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ABSTRACT. In this article, we derive several multidimensional Hilbert-type
inequalities, including certain differential operators. Further, we determine the
conditions under which the constants appearing on the right-hand sides of the
established inequalities are the best possible. As an application, some particular
examples are also studied.

1. INTRODUCTION

The Hilbert inequality asserts that

F@99) 4o gy < 111119l (L1)

s
> T+ sin T
R% Y »

holds for nonnegative functions f € LP(Ry), g € L%(R,). Here, and through-
out this paper, || - ||, stands for the usual norm in L"(R,); that is, ||f],. =
(fR+ |f(z)|["dx)"/", r > 1. The parameters p and ¢ appearing in (1.1) are mu-
tually conjugate; that is, }D + % = 1, where p > 1. In addition, the constant
7/ sin% is the best possible in the sense that it cannot be replaced with a smaller

constant, so that (1.1) still holds.
The Hilbert inequality is one of the most interesting inequalities in mathe-
matical analysis. Applications of this inequality in diverse fields of mathematics
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have certainly contributed to its importance. After its discovery at the begin-
ning of the twentieth century, the Hilbert inequality was studied by numerous
authors, who either re-proved it using various techniques, or improved and gen-
eralized it in many different directions. For a comprehensive inspection of the
initial development of the Hilbert inequality, the reader is referred to the classical
monograph [5].

Nowadays, more than a century after its discovery, this problem area is still
of interest to numerous authors. The most important recent results regarding
Hilbert-type inequalities are collected in the monograph [6].

In the last few years, considerable attention has been given to a class of
Hilbert-type inequalities in which the functions and sequences are replaced by
certain integral or discrete operators. As an example, the classical Hardy oper-
ator f — fo t) dt represents the arithmetic mean in the integral case. Such
mequahtles may easﬂy be derived by virtue of general Hilbert-type inequalities
(see [6, Chapters 1, 2]) and several well-known classical inequalities, such as the
Hardy inequality (see [9]), the Knopp inequality, and so on. But the most inter-
esting fact in connection with this topic is that the constants appearing in these
inequalities remain the best possible (see, for example, [1] and references therein).

Recently, Adiyasuren et al. [2], derived several Hilbert-type inequalities involv-
ing some differential operators. Denote by D%, n > 0, a differential operator
defined by D f(z) = f™(z), where f™ stands for the nth derivative of a func-
tion f : Ry — R. In addition, throughout this article, A’} denotes the set of
nonnegative measurable functions f : R, — R such that f(™ exists a.e. on Ry,
f™(z) > 0, a.e. on Ry, and f®(0) = 0, k = 0,1,2,...,n — 1. The authors
proved in [2] that if p,q > 1 are conjugate parameters, aj,as € (n — 1,5 — 1),
a1 + az = s — 2, where n is a fixed nonnegative integer, and K : RZ — R is a
nonnegative homogeneous function of degree —s, then the inequalities

K(z,y)f(2)g(y) dedy < M||z"~ 3D f||,|ly" ">+ D g, (1.2)

2
R

and
p % n—ay—-—- n
[ e ([ Ksa) ) ay]” <mle D, 0
Ry Ry

hold for all f,g € A", such that 2" “1“an € LP(R,), y" 2 aD"g € LU(R,).
In addition the constants M = k(ay)™ al(a?ﬁgggzzﬁ;rl and m = k(ag)%,
where k(a fR (1,t)t*dt and I'(a) = [;"t*'e~"dt, a > 0, is the usual
gamma functlon are the best poss1ble in the corresponding inequalities.

The main objective of this paper is to extend inequalities (1.2) and (1.3) to
a multidimensional case. The multidimensional extensions of (1.2) and (1.3) will
be given in the setting with nonconjugate parameters. Then, we determine the
conditions under which the constants appearing in the established inequalities
are the best possible. This leads us again to the case of conjugate parameters.
As an application, we consider some particular inequalities with the best possible
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constants. We first need to cite some auxiliary results needed for deriving our
results.

