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ABSTRACT. In this paper, we investigate the g-frame and Bessel g-sequence
related to a linear bounded operator K in Hilbert space, which we call a K-g-
frame and a K-dual Bessel g-sequence, respectively. Since the frame operator
for a K-g-frame may not be invertible, there is no classical canonical dual
for a K-g-frame. So we characterize the concept of a canonical K-dual Bessel
g-sequence of a K-g-frame that generalizes the classical dual of a g-frame.
Moreover, we use a family of linear operators to characterize atomic systems.
We also consider the construction of new atomic systems from given ones and
bounded operators.

1. INTRODUCTION

Frames for Hilbert spaces were introduced by Duffin and Schaeffer [6] in the
context of nonharmonic Fourier series. In contrast to orthonormal bases, frames
form redundant systems, thereby allowing nonunique but stable decompositions
and expansions. Due to this property, frames have been widely applied in numer-
ous applications, such as filter bank theory [11], sampling theory [10], signal and
image processing [8], coding and communication [12], [13], and compressed sens-
ing [2], [16]. For more details about the theory and applications of frames, we
refer the reader to [3].
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Let H be a separable Hilbert space over the complex field. A sequence {f;}icr
in H is a frame if there exist constants 0 < A < B < oo such that

AllFIP < ST P < BIFIR, VS € H.

el

The constants A and B are called frame bounds. Frames can be viewed as redun-
dant bases that are generalizations of orthonormal bases. In coding theory, a signal
vector f is encoded as {(f, fi) }icr against a sequence { f;}ics; then {(f, fi) }ier is
sent to a receiver for decoding to reconstruct the signal f. If {f;};c; is a frame
for H, then the last decoding process requires the canonical dual frame to do the
job. However, in real-world applications, {f;};c; may not be a frame or a base for
‘H because of limited computation power and the fact that applications require
real-time information without any delays. Then there is no classical canonical
dual for {fi}ier.

In this case, Gavruta [7] introduced a generalization of frames with a linear
bounded operator K, called K -frames, when working in atomic systems for oper-
ators. K-frames are more general than frames in the sense that the lower frame
bound condition holds only for the elements in the range of K and in the sense
that they allow the reconstruction of the elements from the range of K in a stable
way. Since K-frames are more general than frames, many properties for K-frames
may not hold. As such, the frame operator of K-frames is not invertible and the
synthesis operator for a K-frame is not surjective (see [7], [9], [15], [19]).

In [1], Asgari and Rahimi introduced g-frames for operators, which allow one to
reconstruct elements from the range of bounded linear operators. These g-frames
for K are what we call K-g-frames. Since there are few results on the K-dual
Bessel g-sequences of K-g-frames, and since the frame operator for a K-g-frame
may not be invertible, there is no classical canonical dual for a K-g-frame. Thus
it is natural to extend the dual for g-frames to the case of K-g-frames and exam-
ine its properties. So we characterize the K-dual and canonical K-dual Bessel
g-sequence of a given K-g-frame in this paper.

Christensen and Heil in [41] gave the concept of atomic decompositions in
Banach spaces. Gavruta in [7] gave both the definition of an atomic system for a
bounded linear operator and a characterization of atomic systems by K-frames.
We also give a characterization of atomic systems by a sequence of bounded opera-
tors in this paper. We consider the construction of new atomic systems from given
ones and bounded operators.

Throughout the present paper, H and K are two Hilbert spaces and {H,;}ics
is a sequence of closed subspaces of IC, where [ is a subset of Z and L(H,H;)
is the collection of all bounded linear operators from #H into #H;. For T' € L(H),
we denote by R(T') and N (T) the range and kernel of T, respectively. And we
denote by I3 the identity operator on H. Now we recall some definitions and
results.

Definition 1.1 (see [17]). We call a sequence {A; }icr a generalized frame, or simply
a g-frame, for H with respect to {H, };c; if there are two positive constants A and
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B such that
AIFIP <Y D INFIP < BIIFI, VfeH.

i€l
We call A and B the lower and upper frame bounds, respectively.

