecutive intervals of this level with
1 <wv < 3.Indeed, if J C [LULUI3UI, with JNI;, # (), then all points from Z in
I, U I3 are included in J and, by (2.11), #(J) > 2™+ 2, which is a contradiction.
Let us consider all possible values of v.

(1) Let J C Iy := I;;,—m+1 for some j. Here, J = Z NI, and any point z € J
may serve as Zz, since distances di for 1 < k < 2™ are implemented on certain
points of the set I1. If g+2 < k < N 41, then dy, is |Z — w;, | for some w;, € Z\ .J
and dy, < |J;,|, since Z € J;, and w;, is an endpoint of this interval.

(2) Let J C I U 5. Suppose first that these intervals are adjacent, that is,
Il = [2j—l,n—m+l and [2 = IZj,n—m-i—l' Let p = #(J N Il), that iS, RjyeeeyZjdp—1
belong to I;, whereas zjip,...,2j+4 € I2. Suppose, for definiteness, that p <
2m=1. that is, at least a half of J is in the right interval. The right endpoint
of I belongs to Y,,_, so it is 2,4, for some r with » > ¢. Thus, #(Z NIl =
r —p+ 1, where r — ¢ of these points are from Z \ J. We take Z = z;4,, the
left endpoint of I. Then dy, = zj1pyk—1 — 2 for 1 < k < r — p+ 1, since the
lengths of basic intervals are smaller than the gaps between them. In particular,
dr—p+1 = Zj+r — 2 = |I2|. The next distances will be realized on the points from
Il . dr—p+2 =z — Zj4p—1y- - - ,dr+1 =2z — Zje Since #(Z N IQ) S 2m S T+ ]., the
value dom is Z — zj4; for some ¢ with j <¢ < j+p—1.

Now, for dy with ¢ +1 < k < r 4 1 we take w;, = 2;44—1 on Iy. Then |J;, | >
Zjth—1— % > dp = Z — Zjsr—ky1, 88 Zjyp—1 > 2 and zj4,—py1 > 2. Note that the
next values of dj, (for r +2 < k < N + 1) will be implemented on certain points
of the set w;, € Z\ J. As in the first case, dy < |.J;,|.

The same reasoning applies to the case of nonadjacent intervals. Let I; =
Ly on—my1 and Iy = Iy i1 C 1j,—m. Then we take Z as the endpoint of an
interval containing at least half of .J, let it be again I5. Here, p points from I, N J
realize some ds41, . . ., dyr4p and we put into correspondence to them the first p
points from [;,,_,, \ J. All other d’s are realized on some w;, with dj, < |.J;,|.

(3) Let J C I;UI,UI;. Here, I is completely filled with points of J. One of the
endpoints of I belongs to Y,,_,,_1. We take this point as Z, which, analogously
to the previous cases, satisfies the desired condition. (]
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Lemma 2.4. Let 2" < N < 2! and let Z = (xy5)h-, be chosen in ;s by the
rule of increase of type. Suppose that x,y € I; s1n—q C 1, for some ¢ < n (in gen-

eral, x,y ¢ K(v)). Then ch\;mﬂ Zzgzg < exp(27), where m = #(I; s4n—qg N Z).

Proof. For brevity, let I;, = [0,1],Z = (xx)i,. Fix ¢ < n, any I;,,_,, and
z,y in this interval. Recall that I;,_, may contain from 2¢ to 297! points of Z.
The distances di(y, Z) and di(z, Z) for 1 < k < m are realized on points from
Z N 1ip—y, so we can consider |y — z,|/|z — z,| for z, € Z\ I;,,_, only. Let
Ii,nfq C [il,nqul c---C [in_q,O' If Ty € [il,nqul\[i,nfm then ‘y_mp‘ S Eihnqul;
2 — x| > hiy n—g-1, and |y — x,|/|x — x,| < 8/7, by (2.3). There are at most 277
such points z,. They contribute (8/7)>"" into the common product. For the next
step, when z, € Ijy g2 \ Lit1.n—q—1, we have |y — z,| < |z — z,| + {; ,—, with
|z — | > higng-2 > T/8liyn—q—o. Here, |y — z,|/|x — x,| < 1+8/7-47% by
(2.4). Similarly, we get at most 2¢** terms in the general product, each of them