2. PRELIMINARIES

The Hilbert-type inequalities can also be considered in the case of nonconjugate
parameters. Let p; be the real parameters satisfying

~ 1

Y—>1, p>1, (2.1)
i=1

and let p! be their respective conjugates; that is,

1 1 .
—+ =1, i=12,...,n (2.2)
i D

Since p; > 1, it follows that p} > 1,7 =1,2,...,n. In addition, we define

n

My = — - (2.3)

Clearly, relations (2.1) and (2.2) imply that 0 < A, < 1. Finally, let ¢; be defined
by

1 1
—=N——, 1=12,...,n, (2.4)
qi b;

provided that ¢; > 0, i = 1,2,...,n. The above conditions (2.1)—(2.4) provide
the n-tuple of nonconjugate exponents and were given by Bonsall [3] more than
half a century ago. Note also that A\, = > 1/¢; and 1/¢; + 1 — N\, = 1/p;,
i=1,2,...,n. Of course, if A\, = 1, then >, 1/p; = 1, which represents the
setting with conjugate parameters.

In 2011, Peri¢ and Vukovié¢ [8], provided a unified treatment of multidimensional
Hilbert-type inequalities with a homogeneous kernel in the case of nonconjugate
parameters. Before we state the corresponding result, we introduce some notation.

Recall that the function K : R} — R is said to be homogeneous of degree
—s, 8 > 0, if K(tx) = t7°K(x) for all t > 0 and x = (z1,22,...,2,) € R7.

Furthermore, if a = (ay, as, ... ,a,) € R™, we define
n
ki(a) = K@) [[ ufdu, i=12..n, (2.5)
R j=1i
where @' = (uy,...,ui_1,1,Us1,...,U,) and diu = duy---du;_; duipy - duy,
and provided that the above integral converges. Further, in the remainder of the
paper, du is an abbreviation for duq, duo, ..., du,.

The following pair of multidimensional Hilbert-type inequalities, in a slightly
altered notation, can be found in [8, p. 38, (3.4), (3.5)].

Theorem 2.1. Let p;,pl,qi, i = 1,2,...,n, let A\, be as in (2.1)-(2./), and let
Ay, i,5 =1,2,...,n, be real parameters such that y . ; A;; =0. If K :R? - R
1s a nonnegative measurable homogeneous function of degree —s, s > 0, and
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fi Ry = R, & = 1,2,...,n, are nonnegative measurable functions, then the
following two inequalities hold and are equivalent:

/ K (x H fi(w:) dx<HW (g A) TT I il (26)
=1
and
/ , n N 1/p,
[/ (1 AnPh)(n=1=8)~phen </ KA”<X)Hfi(Ii)an> dxni|
Ry R}~ i=1 (2.7)

pi»

n n—1
< H kil/qz‘(ini) H |’x£n*1*3)/qi+a¢fi
=1 =1

where o; = Z; VA, As = (A, Aig, o A, xgn_l_s)/qﬁaifi € LPi(Ry), and

5

ki(giA;) <oo,i=1,2,...,n

Inequalities related to (2.6) are usually called Hilbert-type inequalities, while the
equivalent forms such as (2.7) are usually referred to as the Hardy—Hilbert-type
inequalities.

The previous theorem will be the crucial step in proving our results. In addition,
we need the well-known Hardy and dual Hardy inequalities.

In 1928, Hardy [4], proved an estimate for the integration operator (or the
Hardy operator) H f(x fo t) dt, from which the first weighted modification
of the Hardy 1nequahty followed namely7 the inequality

_r p _r
a5y < 2125 11, (28)

valid with p> 1, r > 1, and 2' "¢ f € LP(R, ), where the constant -~ is the best
possible (for more details, see [5, Theorem 330] and [7]).

The dual Hardy inequality, accompanied with the dual integration operator or
the dual Hardy operator H* f(z) = [° f(t) dt, asserts that

lz™ > 1 fl, < Hxl_’pr (2.9)

1—

holds for p > 1 and r < 1, provided that xl_gf € LP(Ry).

