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LINEAR AND NONLINEAR DEGENERATE ABSTRACT
DIFFERENTIAL EQUATIONS WITH SMALL PARAMETER

VELI B. SHAKHMUROV"*

Communicated by L. P. Castro

ABSTRACT. The boundary value problems for linear and nonlinear regular
degenerate abstract differential equations are studied. The equations have the
principal variable coefficients and a small parameter. The linear problem is
considered on a parameter-dependent domain (i.e., on a moving domain). The
maximal regularity properties of linear problems and the optimal regularity
of the nonlinear problem are obtained. In application, the well-posedness of
the Cauchy problem for degenerate parabolic equations and boundary value
problems for degenerate anisotropic differential equations are established.

1. INTRODUCTION, NOTATION, AND BACKGROUND

Boundary value problems (BVPs) for abstract differential equations (ADEs)
have been studied extensively by many researchers (see [1], [3], [4], [8]-[21], and
[24] and the references therein). A comprehensive introduction to ADEs and his-
torical references may be found in [13] and [24]. The maximal regularity properties
of ADEs have been studied in [1], [3]-]5], [8], [9], [16]-[20], and [23], for example.
The main objective of the present article is to discuss the BVP for degenerate
linear ADEs with variable coefficients
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2m—1

(—1)mta(a:)u[2m](m) + A(z)u(x) + Z t%Aj(m)um (x) = f(x),

and the BVP for the following nonlinear degenerate equation,

(=D)™a(x)ul™(z) + O(z, u,u, . . . uP"Du(z)
= F(z,u,u w1 2 e(0,1),

where ¢ is a small parameter, m is an integer number, a(x) is a complex valued
A(x), A;j(z) are linear, and O(x,...,), F(z,...,) are nonlinear operators in a
Banach space E for z € (0,1) and
() — [m w47 _
u(z) = |2 (1 — 2) T u(z), v >0,k=12.

The uniform separability, resolvent estimates, and the Fredholm properties of the
linear problem are obtained in abstract L,-spaces. In particular, we prove that
the corresponding linear differential operator is both R-positive and a generator
of the analytic semigroup.

Then, by using the separability properties of linear problems, the existence and
uniqueness of the maximal regular solution of the nonlinear problem is proved in
E-valued L, spaces. Moreover, the well-posedness of the Cauchy problem for the
degenerate parabolic equation

Z_Z +(~)"taul? + Au=f, y€Ry,ze(0,1)

is established, where v = u(y, z), f = f(y,z), a = a(z), A = A(x), and

. 9 i
[ |1 — )72
ul [x (1—2x) 8:1:] u(y, ).

In application, the BVP for degenerate partial differential equations on a cylin-
drical domain is studied. Some of the important characteristics of these problems
are the following: (1) here the main and boundary equations are degenerated on
all boundaries; (2) the principal parts of the problems are non-self-adjoint; (3) the
equations possess variable coefficients with small parameter; and (4) the equa-
tions are degenerated with different speeds at boundary lines, in general. Note
that the maximal regularity properties of ADEs considered in Banach spaces were
treated in, for example, [1], [8], [11], [16]-][20], and [23]. Nonlinear BVPs for ADEs
are studied in, for instance, [3], [17], and [20].

Let v = 7(z) be a positive measurable function on a domain Q C R". And
L, (€; E) denotes the space of strongly measurable E-valued functions that are
defined on €2 with the norm

£l = Wl = ([l @300 )" 1<p <o

For ~(z) = 1, the space L, (€2; E) will be denoted by L, = L,(2; E).
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The weight function 7 is said to be of Muckenhopt type, that is, v € A,
1 < p < o0, if there is a positive constant C' such that

(ﬁ/Q’y(:c) d:(:> (ﬁ/cgfy_pll(x) dx)p_l <C

for all cubes Q C R™.

The Banach space F is called a UMD-space if the Hilbert operator (H f)(x) =
lim, jiz_ybei(%”;dy is bounded in L,(R,E), p € (1,00) (see, e.g., [7, Theo-
rem 1]). UMD spaces include, for example, L,- and [,-spaces and Lorentz spaces

Lyg: p, q € (1,00).
Let C be the set of complex numbers, and let

Se={NAeC, largA| < p}U{0}, 0<p<m.

A linear operator A is said to be y-positive in a Banach space E with bound
M > 0 if D(A) is dense on E and [[(A + M) gy < M(1+ |A)~! for any
A € S,, where [ is the identity operator in £ and B(E) denotes the space of
bounded linear operators in E. Sometimes A+ \I will be written as A+ A and will
be denoted by A,. It is known (see [22, Section 1.15.1]) that a positive operator
A has well-defined fractional powers A?. Let E(A?) denote the space D(A%) with
norm

1
[ullpany = ([[ull? +[A%|P)7, 1 <p<o0,0<6< o0

Let S(R"™; E) denote the Schwartz class, that is, the space of all E-valued
rapidly decreasing smooth functions on R". Let F' denote the Fourier transfor-
mation. A function ¥ € C'(R"; B(E)) is called a Fourier multiplier in L, .(R"; E)
if the map

u— du=F'V()Fu, uecSR,E)

is well defined and extends to a bounded linear operator in L, (R"; E). The set
of all multipliers in L, ,(R"; E') will be denoted by M, ,(E). Let

Wy, = {\Ifh S MPW(E),h €@ C C}

be a collection of multipliers in M, (E). We say that W), is a uniform collection
of multipliers if there exists a positive constant C' independent of h such that

1F= 0 Fullr, , (reimy < ClullL, ,rep)
forall h € Q and v € S(R™; E).

