Banach J. Math. Anal. 12 (2018), no. 3, 730-750
https://doi.org/10.1215/17358787-2018-0001

BANGED ISSN: 1735-8787 (electronic)
JOURNAL of i . )
MATHEMATICAL  DttD://projecteuclid.org/bjma
ANALYSIS

DISJOINTNESS-PRESERVING ORTHOGONALLY ADDITIVE
OPERATORS IN VECTOR LATTICES

NARIMAN ABASOV' and MARAT PLIEV?
Communicated by S. Astashkin

ABSTRACT. In this article, we investigate disjointness-preserving orthogonally
additive operators in the setting of vector lattices. First, we present a for-
mula for the band projection onto the band generated by a single positive,
disjointness-preserving, order-bounded, orthogonally additive operator. Then
we prove a Radon—Nikodym theorem for a positive, disjointness-preserving,
order-bounded, orthogonally additive operator defined on a vector lattice F,
taking values in a Dedekind-complete vector lattice . We conclude by obtain-
ing an analytical representation for a nonlinear lattice homomorphism between
order ideals of spaces of measurable almost everywhere finite functions.

1. Introduction and preliminaries

Linear disjointness-preserving operators were introduced in some form during
the early part of the twentieth century. However, one of the first systematic studies
of disjointness-preserving operators dates back to a seminal note by Abramovich,
Veksler, and Koldunov [2] published at the end of the 1970s. From that moment
until now, interest in disjointness-preserving operators has remained at a rather
high level (see the list of references [6], [8], [11], [16], [18], [21], [22], [30]).

Orthogonally additive and in general nonlinear operators in the setting of vector
lattices were considered in the latter part of the twentieth century by Mazoén
and Segura de Ledn [24]. Today, the theory of orthogonally additive operators
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in ordered spaces is an object of intensive study (see [9], [10], [12], [13], [15],
[25], [27]). Orthogonally additive disjointness-preserving operators between vector
lattices were introduced and studied in [1] and [29].

Our aim here is to continue this line of investigation. The main objects are
abstract Urysohn operators, an important subclass of orthogonally additive oper-
ators. In the first part of the article, we obtain a formula for the band projection
onto the band generated by a single positive, disjointness-preserving abstract
Urysohn operator. In the second part, we prove a Radon—-Nikodym theorem for
positive, disjointness-preserving abstract Urysohn operators. Finally, in the last
part, we obtain an analytical representation of Urysohn lattice homomorphisms
between order ideals of spaces of measurable functions. We assume that the reader
is familiar with the theory of vector lattices. (For standard information on Banach
and vector lattices, we refer to [4].) All vector lattices below are assumed to be
Archimedean.

Let E be a vector lattice. A net (z,)aeca in E order converges to an element
r € F (notation x, — z) if there exists a net (eq)aea in Ey such that e, | 0
and |z, — x| < e, for all @ € A satisfying o > «q for some oy € A. Two elements
x,y of a vector lattice £ are said to be disjoint (we use the notation = L y) if
|z| A'ly| = 0. The sum x + y of two disjoint elements = and y is denoted by = Lly.
The equality © = | ||, #; means that © = )" x; and x; L z; for all ¢ # j. An
element y of F is said to be a fragment (in another terminology, a component) of
an element x € F if y L (x — y). The notation y C x means that y is a fragment
of z. The set of all fragments of an element = € F is denoted by F,. A net (z,)
in a vector lattice £ laterally converges to x € E if x, T zg T z for all indices

o . . lat o
a < f and x, — x. In this case, we write x, — x. For positive elements z,,

the condition x, 8% ¢ means that o Cxand z, T 2.
A linear operator 7w : E — FE is said to be an order projection if

(1) mom =m;
(2) 0 <7 < I, where [ is the identity operator on F.

The Boolean algebra of all order projections on a vector lattice E is denoted
by B(E). The order projection onto the band generated by a subset D of E is
denoted by [D]. The characteristic function of a set D is denoted by 1p.

Definition 1.1. Let E be a vector lattice, and let F' be a real linear space. An
operator T': E' — F'is said to be orthogonally additive if T'(x +y) = Tx + Ty for
all z,y € F with « L y.

It is clear from the definition that 7'(0) = 0. The set of all orthogonally additive
operators is a real vector space with respect to the natural linear operations.

Definition 1.2. Let E' and I be vector lattices. An orthogonally additive operator
T:FE — Fis said to be

e positive if Tx > 0 for all z € E;
e order-bounded if T maps order-bounded sets in E to order-bounded sets
in F.
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An orthogonally additive, order-bounded operator T : F — F' is said to be an
abstract Urysohn operator.

The importance of this class of operators is determined by applications to the
theory of nonlinear integral equations. The classical integral abstract Urysohn
operator is presented in the following example.

Ezample 1.3. Let (A, %, 1) and (B,Z,v) be o-finite complete measure spaces,
and let (A x B, u x v) denote the completion of their product measure space. Let
K : Ax B xR — R be a function satisfying the following conditions:!

(Co) K(s,t,0) =0 for (1 x v)-almost all (s,t) € A x B;

(Cy) K(, ~,r) is (p x v)-measurable for all r € R;

(Cy) K(s,t,-) is continuous on R for (u X v)-almost all (s,t) € A x B.
Given f € LO(B,H, v), the function |K(s,-, f(+))| is v-measurable for u-almost
all s € A, and hy(s) :== [5|K(s,t, f(t))] dv(t) is a well-defined and p-measurable
function. Since the functlon hy can be infinite on a set of positive measure, we
define

Domp(K) :={f € Lo(v) : hy € Lo(p)}.
Then we define an operator T : Dompg(K) — Lo(1) by setting

TN = [ Klst ) dnt) e e

Let F and F' be order ideals in Lo(v) and Lo(u), respectively, and let K be a
function satisfying (Cy)—(Cs). Then () defines an orthogonally additive integral
operator from F to F' if E C Dompg(K) and T'(F) C F.