3. MULTIDIMENSIONAL INEQUALITIES WITH NONCONJUGATE EXPONENTS

Now we give the multidimensional extension of inequalities (1.2) and (1.3) in
the case of nonconjugate parameters.

It should be noted here that the constants appearing in our extended inequal-
ities are also expressed in terms of the gamma function. Therefore, we first give
the definition of rising and falling factorial powers. The rising factorial power x",
where n is a nonnegative integer, also known as a Pochhammer symbol, is defined
by 2" = x(z+1)(x+2) -+ (r+n—1), while the falling factorial power ™ is given
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by 2% = z(x — 1)(x — 2) -+ (x — n + 1). The rising and falling factorial powers
may be expressed in terms of the usual gamma function; that is,
- T
w_ L@ +n) and ot — [(z+1) -
[(x) ['(x—n+1)
Our first result is a consequence of Theorem 2.1 and the weighted Hardy in-
equality (2.8).

Theorem 3.1. Suppose thatp;, pl, qi,i = 1,2,...,n, and \, are asin (2.1)-(2.4),
and that Ay, i,j =1,2,...,n, are real parameters satisfying Y, A;; = 0. Fur-
ther, let o; = Z?Zl A;j, and let s > 0 be a real parameter such that Sq_i”—i-/\n—ozi >
m;, m; € NU{0}, i =1,2,...,n. If K : R} — R is a nonnegative measurable
homogeneous function of degree —s, and f; € A", i=1,2,...,n, then

M (x) T filw:) dx < C(p,q, A) [[ Nl et etmpr ), (3.1)
=1

R i=1
and
/ ’ nol A p;L l/p;L
[/ :cn(lﬂ"p”)(”’lfs)*p”a"< KA (x) [ ] filw) d”X> dxn:|
R+ R} i=1 39
n—1 ( . )
< Coy(poag, A) [l et g,
i=1
where
S 1/qz ¢
Ci(p,q, A Hk (2:A H F(Sq‘"+>\n—ai) ,
LT(ER N, — o —my)
S l/qz qi n v v
Cra(pra, A Hk (0 As 21:[ LR+ A —a)

=Ohﬂm~w&Jxﬁ+W“”m@TﬂeLWR%amh@AO<w,
z:12

Proof. First suppose that m; € N, ¢ = 1,2,...,n. In order to prove (3.1) we will
rewrite the right-hand side of inequality (2.6) in a form that is more suitable for
the application of the Hardy inequality. Namely, since

H(D, ) /f (x) - 1(0) = f(a),

we have that

1/q; n—1-—s)/qi+a;
TT5 @A) T Il 27 g,
=1 =1

_ H kil/qz' (giA;) HHIER_I_S)/Q#MIH(D*‘J(Z‘)Hp,-‘
=1

i=1

(3.3)
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Now, due to the weighted Hardy inequality (2.8), it follows that

(=1=5)/ataiq, (p £)|| < 1 (n—1-s)/aitaitlpy oy
sz ( +f’£)HpL — gq—_ln + )\n — o — 1||xz +fl||pz’

1=1,2,...,n. Moreover, applying the Hardy inequality to the right-hand side of
the above inequality m; — 1 times, yields the relation

7

H.T('nilis)/qi+ai7—[(’p+fi> le
(3.4)

1 ('n—l—S)/qi'f‘ai-i-miDTi f

i n ¢

. o _ . L+ An—ai) .
Finally, taking into account that (** 4+ A, — a;)™ = Ny w— the in-
4
equality (3.1) holds due to (2.6), (3.3), and (3.4). It remains to consider the case
when m; = 0 for some i € {1,2,...,n}. In that case, the relation (3.4) reduces
to a trivial equality, and so (3.1) holds.
In the same way, the inequality (3.2) holds by virtue of (2.7) and (3.4). The

proof is completed. ]

The Theorem 3.1 is a multidimensional extension of the inequalities (1.2) and
(1.3), which will be discussed in the next section. Moreover, this result may be
regarded as an extension of Theorem 2.1. Namely, if m; =0,7=1,2,...,n, then
Theorem 3.1 trivially reduces to Theorem 2.1.