Definition 1.1. A Banach space F is said to be a space satisfying the multiplier
condition with respect to p € (1,00) and weighted function -, if, for any ¥ €
CY(R; B(E)), the R-boundedness (see, e.g., [3, Section 4.1]) of the set

{09(¢) : € e R\{0},j = 0,1}
implies ¥ € M, ., (E).
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Let E; and Es be two Banach spaces continuously embedded in a locally convex
space.

The operator A(z) is said to be ¢-positive in E uniformly with respect to x € G
if D(A(x)) is independent of x, D(A(x)) is dense in E, and |[(A(z) + \)7!| <
%IM for all A € S(p), 0 < ¢ < m, where the constant M is independent of z
and .

The p-positive operator A(x), z € G is said to be uniformly R-positive in a

Banach space F if there exists ¢ € [0, 7) such that the set

{A(z)(A(x) +€1) " €€ 8,)
is uniformly R-bounded, that is,

ilelgR({ [A(z) (A(z) + £1) 1} :£€S5,}) <M.
Let 0, (F) denote the space of all compact operators in E. Let Ey and E be
two Banach spaces, and let Ey be continuously and densely embedded into F.
Let us consider the Sobolev—Lions-type space W;’@(a, b; Fy, E), consisting of all
functions u € L, (a,b; Ey) that have generalized derivatives u™ € L, (a,b; F)
with the norm

lullwy, = lullwe @bzo.z) = 10l @bz + 167 L, @) < 00
Let
={u;u € L,(0,1; EO),u[m} € L,(0,1; £),

lullypm = Nl 0100 + ™|, 0,1.) < o0}

Let t be a positive parameter. We define the following parameterized norm in
Wi (a,b; Ey, E):

[l

m = ullwe apmom = [l @m0 + [0 |, (@sm) < 00

The embedding theorems play a key role in the perturbation theory of DOEs.
For estimating lower-order derivatives, we use the following embedding theorems
from [18].

Theorem 1.2 ([18, Theorem 2.3]). Assume that the following conditions are
satisfied:

(1) E is a Banach space satisfying the multiplier condition with respect to p
and weighted function ~y.

(2) A is an R-positive operator in E.

(3) WehavethatOﬁjSm,Ogugl—%, and 1 < p < oo; and h and t
are positive parameters, that is, 0 < h < hg < 00, 0 <t < 1.

(4) There exists a bounded linear extension operator from W (a,b; E(A), E)
to Wi (R"; E(A), E).
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Then the embedding D’W," (a,b; E(A), E) C Ly(a,b; E(AY %)) is continu-
ous. Moreover, for u € W (a,b; E(A), E) the following estimate holds:

||U(j)||Lp7,y(a,b;E(A17%7M)) h’““u”W e (a,b;E(A) + h )|’u’|Lp,7(a,b;E)‘

Theorem 1.3 ([18, Theorem 2.4]). Suppose that all conditions of Theorem 1.2

are satisfied. Moreover, let v € A,, Q be a bounded region, and let A™' € 0,o(E).
Then the embedding

W, (a, b; E(A), E) C Ly, (a,b;E)

18 compact.

Consider the BVP for the ADE with constant coefficients
(=)™l () + (A4 Mu(z) = f(z), 2 €(0,1),
Yok

N
Z 10i [Oz/ﬂu[’](()) + Z 5]“]“[1] (l'k])] — fOk:a k= 1’ 2, ceo,m, (11)
i=0 Jj=1
Vik

N
Z 1 [&;z’u[i}(l) + Z Miiul® (xkg)] = fie, k=1,2...,m,
i=0 =

where ull(z) = (27 L)u(z), v € {0,2m — 1}; fix € E), = (E(A), E)o

V]k“l‘ip(l

ij —

Qkis Bri, Okij, Mkij are complex numbers, and

jkP?
, 7 =0,1,0; = _+2mp
T € (0 1) and A is a linear operator in a Banach space .

In a similar way as [18, Theorem 5.1] we obtain the following.

Theorem 1.4. Suppose that the following conditions are satisfied:

(1) t is a small positive parameter and Qyy,, , By, 7 0;

(2) E is a Banach space satisfying the multiplier condition with respect to p
and weighted function y(z) =27, 0 <y <1 — ]lj, 1 <p<oo;

(3) A is an R-positive operator in E.

Then problem (1.1) has a unique solution u € szén](O, L;E(A),E) for f €
L,(0,1; E) and f;i € Ej. Moreover, for |arg A\| < ¢ and sufficiently large |\|, the
followmg uniform coercive estimate holds:

(0,1;E) + HAUHLP(OJ;E)

Zw st

Il + D (Lollm, + I fuell) ]
k=1
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2. DEGENERATE EQUATION WITH VARIABLE COEFFICIENTS

Consider the BVP for the parameter-dependent ADE with variable coefficients

(L 4+ W = (~1) ta(zlu® () + mZ 13 Al ) + D)
& . al . 2.1)
Loyu = Z 7 [akiu[’](O) + Z (5kiju[’] (.Tkj):| =0, k=12,...,m, (

Vik

N
Ligu = Z 7 [Bkiu[i](l) + aniju[i] (xkj)} =0, k=12,...,m,

where ull = [271(1 — )2 L)y(z), x € (0,1), 0 < y1,72 < 1 0y = 5= + 2mp; Yok,
v €{0,2m —1}; k=1,2,...,m; o, Bri, Okij, and ny;; are complex numbers; ¢
is a small positive parameter; \ is a complex parameter; and A(x) and A;(x) are
linear operators in a Banach space E. Note that

/ 271 —2)?dz < 0.
0

A function u € W2 (0,1; E(A), E) satisfying the equation (2.1) a.e. on (0, 1) is
said to be the solution of the equation (2.1) on (0,1).