The set of all abstract Urysohn operators from E to F is denoted by U(E, F).
There is a natural partial order on U(E, F'), namely, S < T', whenever (T'—S) >
0. Then U(E, F') becomes an ordered vector space. If the vector lattice F' is
Dedekind-complete, then U (F, F) is a Dedekind-complete vector lattice.

Theorem 1.4 ([24, Theorem 3.2]). Let E and F be vector lattices, and let I be
Dedekind-complete. Then U(E, F') is a Dedekind-complete vector lattice. More-
over, for each S, T € U(E, F) and x € E the following conditions hold:
(1) (T'v S)(z) =sup{T'(y) + S(z) - & =y U z};
) (T AS)(z) =inf{T(y) +S(z) :x =y Uz},
) (T)*(z) =sup{Ty : y T a};
) (1) (z) = —inf{Ty : y E x};
) |T|(x) =sup{Ty —T=z:2x=yUz}.

2. The projection of U(FE, F') onto the band generated by a single
disjointness-preserving operator

(2
(3
(4
(5

Order projection is an important tool for investigating operators in vector
lattices (see, e.g., [3], [19]). In this section, we associate with an operator T' €
U(E, F) a band in the space U(FE, F'), which is called the shadow of an operator

L(Cy) and (Cy) are called the Carathéodory conditions.
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T, and we calculate the order projection onto this band. We apply this result
for the calculation of the order projection onto the band generated by a single
positive, disjointness-preserving, abstract Urysohn operator.

Definition 2.1. Let E, I be vector lattices. An abstract Urysohn operator T :
E — F'is considered disjointness-preserving if Tz 1 Ty for all disjoint z,y € E.

The following is a classical example of an orthogonally additive disjointness-
preserving operator.

Ezample 2.2. Let (2, %, 1) be a o-finite and complete measure space. Let E be a
vector sublattice of the space Lo(u) of all y-measurable and p-almost everywhere
finite functions on A, where p-almost everywhere equal functions are identified.
Consider a function N : A x R — R satisfying

(1) N(t,0) =0 for u-almost all t € A;
(2) N(-, f(+)) is p-measurable for every f € F.

Then an operator T : E — Lo(u) defined by (T'z)(t) := N(t,x(t)) is the projec-
tion commuting. Indeed, if an operator o : Lo(u) — Lo(p) is an order projec-
tion, then there is a p-measurable subset V' C A such that of = f1y for every
f € Lo(u). Now we may write

(Taf)(t) =T(flv)(t) = N(t, f(t)1v (1))
= N(t, f(1)1v(t) = (TH)1v () = (6T f)(?).
Recall that for a measurable function ¢ € Lo(u), we denote by supp(¢) the
measurable set {t € Q : f(t) # 0}. Take any two disjoint elements f,g € FE,

and assume that V := supp(f) and H := supp(g). Clearly, V and H are disjoint
p-measurable sets. Then we have

T(f+9)=T((f +9)(1v + 1n))
= N(t, (f+9)t)(1v + 1u)(t)
=N(t.(f +9)®))1v(t) + N(t, (f + 9)(t)) 1u(t)
=N(t, f(t)) + N(t,g(t)) =Tf +Tg;

(TF)(t) =T(flv)(t) = N (¢, f(O)1v(t)) = N(t. (1)) 1y (1);

(Tg)(t) = T(glu)(t) = N(t,9(t)1u(t)) = N(t.9(t)) Lu(t)

=Tf1LTg.
Thus T' is a disjointness-preserving, orthogonally additive operator.

These operators are known in the literature as nonlinear superposition operators
or Nemytskii operators (see [5]).

Definition 2.3. Let E be a vector lattice. The subset D of E is said to be a lateral
ideal if the following conditions hold:

(1) if z € D, then y € D for every y € F,;
(2) ifx,y € D, x Ly, then z+y € D.
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A subset D of the vector lattice F is said to be laterally closed in E if for every

laterally convergence net (z,)aea C D such that z, Loty x, we have x € D.
A lateral ideal D is said to be a lateral band in E if it is laterally closed in F.

Ezxample 2.4. Let E be a vector lattice. Then every order ideal in E is a lateral

ideal.

FEzample 2.5. Let E, F be vector lattices, and let T € U, (FE, F). Then Nr :=
{e € E :T(e) =0} is a lateral ideal.

Ezxample 2.6 ([7, Lemma 3.5]). Let E be a vector lattice, and let € E. Then F,
is a lateral ideal.

Example 2.7. Let E be a vector lattice. Then every band D in E is a lateral band.

Ezxample 2.8. Let E be a vector lattice, and let x € E. Then the set F, is a lateral
band.

The set of all lateral bands of a vector lattice E is denoted by £b(E).

Lemma 2.9 ([26, Propositions 3.8, 3.9]). Let E be a vector lattice. Then the
binary relation T is a partial order on E, and x C y if and only if z© C y* and
= Cy™ foranyz,y € k.

Lemma 2.10 ([26, Propositions 3.10, 3.11]). Let E be a Dedekind-complete vector
lattice, lety € E, and let D be a lateral band in E. Then the set F, with the partial
order w C w is a Dedekind-complete Boolean algebra, and the set D(y) := F,ND
contains a maximal element with respect to the partial order C.

We denote by y” the maximal element of the set D(y) in the Boolean algebra
Fy.

Lemma 2.11. Let E be a vector lattice, and let x,y,z € E and z C xUy. Then
there exist elements z1, 29 € E such that

(1) zZ =221 L 29,
(i) 1 Cx; 2 Cy.

Proof. By Lemma 2.9, we have
e (rty)t =2 +yT
2 E(r+y) =2 +y .