The previous theorem holds when the corresponding parameters fulfill the set of
conditions Sq’i”—i—)\n—ai >my, 1 =1,2,...,n. Ifsq’—i”—l—)\n—ai <l,i=1,2,...,n,
we can also derive a pair of inequalities which are in some way dual to inequalities
(3.1) and (3.2). Namely, this result relies on the dual Hardy inequality (2.9).

In order to state the corresponding result, we define a differential operator
DY by Dif(x) = (=1)"f™(x), where n is a nonnegative integer. Moreover,
the following theorem holds for all nonnegative functions f : R,y — R such
that the nth derivative f(™ exists a.e. on Ry, D7 f(x) > 0, a.e. on R, and
limy o0 f®)(z) =0 for k =0,1,2,...,n— 1. This set of functions will be denoted
by A’L.

Theorem 3.2. Suppose thatp;, p, ¢i,i = 1,2,...,n, and \, are asin (2.1)-(2.4),
and let Ay, 1,7 =1,2,...,n, be real parameters satisfying y ., Ai; = 0. Further,

n

let o; = ijl Aij, and let s > 0 be real parameter such that 3; + A —a; < 1,

t=1,2,...,n. If K : R} — R is a nonnegative measurable homégeneous function
of degree —s and f; € A", m; e NU{0}, i =1,2,...,n, then

/ M (x) [ filw:) dx < Bi(p,a, A) [ "= atet™pr ), (3.5)
R

n . .
+ i=1 =1
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and

n—1
’ ’ ~ j28 1/py,
[/ xn(lfk"p”)(”’lfs)*p”a"< EM(x) H fizi) d”x) dxn}
Ry Rn7 3

(3.6)
< By (p.a, A H [ i A
=1
where
— M tao+1)
ES k.l/qz
(pra, A H HF >\ +a; +m; + 1)
— A+ +1)
ES k.l/qz
n1(P, s A H HF )\—i—ozl—irml—i—l)

A; = (A, Ai, ..., Aw), xl(.”*lfs)/qﬁai*mipi“ fi € LP(R,), and ki(q:A;) < oo,

Proof. The proof is similar to the proof of the previous theorem, except that we
use the dual Hardy inequality (2.9) this time. In this regard, the right-hand side
of (2.6) can be rewritten as

1/q; n—1-s)/qi+a;
TT %% (@A) T =27 £l
=1 =1

_ H k:il/Qi(ini) HHxlgn—l—s)/quraiH*(Difi)Hpi,
i=1

i=1

(3.7)

" W (D f)(x / ) dt = f(z).

Now, by applying the dual Hardy inequality to the expressions on the right-hand
side of (3.7) m; times (when m; € N), it follows that

ngnflfs)/‘thaiH* (Difz) le

< 1 || (n_l_s)/%‘-‘rai-f-mipmi A (38)
T (M ta ) T + Jellpes

) — ] n—s i F(nll_is_A7L+ai+mi+1)

i = 1,2,...,n. Further, since (* 1) = e pe TSy the

inequality (3.5) holds due to (2.6), (3.7), and (3.8). In the same way, inequality
(3.6) holds by virtue of (2.7) and (3.8). The trivial case when m; = 0 for some
i€ {l1,2,...,n} is treated in the same way as in Theorem 3.1. O

It should be noted here that Theorem 3.2 may also be regarded as an extension
of Theorem 2.1 since in the case when m; = 0,7 =1,2,...,n, it reduces trivially
to Theorem 2.1.

Our next step is to determine conditions under which the constants C? (p, q, A),

s . (p,a,A), E2(p,q,A), and E_|(p,q, A) appearing in Theorems 3.1 and 3.2
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are the best possible. This happens in the case of conjugate parameters. Namely,
the problem of the best constants in Hilbert-type inequalities with nonconjugate
parameters seems to be a quite difficult issue and remains open.