Remark 2.1. Let

y = /Om 271 —2) " dz. (2.2)

Under the substitution (2.2), the spaces L,(0,1; E) and Wg?;n](O, 1; E(A), E) are
mapped isomorphically onto the weighted spaces

Ly5(0,b:E),  W;5(0,0; E(A), E),

respectively, where

7 =7(z(y)), b:/o 271 = 2)2dz.

Under the substitution (2.2), the problem (2.1) is transformed into the following
nondegenerate problem:

2m—1

(—1)"ta(y)u®" (y) + )+ Z 17 A (y) + duy) = f(y), (2.3)

Yok

Logu = Zt‘” [ozkz )+ Z(ﬂmu (Ynj } =0, k=12,...,m, (24)
i=0
Vik

Lygu = Z 7 [ﬂkiu(i)(b) + Z nkiju(i)<ykj)] =0, k=1,2,....m
j=1

1=0



LINEAR AND NONLINEAR DEGENERATE ADES 153

considered in the weighted space L,(0,b; E), where y, a(y) = a(z(y)), A(y) =

A(z(y)), Aily) = Ai(z(y)), and 5(y) = v(x(y)) will be denoted by a(y), A(y),
A;(y), and ~, respectively.

3. DEGENERATE ADES WITH PARAMETER
Consider the problem (2.3)—(2.4). Let X = L, ,(0,b; E)) and
Y =W2"(0,b; E(A), E).

By (Ey, E2)pp, 0 < 8 < 1,1 < p < oo, we will denote the interpolation spaces
obtained from {E), E»} by the K-method (see [22, Section 1.3.2]).

Theorem 3.1. Assume that the following conditions are satisfied:

(1) Qhuyys Bruy, # 0 and aly) is a positive continuous function on [0, b].

(2) E is a Banach space satisfying the multiplier condition with respect to p
and weighted function v(y) =y (b—y)", 0 < y1,72 < 1— 117, 1<p<oo.

(3) A(y) is an R-positive operator in E uniformly with respect to y € [0, b
and A(y)A™'(yo) € C([0,0]; B(E)), yo € (0,b).

(4) For any € > 0 there is a positive constant C(g) such that
lAi(y)ull < ellullma.m ,  +CE)lull forue (E(A), E) ;.

Then, the problem (2.3)-(2./) has a unique solution u € Y for f € X and
|arg A\| < ¢ with sufficiently large |\|. Moreover, the uniform coercive estimate
holds:

2m
Z A['"zmtem U(Z)pr + [[Aullpy < ClIfllp- (3.1)
i=0
Proof. First, we will show the uniqueness of the solution. Let G G, ...,Gy be
regions in R, and let 1, s, ..., N correspond to a partition of a unit in which

the functions ¢; are smooth on R, supp ¢; C G}, and Zjvzl ¢;(y) = 1. Then, for

all u € Y, we have u(y) = Zjvzl u;(y), where u;(y) = u(y)p;(y). Let w € Y be a
solution of (2.3)—(2.4). Then from (2.3)—(2.4) we obtain

(L+Nuy = (—=1)"taul™ + (A + Nu; = f;, (3.2)
where
2m—1 2m—1 1 ‘
m v 2m—v 2 ~v (v i—v
fi = foi+ (F1"ta Y Conul ™ 4 3 7N Tt O, (3.3)
v=0 =1 v=0 '

LOkUj:O, leUj:07 j:1,2,...,N,]€:1,2,...,m.
By freezing coefficients in (3.2) we obtain
(=1)"tayo;)u™ () + (Aloy) + N (4) = Fy(). (3.4)

where

Fj = f; + [Alyoy) — AW)]w; + [aly) — alyoy)]ul™. (3.5)
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Since functions u;(z) have compact supports, by extending u;(z) on the outsides
of supp ¢; we obtain BVPs for ADEs with constant coefficients:

Likuj:(), i:0,1,k21,2,...,m.

Let |- [|g; py denote E-valued weighted L,-norms with respect to weighted func-
tions 27 on G;. Let ¢, be such that 0 € supp ¢;. Then, by virtue of Theorem 1.4,
we obtain that problem (3.6) has a unique solution u; and that the coercive uni-
form estimates hold:

2m _ _
> e
=0

In a similar way, Theorem 1.4 implies the following estimates:

2m , ’
> i
=0

on domains G; adjoin the boundary point b. Similarly, these estimates are derived
for domains G, which do not intersect with boundary points. Hence, by using
the properties of the smoothness of coefficients of equations (3.3) and (3.5) and
by choosing diameters of supp ¢; sufficiently small, we get

(Gj;E(A),E) + C(€>||fjHGj»P7’Y7 J=12....N (3°9)

for the sufficiently small positive ¢ and the continuous function C(e). Conse-
quently, from (3.7) and (3.8) and Theorem 1.2 we get

2m ) )
> pyt-sees
i=0

< Ollfllespn + ellwsllwz., + CE)llujlic;po-

6 65 0n + 14465000 < CIF G- (3.7)

Ugl)HGﬁpﬁz + ||Auj||ijp7’Yz < C”Fj”Gj,pwz (3-8)

1E5 e < llusllwzen

P75t

WMl + 1A% |Gy

Choosing ¢ < 1 from the above inequality, we have

2m

> AT

1=0

UE'Z)HGJ',:D,V + HAUJ'HGJ',IW < C[HfHGwPW + HuJHGwP:V]' (3'10)

It is clear that y(z) ~ 27 on domains G, in neighborhoods of 0, y(z) ~ (1 —z)7
on domains G; around the point b and that v(x) is equivalent to the constant for

others domains G;. Then using the equality u(y) = Zjvzl u;(y) and the estimate
(3.10) for u € Y we have

2m ‘ ‘
>
=0

Let u € Y be the solution of problem (2.3)—(2.4). Then, for |arg A\| < ¢, we have

Uy + 4wl < CII(L + N

+ ||U||1w] (3.11)

by

e = 2+ = Lally < SOIE+ Nl + ], 312
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Then by Theorem 1.2 and by virtue of (3.10) and (3.12) for sufficiently large ||,
we have

2m

> Azt [u@) x + | Aullx < C||(L+ Mul| . (3.13)
=0

Consider the operator O in L, (0,b; E) generated by problem (2.3)-(2.4) for
A =0, that is,

D(0) = W2 (0,b; E(A), E, L),
2m—1

Ou = (—1)™ta(z)ul®™(z) + A(z)u(z) + Z tza Ay (2)ul (2).