Now, by the Riesz decomposition property (see [4, Theorem 1.13]) there exist
zt oz e By ie{l,2}

[AREad)
such that
Z Ca Cam;

z3 Ty z Ty

+ o ot o - e
zh =2z Uzy; z =2z Uzy.
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Set 21 = 2 — 275 20 = 2 — 25 . It is clear that z = 2; L 25. Hence
z1=2 —2 Cu,
2=z~ Ly,
and the proof is finished. 0J

There is the following natural projection of a Dedekind-complete vector lattice
onto a lateral band having nice properties.

Lemma 2.12. Let D be a lateral band of a Dedekind complete vector lattice E.
Then the map pp : E — E defined by setting, for every x € E,

ppr = ¥ (2.1)
18:
(1) a projection of E onto D such that ppx C x for all x € E;
(2) a disjointness-preserving operator;
(3) an orthogonally additive operator.

Proof.

(1) The fact that pp is a projection of E onto D is proved in ([14, Theorem 3]),
and the property pp(z) C x for all z € E is obvious.

(2) The properties are proved in [14, Theorem 3].

(3) Fix any =,y € E with L y and z € F,, N D. Then by Lemma 2.11,
there exists a pair of elements z;, 2, € E such that z; € F,ND, z € F,ND,
and z = z; U z9. Thus

z=2z1+2 L ppr +ppy,

and passing to the supremum with respect to the partial order C over
all z € §z4y N D in the left-hand side of the above formula, we obtain
pp(x +y) C ppx + ppy. On the other hand, for every z; € F, N D and
29 € F, N D, the sum z; + 29 belongs to F,4, N D and therefore

21+22:ZE]JD<JI+y).

Passing to the supremum with respect to the partial order C in the left-
hand side of the above formula, first over all z; € F, N D and then over
all z, € F,N D, we obtain ppzx + ppy T pp(x + y). Finally, we have the
equality

ppT +ppy = pp(r +y)
and the proof is finished. u

Remark 2.13. 1If in Lemma 2.12 D is a band, then pp is a band projection onto
the band D.

Definition 2.14. Lateral bands D, and D are said to be disjoint if DN Dy = {0}.
Let E be a vector lattice, and let Dy, ..., D, € £b(E). The set {| |’ z; : a; €
Di;1 < i@ < n} is said to be a disjoint sum of Dq,..., D, and is denoted by
LJ—, D;. If n =2, we use the notation D; LU Dy. We denote by Do(E) (or Dy for
short) the set of all finite disjoint sums (D;) of mutually disjoint lateral bands in
E such that £ =| |’ , D;, n € N.



736 N. ABASOV and M. PLIEV

Ezxample 2.15. Let E be a vector lattice with the projection property, and let D
be a subset of E. Then {D}*+ and {D}+ are disjoint bands and consequently
disjoint lateral bands, and there is the decomposition

E ={D}* o {D}*-.

The next lemma provides another example of the decomposition of a vector
lattice E into the disjoint sum of lateral bands.

Lemma 2.16. Let E be a Dedekind-complete vector lattice, and let D be a lateral
band of EE. Put

Dt={yeE:F,nF,={0},z € D}.
Then D and D+ are disjoint lateral bands, and there is the decomposition
E=Do D"

Proof. First, we show that D+ is a lateral band. We only need to check that the
sum of two disjoint elements of D+ belongs to D+. Take a pair of disjoint elements
w,v € D+, and let z C u + v. Assume that there exists x € D with a nonzero
fragment w of z such that w € F, N F,. Then w C u + v, and by Lemma 2.11
there exist elements wq, wy such that wy C u, wy C v, and w = wy L wy. Either
w1 Or wy is a nonzero element. Assume that it is w;. Then w, € F, N F,, and we
have a contradiction. It is clear that lateral band D+ is disjoint to D. Take an
arbitrary element y € E. Since the vector lattice £ is Dedekind-complete, then
by Lemma 2.10 there exist y? and y?~ and there is the decomposition of the
element y into the sum of two disjoint fragments y = y” + y” - 0

Remark 2.17. If in Lemma 2.16 a lateral band D coincides with F, for some
x € E, then there is the decomposition of the vector lattice E into the disjoint
sum of nonlinear sets F, and F.

Now we need some auxiliary lemmas.

Lemma 2.18. Let E be a vector lattice. Then the set Do(E) is directed by an
inclusion.

Proof. Let (D), (D}) € Do(E), i € {1,...,n},j €{1,...,m}. Then (D;N D)) €
Do. Indeed, D; N D’ is a lateral band for every pair (i,7), i € {1,...,n}, j €
{1,...,m}. Lateral bands D; D} and D;N Dy are disjoint for different pairs (7, j)
and (1, s). Let us show that ' = | |, ; D; N D}. Fix an arbitrary element z € E. By
the definition of (D), there exist x; € D;, i € {1,...,n} such that z = | |, a;
and z; = | |12, y! for some 5! € Diie{l,...,n}, j€{l,...,m}. Itis clear that
yl € D;n D’ for every (i,7), i € {1,...,n}, j € {1,...,m}. Consequently, any
z € I has a representation z = | |}", y?, and therefore (D; N D’) € Dy. O

Lemma 2.19. Let E, F' be Dedekind-complete vector lattices, and let Dy, Dy C E
be disjoint lateral bands. Then Typp, L Tpp, for any T € Uy (E, F).
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Proof. Take an element x € E. Then by Lemma 2.10, there exists 2”* € F, N D;.
Put 2’ = z—aP1. Tt is clear that F,,ND; = {0}, F,p,NDy = {0}, and x = 2Pz’
Now we may write
(Tpp, ANTpp,)x =inf{Tpp,y + Tpp,z :x =y z}
< Tpp,2’ + Tpp,z”* = 0. O
Lemma 2.20. Let E be a vector lattice, and let x € E, and x1,x9 € F,. Then
Ty ANz € Fyy, i€ {1,2}.
Proof. First, we prove that 1 A xo € F,;:
|zy — 21 A za| A |z A o] = ‘(x—xl)\/ (I—Ig)‘ Az A xo)
< (Jz = 21| V |z = 22]) A (|21] A |22])
= |z — 1| A (21| Alza|) V |z — 22| A (J21] A 22])
< (Jz = z1| Alza]) V (Jo — 22| A]2s]) = 0.
The same arguments show that x; Az € F,,. O