bounded above by 1+ 8/7 -47*. Here, 2 < k < n — q. Thus, HszmH 3282 <

(8/7)> " TIrZ8(1 +8/7-47%)*"" which does not exceed exp(29). O

As in [5], we use By = 27F71 . log i. By Theorem 5.3 in [5], K(v) has the

extension property if and only if B,/ > 1t

respect to s. This condition can be written as

By — 0 as n — oo uniformly with

VM dm,ky: M -By < By +---+ By for k> k. (2.12)
Here we will use a stronger one
VM,Q dm,ky: Q-+ M -B, < Bi_,, +--+-+ B, for k> ko, (2.13)

which will provide continuity of the extension operator constructed by interpola-
tion of functions on the whole set.
When constructing a Faber basis in the space £(K (7)), we also use the clause

VQ Im,ky: Q < By + -+ By for k > k. (2.14)
These conditions have “geometric” forms in terms of (d;). For example, (2.13) is
VM, Q 3m, ko: Q¥ -6 620, < M for k> k.

Let us illustrate the difference between conditions (2.12)—(2.14) for the case of
a monotone sequence (By)52. Since only v, < 1/32 are allowed here, we have
By, > log32 - k27%=1. On the other hand, the values of B; may be as large as
we wish for small sets K(y). Condition (2.12) is valid if By N\, Bx / B < o0,
or By /' oo, but slowly, with subexponential growth (i.e., k= 'log By — 0), by
Theorem 7.1 in [5]. In turn, we have (2.13) for B, \( B > 0, B, /' B < o0, or
By, /" 0o of subexponential growth, whereas (2.14) is satisfied with B, N\, B > 0
and any By . Thus, the sequence of constants By, satisfies all three conditions.
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3. FABER BASES IN THE SPACE E(K (7))
We equip the Whitney space £(K (7)) with the norms

”f”q = |f|q,K(7)
+sup{|(RIF)P ()] - |z —y/" "2,y € K(v), 2 4y, k=0,1,...,q}

for ¢ € Zy, where |flgx(y) = sup{|fP(z)| : = € K(v),k < ¢} and RLf(x) =
f(x) =T f(z) is the Taylor remainder. By the open mapping theorem, for any ¢
there exist r € N, C' > 0 such that

I£lllg < ClLAA (3.1)

for any f € E(K). Here, || f||l; = inf |F|q 0,1, where the infimum is taken over all
possible extensions of f to F' € C*[0, 1] (see [5] for more details; for more insight
into the theory of Whitney spaces, see [12] and [0]).

Here we adjust the construction from [3], where the case of symmetric Cantor
sets was considered. Let eg = 1 and ey(z) = [[} (¢ — 2) for N € N, where
the points (z)3° are chosen in K(y) by the rule of increase of type. The divided
differences define linear continuous functionals {x(f) = [x1,29,...,2n11]f on
E(K(7)). By standard properties of divided differences, the system (ex, {n) 3 is
biorthogonal and the functionals ({n5)%_, are total on £(K (v)); that is, whenever
En(f) = 0 for all N, then f = 0. We show that (en)¥_, is a topological basis
in the space (K (7)) provided the set K(7) is sufficiently small. Thus, for small
sets K (7), the space E(K (7)) possesses a strict polynomial basis. Recall that a
polynomial topological basis (P,)%, in a functional space is called a Faber (or
strict polynomial) basis if deg P, = n for all n. Due to a classical result of Faber,
the space C|a, b] does not have such a basis.

Lemma 3.1. Let p = 2" < N/2. Then |lex||, < C-C{' NP - Hffvﬁpﬂ Pk, where C
does not depend on N and Hff:l pr 18 the product generated by N.

Proof. By Lemma 2.1, for I; ; = [0, 1], we have |ey|q k() < CY H,ivzl pi for ¢ = 0.
Our first goal is to generalize it to ¢ < N. Let us show that

N
lenlgre < Co N TT o (3.2)
k=q+1

Fix . Then |ex(z)| = [[~_, di(z, Z) and the gth derivative of ey at z is the sum

of g N]X !q)! products, where each product contains N — ¢ terms of the form (z — xy,).

