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ABSTRACT. In this paper, we describe the powers of maximal ideals in the
measure algebra of some locally compact Abelian groups in terms of the deriva-
tives of the Fourier—Laplace transform of compactly supported measures. We
show that if the locally compact Abelian group has sufficiently many real char-
acters, then all derivatives of the Fourier-Laplace transform of a measure at
some point of its spectrum completely characterize the measure. We also show
that the derivatives of the Fourier—Laplace transform of a measure can be used
to describe the powers of the maximal ideals corresponding to the points of
the spectrum of the measure on discrete Abelian groups with finite torsion-free
rank.

1. INTRODUCTION

Spectral analysis and spectral synthesis deal with the description of different
varieties. One of the fundamental theorems about spectral synthesis in this field
is due to Laurent Schwartz. Recently, several new results on spectral analysis and
spectral synthesis have been found on discrete Abelian groups (see [6], [7], [5]) and
also in the nondiscrete case (see, e.g., [3], [8]-[10]). In [2], the author formulated
problems and proved results concerning spectral synthesis on locally compact
Abelian groups. Recently, we introduced a method of studying spectral synthesis
problems using annihilators of varieties on locally compact Abelian groups (see
[11]). Based on these investigations, it has turned out that the powers of maximal
ideals in the group algebra of a discrete Abelian group, or, more generally, in the
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measure algebra of a locally compact Abelian group, play a vital role in the basic
problems of spectral analysis and spectral synthesis. In this paper we present a
description of these powers of maximal ideals in terms of the derivatives of the
Fourier-Laplace transforms of the measures in the measure algebra. We shall use
the terminology and results in [11]. Concerning harmonic analysis on groups and
Fourier algebras, see [1].

In this paper C denotes the set of complex numbers. For a locally compact
Abelian group G we denote by C(G) the locally convex topological vector space
of all continuous complex-valued functions defined on G, equipped with the point-
wise operations and with the topology of uniform convergence on compact sets.
The elements of C(G) will be simply called functions. For each function f we
define f by f(z) = f(—x), whenever z is in G. By a ring we always mean a
commutative ring with unit.

It is known that the dual of C(G) can be identified with the space M (G) of
all compactly supported complex Borel measures on GG which is equipped with
the pointwise operations and with the weak*-topology. In what follows we call
the elements of M (G) simply measures. The pairing between C(G) and M.(G)
is given by the formula

w r= [ s
Convolution on M.(G) is defined by

pxv(f) :/f(x+y)du(x)du(y)

for arbitrary measures p, v and function f. Convolution converts the linear space
M. (G) into a commutative topological algebra with unit dp, 0 being the zero
in G.

We also define convolution of measures with arbitrary functions by the similar
formula

frp(z) = /f(fv—y) du(y)

for each measure u, function f, and x in G. It is easy to see that, equipped with
the action f — f * u, the space C(G) is a topological module over M (G). For
each subset H in C(G), the annihilator of H in M.(G) is the set

Ann H ={pu: f*pu=0 for each f € H}.

We also define the dual concept: for every subset K in M (G), the annihilator
of K in C(G) is the set

Ann K ={f: fxpu=0 for each u € K}.

Translation with the element y in G is the operator mapping the function f
onto its translate 7, f defined by 7,f(x) = f(x + y) for each z in G. Clearly, we
have 7,f = f*d_,. A subset of C(G) is called translation invariant if it contains
all translates of its elements. A closed linear subspace of C(G) is called a variety
on G if it is translation invariant. Obviously, varieties are exactly the same as
closed submodules in C(G). For each function f the smallest variety containing f
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is called the variety generated by f or, simply, the variety of f, and it is denoted
by 7(f), which is obviously the intersection of all varieties including f.

Theorem 1.1. For each variety V in C(G) its annihilator Ann'V is a closed ideal
in M.(G). Similarly, for each ideal I in M (G) its annihilator Ann I is a variety
in C(Q).