Lemma 2.21. Let E, F' be Dedekind-complete vector lattices, and let D1, Dy C E
be disjoint lateral bands. Then Dy U Do is also a lateral band and pp,up, =
Pp, + PD,-

Proof. First, we check condition (1) from Definition 2.3. Let z T x; U 9, where
x; € D;, i € {1,2}. Then by Lemma 2.11, there exist zy, 2o such that z; T xy,
2o C o, and z = 21 U z9. Hence z; € D;, 1 € {1,2} and z € D; U Ds. Let us prove
condition (2) from Definition 2.3. Take elements x,y € DU Dy, x L y. Then there
exist z1,h1 € Dy and 29, ho € Dy, so that x = 21 U 29, ¥y = hy U hy. So we may
write

x+y:zl+22+h1+h2:wll_lw2GDll_IDg,

where w; = z; U h;, i € {1,2}, and w; L ws. Clearly, the set Dy L Dy is laterally
closed. Now we show that pp,up, = pp, + pp,. Denote the set D, LI Dy by H, and
fix z € E. Then for every y C x, y € H, we have y = y; Uys, y; € D;, i € {1,2},
and the following relations
Yy=1y1+tYy C P, T+ Pp,7T,
pH'I E le.I' _I_ pDzw
hold for every x € E. Observe that if u,v € F,, v € Dy, v € Dy, then u L v.
Indeed, assume that |u| A [v| > 0. Then we may write
0<|v|Av|=(uy +u_) A (vy +v_)
<up ANvg +up Ao +u_ ANvg +u_ Ao,
Then by Lemmas 2.9 and 2.20, we deduce that there exists a nonzero fragment

h € F, N F, and therefore that h € D N Dy, which is a contradiction. Hence, if
r€FE uveF,, uec Dy, veE Dy then u L vand

u+vC pyr.
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Passing to the supremum with respect to the partial order C over all u € F,N D,
and over all v € F, N Dy in the left-hand side of the above formula, we obtain
pp,x + pp,x C pyz. Thus pp,x + pp,xr = pyx, and the proof is finished. O

Now we are ready to introduce the main technical tool of this section.

Definition 2.22. Let E, F' be Dedekind-complete vector lattices. The shadow of
an abstract Urysohn operator S € U(E, F) is defined to be the set

Sh(S) = {T € U(E,F): [Tpp(E)] < [Spn(E)]; D € £b(E)}.
The next lemma is important for further consideration.

Lemma 2.23. Let E, I’ be Dedekind-complete vector lattices. Then for any oper-
ator S e U(E, F), the following assertions hold:
(a) Sh(S) is a band in U(E, F);
(b) &h(S) = &h(|S]) > {S}+,
(¢) the band projection T of an operator T € U(E, F) to &h(S) is calculated
by the rule

75 _ inf{Z[SpDi(E)}TpDi(E) . (D,) € 90}. (2.2)

7

Moreover, the set of fragments in (2.2) is downward directed.

Proof. First, we prove assertion (a). If G; C G, i € {1,2}, are bands in a vector
lattice F', then we have that (G; U Go)*t C G and therefore that Gh(S) is a
vector subspace of U(E, F). If T € &h(S) and D is a lateral band in E, then by
Theorem 1.4 THppx = sup{Ty : y C zP} for every x € E. Hence

[THpp(E)] =sup{[Ty] : y C 2",z € E} < [x"S(E)].
Thus Gh(S) is a vector sublattice. It is clear that &h(.S) is also an order ideal in
U(E,F). Now, if 0 < T, 1+ T and T, € &h(S), then [Tppx] = sup[T.ppzx] <
[Spp(E)]. We now prove assertion (b). It is clear that Sh(T) C &h(S) for
every operator T € G&h(S). The inclusions ST, 5~ € &h(S) N &h(|S]) imply
that &h(S) = &h(|S]). If 0 < T € {S}+ = {|S|}*4, then T = sup, n|S| A T.
Thus, we obtain

[Tppx] = sgp[(n|5[ AT)ppx]
< sup[(nlS])por] = [|Slpo(E)]

for all elements x € E. Consequently, T € &h(|S|). Finally, we prove the last
assertion (c). Let

We must check the following relations for any T' € U, (E, F):
(1) 0 < hs(T) < T;
(2) hs(hs(T)) = hs(T);
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(3) hs(T) =T & T € Gh(S);
(4) hg is a linear operator.
By Lemma 2.21, for every (D;) € ®y we have p||p, = I, where I is an identity
operator. Therefore we have the operator 0 < hg(T) < T and formula (1) is
proved. Moreover, by Lemma 2.19 the operator > .[Spp,(E)|Tpp, is a fragment
of T for every (D;) € ®,. Observe that by Lemma 2.18, the finer the partition
(D;) is, the smaller this fragment becomes. Hence, hg(T) is the (o0)-limit of the
decreasing net of fragments 7| p,). The formula (3) is a consequence of the following
chain of equivalent assertions:

1

= Typp, < VD € £b(E)[Spp(E)|Tpp = Tpp

& VD € £b(E)[Tpp(E)] < [Spp(E)].
If 71, T > 0, then for any (D;), (D) € Do we have

Z [Spp,(E)]Tapp, + Z [Spp,(E)]Tapp,

> > " [Spp, (B)|(Th + Ta)pp,
- Z[SpDk(E)]TlpDk + Z[SpDk(E)}TQPDka

where (D) € ®y is finer than (D;) and (D,). Taking the infimum, we obtain
hs(T)) + he(Ty) = hs(T) + To).