Hence, |e§$)(x)| < N1 Hg:qﬂ dp(z, Z). Here, for each k, we take the smallest
m = m(k) with dy(z,Z) < {j,, i—m < Codi—p,. By the remark after Lemma 2.1,
0i—m < pg- The last inequality may be strict if we take x in a part of the set with
a high density of points x, for example, near the origin. To deal with [[ey||,, let
us fix i < p and z # y in K (7). For brevity, let R := (RPey)® (y). We consider
two cases: (a) x,y belong to the same interval or (b) two different intervals of the
level n — u.
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In the first case, let z,y € I;,_,. By the Lagrange form for the Taylor remain-
der, we have |R| - |z — y|"? < ]655)(9)| + ]eg\’})(x)\ for some 0 € I;,_,. Let
m = #(1; ,—,NZ). Since the points from Z are distributed uniformly on K (v), we
have p < m < 2p. Hence, |e§$)(«9)| < ]\””-I—[f::p+1 dp(0,7) < ]\71”-1_[2\[:771+1 dp(0,2),
as all distances here do not exceed 1. By Lemma 2.4 and the argument in the
proof of (3.2), |e§€)(«9)| < ePNP . HgimH dp(z,Z) < e?PNPOY—™ . Hff:mﬂ k-
On the other hand, |e§€)(x)] < NPCYP . HkN:p+1 pr- Thus, in the first case,
|R| - |z — y|"™P < 2ePNPCY - Hff:zpﬂ Pk, since the last product dominates the
products of p involved in the estimation of both terms.

In the second case, let y ¢ I;,,_,, so |t —y| > hj, n—u—1, Where z € I;,_,, C
Iiyn—u—1. By (2.3), |z —y| > 7/8 - 6p—y—1. Now,

i— i i Tr—1Y
Rl o=y < e w)] - |z y|p+§jk o) Ll
By (3.2), [e%) (2)] - | —y|FP < CFFNFTIN ) pm - (8/T)P7F0K 2 Recall that

n—u—1-*

I ,—,, contains at least p points from Z. Therefore, pyi1---p, < (5p —u_1 and

e (@)] - [& = "7 < (8/T)CY N* T _ sy pm- Clearly, N* + 370, oy < N7e.
Combining these yields |R| - [z — y|"™? < (8/7)PCY NP Hm »r1 Pm- The result
follows from a comparison of the estimates in both cases. O

We proceed to estimate |En(f)| for f € E(K(7)),En(f) = [21,- -, 2n11]f. As

in Lemma 2.3, Z = ()~ is the set (z;)N ;' arranged in increasing order. Here,

N generates the product szl pr = [Tizo 5}?(]\7)’ whereas for N + 1 we have

Y = Tl 5,‘2’“(N+1) with s,(NV) = sg(N + 1) for all k except one value,
which is not larger than n + 1. Therefore,

N+1

H Pk 2> Hpk ntl- (3.3)

Lemma 3.2. For each N and ¢g =2 —1 < N, we have

v (Ol < /DM, TT e

k=q+1

Proof. As in (17) from [5],

len ()] < 2891 £lllo (T(o)) (3.4)

where II(.Jy) = min1<J<N+1 y H(J) for I1(J) defined in Lemma 2.3, so it is enough
to estimate from below Hk o2 Ak (2, Z) uniformly for z € Z.
Arguing as in the proof of (2.8), we see that for each x € K(v)

N+1 N+1

{€N+1 }— Hdkx Z)>d1(:v Z 7/8NHpk
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Similarly, [Ta, di(z, Z) > (7/8)N =9 T[22, fr, due to the correspondence

k=q+2 k=q+2
between d(z, Z) and p for 1 < k < N + 1. Removing ¢ + 1 smallest terms from
both parts of (3.3) gives HQZ;IJFQ Pr > Hg:qﬂ Pk, and the lemma follows. O

The following is Theorem 1 from [3] adapted to our case.

Theorem 3.3. Suppose that (By,)32, satisfies (2.1/). Then the sequence (en)F_,
is a Schauder basis in the space E(K(7)).

Proof. By the Dynin—Mityagin criterion (see [7, Theorem 9]), it is enough to show
that for each p there is r such that the sequence (|len]|, - |€n]—r)F—p is bounded.
Here, | - |_, is the dual norm: for £ € £(K (7)), let |€]_, = sup{|E(F)], [If]l» < 1}.