Proof. Clearly, AnnV is a closed subspace in M.(G). For each x in AnnV,| v in
M.(G), and f in V we have

(v 5 1) * f(z) = / f(x— ) d(v* ) ()

— [ [ o= uv)duydvw) = [ (7500 - 0) dvla) =

as f*p = 0. This means v+ p is in Ann V', and AnnV is a closed ideal in M.(G).
For the dual statement it is clear that Ann/ is a closed subspace in C(G).
Moreover, if f isin Ann/, y is in G, and g is in I, then d_, * p is in /. Hence, we
have
Tyf xp=(f*0-y) xp=f*(0_y*pu) =0,
and we infer that 7, f is in Ann I; and hence Ann [ is a variety. OJ

Theorem 1.2. For each variety V. C W in C(G) we have AnnV O AnnW
and for each ideal I C J in M (G) we have Annl O AnnJ. In addition, we
have Ann(AnnV) = V and Ann(Annl) DO I. In particular, V. # W implies
AnnV # Ann W,

Proof. Let V' C W be varieties in C(G), and let I C J be ideals in M.(G). For
every p in Ann W and for each f in V' we have that f is in W; hence f % u = 0.
This proves that p is in AnnV, and Ann V' O Ann W. Similarly, if f is in Ann J
and g is in I, then p is in J; hence, f * p = 0, which proves that f is in Ann [,
and Ann/ DO Ann J.

Assume that f is in V and g is in Ann V'; then, by definition, f % u = 0, and
hence f is in Ann(Ann V'), which proves Ann(AnnV) O V. Similarly, we have
Ann(Annl7) D I.

Suppose now that Ann(AnnV) C V. Consequently, there is a function f in
Ann(Ann V') such that f is not in V. By the Hahn-Banach theorem, there is a A
in M.(G) such that A(f) # 0, and A vanishes on V. This means

(0% A)(0) = / o(—y) dA(y) = M) = (@) = 0,

whenever ¢ is in V. As V is a variety, this implies, by the previous theorem, that
Aisin Ann V7 in particular, fxA = 0, a contradiction. This proves Ann(Ann V') =
V', which also implies Ann V' # Ann W, whenever V # W. 0

We note that for ideals in M.(G) the equality Ann(Ann ) = I does not hold
in general (see [7]). Nevertheless, the following theorem holds true (see [7]).

Theorem 1.3. Let G be a discrete Abelian group. Then Ann(Annl) = I holds
for every ideal I in M.(G).
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To understand the nondiscrete case, we need the following lemma.

Lemma 1.4. Let G be a locally compact group, and let I be an ideal in M.(G).
Then Ann(Ann(Ann/)) = Ann /.

Proof. Let V.= Ann I, and then V is a variety on G; hence, by Theorem 1.2, we
have Ann(Ann V') = V. It follows Ann / =V = Ann(Ann V') = Ann(Ann(Ann [)).
O

Now we can prove the following theorem characterizing those ideals in M.(G)
which coincide with the second annihilator.

Theorem 1.5. Let G be a locally compact group, and let I be an ideal in M (G).
Then we have Ann(Ann I) = I if and only if I is closed.

Proof. By Theorem 1.1, the annihilator of each variety is closed; in particular,
J = Ann(Ann ), as the annihilator of the variety Ann I, is closed, which proves
the necessity of our condition.

Conversely, suppose that [ is closed, and I is a proper subset of J. By Lemma 1.4,
we have Ann J = Ann I. Let p be in J such that p is not in /. As the space M.(G)
with the weak™*-topology is locally convex, by the Hahn—Banach theorem there
is a linear functional ¢ in M (G)*, such that £ vanishes on I and &(u) # 0. It is
known that every weak*-continuous linear functional on a dual space arises from
an element of the original space; that is, there is an f in C(G) with &(v) = v(f)
for each v in M,(G). We infer u(f) = &(u) # 0, and p is in J, and hence f is
not in Ann.J. On the other hand, o(f) = v(f) = &(v) = 0 for each v in I, as ¢
vanishes on I, which implies that f is in Ann/ = Ann J, a contradiction. 0

Corollary 1.6. Let G be a locally compact Abelian group. Then the mapping
V < AnnV sets up one-to-one inclusion-reversing correspondences between the
varieties in M (G) and the closed ideals in M .(G).