4. INEQUALITIES WITH CONJUGATE PARAMETERS:
THE BEST POSSIBLE CONSTANTS

In order to obtain the best possible constants in inequalities (3.1), (3.2), (3.5),
and (3.6), in this section we deal with their conjugate forms. Namely, if p; > 1,
i=1,2,...,n,is the set of conjugate parameters, then inequalities (3.1) and (3.2)
become, respectively,

Hfz dX < C H ||SL' n—1— s)/pz+al+mlpm1lep (41)

=1

and
1 / 1 / nl ~ p;‘L l/p’/n
[/ an( —Pn)(n— —S)—pnan< K(x) H Fi(z) an> dxn}
R R"—l .
" (4.2)
Un (p, A H ||$ n—1-— 8)/pz+ozz+m1Dmel s
=1
where
n n]:ws—n_oéZ mz‘i‘].)
A) — kl/m :
) H (A H T
7 kl/pz i
n ! p H p H S no— (673 + ]-)
In the same way, the conjugate forms of 1nequahtles (3.5) and (3.6) read
Hfz z)dx < E’(p, A Hua;" Lms)/pivestmipmi | (4.3)
RY i=1
and
, , i S NP VP
[/ l,n(l—pn)(n—l—s)—pnozn < K(X) H fz (xz) an) dxn:|
R R"—l .
’ (4.4)

<E, . (p.A Hllx(” e

=1

Dpi»

with the constants

Hkl/pl . ﬁ F_(np—is + ;) 7
M rasm)
n—1 F(n s +C¥z)

kl/pz .
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Now, our goal is to determine the conditions under which the inequalities (4.1),
(4.2), (4.3), and (4.4) include the best possible constants on their right-hand sides.
To do this, we establish some more specific conditions about the convergence of
the integral k;(a), a = (a1, as, . .., ay), defined by (2.5). More precisely, we assume
that

n

ki(a) < oo forag,...,a, > —1, Zai<s—n+1, neNn>2 (4.5)
=2

By reasoning similar to that in some recent papers (see [8], [10]), the best
possible constants can be obtained if their parts related to a homogeneous kernel
contain no exponents. In this regard, assume that

ki1(p1Ay) = ka(paAsz) = -+ = kn(prAn). (4.6)

Our goal is to find suitable conditions under which (4.6) holds. To do this,
we first express ky(p2Ag) in terms of ki(+), in accordance with definition (2.5).
Hence, passing to new variables to,t3, ..., t,, where uy = 1/ty,ug = t3/ta, uqs =
ty/ta, ..., u, = t,/ts, yields the Jacobian of the transformation

4N
_t27

’8(u1, us, ... ,un)
O(ta,ts, ... tn)

and so we have

ba(paAa) = | K(@)ey e Tt gt
R} j=3

= ki (p1A11, s —n — pa(g — Agz), paAas, . .. 7P2A2n).

According to (4.6), it follows that p1Ais = s — n — pa(ay — Az), pr1aiz =
poAas, ..., p1A1, = paAa,. In the same way we can express k;(p;A;), i = 3,...,n,
in terms of k;(-). Therefore the relation (4.6) is fulfilled if

p]Aﬂ:S—n—pl(ozz—Am), Z,j:1,2,,n,l7é] (47)

The above set of relations also implies that p;A;, = p;Ajr, when k # 4, 7.
Therefore, we use the abbreviations A; = pnAn and A; = piAy;, i #+ 1. Since
Y Aij =0, one easily obtains that p;A;; = A;(1 —p;). In addition, "  A; =
s —n (see also [10]).