It remains to verify the equality (2). Suppose that W = hg(T), with T €
U, (E,F). For any D € £b(FE), we have

WPD = 1nf{Z[SpD1<E)}TlepD : (DZ) € @0}

7

= inf{ Y~ [Spo;(E)] Teopo : | (D) = D.

)

Thus, [Wpp(E)] < [Spp(E)] for every D € £b(FE). By the equivalence (3) estab-
lished above, we obtain W = hg(W). O]

Let E be a vector lattice with a principal projection property, and let F' be
a Dedekind-complete vector lattice. Then the infimum in Theorem 1.4 can be
calculated by the formula

(T A S)x :=inf{Tox + Sotz: 0 € B(E)}.

Observe that every Dedekind-complete vector lattice F has a principal projection
property. Now, we are ready to present the main result of this section.
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Theorem 2.24. Let E, F' be Dedekind-complete vector lattices. Then the equality
Sh(S) = {S}t holds for any disjointness-preserving operator S € U, (E, F). In
particular, the following band projection formula is valid for every T € U, (E, F):

S]T = inf{z [Spp,(E)| Tpp, : (D;) € @0}. (2.3)

(2

Proof. Let D be a band in the vector lattice £. We remark that Tpp = Top,
where op is an order projection onto the band D. Note that the equality
[Sop(E)|T = Top is valid for every operator T' € &h(S) and every band D C E.
Indeed, since S is a disjointness-preserving operator, the order projections [So(FE)]
and [Sot(E)] are disjoint. Taking into account that

[So(E)]So*(E) = 0; [So*(E)]So(E) = [So(E)]"So(E) = 0;
[To(E)] < [So(E)]; [To(E)] < [So™(E)],

we have

[So(E)|Tz = [So(E)|T(0x + o+x) = [So(E)|Tox + [So(E)|To
= [So(E)|Tox = ([So(E)] + [SO’(E)]L)TO'ZE =Tox
for every x € E. Now, take a positive operator T' € &h(.S) such that T'A S = 0.
Assume that there exists e € E such that Te > 0. Let D = F.. We remark that
[Spp(E)] = [Se] and [Tpp(E)] = [Te]. By our assumption, [Tpp(E)] < [Spp(E)].

Hence Se > 0 and Se A Te > 0. Observe that for a vector lattice F' with the
projection property, the following inequality holds:

uAv < ou+ ot v;
u,v € Fy; 0 € B(F).
Indeed,
(uAv) = (o4 0")(uAv)
=o(uAv)+ ot (uAv) < ou+ otv.
Now, for any o € B(E), we may write

Te A Se < Toe+ Sote = [So(E)|Te+ [So*(E)|Se;
Te N Se < 'g(fE){Tae + Sotel = (T'A S)e = 0.

[24S

Hence for all elements e € E, we have Te = 0. Thus the inclusion T € {S}++ is
proved. The equality 2.3 is the consequence of Lemma 2.23. O

Note that for linear regular operators, a similar theorem was proved by
Kolesnikov in [20, p. 515].
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3. The Radon—Nikodym-type theorem for a positive
disjointness-preserving operator

The Radon—Nikodym theorem is a well-known classical result of functional
analysis. The aim of this section is to prove the Radon—Nikodym-type theorem
for a positive, disjointness-preserving abstract Urysohn operator.

First we show (as in the linear case) that the module and the positive and nega-
tive parts of a disjointness-preserving abstract Urysohn operator can be evaluated
pointwise.

Lemma 3.1. Let E and F' be vector lattices with F' Dedekind-complete, and let
T € U(E,F) be a disjointness-preserving operator. Then for every x € E, the
following conditions hold:

(1) Tl = |Tx|;

(2) THx = (Tx)";
(3) T~z = (Ta)
(4) T* 2 AT 2 =0,

Proof. First we prove the equality |T'|z = |Tz|, z € E. By Theorem 1.4, we have
that

Tz =sup{Ty—Tz:x=yUz}>TzV (-Tz) = |Tx|.

We need to prove the reverse inequality. Take y, z € F such that z = yU z. Then
Ty 1L Tz and we may write

Ty—Tz<|Ty—Tz|=Ty+ Tz =|T(y+z)| =|Tx.

Passing to the supremum on the left-hand side of the above inequality over all
fragments vy, z of x such that z = y U z, we deduce that |T|z < |Tz|. Hence we
prove that |T'|x = |Tz| for any x € E. Since

T =TT T =5 (TI-1),
we have
Tz = %(m +T)x = %(|T]m +Tx) = %(|Tm| +Tz) = (Txz)";
T = S (17|~ T)o = 5 (Tle — Ta) = 5 (1T| - Ta)(T2)* = (Ta)~
Finally,
Tta AT = (Tx)" A(Tz)” =0
and the proof is finished. 0

Now we need some auxiliary lemmas.

Lemma 3.2. Let E, F be vector lattices with F Dedekind-complete, let T €
U, (E,F) be a disjointness-preserving operator, and let S € U (E, F) and Sx €
{Tx}*t for allx € E. Then S € {T}+.
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Proof. Since 0 < S € {T}*+, we have that S AnT 1 S. Thus (S AnT)x 1 Sx for
every x € E. Then

0 < (SAnT)x <nTx = (SAnT)x € {Tx}*
and we deduce that Sz € {Tx}++. O

Lemma 3.3. Let E, F' be vector lattices with F' Dedekind-complete, and let S, T €
U (E,F) be disjointness-preserving operators. Then T + S is a disjointness-
preserving operator if and only if Sx L Ty for every pair of disjoint elements
r,y € L.

Proof. Take a pair of disjoint elements x,y € E, and assume that 7'+ S is a
disjointness-preserving operator. Then we may write

0<|Sz| ATyl =Sz ATy < (S+T)xAN(S+T)y=0.
Hence Sz L Ty. On the other hand,
SxANSy=TxNTy=SxNTy=SyANTx=0.
Thus
0<(S+T)xN(S+T)y
< (SzASY)AN(TxANTy) A (SzATy) A (SyATz)=0. O

Lemma 3.4. Let E, F be vector lattices with F Dedekind-complete, let T €
U (E,F) be a disjointness-preserving operator, and let S € U (E, F) satisfy
Sz € {Tx}*+ for allw € E. Then S is a disjointness-preserving operator.