The estimate (3.13) implies that problem (2.3)—(2.4) has only one unique solution
and that the operator O, has an invertible operator in its rank space. We need to
show that this rank space coincides with the space L, (0, b; E'). We consider the
smooth functions g; = ¢,(y) with respect to the partition of the unique ¢; = ¢;(y)
on (0,b) that equal one on supp ¢;, where suppg; C G; and |g;(y)| < 1. Let us
construct the function w; for all j that are defined on Q; = (0,b) N G; and
satisfying problem (2.3)—(2.4). Problem (2.3)—(2.4) can be expressed as
(—1)™ta(yo;)us™™ + (A(yos) + N
= gi{F + [Alyoy) — A)]u; + [aly) — alyo;)]us}, (3.14)
Liu; =0, j=12,...,N,i=0,1.

Consider operators O;y; in L, ,(G;; E) generated by BVPs (3.14). By virtue of
Theorem 1.2 for f € L,,(G;; E), |arg \| < ¢, and sufficiently large |A|, we have

2m ) ]
> s
=0

Extending u; to zero on the outside of suppy; and passing substitutions
uj = Ojj\lvj in (3.15), we obtain operator equations with respect to v;:

d
’ dyz Oj)\ltf

1A Sl < Cllfllr (315

‘pz

Uj :Kjktvj—i-gjf, ]Z 1,27...,N. (316)

By virtue of Theorem 1.2 and estimate (3.15), in view of the smoothness of the
coefficients of the expression Ky, for sufficiently large |A| we have || K| < e,
where ¢ is sufficiently small. Consequently, equations (3.16) have unique solutions
v; = [I — K] 'g;f. Moreover,

loillor = 1 = Kpnd g5 £, < 15 o

Hence, [I — K;x] 'g; are bounded linear operators from X to L,.(G;; E). Thus,
we obtain that

uj = Upnf = Ol = Kin] g, f
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are solutions of (3.16). Consider the linear operator (U; + \) in X such that

U+ N =D @)Ut

j=1

It is clear from the constructions Ujand the estimate (3.15) that operators Ujy
are bounded linear from X to Y and

2m i
I
=0

gy Ui

Therefore, (U + A) is a bounded linear operator from L, . to L,.. Let L; de-
note the operator in X generated by BVPs (3.4)—(3.5). The act of (L; + \) to
U = Zjvzl o;Ujn f gives (Ly + Nu = f + Zjvzl ®;y\ f, where the @), are linear
combinations of Ujy and d%Uj,\t. By virtue of embedding Theorem 1.2 and the
estimate (3.17) and from the expression ®;y;, we obtain that operators @, are
bounded linear from X to L, (G;; E) and that || @,y < e. Therefore, there exists
a bounded linear invertible operator (I + Ejvzl ®,\) "' Hence, we obtain that the
BVP (2.3)-(2.4) for f € X has a unique solution

A NAUG Sy S Ol (37)

,

ulw) = Lo+ N7 = W N (14 @) 7

j=1
N N B

= Z Sﬁj(y)oj_,\lt[f — K™ <I + Z @jkt> 1f-
j=1 j=1

Then by using the above representation and in view of Theorem 1.2 we obtain
the assertion. OJ

(3.18)

Conclusion 3.2. Theorem 3.1 implies that the differential operator L; has a re-
solvent (L; + \)~! for |arg \| < ¢, and the estimate holds:

2m
D A et || DL, + N + AL+ A

1=0

) g < €

Theorem 3.3. Let all conditions of Theorem 5.1 hold, and let A™' € o, (F).
Then the operator Ly is Fredholm from'Y into X.

Proof. Theorem 3.1 implies that the operator L; + A has a bounded inverse, say
(L; + A\)7!, from X to Y for sufficiently large |\|; that is, the operator L; + A is
Fredholm from Y into X. Moreover, by virtue of Theorem 1.3, the embedding
Y C X is compact. Then we obtain that the operator L, is Fredholm from Y
into X. O]

Let G; denote the operator in L,(0, 1; E) generated by BVP (2.1) for A = 0.
By virtue of Theorem 3.1 and Remark 2.1 we obtain the following.

Conclusion 3.4. Let all conditions of Theorem 3.1 be satisfied. Then we have the
following;:
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(a) Problem (2.1) has a unique solution u € W2"(0,1; E(A), E) for f €
L,(0,1; E), |arg \| < ¢, and sufficiently large |A|. Moreover, the uniform
coercive estimate holds:

2m ] ]
>
=0

(b) The operator Gy is Fredholm from W2"(0,1: E(A), E) into L,(0, 1; E).
(c) Gy has a resolvent operator (G; + A)™! for |arg \| < ¢, and

ully + | Aull, < Ol

2m

>INt

=0

)_IHB(LP(O,l;E)) <C.