Now, if the set of conditions (4.7) is fulfilled, then, with the above abbreviations,
inequalities (4.1) and (4.2) become, respectively,

" e melA
KEx) [] fitw)dx < Ly, A) [ llz: 7 D fill,, (4.8)
i=1

R i=1
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and
|: I Pn Pn " ( H fz ) deni|
R+ Rn 1
(4.9)
mi—ﬁ—Ai "
< L;fl(p7A) H sz ' ’D-l—lfi pis
i=1
where
" T(A +1
L, (p> - kl H ) )
i=1 1)
n—1 F 1)
=1 1)
In the same regard, the inequalities (4.3) and (44) read, respectively,
i— A
Hfl )dx < M:(p, A H [ A (4.10)
and
[ T, P Podn ( Hfl ;) d ) dxn]
R+ R'n 1
(4.11)

pi»

PR - e
< M;_,(p,A) H ;" DIfi
i=1

with the corresponding constants

M3 &) = k(M) ] ﬁ

3 ~
,_.»—‘

M-
1P 1:1 A + mz)

Remark 4.1. Note that inequalities (4.8) and ( .9) are multidimensional exten-
sions of inequalities (1.2) and (1.3) since for n = 2 and m; = my = m they reduce
o (1.2) and (1.3), respectively. In that case, conditions (4.5) and (4.7) are equiv-
alent to Zh A, € (m—1,s—1), A+ Ay =s5— 2, as stated in the Introduction.
In the same setting the inequalities (4.10) and (4.11) become the corresponding
relations derived in [2].

Now, we are ready to state and prove our main results in this section. More pre-
cisely, we show that the constants L (p, A), L _,(p,A), M:(p,A), and M;_,(p,

;&) appearing on the right-hand sides of the above inequalities are the best pos-
sible.
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Theorem 4.2. Let m; € NU{0}, ﬁz >m;—1,1=1,2,...,n, and let the param-
eters A;, i =2,...,n, fulfill conditions as in (4.5). Then, the constants L?(p, A)
and L?_,(p, A) are the best possible in inequalities (/.8) and (/.9) respectively.

Proof. Suppose that the constant L? (p, ;‘:) is not the best possible in (4.8). Then,
there exists a positive constant C,,, smaller than L?(p, A), such that inequality
(4.8) is still valid if we replace L7 (p, A) by C,,. Now, consider the functions

~ 07 O< o < 1,
fiw:) = § T0+Ai—g o) A . i=1,...,n,
r+A-2) ) =5

where € > 0 is a sufficiently small number. Since the m;th derivative of the

function 7. i 1o ——FATE) AR L follows that
unction x,; 18 equal to m i , 10 TOlIOWS a

o~ 07 0< T < 1,
DY fi(xi) = A—=—m, 1=1,...,n,

1
x, x; > 1,

1 )

so in this setting the right-hand side of (4.8) reduces to

=1

= C”H[/ xfi(mi—ﬁi)—l(pfiﬁ(xi))pi dIZ] I (4.12)
i=1 YR+

_ G

=—

On the other hand, the left-hand side of (4.8) can be rewritten as

(1 A———ml)

K(X)H (x;) IH A——) ,

+ i=1 i=1

A-=
Kx)][,z; " dx. Now, since

=11

where I = |

[1,00)™
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we have the following estimate:

I> / xl_l_s[ K(ah) H uf"_s/p" (ilu] dxy
1 Rnfl

+ i=2

o [i/ K@) [ d'a]
1 i=

n
1 .1

€ 1
RY

e z/ KL

where D; = {(ug, us, ..., u,);0 <u; < 1/xq,u; > 0,5 #i}.
Without loss of generality, it suffices to find the appropriate estimate for the

integral [ K (') []}_,u; 47</Pi Jiy. In fact, setting a > 0 such that A, + 1 >
e/ps + «, since —uSlogus — 0 (uz — 07), there exists M > 0 such that
—u§logus < M (uy € (0,1]). On the other hand, it follows easily that the pa-
rameters ay = Ay — (e/p2 + @) and a; = A — e/pi,i =3, ...,n satisfy conditions
(4.5). Then, by virtue of the Fubini theorem, we have

(4.13)

OS/ zy ! K(ﬁl)HuJAJ /75 dlu dr,
1

1 ~ noo_
< M/ K(ﬁl)u’242_(6/p2+a) HuAjfE/pj d'u
Rn

J
2
+ 70 j=3

< M K( —(e/p2+a) Hu i—€/Dj dl
7=3

=M - kl(ﬁg — (e/p2 + a),A3 —e/ps, ... ,A/n — g/pn) < 0.