We consider only p of the form p = 2“. In order to apply Lemma 2.3, we have to
take ¢ of the type ¢ = 2¥ — 1. For this reason, given arbitrary u, let ¢ = 2"+t — 1,
where v = v(u) will be specified later. Then r = r(q) is defined by (3.1).

Fix N with 2" < N < 2", We take N so large that Lemmas 3.1 and 3.2 can
be applied. Then |¢x]_, < C(16/7)N Hivzqﬂ p,.* for C defined by (3.1), and

v

q
lewllp - &n]—r < CBCHNN? ] ox < CBC)NN" T v, (3.5)

k=2p+1 k=2p+1

where C' does not depend on N. We can decrease the upper index of the product
above as all p;’s do not exceed 1.

The product Hi:% 1 Pk takes its maximal value in the case of minimal density
of points of Z, when each basic interval of the level n — u contains p points

from Z. At worst, p1,. .., p, do not exceed 6,_,, whereas p,i1,...,pP2p = Op_u—1,
P2pt1s - - -5 Pap = Op_y—2, and so on. On the other hand, values N close to 27+ will
give maximal density of Z on K (v) with p1,...,pp < dnut1, Pptts -+ P2p = On—us

and so on. Thus, Hi;pﬂ pe <06 0 02 = exp[—2"(Bn_u_z + - +
By _y)]. We claim that the right-hand side of (3.5) is bounded for a suitable v.
It suffices to prove that N log(3Cy) + plog N < 2"(B,,_y_2+ -+ + B,_y). Since
N < 2" it is reduced to 210g(3Ch) + (n+1)2 "plog2 < B,_y_2+ ++* + Bu_y,
which is valid for large n if we take v = m + u + 2, where m is chosen in (2.14)
for @ = 2log(3C)) + 1. O]

Remarks.

1. Under the stronger assumption (2.13), the set K(7) has, in addition, the
extension property. The second part of the proof of Theorem 5.3 from [5]
(for j =1, s = 0) actually shows that the sequence (|[én||, - [En]—r)F—p 18
bounded. Here, €y is a suitable extension of ey. Since for each extension
fof fe&(K(y)) we have ||f]|, < 3|f|, (by means of the Lagrange form
for the Taylor remainder), this proof implies also that (ex)3_, is a basis
provided (2.13).

2. We conjecture that using analytic properties of Py, one can replace CJY
in Lemma 3.1 with N9 for some Q. It would be interesting to analyze
whether one can replace the exponential growth of the constant in (3.4)
by a polynomial growth.
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4. LOCAL POLYNOMIAL BASES

In general, the system (en,&n)F-, is not a basis. Following [3], we use local
interpolations to construct bases for any considered case. Suppose we are given
a nondecreasing sequence of natural numbers (ng)2,. Let Ny = 2”5,]\/[5(1) =
Ns_1/2 + 1,M5(7") = N;_1/2 for s > 1 and M, = 0. Here, (I) and (r) mean left
and right, respectively. We choose, as above, Ny points (:Ek,jﬁ),]j;l in each sth level
basic interval I . Set en10(z) = [[ry(x — 2r10) = [[ne, (z — a3) for z € K(7)
and N =0,1,...,Ny. Given s > 1 and j with 1 < 7 < 2°, for Ms(“) < N < N,
we take ens(z) = [y (z — 24,.) if © € K(y) N 1, and ey, = 0 on K(7)
otherwise. Here, the superscript a in M is [ for odd j and a = r if j is even.
Thus, we interpolate a function f on the interval I;; up to degree NN;, where-
upon we continue this process on subintervals, preserving the previous nodes of
interpolation. All zy,; ;’s are taken from the sequence ().

As above, Z = (zp5)i_; and (2x )N, is the same set arranged in increasing
order. The functionals & s(f) = [215s, - - - » 241,55 [ are biorthogonal to ey ; ¢ for
N,k € [Ms(a), N] and 7,5 € [1,2°]. But, in general, the £y ; ; are not biorthogonal
to ey q. For example, &n 1 st1(en,15) # 0 for Ms(Ql < N < N;,. For this reason,
as in [3], we consider the functionals

Ns—1

Mg (f) = Engs(f) = Y Eniis(eris—1)Eris(f) (4.1)
k=N

for I, C I;s—q and N = MY MY £ 1,... N,. We see that the subtrahend
in 7y ;s is a kind of biorthogonal projection of {y;, in the dual space on the

subspace spanned by (§k7i78_1)kN;j\}. Also, let ny10 = v for 0 < N < Ny. By
Lemma 2 in [3], the system (e,n) := (eNJ,S,17N7j,8)§°:’07]2;17%;M5 is biorthogonal.