Proof. It z,y € E, x 1 y, then we have
0 < (SzAnTz)A(SyAmTy) < (n+m)(TzNTy)=0.
Thus
0< (SzAnTx)AN(SyAnmTy)=0

for any n,m € N. Since Sz € {Tz}*+* and Sy € {Ty}*+, we have that SxAnTz t
Sx, Sy AmTy 1 Sy, and therefore that Sx A Sy = 0. 0J

Remark 3.5. Observe by Lemma 3.2 that if 0 < S € {T}*+, then S is a
disjointness-preserving operator.

Lemma 3.6. Let E.F be vector lattices with F Dedekind-complete, let T €
U, (E,F) be a disjointness-preserving operator, and let 0 < 5,8, € {T}+.
Then

(Sl VAN SQ)JZ = Sll’ A SQZL'.

Proof. Let S7 = S1 —S1 A Sy and S, = Sy — 51 A Sy. Put 8" = S] — S5 Since
Si, Sy € {T}+, then |S'] € {T}+ and therefore || is a disjointness-preserving
operator. From S A S5 = 0, we deduce that (S")* = S} and (S)” = Sj. By
Lemma 3.1, we get Siz A Shz = 0 for every z € E. Now we may write

(Sll' — (Sl N SQ)Z’) N (SQ(E — (Sl VAN SQ).’L') = O,
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and we deduce that
(S1 A Se)x = Six A Sex
for all x € F. O

Lemma 3.7. Let E, F' be vector lattices with F' Dedekind-complete, let Si, Sy €
U, (E,F), and let S1+S55 be a disjointness-preserving operator. Then the following
statements are equivalent:

(1) Sl N SQ = 0,’

(2) S1x A Sex =0 forallz € E.

Proof. (2) = (1): Take an arbitrary element z € E. By Theorem 1.4,
(S1ASy)x=inf{Sjy+ Sez:x=yUz} < SixASer =0

and the implication is proved. (1) = (2): Applying Lemma 3.7 to T" = S} + S,
we have

Sll' A SQZL‘ = (Sl VAN SQ)ZL’ =0
and the proof if finished. O
The following theorem is the main result of this section.

Theorem 3.8. Let E, F be vector lattices with ' Dedekind-complete, let T €
U (E, F) be a disjointness-preserving operator, and let S € U (E, F). Then the
following statements are equivalent:

(1) S e{T}+,

(2) Sz e {Tz}* forallz € E.

Proof. The implication (1) = (2) is proved in Lemma 3.2. Now we prove the
implication (2) = (1). By Lemma 3.3, S is a disjointness-preserving operator. We
claim that Sz 1 Ty for any disjoint elements x,y € E. Actually, Tz A Ty, and
hence {Tz}++ N {Ty}++ = {0}. Consequently, Sx € {Tx}*++ and Ty € {Ty}*++.
Now, by Lemma 3.3 we have that S + T is a disjointness-preserving operator.
Taking into account the decomposition

UE,F)={T} e {T}",

we have that there is the representation S = S; + Sy, where 0 < S; € {T}++
and 0 < Sy € {T}+. Since 0 < So +T < S+ T, we get that Sy + T is a
disjointness-preserving operator. By Lemma 3.3, we have that Sox € {Tz}*.
On the other hand, from 0 < Sz < Sz and Sz € {Tz}*t for all z € E, we
deduce that Sox = 0 for all elements ¢ € E and therefore that Sy = 0. Thus
S =8, € {T}*+ and the proof is completed. O

We remark that the Radon—Nikodym-type theorem for linear lattice homomor-

phisms and linear operators having the Maharam property was proved in [23] (see
also [17]).
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4. Urysohn lattice homomorphisms in order ideals of spaces of
measurable functions

In this section, we investigate Urysohn lattice homomorphisms on order ideals
of spaces of all measurable functions, and we obtain the analytical representation
for this class of operators.

Definition 4.1. Let E be a vector lattice, and let X be a vector space. An orthog-
onally additive map 7" : F — X is said to be even if T'(x) = T'(—xz) for any x € E.
If £, F are vector lattices, then the set of all even abstract Urysohn operators

from E to F' is denoted by UV (E, F).

If £, F are vector lattices with F' Dedekind-complete, then the space UV (FE, F')
is a Dedekind-complete sublattice of U(E, F) (see [28, Lemma 3.2]).
Now we are ready to give the following definition.

Definition 4.2. Let E and F be vector lattices. The operator T' € UV (E, F) is
called a Urysohn lattice homomorphism if the following conditions hold:

(1) T(xVy) =Tz V Ty for every z,y € E;

(2) T'(x Ny) =Tx ATy for every x,y € E,.

It is clear that a Urysohn lattice homomorphism is an increasing operator on
E..

FExample 4.3. If E = F = R, then the set of all Urysohn lattice homomorphisms
on R coincides with the set of all even, nondecreasing on R, functions f : R — R,
such that f(0) = 0 and f([a,b]) is a bounded set for every a,b € R.

Now we need some auxiliary lemmas.