[ DGy + 27| 5, )+ [[A(G + A

LP(Ovl;E)

4. R-POSITIVE PROPERTIES OF THE DEGENERATE ADE WITH PARAMETER

Conclusion 3.4 implies that the operator G, is positive in L,(0,1; E). In the
following theorem we prove that this operator is R-positive in L, (0, 1; E).

Theorem 4.1. Let all conditions of Theorem 1./ be satisfied. Then the operator
G is R-positive in Ly(0,1; E).

Proof. First consider the BVP with constant coefficients
(=1)"tu®™ (@) + (A + Nu(z) = f(), =€ (0,1), (4.1)
Lpu=0, i=0,1,k=1,2,...,m, (4.2)

where boundary conditions L;,u are defined as in (2.4) and A is a linear operator
in E. Let B; denote the operator in X = L,,(0,b; E) generated by problem

(4.1)—(4.2), where v(x) = 277, Since A is a positive operator in E, in view of
1

1
[8, Lemma 2.6] there exists the semigroup Ujy(z) = ™' A" | Rew; < 0,
1

J=12,...,m, Upn(x) = e_(b_x)wjt_ﬁAAm, Rew; >0,j=m+1,m+2,...,2m,
that is holomorphic for # > 0 and strongly continuous for > 0, where w; are
roots of the equation (—1)™w*™ + 1 = (. By using a technique similar to that
applied in [24, Lemma 5. 3. 2(1)], we have that for f € D(0,b; E(A)) the solution
of the equation (4.1) is represented as

wa) = S Upi(o+ [ Voo = )iy, me B (43)

where
1
—t7m Y A T Uz —y), T >y,
_a
tom S A Uiy — ), <y

By taking into account the boundary conditions (4.2), we obtain the following
equation with respect to g1, go, ..., gom:

Uoxi(r —y) = {

2m b
> LiUpi)gr = Li(®y), j=1,2,....2m, &, = / Uoxi(x — y) f(y) dy.
k=1 0
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By solving the above system and substituting it into (4.3), we obtain the repre-
sentation of the solution for problem (4.1)—(4.2):

-1

b
ule) = [B(O)+ ] 7f = [ Gir ) f ) do
2m 2m ’ (4.4)
Gi(\ x,y) Z ZW’”A mBkjt )\)Uj)\t<x)0kj)\t($ —y) + Uoxi(z — y),

k=1 j=1

where By (A) are uniformly bounded operators in £ and

~ bejUpne(z —y), x>y
U . J— = J ’ ’ b y y E C
(@ =) {5ijkAt(y —z), =<y, k2 P

Let us to show that the set {®;(\,z,y); A € S(¢)} is uniformly R-bounded.
By using the generalized Minkowski and Young inequalities, and by semigroup
estimates from (4.3), we have the uniform estimate

2m  2m

@)l < €30S AT M| Buse [ Gusne(w) ]| + [Vone(a) ]|

k=1 j=1

< C[[f]lx-

Due to the R-positivity of A and the uniform boundedness of operators By, (),
in view of Kahane’s contraction principle, and from the product properties of the
collection of R-bounded operators (see [8, Lemma 3.5, Proposition 3.4]), we get
that the sets

brjt(\, z,y) = {Bkjt()\>A;ﬁUj)\t(l’) [Uine(1 = y) + Unxe(y)] : A € Sy},
boe(N, z,y) = {Upn(z —y) : A € S, }

are uniformly R-bounded. Then, by using Kahane’s contraction principle and
product and additional properties of the collection of R-bounded operators, and
in view of the R-boundedness of the sets by, by, for all uy,us,...,u, € F,
A, A2, .., A, € S(p), and independent symmetric {—1,1}-valued random vari-
ables r;(y), i =1,2,...,u, p € N, we have the uniform estimate

y)(bt<)\la z, y)uz

dr
X

<CZ/HZ“ Yorje (N, 2, y)u dr

k,j=1

< Cewtl%m—y/HZn(y)u
Q%=

This implies that

dT‘i‘/‘

o
Z bOt )\zax y)
=1

R{®(\z,y) 1 A€ S,} < CePNTPlml 5 <0 2y € (0,0).
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By applying the R-boundedness property of kernel operators (see, e.g., [8, Propo-
sition 4.12]), and due to the density of D(0,b; E(A)) in X (see, e.g., [14, Sec-
tion 2.2]), we get that the operator B; is uniformly R-positive in X. From the
representation solution (4.4) of problem (4.1)-(4.2), and in view of Remark 2.1,
it is easy to see that the operator (L; + A)~! can be expressed as a linear combi-
nation of operators O]._Alt like (B; + A)~!. The hypothesis is therefore validated by
the representation (4.4) and by virtue of Kahane’s contraction principle, by the
product and additional properties of the collection of R-bounded operators, and
by Remark 2.1. O

5. THE CAUCHY PROBLEM FOR DEGENERATE ABSTRACT PARABOLIC
EQUATIONS WITH PARAMETER

Consider the mixed problem for the parabolic ADE with parameter:

aug;, y) + (—D)™ta(z)ul™ (z,y) + [A(z) + d]u(z,y) = f(z,y),

Yok N

Ztm [O‘kiumma y) + Z 5kiju[i] (zkj, y)] =0, k=12,...,m,

= - (5.1)

Vik

Ztal |:ﬁ]€7, Z] 1 y +an‘z]u Z'kj, :| :0, k: 1,2,...,m,
(a:,()) —O, re(0,1),y € R,.