Increasing N by 1 means an inclusion of one more point into the interpolation
set, so, if N s(f) = 0 for all functionals, then f(x;) = 0 for all k. Since the set
under consideration is perfect, the functionals 7 are total on E(K(v)). Provided
a suitable choice of the sequence (ny)5°, the system (e,n) has the basis property.

As in [5], let ng = ny = 2 and n, = |log, log (%J for s > 2. Then n, < ngyq and

1 1 1
§log— < Ng < logé— for s > 2. (4.2)

In the next lemma, we consider any s,/;; C I;_1 and N,k, as in (4.1), that
is, Ms(“) < N <k < N,_;. Also, HZ:1 Pm.s corresponds (in the sense of the proof
of (2.8)) to the product HTanl dm(TN11js, Z), Whereas an:l Pm.s—1 does so for
Hk dm(Trs14.5-1, W), where the points W = (2.4 1)F,_, are chosen by the

m=1
same rule as Z, but in the interval /; ;_;. Let ¢ < N.

Lemma 4.1. In the above notation, 6" Z:qﬂ Prms < H;Zqﬂ Prms—1-

Proof. Wehave N,_1/2 < My < N < N, 1,502" < N < 2" withn :=n, ; — 1.
We can omit the case N = 2" with HTNn:1 Prmss = Opsi10nts0n g 02,



BASES IN SOME SPACES OF WHITNEY FUNCTIONS 67

since then £ = N and H’;Zl Prmys—1 = OntsOnts—10a o021, so the desired
inequality is evident. Therefore, 2" < N < 2" p, o € {0p+s,...,0s}, whereas
Pm.s—1 € {0n+s,-..,0s_1} for all considered m.

Let U = WNIy_1sand V = W NIy, Let us show that #(U) < #(2)
and #(V) < #(Z). By that, the densities of points from W on each sth level
subinterval of I; ;_; do not exceed that of Z and p,, s < pms—1 for 1 <m < N.
Since the number of points of W in the interval adjacent to [; is not smaller
than k£ — N, the result follows.

Suppose that [;; is the right subinterval of I; ;_;; that is j = 2i. If k = 2¢ + 1,
then #(Z) = N > ¢+ 1. Here, #(U) = q¢+ 1 and #(V) = ¢q. If k = 2q, then
N > q = #(U) = #(V). Similarly, for 7 = 2i — 1 and £ = 2¢ + 1 we have
N > q+1=#(U) with #(V) = ¢, whereas k = 2q gives #(U) = #(V) = ¢ < N.

Since 2" < N < 2" the set Z contains all points of the (n + s — 1)th level
on [;, and at least one point of the (n + s)th level is not included in the set.
Thereforeu P1,s = Onits, P2, = 5n+371 and P3,s € {5n+571; 5n+572} dependiﬂg on N.
As in Section 2, we have [[Y_, pm.s = [[2" 5™ But #(WN1I) < #(Z), where
I is the subinterval of the sth level containing xj41,s-1. As was mentioned in
Section 2, the distribution of points from W N1 is uniform or bilateral symmetric

to uniform. This means that p,, s_1 > pm, s for 1 < m < N and the degrees s, (k) in
the representation HZZI Pms1 =1, 5™ do not exceed the corresponding

sy (N), except for the value r = s — 1 if #(WN1;,) < #(Z). In addition, we have
PN41,s-1 = "+ = Prs—1 = O0s—1. This completes the proof. O

We are able to give an analogue of Theorem 2 from [3].

Theorem 4.2. Let (ng)°, be chosen as above. Then the system

oo, 2% Ng
<€N]sanN]S)s =0,j=1, N=M,

is a Schauder basis in the space E(K(7)).