2. EXPONENTIALS

A basic function class is formed by the common eigenfunctions of all translation
operators, that is, by those nonzero continuous functions ¢ : G — C satisfying
Ty = m(y) - ¢ (2.1)

with some m : G — C; that is,

vl +y) =my)e(r) (2.2)
for all z,y in G. It follows that ¢(y) = ¢(0) - m(y), which implies that ¢(0) # 0
and, by (2.2),

m(z +y) = m(x)m(y) (2.3)
for each x,y in G. Nonzero continuous functions m : G — C satisfying (2.3) for
each z,y in G are called exponentials. Clearly, every exponential generates a one-

dimensional variety and, conversely, every one-dimensional variety is generated
by an exponential. Sometimes exponentials are called generalized characters.
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Using translation, one introduces modified differences in the following manner:
for each continuous function f in C(G) and y in G we let

Af;y = (Ly - f(?/)do-

Hence, Ay, is an element of M.(G). For a given f in C(G), the closed ideal
generated by all modified differences of the form Ay, with y in G is denoted
by M. We have the following theorem.

Theorem 2.1. Let G be a locally compact Abelian group, and let f : G — C be a
continuous function. The ideal My is proper if and only if f is an exponential. In
this case My = Ann7(f) is mazimal, and M. (G)/M; is topologically isomorphic
to the complex field.

Proof. As My is closed, by Theorem 1.5 we have Ann(Ann M) = M;.
Suppose that f is an exponential. Then f # 0, and

Apyx f(x) = fle+y) — f(y)f(x) =0

for each x,y in G; hence f isin Ann M. As 7(f) consists of all constant multiples
of f, we infer that 7(f) C Ann M. Moreover, if ¢ is in Ann M}, then we have

0=Ap, xp(x)=p@+y) — fly)p(x)

for each z,y in G. It follows that ¢ = ¢(0)- f, and hence ¢ is in 7(f). We conclude
that 7(f) = Ann My and My = Ann7(f).
We define the mapping @ : M .(G) — C by

B () = p(f) = / £(—y) duty)

for each p1 in M.(G). Then @y is a linear mapping, ®;(dy) = 1, and for each p, v
in M.(G) we have

O (pxv) = /f(—a: —y) du(z) dv(y)
— [ f-aauta) [ £-g)dvl) = 2500) - 510

hence ®; is an algebra homomorphism. Obviously, ®; maps M.(G) onto C, and
hence it is a multiplicative linear functional. We infer that Ker ®; is a maximal
ideal and that M.(G)/Ker @ is isomorphic to the complex field C. For each

in Ker ®; we have p(f) = 0; hence, for each complex number ¢ we have

cf * pu(r) = C/ flx —y)duly) = cf(x)u(f) =0,

and, consequently, p is in Ann7(f) = My. It follows that Ker ®; C M/, which
implies that My is a maximal ideal. We also have that Ker @ is closed, and hence
®; is continuous. As @ is also open, we have that M.(G)/M; is topologically
isomorphic to the complex field.
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Finally, if M/ is proper, then Ann M/ is nonzero. Let ¢ # 0 be a function in
Ann My; then we have

0=Apyxp(@) = o +y) - fyp(),

and in the same way as above we conclude that f is an exponential. The theorem
is proved. O

Given a ring R, we call a maximal ideal M in R an ezponential mazimal ideal
if the residue ring R/M is isomorphic to the complex field. If R is a topological
ring, then we require the isomorphism to be topological. From the above proof
it is clear that if G is a locally compact Abelian group, then each exponential
maximal ideal in M.(G) is of the form M,, = Ann7(m) with some exponential
m. The maximal ideal in M.(G) corresponding to the exponential identically 1,
that is, the annihilator of all constant functions on G, is called the augmentation
1deal.

Given a locally compact Abelian group G, the set of all exponentials is denoted
by G and is called the generalized character group of G. It is easy to check that,
equipped with the compact-open topology, G is a topological Abelian group.
Obviously, G, the dual of G, is a closed subgroup of G (see, e.g., [2]).