Lemma 4.4 ([1, Lemma 2.1]). Let E, F' be vector lattices, and let T € US¥(E, F).
Then the following statements are equivalent:

(1) T(xVy)=TxV Ty for every x,y € E;

(2) T(x Ny) =Tx ATy for every x,y € E;

(3) T is a Urysohn lattice homomorphism from E to F.
Lemma 4.5. Let E, F be vector lattices, and let T € U (E, F). Then the fol-
lowing statements are equivalent:

(1) T e USY(E, F) is a disjointness-preserving and an increasing operator on

E,;

(2) T is a Urysohn lattice homomorphism from E to F.
Proof. The implication (2) = (1) is obvious. Let us prove (1) = (2). By
Lemma 4.4, it is enough to prove that T(x Ay) = Tz ATy for all x,y € E,. Iden-
tify E with a vector sublattice of the Dedekind-complete vector lattice Coo(Q) of
all extended real-valued continuous functions on some extremally disconnected
compact space Q. Put A={te€ Q:z(t) <y(t)} and B={t € Q : y(t) < x(t)}.
Observe that A and B are clopen, disjoint subsets of (). Then

T Ny=uzlsg+ylp; rVy=uzlp+yly;
r=1xly+ 2lp; y=yla+ylp.
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Now we have
TxANy)=T(xla+ylp) =Tzls+Tylp.

On the other hand, taking into account that xlp L yla, 14 L ylg, we may
write

Tax ATy =T(xla+215) AT (yls+ylp)
= (Txly+Txlp) A (Tyls+ Tylp)
STala ANTyla+Taly NTylp
+Txlp NTyla+Txlg NTylp
=Tzls+Tylp.

Thus T'(z Ay) > Tax ATy and the equality T'(z A y) = Tx A Ty is proved. O

The following lemma provides a typical example of a Urysohn lattice homo-
morphism on the space of all measurable functions.

Lemma 4.6. Let (A, X, p) be o-finite complete measure spaces, let Lo(A, 3, 1) (or
Lo(p) for brevity) be a vector space of all measurable p-almost everywhere finite
real-valued functions on A, and let N : A x R — R be a function satisfying the
following conditions:

(Co) N(t,0) =0 for p-almost allt € A;

(Cy) N(-,r) is p-measurable for allr € R;

(Cy) N(t,-) is continuous on R for p-almost allt € A;

(C3) N(-,7) = N(-,—7) for p-almost all t € A and every r € R;

(Cy) N(-,x) < N(-,7) for p-almost all t € A and every z,7r € Ry, z <.

Then the operator T defined by

(T)t)=N(t f(t): f€ Lo
is a Urysohn lattice homomorphism from Lo(p) to Lo(u).

Proof. Recall that a function N : A x R — R is considered a Carathéodory func-
tion if it satisfies conditions (C7)—(Cs). It is well known that for every
Carathéodory function N and every f € Lg(u), the function N(-, f(-)) also
belongs to Lo () (see, e.g., [5, Chapter 1.4]). Thus the operator T": Lo(u) — Lo(1)
is well defined. In Example 2.2 it was proved that 7T is an orthogonally additive
operator on Lg(u). It is clear that T' is a positive abstract Urysohn operator.
Let us show that T'(f) = T(—f) for every f € Lo(u). Put D, := {t € A :
N(t,r) # N(t,—r)}, where r € Q, and let D = |J,q D;. By the condition (Cj)
we have pu(D,) = 0 and therefore u(D) = 0. Take x € R, and let t ¢ D. Then
there exists a sequence (r,) C Q with x = lim, .o, (—2 = lim,_y0o(—75))
and by the condition (C3), we deduce that N(t,z) = N(t, —z). Hence for all
t & D, we have N(t, f(t)) = N(t,—f(t)), f € Lo(p). Thus T' € U¥(Lo(p)). Take
f,9 € Lo(p) with f L g. It means that u{t € A : ¢ € supp(f)Nsupp(g)} = 0. Let
Dy :=supp(f) and D, := supp(g). Now we may write

(Tf)(#) =N(t f(t) = N(t. f(t)1p,)
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= N(t, f(t))1p,(t) = (Tf)(t)1p, (t);
(T'g)(t) = (Tg)(t)1p,(t).

Hence T is a disjointness-preserving operator. Let us show that 7" is an increasing
operator on Lo(p)+. Set Q% = {(p,q) : p,q € Q4,p < ¢}. With every (p,q) € Q3
we associate a measurable set G, = {t € A: N(t,p) > N(t,q)}. It is clear that
w(Gpy) =0. Put G = U(p,q)eQi Gpq- Then p(G) = 0 and taking into account the

condition (Cy), we have that N(¢t,z) < N(t,y) for every t ¢ G and x,y € R,,
x <y.Take f,g € Lo(p)+ with f < g,andlet H={t € A: f(t) > g(t)}. Clearly,
w(H) = 0. Thus N(¢, f(t)) < N(t,g(t)) for all t ¢ H UG and the assertion is
proved. Then by Lemma 4.5, T" is a Urysohn lattice homomorphism and the proof
is finished. OJ

A map N : A xR — R, is said to be an $-function if it satisfies conditions
(Co)—(Cy) of Lemma 4.6. We need some information about Boolean homomor-
phisms.

Definition 4.7. Let 2,5 be Boolean algebras. A map ¢ : l — *B is said to be a
Boolean homomorphism if the following conditions hold:

(1) p(z Vy) = @(x) Ve(y) for all 2,y € 2A;

(2) p(z Ny) = @(x) Ap(y) for all 2,y € 2A;

(3) ¢(0g) = 0y and p(1y) = 1.
If, moreover, ¢(\/:2, ;) = V.2, p(x;) for every countable family (z;) of mutu-
ally disjoint elements of 2, then ¢ is called a o-Boolean homomorphism, or
o-homomorphism for short.