If we only have the upper bound, then we call {A; };c; a Bessel g-sequence. Now

define
<l€ZI @Hz')p = {{fi}ie[

with pointwise operators and inner product as

({fitier, {gitier) = Z(fngz)-

iel

fi € Hi, H{fz}zGIHZ = Z 1fill? < oo}
icl

Lemma 1.2 (see [14]). Let {A;}icr be a Bessel g-sequence for H with bound B.
Then for each sequence {fi}ticr € (3 ,c; DHi)e2, the series Y, Ai(f;) converges
unconditionally.

In [17], Sun showed that every g-frame can be considered as a frame. More pre-
cisely, let {A;}icr be a g-frame for H and let {e; ;};cs, be an orthonormal basis
for H;. Then there exists a frame {u; ; }ies jes; of H such that

U 5 = Af@‘,j (1-1)
and
Nif = (fouighey, VfeH
JE€J;
and

Aig = Z@, €ij)Wij, V9 € H;.
Jjedi
We call {u;;}icrjes, the frame induced by {A;}ier with respect to {e;;}icr jes;-
The next lemma is a characterization of g-frame by a frame.

Lemma 1.3 (see [17]). Let {A;}icr be a family of linear operators, and let u; ; be
defined as in (1.1). Then {A;}ier is a g-frame for H if and only if {u; ;}icr jes; is
a frame for H.

Definition 1.4. Let K € L(H). We call a sequence {A;}icr a K-g-frame for

H with respect to {H;}ic; if there are two positive constants A and B such
that

AIETFIP < Y INFIP < BIFIP, VF e ™.
el
We call A and B the lower and upper frame bounds, respectively.
We call {A;}ier a tight K-g-frame if A|K*f||> = >, [|A:f]]?, and we call
it a Parseval K-g-frame if |K*f||* = >_,.; |Aif]|*. If we have only the second

inequality, then we call it a K-Bessel g-sequence. In [1], the K-g-frame operator
Sy is defined as

Saf=TaTif =Y AAf, VfeH

el



GENERALIZED FRAMES FOR OPERATORS 209

which is a bounded, self-adjoint, and positive operator, where T} is the synthesis
operator of {A;};c; and T is the analysis operator of {A;}c;.

The following result characterizes a K-g-frame in terms of a range inclusion
property.
Lemma 1.5 (see [1]). Let ‘H be a separable Hilbert space, K € L(H). Then
a g-sequence {N;}ier is a K-g-frame for H if and only if {A;}icr is a Bessel
g-sequence for H and the range of synthesis operators R(Ty) D R(K).

The next result tells us that for any K-g-frame there always exists a Bessel

g-sequence for ‘H such that they give a decomposition formula for any element in
the range of K.

Lemma 1.6 (see [1]). Let H be a separable Hilbert space, and let K € L(H). Let
{A;}ier be a family of linear operators. The following statements are equivalent:
(1) {Ai}ier is a K-g-frame for H with respect to {H;}icr.
(2) {A;}ier is a Bessel g-sequence for H and there exists a Bessel g-sequence
{T:}ier for H respect to {H;}icr such that

Kf=) NTif, VfeM.
iel
The following lemmas are key tools for the proofs of our main results.
Lemma 1.7 (see [5]). Let U,V € L(H). The following statements are equivalent:
(1) R(U) CR(V).
(2) UU* < AVV* for some A > 0.
(3) There exists QQ € L(H) such that U =V Q.

Moreover, if (i), (ii), and (iii) are valid, then there exists a unique operator @
such that

(1) QI = inf{ : UU* < uV'V+,
(2) N(U) =N(C), and
(3) R(C) C R(V*).
Lemma 1.8 (see [3]). Let H be a Hilbert space, and suppose that T € L(H) has
a closed range. Then there exists an operator TT € L(H) for which
NI =R(T)S R(ITH=N(T)",  TT'f=f [feR(T)

We call the operator T the pseudo-inverse of T. If T is invertible, then we have
T-' =TT,

2. K-DUAL BESSEL G-SEQUENCES FOR GIVEN K-G-FRAMES

In this section, we mainly investigate the dual of a g-frame and a Bessel g-
sequence related to a linear bounded operator K in Hilbert space.