Here, oui, Bri, Okij, Mkij are complex numbers; a is a complex-valued function on
(0,1), vor, vix € {0,2m — 1}, d > 0; A(x) is a linear operator in a Banach space
E for z € (0,1); oi:—+2mp,and0<7k<1

Forp = (p,p1), Ay = Ry x(0,1), Ly ,(A4; E) denotes the space of all E-valued
weighted p-summable functions with mixed norm (see, e.g., [6, Section 8]), that
is, the space of all measurable functions f defined on A, for which

|rf||LMA+—/ /||f:vy||p )da) " dy)" < oc.

Analogously, W (A, E(A), E) denotes the Sobolev space with corresponding
mixed norm (see [6, Section 8] for the scalar case).
In this section, we prove the following result.

Theorem 5.1. Assume that all conditions of Theorem 3.1 are satisfied for ¢ > 7.
Then, for f € Ly(ALy; E) and sufficiently large d > 0, problem (5.1) has a unique

solution belonging to Wéj[VQm](AJF;E(A),E) and the following coercive estimate
holds:

+ | D) 1y aimy + 1Al Ly arim) < ClFlLpasm)-

|51,

Lp(ALE)
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Proof. The problem (5.1) can be express as the following Cauchy problem:

Z—Z +(Gi+d)u=f, u(0)=0. (5.2)
Here G; denotes the operator generated by (5.2) for A = 0. Theorem 4.1 implies
that the operator G; is R-positive in F' = L,(0,1; E). By virtue of [22, Sec-
tion 1.14], G, is a generator of an analytic semigroup in F. Then applying [23,
Theorem 4.2] we obtain that, for f € L, (Ry; F) and sufficiently large d > 0,
problem (5.2) has a unique solution belonging to W, _(R4; D(Gy), F) and the
estimate holds:

de‘L,, (R +H(Gt+a)uHLpl(R+;F) < O flle, (rysm)-

Since L,, (R4+; F) = Lp(A4; E) by Theorem 3.1, we have

H(Gt + d)uHF = ||U||WE;”J(0,1;E(A),E)'

These relations and the above estimate prove the hypothesis to be true. (]

6. DEGENERATE ADES IN MOVING DOMAINS

Consider at first the inhomogeneous BVP for an ADE with constant coefficients
on a moving domain (0, b(s)):

(=1)"ul"(z) + (A + Nu(z) = f(2),

N
Ztoi |:OZ]“U,[Z](0) + Z 5]4:1]'&[1] ($k]):| = fk7 k= 17 27 cee, M, (61)
i=0 Jj=1

Vik

N
Zt% [Bm‘u[z‘](b) + aniju[i] (xkj)} =fi, k=1,2,....,m,
j=1

=0

where ull = (27L)"u, ay;, Bri, Okij, Mkij are complex numbers, xx; € (0,b(s)); A is
a linear operator in E; t is positive; and A is a complex parameter,

1 n 1
2m  2mp(1 —~)

o; =

In a similar way as Theorem 1.4 we obtain the following.

Conclusion 6.1. Let all conditions of Theorem 1.4 be satisfied for ¢ = 1, and
let b = b(s) be a continuous function on [c,d]|. Then problem (6.1) for all f €
L,(0,b; E), f € Ej, has a unique solution u € W,E?ﬁ(o,b; E(A), E). Moreover,
for |arg A| < ¢ and sufficiently large |A|, the following uniform coercive estimate
holds:

2m
> bl
=0

2m

05 + 140,005 < C[Iflsonm + 3 Ifklls]

k=1
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Consider the BVP (2.1) in the moving domain (0, b(s)); that is,
2m-1
(—1)"ta(z)ul™ (z) + A(w)u(z) + Y 2 A(x)ull(z) = f(2), 6.2)
— .
Lok'u:o, leU:O, k:1727"'7m7
where .
ulll = |27 (b — x)”di} Zu(z), 0< 7,7 <1
x
Then Theorem 3.1 implies the following.

Conclusion 6.2. Assume that all conditions of Theorem 3.1 are satisfied and that
b = b(s) is a continuous function on [¢,d]. Then problem (6.2) has a unique

solution u € W,2"(0,b; E(A), E) for f € Ly(0,b(s); E), p € (1,00), and A € S,
with sufficiently large |A|, and the coercive uniform estimate holds:

2m
> M
i=0

Proof. Really, under the substitution 7 = xb~!(s), the moving BVP (6.2) is trans-
formed into the following problem with a parameter in the fixed domain (0, 1):

o0:8) + AU 2,008 < | fllL,0.68)-

2m—1
(=1)™b7>"(s)a(r)ul™(7) + A(r)u(r) + )t Ai(r)ul)(r) = f(7),

i=1

Yok

S bi(s) [a,ﬂ +Z5kw :c,w}zo, k=1,2,...,m,

i=0

Vik

Zb*m( |:5k2 +an”u xk]]:(), E=1,2,...,m.

i=0

Then, by virtue of Theorem 3.1, we obtain the assertion. 0

7. NONLINEAR DEGENERATE ADES

Consider now the following nonlinear problem:

(1) alw)u") ) + O, w, ... P ) (7.1
= F(z,u,u . w1 2 €(0,a), '
Yok ) N .
> ot [akium(o) +) 5kijum<xkj)] =0, k=12..m, (7.2)
1=0 =1

Vik

N
S [ﬁkium(a) n anijum(xkj)] =0, k=1,2,....m,
i=0 Jj=1

where ull(z) = (ﬂ%)iu(x), my € {0,2m — 1};0, = ﬁ + m; Qkiy Bris Okijs

Mi; are complex numbers; and zy; € (0, 1), vor, v1x € {0,2m — 1}.
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In this section we will prove the existence and uniqueness of the maximal
regular solution for the nonlinear problem (7.1)—(7.2). Let

U:(u07u17"-7u2m71>7 X:LP(O,Q;E>, Y:WIE?’;n}((La?E(A)aE)v
i+ 1 2m—1
0, (1=)