Hence, taking into account (4.13), we obtain

)

T7 < "4 A - £ —m
R X).Hf"(xi)dxzle(A_gl/p)_O(l)) (FJ(F1+Z1.pi£))

7
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where 1/p = (1/p1,...,1/p,). Moreover, the relation (4.12) implies that
" T(1+ A — < —n)

On > (kl( —El/p —80
H 1+A——)

Obviously, letting € — 07, it follows that C,, > L? (p, A) which contradicts our
assumption that 0 < C,, < L? (p, A) Hence, L? (p, A) is the best possible in (4.8).

It remains to show that L:_,(p, A) is the best possible constant in (4.9). As-
sume that there exists a positive constant C,_y, smaller than L?_,(p, :&), such

that inequality (4.9) holds when L? _(p, .X) is replaced by C,_;. Then, utilizing
the well-known Hélder inequality and inequality (3.4), we have

X) H fi(z;) dx
i=1
l4pnAn n—l “ _l+pndn
_ /R B K T fiw) x| - [on 7 fulea)] da
+ i=1

n—1
R+

| i T NP U/
= [ / x”(p"_l)(Hp”A”)( K(x) [ filz) d"x>p dxn] ’ (4.14)
N G

~ 1/ "
Ry
I'(A, — LA
< Cn— " sz i
<G oh ) (S il

=1

Finally, taking into account our assumption 0 < C,,_1 < L _,(p, _TA), we have

I'(A4, —m, +1)
I'(A, +1)

< ~ T gn —m, +1
< Lnfl(p7A) ( -~ )
['(A,+1)

0< Cn—l

= L:(p, A).

n

Therefore, relation (4.14) contradicts with the fact that LS (p, A) is the best pos-

sible constant in inequality (4.8). Thus, the assumption that LJ_ (p,A) is not
the best possible is false. O

Theorem 4.3. Let m; € NU {0}, ZZ <0,71=1,2,...,n, and let the parameters
A;, i =2,...,n, fulfill conditions as in (4.5). Then, the constants M (p, A) and
M:_(p,A) are the best possible in (4.10) and (4.11), respectively.

Proof. We follow the same procedure as in the proof of Theorem 4.2; that is, we
suppose that the inequality

d L .
) [[ filw)dx < Cx [l ™ "D illy, (4.15)
i=1 =1
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holds with a positive constant C?, smaller than M;(p, A) Now, we consider this
inequality with the functions

0, O<o <1,

fi(z;) = P(-A+£) A== i=1,...,n,
P Atmt )i 0 T =

where ¢ is a sufficiently small number. Then, similarly as in the proof of Theorem
4.2, we have the following lower bound for the left-hand side of (4.15):

n

K(x) [ fi(x:) dx

+ i=1

1 ) ~'+£> (4.16)
Z(gkl(A—gl/p )EF —|—mz—;-pi).

£

A;
On the other hand, since the mzth derivative of the function z; ™ is equal to

Ai+m; Az‘*i.*
(_1)mz%xi P it follows that

i~ 0, O<a; <1,
DYifi(x;) = A-2—m, i=1,...,n,
x, , T > 1,

so the right-hand side of (4.15) reduces to

CTor o mie iAo~ cr
ch H lz; " DSl = = (4.17)
i=1

Consequently, comparing (4.15), (4.16), and (4.17), it follows that

noT(=A 4 £)

C: > (ki(A —el/p) —0(1) HF( A+mp;‘ o

7

Therefore, as € — 0, it follows that M?(p, R) < CF, which contradicts with our

assumption. This means that the constant M?(p, A) is the best possible in (4.10).
To conclude the proof, we suppose that, contrary to our claim, there exists a
constant 0 < C*_, < M?_,(p, A) such that the inequality