Definition 2.1. Suppose that K € L(H) and that {A;};c; is a K-frame for H.
A Bessel g-sequence {I'; };c; for H is called a K-dual Bessel g-sequence of {A;}ier
if

Kf=) NTif, VfeH.

i€l
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The following theorem characterizes a K-g-frame by operator decompositions
and also gives a sufficient condition for a g-sequence to be a K-dual Bessel g-
sequence of a K-g-frame. Note that {d;};c; denotes the canonical basis of £*(1).

Theorem 2.2. Suppose that K € L(H) and that {A;}icr is a Bessel g-sequence
for H with the synthesis operator Tx. Then {A;}icr is a K-g-frame if and only
if there exists a bounded operator ® : (Y .., ®H;) — H such that K* = ®T}.
Moreover, if I'e; ; = ®(e;j0;), 7 € Ji, @ € I, then {I';}ier is a K-dual Bessel
g-sequence of {A;}ier.

Proof. =>: Suppose that {A;};c; is a K-g-frame for H. By Lemma 1.5, we have
R(K) C R(Tn). Since Ty : (3 _;c; ®Hi)e — Hand K : H — H, by Lemma 1.7
there exists a bounded operator ® : (3, ; ®H;)ee — H such that K = T)®*.
This implies that K* = ®T7}.

<=: Suppose that there exists a bounded operator ® : (}_..; ®H;)pr — H
such that K* = ®T}. Let K = Th®*. Then R(K) C R(T)) by Lemma 1.7, and
so {A;}ier is a K-g-frame by Lemma 1.5.

Moreover, note that if { f;}ier € (3¢,

{fz i€l — Zfz(Sz - ZZ flaew 61]

el el jed;

®H,;) e, then we have

Roughly speaking, {e;;0;}icrjes, is an orthonormal basis of (D, ., ®H;)e. In
terms of the above proof, we know that {A; };cs is a K-g-frame. Let u; ; be defined
as in (1.1). If K* = Ty and [™e;; = ®(e;;0:), j € J;, i € I, then for all f € H
we have

K*f = T3] = @(Zm-f eis)eijd)

= ZZ [, Nei;)®@(e;;0)

el jeJ
S Yt
el jeJ
- ZF:(Z o %> Srag
i€l jed; iel
Consequently, Kf = > .., A;T;f, meaning that {I';};c; is a K-dual Bessel g-
sequence of {A;}ier. O

In Theorem 2.2, the sufficient condition for a K-dual Bessel g-sequence for a
K-g-frame is also necessary.

Theorem 2.3. Suppose that K € L(H) and that {A;}ier is a K-g-frame for H
with the synthesis operator Tx. Then {T;}ier is a K-dual Bessel g-sequence of
{Ai}ier if and only if there exists a bounded operator ® : (3, ., ®H;) — H such
that K* = @TX and F*GiJ = <I>(eij5i), j € Ji, 1€ 1.

Proof. The sufficient condition has been proved in Theorem 2.2. Now we show that
the necessary condition holds. Suppose that {T';};c; is a K-dual Bessel g-sequence
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of {A;}ier- Then the synthesis operator for {T; };c; satisfies the conditions. In fact,
{T;}ies is a Bessel g-sequence, and for all f € H we have

=Y TiAf.
el
Let ® be the synthesis operator of {I';};c;. Then
61] Z F*eu Z 'LL” Z uij = Z<€ij, eij>uij = Ffeij.
el el JjeJ; i€J;

So a calculation as above shows that

K =3 TS = o0 (Yo wide)

i€l i€l jed;
= @(ZU\J, 6ij>ez’j6)
= (IJTX’;.
So K* = ®T7}. 0

In frame theory, we know that the synthesis operator of a canonical dual frame
obtains the minimal norm of the set of the norms of synthesis operators of all
dual frames. Now, we prove this result for a K-g-frame.