Let G be a locally compact Abelian group. A continuous homomorphism of GG
into the additive group of real numbers is called a real character. By addition of
real characters and multiplication by real numbers being defined pointwise and
using the compact-open topology, the set of all real characters of G is a locally
convex real topological vector space and it is denoted by Hom(G, R).

Theorem 2.2. Let G be a locally compact Abelian group. Then G is topologically
isomorphic to G x Hom(G, R).

Proof. Let m be in G; then y : G — C defined by x(g) = m(g) - [m(g)|™* for g
in G is obviously a character of G. On the other hand, a : g — In|m(g)| is a real
character; hence the mapping

m— (x,a)

maps G into G x Hom(G,R). It is easy to see that this mapping is open and
continuous. As m = x - expa, it is injective, and as the function g — x - expa is
an exponential for each character xy and real character a, it is also surjective. [

Theorem 2.3. Let G be a locally compact Abelian group. If G is compact, then G
is topologically isomorphic to G. If G is compactly generated and G is topologically
isomorphic to G, then G is compact.

Proof. If G is compact, then there is a nonzero real character on G. Indeed, if
a: G — R is a real character, then a(G) is a compact subgroup of the additive
group of R; hence it is {0}. It follows that Hom(G, R) = {0} and G = G by the
previous theorem. If G is a compactly generated locally compact Abelian group,
then, by the structure theorem, G = R™ x Zk~>< K, where K is a compact Abelian
group and n, k are natural numbers. Hence, GG can be topologically isomorphic to
G only if n = k =0 and G is compact. O
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3. POWERS OF MAXIMAL IDEALS IN THE RING OF LAURENT POLYNOMIALS

The motivation of this paper is the characterization of powers of maximal ideals
in the group algebra of Z™. By the recent results in [11], powers of maximal ideals
play a fundamental role in characterizing varieties which possess spectral synthesis
on discrete Abelian groups. A well-known particular case for a characterization
of this type is the polynomial ring C[z|, where every maximal ideal M has the
form

My = {PipO‘) = 0}

with some complex number A. In this case it is known that for every natural
number k£ we have

M)]\c+1 _ {p:p(j)()\) =0 forj:O,l,...,kZ}.

An immediate generalization is given in the theorem below. First we introduce
some notation. Given a positive integer n, addition, subtraction, and inequalities
in Z" are defined componentwise; further, we write |a|] = a; + as + -+ + a,,
whenever a = (ay, g, ..., ) is in Z™. Let Cj denote the set of all vectors in C"
whose every component is different from zero. For A in Cjj and « in Z" we write

A% = AJTAG2 .. A0

We adopt this notation for differential operators. Let C[z, z7!] denote the ring
of Laurent polynomials in n variables, where z = (z1,22,...,2,). Then 0; :
Clz,27Y] — Clz,27"] is the partial differential operator with the usual mean-
ing, and for every o with a > 0 we write

0% = 901057 - 9.

More generally, if P : C" — C is a complex polynomial in n variables, then P(0)
has the obvious meaning: formally, the variable z; in P is replaced by 0;, and the
constant P(0) in P is replaced by P(0)-times the identity operator. Using this
notation, the Taylor formula for polynomials in n variables has the form

P =Y é@“P(zo)(z ) (3.1)

Here z, zy are arbitrary in C" and we use the notation a! = aqlag!- - - a,,!.
We need the following simple lemma.

Lemma 3.1. Let k be a positive integer, let o an element in N, and let ri,rs,
...,k be arbitrary in Clz, 27']. Then we have

_ ol
Flreraoee k) Z — 9P 0%ry - 0Py, (3.2)
18,1 ... 3.1
Bi1+B2++Br=a 51l6,! B!
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Proof. We prove by induction on k and the statement obviously holds for £ = 1.
To prove it for k + 1, we proceed as

aa(rl .7”2 ..... ’r‘k .’r’k+1)
al
= @ . fg . ﬁ . OC_B
0%(q - Tk41) 5§<a ﬁ!(a—ﬁ)!a q- 0 res

_ al B! P b s
> 25!(@—5)!51!62!---5k!6 10Ty 07RO

B1+B2++Pr=pF B

!