Let (A, %, 1) and (B, Z,v) be o-finite and complete measure spaces. Let ¢ :
3> — = be a o-homomorphism of Boolean algebras ¥ and =. With ¢ : ¥ — = is
associated a linear operator S, : Lo(1) = Lo(v). Indeed, take a 3-simple function
f=>"" rila, >0, where A;,i € {1,...,n} are mutually disjoint p-measurable
subsets of A. Let

S,(f) = Z Tilo(a,)-
i=1

Since ¢ is a o-homomorphism, the function S,,( f) is well defined and v-measurable.
For every pu-measurable function f > 0 there exists a nondecreasing sequence (f;,)
of simple functions such that f = sup,, f,. Thus we put

S,(f) = sup So(fn)-

Taking into account that ¢ is a o-homomorphism, we deduce that S,(f) is a well
defined v-measurable function. Finally, we put

Ss@(f) = Sgo(er) - Sso(ff)

for every p-measurable function f. It is clear that S, is a linear, order-continuous
operator from Lo(u) to Lo(v).
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Definition 4.8. Let E and F be order ideals in vector lattices Lo(A, 3, 1) and
Lo(B,Z,v), respectively, and let ¢ : ¥ — = be a g-homomorphism of Boolean
algebras 3 and =. We say that $)-function N : B x R — R, is a (¢, E, F))-type
if N(s,S,(f)(s)) € F for every f € E.

Definition 4.9. An orthogonally additive operator T' from vector lattice F to
vector lattice I is called laterally full if for every x € E, z C Tx there exists
y C z such that Ty = 2.

Definition 4.10. An operator T' € UY(E, F) is said to be strictly positive if the
relation T'x = 0 implies that x = 0 for every x € F,.

The next theorem is the main result of this section.

Theorem 4.11. Let (A, %, p) and (B, Z,v) be finite measure spaces, let E, F be
order ideals in Lo(p) and Lo(v), respectively, and let T € US'(E, F). Then the
following statements are equivalent.

(1) T is a strictly positive, laterally full, order-continuous Urysohn lattice
homomorphism.

(2) There exist an $-function of (¢, E, F)-type N : B x R — R, and a sur-
jective a-homomorphism @ from the Boolean algebra ¥ onto the Boolean
algebra Zg = {ANsupp N : A € =} such that for every f € E the following
equality holds:

(Tf)(s) = N(s,So(f)(s))- (4.1)

Proof. (1) = (2). First we prove that supp T'(x1y) = supp T'(yly) for any mea-
surable subset V' of A and any z,y € R,. The sum V U H of two measurable
disjoint sets is denoted by V U H. Assume that for some = < y the measur-
able set suppT'(xly) is a proper subset of suppT'(yly). Then there exists a
decomposition supp T'(yly) = supp T (xly) U G, where supp T (x1ly) and G are
disjoint v-measurable sets. Since the operator T is laterally full, there exists a
p-measurable subset H of V' such that u(H) > 0, T'(yly) = T(yly)lp, and
T(ylv\u) = T(y1lv)lsupp 7(x1,)- Taking into account that the operator 7' is strictly
positive, we deduce that T'(xz1y) > 0. Elements 1y and yly\y are disjoint, but
supp(Tzly) C supp(Txly), which is a contradiction; consequently, measurable
sets supp T'(x1y) and supp T'(y1y) are coincident. Put G = supp 7'(14). We show
that there is a surjective o-homomorphism ¢ : ¥ — =g, where Zg = {H N G :
H € Z}. Indeed, for every V € ¥ a map ¢ : 3 — = is defined by

o(V)=suppT(ly), V eXx.

It is clear that ¢ maps p-null subsets of A to v-null subsets of B and ¢(A) = G.
For any p-measurable subset V' of A, we have

p(A) = p((A\V)UV)) = supp T(Lav)v)
= supp T'(1aw) Usupp T'(1y) = p(A\V) L (V)
= p(A\V) = p(A)\p(V).
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Take two disjoint p-measurable sets V; and V. Then
(Vi U Va) = supp T(1y,uv,) = supp T(1y; + Lys)-

Taking into account that T is a disjointness-preserving operator, we get that
measurable sets supp 7'(1y, ) and supp T'(1y,) are disjoint and supp T'(1y; + 1y,) =
supp T'(1y, ) Usupp T'(1y, ). Hence

e(Vi Vv Va) =p(ViuVa) = (Vi) Uep(Va) = o(Vi) Vo(Va),

and consequently ¢ is a Boolean homomorphism. Since the operator T is laterally
full, then ¢ is a surjective homomorphism. Additionally, taking into account that
the operator 7' is order-continuous, we deduce that ¢ is a o-homomorphism. Now,
put

N(s,z) =T (z1l4)(s), zeR.

It is clear that N(-,0) = 0 for v-almost all s € B and that the function N(-,z) is
v-measurable for all z € R. Moreover, since the operator T is a Urysohn lattice
homomorphism, we obtain that N satisfies conditions (Cy)—(Cy) of Lemma 4.6.
Hence N is a $H-function.

Now, take a X-simple function f = >  x;14,, where the A;’s are mutually
disjoint pu-measurable subsets of A and x; € R, 1 < i <n. Then

= T(En: fﬂm) = iT(xilAi)

—ZNS% Mo(1a,) ZNSﬂﬁz (1))

_ N@,in%mi)) _ N(s,S¢<Z zily,)).
i=1 i=1

Assume that f is an arbitrary element of E. There there exists a sequence of
Y.-simple functions (f,) which order-converges to f. Thus

Tf = nlg{.loT(f") = nhj{)loN(S’ Scp(fn) = N(S7S<p(f))'

Clearly, N is an $)-function of (¢, E, F)-type and we get an analytical represen-
tation for the Urysohn lattice homomorphism 7.

(2) = (1) It is not difficult to check that the operator T' defined by formula
(4.1) is a strictly positive, order-continuous Urysohn lattice homomorphism. Let
us prove that T is a laterally full operator. Indeed, take an element f € E. and
assume that g is a fragment of T'f. Then there exists a measurable set D € =, such
that ¢ = (T'f)1p. On the other hand, since ¢ is a surjective o-homomorphism,
there exists a measurable set H € ¥ such that D = ¢(H). Then we may write

(T1)1p(s) = N (5. 8,(£)(5))1n(s) = N (5. 5,(/)1p(s))
= N (5, 5o (D 1otn(s)) = N (5, 8,(/1)(5)) = (T 1) (s).

Hence T is a laterally full operator. O
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