Theorem 2.4. Suppose that K € L(H) and that {A\;}ier is a K-g-frame for H
with optimal lower frame bound A. If T' = {T; }ies is a K-dual Bessel g-sequence of
{A\:}ier, then || Tr||? > A, where Ty denotes the synthesis operator of . Moreover,
there exists a unique K-dual Bessel g-sequence © = {0©;}icr of {A\;}ier such that
|To||*> = A, where To denotes the synthesis operator of ©.

Proof. Suppose that C' > 0 is a lower K-g-frame bound of {A;};c;. Then for any
f € H we have

STIAFIR = CIEFI?, Vf e H.

i€l
So C||K*f||* < ||Taf||* for all f € . This implies that | K*f||* <
all f € H. So

clITaf|? for

A=max{A>0: \|K*f|* <|Taf|*,Vf € H}
= inf{pu: [K*f|I* < plTafI1%Vf € H}.

Since {I';}ier is a K-dual Bessel g-sequence of {A;}cr, for any f € H we have

Kf=) ANTif=T\Tf.

i€l
So K = T\Ty. Thus KK* = TA\TFTr Ty < || Tr|[*TaT. So for any f € H, we have
I FI* = (K f, K f) = (KK £, f) < ITelP(TATR S f) = I TP T f )1
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So ||Tr||* > A. Since {A;}ies is a K-g-frame, we have that R(K) C R(Ty). By
Lemma 1.7, there exists a unique bounded operator ® : (3, ; ®H;) — H such
that K* = ®T and
10" = inf{pu: [ K FII* < pllTafI?,VF € H} = A,
Let ©fe;; = ®(e;;0;). Then it is easy to check that © = {0©,;}cr is a Bessel
g-sequence, since for any f € H we have
K*f =0T f = TiAf.
i€l
So Kf =3 ,.;A;T;f and © is a K-dual Bessel g-sequence of {A;}c;, since for
all fe™H,

Tof =YY (Oifiegeidi =Y > (fOiey)eid;

i€l jeJ; iel jed;
- Z Z(ﬂ De;j0;) €50 = Z Z@)*ﬁ ei;0;)ei0; = D f.
i€l jeJ; i€l jeJ;
So Te = ®, and hence ||To]|* = ||®]|* = A. O

Remark 2.5. Let K € L(H), and let {A;};cr be a K-g-frame with an optimal
lower K-g-frame bound A.
(1) Let {I';}icr be the K-dual Bessel g-sequence of {A,; };c; satisfying ||Tv||? =
A; we call {T'; }ier the canonical K-dual Bessel g-sequence of {A;}ier.
(2) When K = I3, the K-g-frame is exactly a g-frame; in this case, the
canonical /-dual Bessel g-sequence is exactly the canonical dual g-frame.

In [19], Xiao et al. show that a K-frame for H has a dual frame on the closed
subspace R(K), which is derived from a dual frame. Our next result is a general-

ization of [18, Theorem 8|, which provides a characterization of a K-g-frame by
a dual g-frame on R(K).

Theorem 2.6. Let {A;}icr be a Bessel g-sequence for H with a frame operator
Sa. If {Ai}ier has a dual g-frame on R(K) and Sy(R(K)) C R(K), then it is a
K-g-frame for H.

Proof. Assume that {I'};c; is a dual g-frame of {A;},c; on R(K). Then each
f € H can be expressed as f = f; + fo, where f; € R(K) and fy, € (R(K))*.