(6%

= Z o '8’617’18’327"2 .. 'aﬁkrkaﬁk+1rk+1,
B1+B2+-+Brr1=a BulBal- - B!

which was to be proved. O]

Now we have the following result.

Theorem 3.2. Let n be a positive integer. Then for every maximal ideal M in
Clz, 27| there exists a complex vector X in CJ such that for each natural number
k we have

MM ={r:9%r(X) =0 for every a € N* with |o| < k}. (3.3)

Proof. Tt is well known that for every maximal ideal M in C[z, 27| there exists
a unique A in Cf such that

M =My, ={r:r(\) =0}.
Let k be a positive integer, and let
Iy = {r: 0%r(X) = 0 for every a € N" with |o| < k}.

We will show that M**t = I, ;. Let 7, 79,...,741 be arbitrary in M. Then, by
the previous lemma, we have, for each a in N with |a| < k,

8617’18527’2 e aﬂk+17"k+1.

aa(rﬂ“g e T’k+1) =

> .
18,1 ... |
PP ey S BilBo! -+ Brya!
In each term of the sum we have |51| + |82+ - - +|Br41| = || < k, which implies
that |5;| = 0 for some j with j =1,2,...,k + 1. It follows that each term in the
sum has a factor of the form 9% r; = %; = r;, which vanishes at . It follows that
0%(rirg -+ - rps1)(A) = 0 for each o with || < k, and hence ri7g - - - rp11 belongs
to Ip41. As every element in M**+! is a sum of functions of the form 77y - - 741,
we have M*1 C I,.
For the converse, we suppose that r is in [ 1; that is, it has the property that

0°r(\) =0

for every o in N with || < k. There exists a monomial ¢ such that p =7 - ¢ is
a polynomial. Obviously, by the above consideration, we have

Ip(A\) =0
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for every v in N with |a| < k. By Taylor’s formula, we have that
1 (63 e
p)= ) —0"p(N)(z =N
|| >k+1

On the right-hand side, every term has a factor which is a multiple of (z — \)?,
where |a| = k + 1. This implies that (Zq_(j))a is in M**1: hence, r = Eisin M1
and the proof is complete. |

4. FOURIER—LAPLACE TRANSFORMATION

Given the locally compact Abelian group G for every p in M (G), we define
the function i : G — C by

jitm) = ) = [ (-

whenever m is in G. Obviously, fi(m) = m * u(0). Also, we have fi(m) = ®,, (1),
where ®,, is defined in Theorem 2.1 with m = f. The function [ is called the
Fourier—Laplace transform of p and the mapping p +— [ is called the Fourier—
Laplace transformation. The following result is well known.

Theorem 4.1. Let G be a locally compact Abelian group. Then for each mea-
sure p in M.(G) its Fourier—Laplace transform [i is a continuous function on
G. The Fourier—Laplace transformation p — [i is a continuous injective algebra

homomorphism of M.(G) into C (é), the latter equipped with the pointwise linear
operations and multiplication, and with the topology of pointwise convergence.

Proof. Let (m;);cr be a generalized sequence in G converging to the exponential
m in G. Then ft; — & uniformly on the compact set supp u; hence we have
f;(m) — fu proving that /i is continuous.
We introduce the notation
Flp) =i

for each p in M.(G). Obviously, F : M,(G) — C(G) is a linear mapping.
Suppose that (fia)aca is a generalized sequence in M.(G) converging to p in
the weak*-topology. Then for each m in G we have pq() — p(m); that is,
fia(m) — f1i(m), which gives the continuity of F. Finally, for u, v in M.(G) and
m in G we have

Flyus v)(m) = (5 v)( lﬁnx— ) dp(z) du(y)

/m ) dyu(a /m — (i) - v(im)

p)(m) - F(v

hence F is an algebra homomorphism.
The injectivity of the Fourier—Laplace transformation follows from the linearity
and injectivity of the Fourier transformation. O
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The range of the Fourier-Laplace transformation in C(G), that is, the set of
all Fourier—Laplace transforms, will be denoted by A(G). This is a subalgebra of

C(G), isomorphic to M.(G), which is sometimes called the Fourier algebra of G.