_ p(1— _
0i,p’ . — om ) XU - H Ei7
=0

Remark 7.1. By using a result of J. Lions and I. Petree (see, e.g., [22, Section 1.8]),
we obtain that the embedding DY € E; is continuous and there is a constant C;
such that for w € Y, W = {w;}, w; = D'w(-), i = 1,2,...,2m — 1,

E, = (E(A),E)

2m—1 2m—1
]| oo, x0 = H ID"wllco,a.E,) = sup, [ 1P w(@)|,, < Cullwly
z€[0,a =0

For r > 0 denote by O, the closed ball in X of radios r; that is,
O, = {u € Xo, ||ullx, < r}.
Consider the linear problem

(=1)"™wP™(2) + (A(2) + d)w(z) = f(x),

: (7.3)
Lipw=0, +1=0,1,k=1,2,...,m,

where A(z) is a linear operator in a Banach space E for x € (0,a), Ly are
boundary conditions defined by (7.2), and d > 0.

Assume that E is a Banach space satisfying the multiplier condition with re-
spect to p and the weighted function xﬁ, 0<y<1— 1—1), p € (1,00), and assume
that A(x) is uniformly R-positive in E. By virtue of Conclusion 6.2, the problem
(7.3) is maximal regular in X uniformly with respect to a € (0, ao); that i is, there
is a unique solution w € Y of the problem (7.3) for all f € X and for sufﬁ(nently
large d > 0. Moreover, it has the following coercive estimate:

[wlly < Coll Flx,
where the constant Cj is independent of f € X and a € (0, ao).

Condition 1. Assume that the following are satisfied:

(1) Qkuyys By, 7# 0, ax) is a positive continuous function on [0, al;

(2) E is a Banach space satisfying the multiplier condition with respect to p
and weighted function xﬁ, 0<y<1-— ]l), p € (1,00);

(3) F : [0,a] x X — F is a measurable function for each v; € E;, i =
0,1,...,2m —1; F(x,ug,uq,...,Usm_1) is continuous with respect to x €
0, al and f(z) = F(x,0) € X. Moreover, for each r > 0 there exists the
positive functions hy(z) such that

| F(x,U)||, < ha(2)]1U |,
|F(z,U) = F(z,0)||, < ha(2)|U = Ul|x,,
where hy, € L,(0,a) with
12k Ly00) < Co 'ty E=1,2;

)|
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and U = {Uo, Upy ..., U2m — 1}, U = {ﬂo, UL,y .. ,ﬂgm_l}, Ui, U; € EZ', and
UU e O,.

(4) There exist ®; € F;, such that the operator O(z, ®) for & = {®;} is
R-positive in F uniformly with respect to x € [0,a]; O(x, ®)O~(2°, @) €
C(0, a]; B(E)); O(x,0) = A(x).

(5) O(z,U) for = € (0,a) is a uniform positive operator in a Banach space
E, where the domain definition D(O(x, U)) does not depend on z, U, and
O : (0,a) x Xg — B(E(A), E) is continuous. Moreover, for each r > 0,
there is a positive constant L(r) such that ||[O(z,U) — O(z,U)]v|g <
L(r)||U = Ul x, || Av||g for z € (0,a), U,U € O, and v € D(O(z,U)).

Theorem 7.2. Let Condition 1 hold. Then there is a € (0 ag] such that problem
(7.1)=(7.2) has a unique solution that belongs to the space WIE;”](O, a; E(A), E).
Proof. We want to solve the problem (7.1)—(7.2) locally by means of maximal
regularity of the linear problem (7.3) via the contraction mapping theorem. For
this purpose, let w be a solution of the linear problem (7.3). Consider a ball

B, = {U €Y, Ly(v—w)=0,|v—w|y < T}.
Let w € Y be a solution of the problem (7.3), and let
W = (w(0), w(0), ... ,w[Qm’I](O)).
Given v € B, solve the linear problem
(—D)™a(x)ul™(z) + A(z)u(z) + du(z)
= F(z,v) + [O(z,0) — O(z,v)]v(z), (7.4)
Lau=0, i=01k=12 .. m,
where
V= (v, 0 Py ey
Consider the function
®(z) = F(z,v) + [O(z,0) — O(z,v)]v(z).
First of all, we show that ® € X and ||®||x < Cy'r for
vey, vy <r
Indeed, by Remark 7.1, v € C([0,al; Ey), and one has
O(z,0) — O(z,v) € C([0,a]; B(E(A), E)).
Hence, by assumption (3), ® is measurable and
[@]lx < L(r)l|lvlix, |Av]x + ha(@)|[v] x-
Then, by using Remark 7.1, we obtain
12]lx < rL(r)vllx +rlhlle, <L) + 7]z, <

Define a map @ on B, by Qu = u, where u is a solution of the problem (7.4). We
want to show that Q(B,) C B, and that @ is a contraction operator provided that
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a is sufficiently small and r is chosen properly. For this aim, by using maximal
regularity properties of the problem (7.3), we have

1Qu—wlly = u—wly < Cof | F(w.v) ~ F,0)][ + | [0(z,0) ~ O V)]u]| }
By assumption (3) for v € O, we get

| F(z,v) = F(2,0)|| < llhallz,0alv]xo-
By assumptions (4) and (5) and Remark 7.1, for v € O,., we have

H [O(m, 0)v — O(x, V)]’UHX
< sup]{H [O(x,0) — O(z, W)]

of
L(Xo,X
z€[0,a (Xo,X)

+[[[0@@, W) = Oz, V)]v| g, x 0]}
< L) [IWllxo | Av]lx + llo = wllso,xo] [[lv = wlly + wlly]
< rL{[IWlxollvlly + Cillo = wiiy] + L(r)[[wlly }-

Choosing r and a € (0 ag| so that ||w||y < d4, by assumptions (3)-(5) we obtain
from the above inequalities that

1Qu — w|ly <7+ 7r2L(r)||W||x, + 72 L(r)Cy + rL(r)||w|ly < 7.
That is, the operator () maps B, into itself:
Q(B,) C B,.
Let u; = Q(v1) and uy = Q(vy). Then u; — us is a solution of the problem

(=D)™a(x)ul™(2) + A(z)u(z) + du(x)
= F(z,v1) — F(z,v1) + [O(z,v2) — O(z,0)] [v1(z) — va(x)]
— [O(z,v1) — O(z,v2) | (),
Lpu=0, i=01k=12 .. m.