Then
DI = lIACh + )
iel il
= Z A f1lI” + Z |Aif2]” + 2 Re Z<A:Aif1a f2)-
il iel iel

Note that 3, (AjAif1, f1) = Safi € SA(R(K)) C R(K), and so we have
> (AjAf1 fo) =0,

i€l
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Hence

DAL =D AP+ Y 1Ak

iel iel iel
By Lemma 1.2, >, I'A;fi converges and so does ) .., mr(x)[jA;f1, where

TRr(k) is an orthogonal projection of H onto R(K’). Then for each g € R(K)
we have

(g, f1) = <ZA* 9. 1) =D (9. Tikifi) = <g,2m TiA ).
el
It follows that
fr =Y mruoTi Ay,

el

Thus
LIt = | K=+ fo)|| = 1A = [ fL K )| = ([ KK A
= H<Z7TR(K)F:Aif1aKK*f1>H2 = HZ(AifhFiWR(K)KK*ﬁ)HQ
el el
< Z A f1]? Z DR () KK f1]|

i€l i€l

< DK[PIEFIP Y AP,

i€l

where D is the Bessel bound of {I';};c;. Then we have
S AP = DR K fIP.

i€l
Hence
STHALIP =D INAIR+ D IAfl? =D INAI? = D7 K| 1IIK"fH2
i€l i€l i€l i€l

3. ATOMIC SYSTEMS

In this section, we study atomic systems for K by a sequence of bounded
operators. In order to understand the main results in this section, let us introduce
some basic knowledge on atomic systems, as follows.

Definition 3.1 (see [7]). Let K € L(H). A sequence {fi}icr in H is called an
atomic system for K, if the following conditions are satisfied:

(1) {fi}ier is a Bessel sequence;
(2) there exists ¢ > 0 such that for every f € H there exists a = {a;}ier €
C*(I) such that ||alle < c|f|| and Kf =", ; a:f;.

The following lemma characterizes an atomic system in terms of a K-frame.

Lemma 3.2 (see [7]). Let {f;}icr be a sequence in H, and let K € L(H). Then
{fi}icr is an atomic system for K if and only if {f;}icr is a K-frame for H.
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We now give a characterization of an atomic system with a sequence of linear
operators.

Theorem 3.3. Let {A;}ier be a family of linear operators. Then the following
statements are equivalent:

(1) {Ai}ier is an atomic system for K;

(2) {Ai}ier is a K-g-frame for H;

(3) there exists a g-Bessel sequence {I';}ier such that Kf => ., AT f.

iel
Proof. The proof can be easily obtained by Lemmas 1.3, 1.6, and 3.2. 0

We can find that each atomic system is associated with a bounded operator
K on H. We study a class of operators in £(#) associated with given atomic
systems.

Theorem 3.4. Let Ky, Ky € L(H). If {A;}ier is an atomic system for K; and
K, and «a, 5 are scalars, then {A;}ier is an atomic system for aKy + BKy and
K\ K,.

Proof. Since {A;};cr is an atomic system for K; and K3, there are positive con-
stants A,,, B, > 0 (n = 1,2) such that

AIEG AP <Y T INFIP < BallfIIP, Vf €M (3.1)
i€l
Since
* 1 * 1 * * * 2
HKlfH2 = WHO‘KL}[”Z = WH(OJQ + BK3)f — BKS f |
1 * * 2 1 *
> WH(&Kl + 8K f]|” - WHﬁKzf\P,
we have
* * 2 * *
(@ + BES) f||” < |l KT FI? + 8PS FI1?
1 * *
< 5 (laP I FI2 + BRI 112
Al 2 2 AQ 2 2
+ — Kifl|* + —|o|*[| K5
LI FIP + 3l P UG )
A2|O{|2+A1|6‘2 * *
= SO (KT + Ael K1),
Hence
1 AA 2
) 2 > * 2 * 2 > 1412 * *
S 2 AR+ Al 2 el oft + oKD

and from inequalities (3.1), we get

B, + B
SOIASIP < ZEE2YfR Y e

, 2
el
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Therefore, {A;}icr is an (oK + SK3)-g-frame. By Theorem 3.3, {A;};cs is an
atomic system for a Ky + K.
Now for each f € H, we have
* 2 * * * *
[(KL ) f||” = I KK FIP < G IP(AT f1
Since {A;}ier is an atomic system for K, we have
Ay
ey

[ak) £ < Al 1P < S IR < BulFIE, ¥F €t
iel
By Theorem 3.3, {A;}ic; is an atomic system for K Ks. O

The following results provide the construction of a new atomic system from
given ones.