5. DERIVATIONS

Let G be a locally compact Abelian group. The continuous function a : G — C
is called an additive function if it is a homomorphism of G into the additive
topological group of complex numbers. The set of all additive functions on G
is denoted by Hom(G,C). Equipped with the pointwise addition and with the
compact-open topology, it is a topological Abelian group, which is topologically
isomorphic to Hom(G,R) x Hom(G,R). The function X : C — G is called a
one-parameter subgroup in G if it is a homomorphism of the topological group C
into GG. The function X : R — G is called a real one-parameter subgroup in G if
it is a homomorphism of the topological group R into G. We have the following
theorem (see [2]).

Theorem 5.1. Let G be a locally compact Abelian group. For every additive
function a : G — C the function X, : C — G defined by

Xa(2)(g) = exp za(g) (5.1)

for g in G and z in C is a one-parameter subgroup in G. If a is a real character,
then the restriction of X, to R is a real one-parameter subgroup in G.

Proof. The continuity of X, is obvious. For g, h in G and z in R we have
Xa(2)(g + h) = expra(g + h) = exp za(g) - expra(h) = Xa(2)(g) - Xa(2)(h);

that is, X,(z) is an exponential on G for each z in C. Moreover, for z,w in C and
g in G we have

Xa(z +w)(g) = exp(z + w)a(g) = exp za(g) - expwa(g) = Xu(2)(g) - Xa(w)(9);
that is,
Xo(z +w) = X,o(2)Xo(w),

and hence X, is a one-parameter subgroup in G. Clearly, if a is real valued, then
the restriction of X, to R is a real one-parameter subgroup. U

Theorem 5.2. Let G be a locally compact Abelian group. For every one-parameter
subgroup X : C — G there exists a unique additive function a : G — C such that
X = X,. If X s a real one-parameter subgroup, then a is a real character.

Proof. Let X : C — G be a one-parameter subgroup, and let g be an element
of GG. We define, for each w in C,

py(w) = X (w)(g).
Then ¢, : C — C — {0} is continuous and satisfies

pg(z +w) = 909(2)909(w)
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for every z,w in C. It follows that ¢, is an exponential function of the form

(W) = exp AN(g)w,

where X : G — C is a continuous function. On the other hand, for g, h in G we
have

exp A(g + h)w = g (w) = X(w)(g + h) = X(w)(g) - X(w)(h)
= @g(w) - pn(w) = exp[Mg) + A(h)]w,
which implies
exp[A\(g +h) = Mg) = A(h)]w =1

for every g,h in G and w in C. We infer that [A(g + h) — A(g) — A(h)]w is an
integer multiple of 27i for any choice of g, h in G and w in C, which is possible
only if AM(g + h) — A(g) — A(h) = 0, that is, if A : G — C is additive. Hence, we
have

X(w)(g) = pg(w) = exp A(g)w

for each ¢ in G and w in C, which implies immediately that A is real-valued, if
X is a real one-parameter subgroup. (]

Let G be a locally compact Abelian group, let f : G — Cbea function, let
X : C — G be a one-parameter subgroup in G, and let m be an exponential
on GG. We define the derivative of f along X at m as the limit