[/ 2, (P D (AFpnAn) ( Hfz 5 X>P% dmn} 1/p},
R+ Rn 1

1

n—1

< O* mi_pz _AiDmi

— “Yn—1 H ||xz + f7’ p
i=1
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holds. Then, utilizing the Holder inequality and inequality (3.8), we have

_ 1+Pngn

- [ T ] e

n—1
RJr

/ A ~ {n 1/41
<| / gy OV A (K0 T filw) dx)” dea|
R+ ]Ri_l .
~ 1/ n
<[ ant g o]
Ry

. I'(—A, u mi——A;
<o A T ey,
I(=An +my) i3

pi-

Now, according to our assumption, it follows that

0<cr LA
L(—A, +m,)
A F<_;{n> A
<M (p,A)—=""  — Ar(p,A),
ao1(p )F(—An—i—mn) (p,A)

which means that M?(p, A) is not the best constant in (4.10). This is a clear
contradiction of our assumption, and the proof is completed. O

5. APPLICATIONS AND CONCLUDING REMARKS

In order to conclude the paper, we consider the inequalities (4.8), (4.9), (4.10),
and (4.11) in some particular settings. The resulting inequalities will include the
best possible constants on their right-hand sides.

The standard example of a homogeneous kernel with the negative degree of
homogeneity is the function K7 : R} — R, defined by Ki(x) = (>, x;)~%,
s > 0. Clearly, K; is a homogeneous function of degree —s, and the constant

k1(A), appearing in (4.8), (4.9), (4.10), and (4.11), can be expressed in terms of
the usual gamma function I'. Namely, utilizing the formula

/ H?;ll U?Fl d"u H:’L:l ['(a;)
R

(L T w) = Pz @)’

which holds for a; > 0,7 =1,2,...,n, it follows that
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provided that ,ZL >—1,1=1,2,...,n,and > | Av, = s —n. With this kernel,
inequalities (4.8), (4.9), (4.10), and (4.11) reduce, respectively, to

/" (Zz 1$ Hfl xl
1 n n mifi*gi "
F_H ml+1)H|| z, " DY fill,

=1
[ wevasmin ([ ] i) ]
Ry R (Zi:l xz e
F(l + AVTL) = A - mi*%*gi m;
< HN&—W+DHMaZ D fill.

i|lpi

< _ xT. pPg sz
=t L e ’

and

a n 1/pn
(ph—1)(1+p, A </ | | f dn )p d }
Tn i xz Ln
|:/R+ Zz 1%)5

=1
- A
H H sz ' D:I:l t]lp

It should be noted here that the last two inequalities include the constants with

the usual beta function since B(z,y) = % z,y > 0.

Another interesting example of a homogeneous kernel with degree —s is the
function Ks(x) = 1/max{x},..., 25}, s > 0. One can easily check the integral
formula

n—1 _A;
/ I, = d™u = . =
R} max{l,xf,...,xi_l} H?:l(l—{—Ai)

provided that sz > —land >, ;L = s — n. Based on this formula, inequalities
(4.8), (4.9), (4.10), and (4.11) reduce to

1 n
i(xi)d
R max{x‘{,...,xs}nf(x) *

| e | (S
=1 =1

pi»

+2)
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|:/ In(p;—l)(l—&-pnﬁn) </ 1 H fz xz dn > ! dxn:| e
R, R max{zs, .. xs}
— —m; + 1 ; Ez )
t Dmlf’b i
1+A 1;[ A+2 HH #fill
1
/Rn max{zy,. .., a5} H fil:)
n T
iIZ' " Dm1 i|Ipss
e | e eroie e | (AR
and

~ 1 P, 1/p},
(W~ 1)(1tpnin) ( ) d"x ) d }
[/R+ o /Rn1 max{zy,. .., 25} - H filz) o

1+A 1:IHA <A+m,H” DI

i=1

where the constants appearing on the right-hand sides are the best possible.
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