Theorem 3.5. Let {A;}ier and {L';}ier be two atomic systems for K, and let the
corresponding synthesis operators be Ty and T, respectively. If TA\TY = 0 and U
or V is surjective satisfying UK* = K*U or VK* = K*V, then {A;U + T,V }ier
s an atomic system for K.

Proof. Since {A;}icr and {T';};cr are two atomic systems for K, by Theorem 3.3,
{A;}ier and {T'; }ier are two K-g-frames for H, and so there exist By > A; > 0
and By > Ay > 0 such that

AETFIP <Y INFIP < BUFIP, AllBTFIP < D ITf 1P < Bal £
iel i€l
Since T)\T{ = 0, for any f € H, we have
D AT =) TiAif =0.
iel il

Therefore, for any f € H, we have
STAU + TV = ST AU + TV L AU + TV f)

el i€l
=Y INUFIP+ D TV AP +2Re Y (ATVF,US)
i€l el el
=Y INUFIP+ DIV
el i€l

< Bi|USIP + Bol[VAII* < (Bi|lUN* + Ba|[VIP)IIFII*.

Without loss of generality, assume that U is surjective; then there exists C' > 0
such that [|[Uf]|? > C||f||* for any f € H. Since UK* = K*U, we have

ST ATV =S IAU LI+ Y Inv s

el el el
> INUFIP > A K UF|P?
el

= A UK fII? > 4 C| K™ f]]%.
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So {A;U + T';V}ier is a K-g-frame and thus an atomic system for K by Theo-
rem 3.3. 0

Let B =0, and we get the following corollary.

Corollary 3.6. Suppose that K € L(H) and that {A;}icr is an atomic system
for K. If U is surjective and UK* = K*U, then {A\;U }ier is an atomic system
for K.

Let U =V = I; then we obtain the following corollary for a K-g-frame.

Corollary 3.7. Let {A;}ic; and {T';}ier be two Parseval K -g-frames for H, with
synthesis operators Ty and Tr, respectively. If TATY: = 0, then {A; + T}ier is a
2-tight K-g-frame for H.

Theorem 3.8. Let {A;}ic; and {T;}ier be two atomic systems for K, and let
the corresponding synthesis operators be Ty and Ty, respectively. If T\TE = 0 and
U; € L(H) satisfies R(T;) C R(UST;), fori = 1,2, then {A\;Uy + T;Us}ier is an
atomic system for K.

Proof. Since T1T5 = 0, we have
>l + D) f||* = SOINULP + D ITaf?
iel iel iel

= |T7UL S|P + 175 Ua 1
= Uy £\ + |UsTo) f

Since {A;}ic; and {T';}ic; are atomic systems, they are K-g-frames by Theo-
rem 3.3. Thus from Lemma 1.5, we have that R(K) C R(T;) C R(U;T;). So by
Lemma 1.7, for each ¢ = 1, 2, there exists \; > 0 such that

KEK* < MU T) (U T
By (3.2), for each f € H, we have
ST+ D) £ = (U T)* £

el

’ 2

(3.2)

*+ |(Us ) f

Y WL ¥

Hence {A\;U + I';V}ier is a K-g-frame and thus an atomic system for K by
Theorem 3.3. O

Before the following result, we need a simple lemma, which is a generalization
of [19, Theorem 3.5].

Lemma 3.9. Let {A;}ic; be a Bessel g-sequence for H with a frame operator
Sr. Then {A;}ier is a K-g-frame if and only if there exists X > 0 such that
Sy > AKK*.