1

lim lim — (f (m - X (2 +w)) = f(m- X(2))) (5-2)
whenever it exists and is finite (see, e.g., [2]). We denote it by Ox f(m). If, in ad-
dition, the one-parameter subgroup X has the form X = X, with some additive
function a, then Ox f(m) is called the derivative of f along the additive function
a, and it is denoted by 0,f(m). If Ox f(m) is defined for each m in G, then its
derivative along the one-parameter subgroup Y is denoted by dydx f(m), and
so on. Repeating this process, we can define C*°-functions in the obvious way:
the function f is called C* if P(0x,,0x,,...,0x,)f(m) exists for every positive
integer k, for every choice of the one-parameter subgroups X; in CNJ, for every
polynomial P, and for every exponential m on G. Here P(0x,,0x,,...,0x,) de-
notes the usual polynomial differential operator: P is a complex polynomial in
k variables and the variables are formally replaced by the differential operators
Ox,,0x,, .. .,0x,. In particular, for every nonnegative integer o, o, ..., oy the
meaning of the notation 0%} 9% - - - 8;’; is obvious, too. If the one-parameter sub-
group X has the form X,, then we use the notation 0, instead of Jx,. In light
of Theorem 5.2, we can keep this notation in any case, as every one-parameter
subgroup X in G has the form X = X,,.

Theorem 5.3. Let G be a locally compact Abelian group, and let u be a measure in
M_(G). Then the Fourier—Laplace transform of p is a C*-function, and for every
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complez polynomial P : CF — C and for arbitrary additive functions a; : G — C
(j=1,2,..., k) we have

P(04y50ay, - -+ 04,)f1(m) = /mP(dl, ag, ..., ax) dp. (5.3)
Proof. Tt is enough to prove the following particular case:
Oafr(m) = /ma dp (5.4)

for each additive function a : G — C; the general case follows then by iteration.
We proceed as follows:

Ouft(m) = lim lim l(ﬂ(m - X(z+w)) — f(m- X(2)))

z—0w—0 W

= lim lim [ m(=g) exp za(—g) ” dp(g)
_ . expwa(—g) —1
= lim / m(=g) exp za(—g) lim a—g)w a(—g) du(g)

= /m(—g)a(—g) du(g)- O
The linearity of 9, and the obvious property

9u(f - g)(m) = 0uf(m) - g(m) + f - Dug(m)

show that the mapping 0, : A(G) — A(G) is closely related to the derivations
of the Fourier algebra. We recall that, given a commutative algebra A, the linear
mapping D : A — A is called a derivation if for every x,y in A we have

D(zy) = D(x)y + xD(y). (5.5)

Then, obviously, d, is a derivation on the Fourier algebra for every additive func-
tion a.

The element ¢ in the locally compact Abelian group G is called a compact
element, if the intersection of all closed subgroups in G including g is compact.
The set of all compact elements B in a locally compact Abelian group G is a closed
subgroup (see [4, Theorem 9.10, p. 92]), and G/ B has no compact elements except
zero (see [4, Theorem 24.34, p. 390]). We say that the locally compact Abelian
group has sufficiently many real characters if for each g in G, different from the
identity, there exists a real additive function a : G — R such that a(g) # 0. This
is the case if and only if B = {0} (see [4, Theorem 24.34, p. 390]). This can be
reformulated in two other ways: the dual of GG is connected or GG is topologically
isomorphic to R™ x F', where n is a natural number and F' is a discrete torsion-free
Abelian group (see [4, Corollary 24.35, p. 390]). We have the following theorem.

Theorem 5.4. Let G be a locally compact Abelian group, and let H C G be a
closed subgroup with no compact elements except zero. If p is a measure in M (G)
such that for some exponential m we have 051052 - - - O3 fi(m) = 0 for every choice
of the natural numbers k, oy, aq, ..., ar and the additive functions ay,as, ..., ay,

then supp u N H = (.
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Proof. We remark that the statement of this theorem is that for every continuous
function f : G — C with supp f C H we have u(f) = 0. First of all, we note that
the condition on p implies that

P(04y50ay,- -+ 04,)f1(m) =0

for every natural number £, for every choice of the additive functions ay, as, . . ., ax,
and for every polynomial P : C¥ — C. Hence, by the previous theorem, we have

/mP(dl,dg,...,dk)du:O (56)
for every natural number k, for every choice of the additive functions aq, as, . . ., ag,

and for every polynomial P : C¥ — C. By the assumption on H, for every element
g # hin H there exists an additive function a : H — C such that a(g) # a(h). It
follows that the algebra of functions of the form

g P(al(—g),ag(—g), . ,ak(—g))

satisfies the conditions of the Stone-Weierstrass theorem on the compact set H.
It follows that, by (5.6), we have