Proof. Since in the proofs of Lemmas 3.1 and 3.2 we use only (2.1), (2.3), and
the properties of uniformly distributed points, the same reasoning applies to the
local case. For 2" < N < 2"*! with N > 2p we have

N
lengalo < C-CON"- TT poe

m=2p+1

where the values p,, s belong to the set {0, 15, ..., ds} and correspond to the points
Z = (Tmjs)N_, C I, In the proof, we use the notation C' for any constant that
does not depend on N s, and j.

As in Lemma 3.2, |§N7j,s( HI < a6/DNN ANl TIYZ ot1 Prms for N > g+ 1 with ¢
of the form 2™ — 1. In order to estimate the subtrahend in (4.1), we use (8) from
[3]:

(N)

|€k,is—1(0)] k
‘fNj s(ekzs 1)| IMT: S (N)Efs]\/i S (QCO)kéf 1N7
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since for each 6 € I;; we have |e,§{\£’)s_1(9)| < ﬁHZ:NH dn(0,7) and

the distances d,, do not exceed f;, ;. As above, [ 1(f)] < (16/7)5I £, %
IT—ge1 Pimss—1- By Lemma 4.1, [€xjs(enis—1)] - [€ras—1 ()] < (32Co/T)MII£Illy %
[Toegi1 P

m=q+1 pm,s‘

There are at most N,_; terms of this type in the sum in (4.1). Hence, by
(3.1), [N js)—r < C’HN:q+1 P (16/T)N + Ny_1(32C,/7)N+=1]. The expression in

m

brackets is less than 2N, (5Cy)"+. Therefore,

q
lewssllplmngsl—r < CNEFCY [T pomss

m=2p+1

with Cy = 5C2. Here we can use a rough bound Pm,s < 05 that implies
len jisllplnn sl —» < Cexp|(p+ 1) log Ny 4 N, log Cy + (g — 2p) log 4],

which is bounded, by (4.2), if we take g > 2p + log Cy and r that corresponds to
this ¢ in the sense of the bound (3.1). O

Remark. The argument of the theorem can be applied as well to any sequence
(ng)2, with ns 1 0o (nonstrictly) and 2™ < log é. This gives a variety of bases
in the space £(K(7)). The question about quasiequivalence of these bases (see |3,
p. 359]) is open.

5. EXTENSION OPERATORS FOR E(K (7))

Suppose that the space £(K) has a topological basis (e,)5°; and that W is a
continuous linear extension operator for this space. Then, clearly, W (f) can be
given by means of individual extensions W (e, ). Conversely, if K has EP, then
proper extensions of basis elements will define an extension operator. This method
goes back to [7] (see also [11] for the case of compact sets with nonempty interior).
Here we construct the desired operator following this approach.

Theorem 5.1. Suppose that K () has the extension property. Then an extension
operator can be defined by means of proper individual extensions of basis vectors.

Proof. As is shown in [5], the condition (2.12) is a characterization of EP for
K(7), so we suppose that (2.12) is valid. We aim to show that the operator

W:E(K(v) = C=(R):

o 2% N, 0 2° N,
= ZZ Z NNGs(f)enjs ZZ Z NNG,s(F)ENjs
5=0 j=1 N=DM, s=0 j=1 N=M,

is bounded, provided there is an appropriate choice of extensions for basis ele-
ments given in Theorem 4.2. As in [5], given s, j, and N with 2" < N < 2"+ we
take a C*°-function u(z) = u(x, 0spn, L;.s N K (7)) with sup,cg [u® (z)| < ¢,6.7,,
where ¢, /, u =1 on I;, N K(v), and u(x) = 0 if the distance from x to the
set I; s N K (7) is larger than 0,,. Now we consider ey ;s as a polynomial on the
whole line and define €y ;s as ey ;s - .
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It suffices to show that for each p € N there exists r such that for each f €
E(K (7)) and = € R, we have the bound

co 2%

STSTNT v (D)) [ER L @)] < Al (5.1)

s=0 j=1 N=M,

where A, depends only on p. Given p, let us take M = logCy + p + 3 (with
Cy = 5C2) and m that corresponds to M in the sense of (2.12). Next, we take
q = 2™ — 1 and the corresponding r from (3.1).