Proof. {A;}ics is K-g-frame with frame bounds A, B and a frame operator Sy if
and only if

ANKFIP < Y IIAF 1P = (Saf, £) < BIFIP,  Vf € H;

el
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that is,
(AKK*f, f) < (Saf. [) < (Bf.,f), YfeH.

So the conclusion holds. O

Theorem 3.10. Let {A;}icr be an atomic system for K, and let Sy be the frame
operator of {A;}ier. Let U be a positive operator; then {A; + A;U Yier is an atomic
system for K. Moreover, for any natural number n, {A; + N\;U"}icr is an atomic
system for K.

Proof. Since {A;}ic; is an atomic system for K, by Lemma 1.6, {A;}ics is a
K-g-frame for H. Then by Lemma 3.9 there exists A > 0 such that Sy > AKK*.
The frame operator for {A; + A;U}ier is (I + U)*Sa(Iy + U). In fact, for each
f € H, we have

DM+ AU N+ AU f = I+ U) Y A AL+ U) f
icl iel
= Iy +U)"Sa(Iy +U)f.
Since U, S > 0, (I3 +U)*SA(Ix+U) > Sy > AKK*, and again by Lemma 3.9, we
can conclude that {A; + A;U}icr is a K-g-frame and an atomic system for K by

Theorem 3.3. For any natural number n, the frame operator for {A; +A;U" }ier is
(I + U™)*Sp (I3 + U™). Similarly, {A; + A;U"}icr is an atomic system for K. [

Corollary 3.11. Let {A;}icr be an atomic system for K, and let Sy be the frame
operator of {A; }ier. Let {11, 15} be a partition of I, and let S; be the frame operator
for the Bessel g-sequence {A;}ier,, j = 1,2. Then {A; +A;SY }ier, U{A;+ NS5} e
is an atomic system for K and for any natural numbers a and b.

Proof. For any natural number a, we can define S* by

Sef =3 (AST)AS

Iel

Note that (S)* = S For each f € H, we have

D (N + ASH N+ ASHF = (T + S5 AjAi(Ig + S9) f

i€l el
= (I3 + S7)"S1(In + ST) f
= (S; + 28] 4 Sty f,

a—

21f.

Thus the frame operators for {A;+A;S¢}ier, and {A; +A;S5}ier, are S;+257+
S1T2* and S) + 25T 4 S3t? ) respectively. Let Sy be the frame operator for
{N; + NiS{}ier, U{A; + AiSS }ier, - Since {A; }ier is an atomic system for K, from
Theorem 3.3 we know that {A;};c; is a K-g-frame for H. Then there exists A > 0
such that S > AKK* and Sy > S; + Sy = S > MK K*. Hence {A; + A;S{}ier, U
{A; + NiS§}ier, is a K-g-frame for ‘H by Lemma 3.9. Again by Theorem 3.3,
{A; + NS¢ Yier, U{A; + AiSS Fier, is an atomic system for K. O
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Corollary 3.12. Let {A;}ic; be an atomic system for K. Let {I;};c; be a par-
tition of I, and let S; be the frame operator for the Bessel g-sequence {A;}icr,,
1€ JCZ. Then

U {A + Aisj(-jil)}ielj
S
jeJ

s an atomic system for K.
Atomic decomposition has potential applications in encoding and decoding

problems. The following result characterizes the atomic decomposition and recon-
struction by a family of bounded operators.

Theorem 3.13. Let {A;}ic; be an atomic system for K which has closed range.
Then there is a g-frame © = {©; = R;KT|R(K)}Z-€1 such that

F=)_NOif=> O\ f VfeR(K),
iel i€l
where {T'; }ier is defined in (iii) of Theorem 3.5.