/Hﬁ”Lfd,u:O

for every continuous function f : H — C. In particular, taking f =, where y is
any character of H, we obtain
/ xmdp = 0.
H

This means that the Fourier—Stieltjes transform of the restriction of the measure
mu to H is zero, which implies that this measure is zero; hence 4 =0 on H. By
Tietze’s extension theorem, every continuous function on H is the restriction of
some continuous function on G. In other words, if for the function f : G — C we
have supp f C H, then u(f) = 0. This implies supp u N H = . O

Corollary 5.5. Let G be a locally compact Abelian group having sufficiently
many real characters. If p is a measure in M.(G) such that for some exponen-
tial m we have 931052 --- 95+ fi(m) = 0 for every choice of the natural numbers
k,aq1,q, ..., qp and the additive functions ay,as, ..., ax, then = 0.

Proof. This follows from the previous theorem, since in this case H can be taken
as G. Il

Theorem 5.6. Let G be a discrete Abelian group with finite torsion-free rank,
and let m be an exponential on G. Then for each natural number k the ideal M*+
is the set Iy 1 of all measures p in M (G) for which

9192 .. ,a;lllﬂ(m) =0

a1 “az

for every positive integer , for every o in N with |a| < k, and for every choice of
the additive functions ay,as, ..., a;. If the torsion-free rank of G s infinite, then

M3 £ I,
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We recall that M; is the augmentation ideal.

Proof. Suppose that g is in M**1. Then p annihilates Ann M**!. On the other
hand, every function ¢ : G — C of the form

©(g) = a1(g)™ az(g)™* - - - ar(g)*'m(g)

belongs to Ann Mffl“, assuming that oy +as + -+ < k and aq, as, ..., a; are
additive functions (see, e.g., [11]). Hence, by assumption, we have

0=¢*ulg)

=B

a1—p1

— Zﬁ‘(aa—im‘m(g)al(g) -ay(9)
= B! !

As the functions

al

mm(g)m (g ay(g)™

g —
are linearly independent for different choices of o; — ;, we infer

/ m(—h)ar(—h)? -« ar(—h)* du(h) = 0
for each 5 < a. By Theorem 5.3, this implies
0419 ... 827/1(771) =0

a1 “ag

for every positive integer I, for every a in N! with |a| < k, and for every choice
of the additive functions ay, as, ..., a;. This means M*™ C [, ;.

To prove the reverse inclusion, we use the following result: if the torsion-free
rank of G is finite, then the variety Ann M**! is the set of all exponential mono-
mials of degree at most k corresponding to the exponential m; that is, the set of
all functions of the form

o(g) = P(ai(g), az(g), - - -, ai(g))m(g),

where [ is a positive integer, P : C' — C is a polynomial in [ variables and of
degree at most k, and ay, as, . . ., q; are additive functions (see [11]). In particular,
by the condition

[ m=han (R (=R duth) = 05206z - 35ttm) =0
on i, which is satisfied for every positive integer [, for every o in N' with
la] < k, and for every choice of the additive functions as,as,...,a;, we in-
fer that p annihilates Ann M**!. On the other hand, by Theorem 1.3 we have
Ann Ann Mt = MEFL: consequently, p is in M1 and hence I, C MF*L
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To prove the converse statement, suppose that the torsion-free rank of G is
infinite. By the results in [11, Chapters 13, 15|, there exists a generalized poly-
nomial p of degree 2 on G which is not a polynomial. It means p is in Ann M;.
Also, p is not in the closure of all functions of the form g — P(ay,as, ..., ax),
where k is a positive integer, P : C¥ — C is a polynomial of degree at most 2,
and a; : G — Cis an additive function. Hence, there exists a measure p for which
P(ay,as,...,a;) x p = 0 for each positive integer k, for every additive function
ai,as,...,a; on G, and for every polynomial P : C* — C of degree at most 2,
but it is not in M3, where M, is the augmentation ideal. It follows that p is in
I3 but it is not in M. OJ
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