In a similar way, by using assumption (5), we obtain

lur = wally < CofrL(r)llvr = vallx + L(r)llvr = vally forllx + hallr, vy — w1y}
< Co[2rL(r) + ||h2|lL, ] llvr — valy-

Thus @ is a strict contraction. Eventually, the contraction mapping principle
implies a unique fixed point of ) in B,, which is the unique strong solution

uEY:WE;”](O,a;E(A),E). O
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8. THE BVP FOR DEGENERATE ANISOTROPIC EQUATIONS

The Fredholm property of the BVP for elliptic equations was studied in, for
example, [2], [8], and [24]. Let Q = (0,1) x G, where G C R", n > 2, is a bounded
domain with (n — 1)-dimensional boundary 0G. Let us consider the BVP for the
degenerate elliptic equation

(~1)"ta(x) D2 (e, ) + 3 bo(x)an(y) Djulz.y)
la| <21
2m—1 , (8.1)
+ Y Y trmaig(e,y) DiDu(z,y) + dulz,y) = f(z,y),
=1 |B|<p;
Yok
Zt"’ [am (0,9) —i—Zém]u a:k],y)] =0, k=12,....m, (8.2)
7j=1
Vik N
Z £ |:5kzum(b7 y) + Z nkiju[l] (mkm y)] = 07 k= 1a 27 RN
i=0 j=1
Bju = Z bjg(y)Dgu(x,y) =0, z€Guyei),j=12,...,1, (8.3)
1B]1<m;
where ull = [z7(1 — 55)72%]%(@, 0 < 7,72 <1, 00 = 5=+ 2mp Vok, Y1k €
{0,2m — 1}, k= 1,2,...,m; o, Bris Okijs Miij are complex numbers d>0;tis
a small positive parameter;
_ 0
Dj=—i—, D,= (D1, ....,Dn),y=Y1,---,Yn)

a, aq, by, a;g, bjg are complex valued functions; and p; < 2l. Let p =(p1,p).
Let @ denote the differential operator in Ly(£2) generated by the
BVP (8.1)-(8.3).

Theorem 8.1. Let the following conditions be satisfied:

(1) |a,|ba € C([0,1]), ay € C(Q) for each |a| = 21 and a, € Lo(2) for each
ol < 2.

(2) bjg € C*=™i(9Q) for each j, 3, and m; < 2, 22:1 bis(y')o; # 0, for
Bl =my, ¥ € 0G, where o = (01,09,...,0,) € R" is a normal to 0G.

(3) Fory € Q, £ € R", A € S(po), [€] +|A[#0, let A7, 0 aa(y)E™ # 0.

(4) For each yy € 092, a local BVP in local coordinates corresponding to yo,

A+ D aa(yo) D™9(y) =0,

|| =21

019— Z bjﬁ ZJODU<Z/) h]7 .j:1727"'7/1’7
|B|l=m;

has a unique solution 9 € Co(Ry) for all h = (hy, he,..., h,) € R", and
for & € R with
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(6) OS’Yk < 1_%7]96 (17OO>7 k= 1727"'72m; andakwk 7é0; Bkuik #O;
i—0,1, k=12, ..m.

Then we have the following:

(a) Problem (8.1)-(8.3) has a unique solution u € WE?LZ(Q) for f € Ly(2)
and sufficiently large d > 0. Moreover, the uniform coercive estimate

holds:

1D ul| iy + D> 11Dl i) < Cll |y

<21

b) The operator u — Qu is Fredholm from W [2m}, 2t Q) into L,(€2).
Py p
(c) The operator @ is R-positive in Ly(S2).

Proof. Let us consider the operators A(x) and A;(z) in £ = L, (G) that are
defined by the equalities

D(A)={ueWX(G),Bu=0j=12....m},  Au= Y baaaDju,

<21

A=Y apDju, i=0,1,...,2m—1.
1B1< s

Then problem (8.1)—(8.3) can be rewritten as problem (2.1), where u(x) = u(x, -),
f(z) = f(x,-), x € (0,1) are the functions with values in £ = L,, (G). By virtue
of [3, Theorem 4.5.2] the space E = L, (G), p1 € (1,00), satisfies the multi-
plier condition. By virtue of [8, Theorem 8.2], the operator A + p for sufficiently
large p > 0 is R-positive in L,,. Moreover, (1) and (2) imply condition (3) of
Theorem 3.1; that is, conditions (1)—(3) of Theorem 3.1 are fulfilled. It is known
that the embedding W2 (G) C Ly, (G) is compact (see, e.g., [22, Section 3]). Using
the interpolation properties of Sobolev spaces (see [22, Section 4]), we obtain that
condition (4) of Theorem 3.1 is satisfied. Hence, all hypotheses of Theorem 3.1 are
valid. Then, by using Conclusions 3.4 and 6.1, we obtain assertions (a) and (b).
Then assertion (c) is obtained from Theorem 4.1. O
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