Proof. Since {A;};c; is an atomic system for K, by (iii) of Theorem 3.3, there
exists a Bessel g-sequence {I';};c; such that

Kf =Y NTif.
icl
Since {I';}icr is Bessel g-sequence, there exists B > 0 such that
DITfIP < BIfIP, VfeH.
iel
Hence
Y ITETFIP < BIKTFI1* < BIKT1)| £,
icl
Since R(K) is closed, by Lemma 1.8 there exists KT of K such that f = KKTf,
Vf e R(K). And then

f=KKif= ZA;‘F,-KTf = ZAIDKWR(K)JC-
iel el

Also,

71 = [N = (5. AT o )| = [ AT o )]
iel

=[S DK o )| < S IA I S I i 71

icl icl icl

< K ruo FIPCIAP,

iel
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where C'is a g-Bessel bound of {A;};c;. Therefore,

1
& <2 DK lro [P,V € R(EK),

icl
Thus {IK'|g(x) bier is a g-frame for R(K). Next we prove that {A;};e; and
{©,}icr are interchangeable on R(K). In fact, for any f,g € R(K) C H,

(.00 = (XoAi0uf,9) = D (N0, 0) = D1 Oig) = (£, 3 Oika).

il iel il iel

Ezample 3.14. Let H = C3, and let {e, €3, e3} be an orthonormal basis for H.
Let H; = span{e;}, and let I'; = e} for i = 1,2, 3. Obviously, {I';}?_; is a Parseval
g-frame for H. Now define K € L(H) as follows:

K:H—™H, Ke; = ey, Key = ey, Kes = e;.
For any f € H, we have f = 25’:1 [T f, and it follows that

3 3 3
Kf=) KIlif =) (DK)Tif =) ATy,
=1 i=1 i=1

where A; = I';K* for i = 1,2, 3. By (iii) of Theorem 3.3, we know that {A;}}_; is
an atomic system for K. In other words, for any f € H, we can reconstruct f by
an atomic system {A;}?_;, although span{A}(H;)}3_, = span{e;, e} C H.

On the other hand, for all f € H, we may not get Kf = >, ITA;f. If we

take f = e3, then we have

3
K€3 = €1 7§ ZFrAlf = <€3, €1>61 + <63, 62>€2 + <63, €1>€3 =0.
i=1
Since R(K) = span{ey, ep} is closed, by Lemma 1.8 there exists KT of K such
that KKTf = f for all f € R(K). Hence we have KK'e; = e, KK'e, = e,.
Now we can take KT as follows:
KTel—el—geg, KT€2:€27 KT63:O.

For any f € H, there exist ¢;, for i = 1,2, 3 such that f = cieq + coes + c3e3. Then
we have

<(KT‘R(K))*€17 f> = <el, (KT|R(K))JC> = <€1, C1KT€1 + C2KT€2>

el + es3 e1 +es3
=<€1>C1 5 +02€2>=<€1,01 5 >

(002 (G )
2711 2 2711 262 3C3

€1
=(3:1):
Similarly, we have
(KM lruo) e ) = 2= lea )y (KMlrao)"es f) = 5 = (5 f):
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It follows that
0 = M1 K r))*

5= (DK |ri)*

05 = (DK |r(x))* =

Let g € H and g = c1e1 + caes.

D. LI J. LENG, and T. HUANG

(&
= (K'ru) T; = (K'|r(x))*er = 31
= (K'r))'Ts = (K'r(x)) €2 = €2,
* * * e
= (K'r))'T5 = (K'rx))es = 51

Then

ZAf@ig = (e1/2,g)e1 + (e2, g)ea + (€1/2, g)es

il
= (e1/2,c1e1 + caea) + (€9, cr1 + cae9)es + (€1/2, c1€1 + Co€2)€q
= 50161 + co€2 + %clel =cie1 + g =g
and
Y OiAig = (e1,9)e1/2+ (€2, g)es + (er, g)en /2
i€l

= (e1,c161 + Caea)e1 /2 + (ea, c1e1 + caeg)es + (€1, creq + caea)eq /2

1 1
= 56161 + cee9 + 50161 = C1€61 + Coy = (.
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