By Lemma 5.2 in [5], |é§f;7)j7s(x)| < CO PP NP TN, di(x, Z). As above, C stands
for any constant that does not depend on s, j, and N. As in Lemma 3.1, we
have di(z, Z) < Copr.s, SO [N jslp < CC’(])V(S;fIINp H]kvzz Pk,s, Where the py ;’s are

defined after (4.2). By the proof of Theorem 4.2,

N
flllq H p;ﬁ

k=q+1

v s ()] < 2N,C5°

Because of the choice of parameters, the function €y ;; vanishes on all intervals
I, s for i # j. Hence, for each fixed =, we get at most one nonzero term in the
sum with respect to j in (5.1). The sum with respect to N contains at most
N, terms. Thus it remains to show that s2NP+2C% []7_, pk.s is bounded. As in
Theorem 3.3, we replace the upper index ¢ in the product by the more convenient
index 2m+1, .

The product Hiﬁ: Pk,s takes its maximal possible value when the density of
points (z j5)n-q is minimal, that is, in the case N = M, = 2" with n := nys_y — 1.
Then Hzgl Phs = Osin—1024, o 020, 1. By (2.12) and the choice of m, this
does not exceed 5?4{71—1 for large enough s. Also we have n > 2 and 65,1 < 05 <
e~Ns. by (4.2). Therefore, it is enough to show that s2NPT2C5" e~ Ns is hounded,
which is valid due to the choice of M and the inequality 25, < 1. OJ

The condition (2.14) means that the set K () is so small that the space (K (7))
possesses a Faber basis. On the other hand, (2.14) is compatible with (2.12),
which characterizes EP. We consider now the case when both conditions are valid,
that is, (2.13) is satisfied. Thus we deal with an extension operator Wy which
corresponds to global interpolations of functions, that is, with the operator W
from the previous theorem for s = 0,7 = 1. On the other hand, Wy is equal to
the accumulation part of the operator (11) from [5]. Therefore, Wy coincides with
the Pawtucki—Plegniak operator, provided (z3)4_; is the Fekete set. Following the
proof of Theorem 5.1, we take u(x) = u(z,d,, K(7)),én = en - u and

Wy E(K(7) = C¥(R): f =Y &nlflen = Y En(f)én.

Clearly, the sum Z]\N/[:O &nen is the interpolating operator Ly, for the set Z =
(z1,)2+!. The parameter 8, of u corresponds to the values 2" < N < 2"*1. This
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gives the representation

oo 2ntl_g

Walf,x) = f(0)-u(z,80) + Y Y (Ln = Ly-1)(f,2) - u(w,6,),  (5.2)

n=0 N=2"

as Lo(f,x) = f(0). After cancellation of equal terms, we get

Wal(f,z) = kh_{glo{z Lon_1(f,x)- [u(x, On_1)—u(x, 5,1)} + Lorr 1 (f,z) u(x, (5k)}.

Lemma 5.2. If (2.12) is valid, then there are A and ng such that 52 | < 6, for
n > ng.

Proof. We use (2.12) for M = 2 : 62" ---62 | < 4, for n > ng. Clearly, the
left-hand side here is larger than 42", so we can take A = 2™ for m =m(2). O

Theorem 5.3. The extension operator Wy is bounded provided (2.15).

Proof. We use the representation (5.2). Here, (Ly — Ly_1)(f,x) - u(z,d,) =
An10(f, z) in the notation of [5]. For each p, we want to find r with \A%’)Lo(f, x)| <
N72||f|l-. Given p, we take ¢ = 2™ — 1, where m will be defined later, and
r = r(q) will be given by (3.1).

By (18) in [, [Ayo(f,2)| < ClIf 7" N7(2C)™ T2 pr. The product
sz pr can be handled as in Theorem 5.1. We are reduced to proving that the
expression 6, P NPT2(2C,)N6,, 102 ,--- 02" | is bounded. Since (2.13) is stronger
than (2.12), we can apply Lemma 5.2. Hence, 6,7 < 6,7 = exp(2"pAB,_;). As
before, 6, 102 ,---62", | is equal to exp[—2"(B,_1 + -+ By_m_1)]. The prob-
lem now reduces to establishing that

2"pAB,_1+ (p+2)1log N + Nlog(2C1) < 2"(Bp—1+ -+ + Bym-1),

which is valid for large n if we define m by (2.13) for M = pA and Q =
2log(2C)) + 1, as N < 271, O
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