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ABSTRACT. In this article, we investigate the complex interpolation of predual
spaces of general local Morrey-type spaces. By showing that these spaces are
equal to the associate space of general local Morrey-type spaces, we prove that
predual spaces of general local Morrey-type spaces behave well under the first
complex interpolation.

1. Introduction

In this article, we establish that the first complex interpolation functor behaves
well for local block spaces. These spaces are known as the predual of local Morrey
spaces (see [11]). Let us recall the definition of Morrey spaces introduced in [17].
Let 0 < p < oo and 0 < A < n/p. The Morrey space /\/l;‘ = M;}(R") is defined
to be the set of all functions f € L (R™) for which

loc

||f||M; ‘= sup T_)\||fXB(x,r)||LP < o0,
zeR™,r>0

where B(x,r) denotes the open ball centered at = of radius . We note that if
A = 0, then the Morrey space M;\ is equal to the Lebesgue space LP. When
A =n/p, we have ./\/l;} = L.

Interpolation of Morrey spaces can be traced back to the work of Stampacchia
[22], where a generalization of the Riesz—Thorin complex interpolation was inves-
tigated. Although it was known in [3] and [20] that Morrey spaces do not have an
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interpolation property in general, some recent results on real and complex inter-
polation of Morrey spaces have been established. The complex interpolation of
Morrey spaces was discussed in [9] and later in [15] and [16], and their generaliza-
tions can be found in [12]-[14], and [24]. The real interpolation of local Morrey-
type spaces was established in [6]. The local Morrey space LM, = LM}(R") is
defined to be the set of all functions f € Lj (R") such that

[fllagy = sup M| fx B | < o0,
r>0

where B(r) denotes the open ball centered at the origin of radius > 0. Further-
more, the results in [6] were extended to general local Morrey-type spaces and
more general spaces in [7] and [18]. The definitions of general local Morrey-type
spaces and general global Morrey-type spaces are given as follows.

Definition 1.1. Let 1 < p,q < oo, and let w be a nonnegative measurable function
on (0,00). The general local Morrey-type space LM g = LMpg(R™) is defined
to be the set of all measurable functions f on R™ such that

”fHL./\/lpq,w = Hw@n)HfXB(r)HLplqu(o’oo) < 0.

The global Morrey-type space GMypg = GMp,.(R™) is defined to be the set of
all measurable functions f on R™ for which

1 llcstne 2= sUp [/ @ + ), < 00

Note that if w(r) = 1, then LMy = GMpooe = LP. When w(r) = r3,
we can recover GMpeo = M) and LMoy = LM, Useful applications of
these spaces can be found in [19], where some qualitative properties, as regularity
results, were obtained for solutions of equations considered in a context where the
natural geometry is not Euclidean but is given as a group structure that relies
on Lie groups. In order to guarantee that LM, ,, contains nonzero functions, we
will assume the following condition on w.

Definition 1.2. Let 1 < p,q < oo. We define
Q, = {w 1 (0,00) = (0,00) : [|w||La(zy,00) < 00 for some ¢ > O}
and

Qpg = {w : (0,00) = (0,00) : ||7“"/pw < o0 and

(T) HLq(O,t)
|wl| La(t,00) < 00, VE > 0}.

Remark 1.3. The authors in [5, Lemma 1] showed that w € Q, if and only if
LM, ., is not equal to the set of all functions equivalent to the zero function.
In addition, w € €, is a necessary and sufficient condition for GM,,,, to be
nontrivial.

In this article, we will give a description of complex interpolation spaces for
a predual of general local Morrey-type spaces. It was proved in [11] (see Theo-
rem 2.6) that the predual of LM, ; can be characterized as the local block space

LHyy ., where 1 < p <o0,1 < q < oo, z% =1-1 1.-1_ %7 @(t) =t~V (),

pd
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and w satisfies the following doubling condition: there exists a constant C' > 1
such that Clw(r) < w(s) < Cw(r) for every r,s satisfying £ € (3,2). The
definition of LH,, ,, is given as follows.

Definition 1.4. Let 1 < p < 00,1 < g < o0, w € £, and r € (0,00). Let p" and
¢ be defined by ]% =1- ]l? and % =1- %. A measurable function A is called a
(p',w, r)-block if supp(A) C B(r) and ||A]|;» < w(r). We define

L) = {{(4;, 23‘)}]‘?‘;700 t Ajis a (p/, w, 27)-block}.
The local block space LH,yy ., is defined by

Hyyw = { Z NA; N e 07 and {(4;,2))7 € Aw(LP’)}.

]_—OO

The space LH,/y ,, is equipped with the norm

£ty = inf (D |/\j|q1)1/q’, (1.1)

j=—o00
Where the infimum is taken over all decompositions f = > 272 A\jA; {\}52_ €
(7 and {(A;,29)}32 2w € Aw( .
Let [+, -]o be Calder6n’s first complex interpolation space. Our main results are

given in the following theorems.

Theorem 1.5. Let § € (0,1), 1 < po,p1 < 00, Wy € Qpyoo, and wy € .
Assume that wy and wy satisfy the doubling condition, and assume that
limy oo wo(t) = 0 and lim;_, wi(t) = 0. In addition, assume that wy(t)?° =
wy (t)Pr. Define

[LHP/OI,um? Llell,wl]G - LHp’l,w'

Theorem 1.6. Let 6 € (0,1), 1 < pg,p1 < 00, 1 < qo,q1 < 00, Wy € Loy, and
wy € Qg - Assume that wy and wy satisfy the doubling condition. In addition,
assume that B¢ = - and wo(t)® = wi (). Define

1 1-6 0 1 1-6 0
— = + —, - = + —, and w = wy w!
p Po y4! q qo q1
Deﬁne—— -t Ll L—-q_ 1 L.—q 1 1 .11 4nd
( po’ P} P’ P P’ q) o’ 4 q’
1—— Then

[LHp’q’ woaLH e } LHpq w-

qu1
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We note that the complex interpolation of the predual of Morrey spaces can
be seen in [4] and [23].

Our article is organized as follows. We recall the definition of complex inter-
polation spaces and some properties of LH, ., in Section 2. In Section 3, we
prove the Fatou property of LH,, ,, following the idea in [21]. We also give a
characterization of the associate space of general local Morrey type spaces. The
proofs of Theorems 1.5 and 1.6 will be given in Section 4. In Section 5, we prove
several lemmas used in Section 4. Finally, throughout the paper, by C, we mean
a positive constant that depends only on a. The inequality A < B means that
there exists a positive constant C' such that A < C'B and C is independent of
appropriate quantities. We write A ~ B if and only if A < B and B < A.

2. Preliminaries

2.1. Complex interpolation method. In this section, we recall the definition
of the first complex interpolation method given in [2] and [8]. Let X = (X;, X)
be a compatible couple of Banach spaces. Let S := {z € C: 0 < Re(z) < 1}, and
let S be its interior.

Definition 2.1 (Calderén’s first complex interpolation space [8, p. 114]). A func-
tion F': S — Xy + X is called a first complex interpolation functor if F' satisfies
the following properties:

(1) F is continuous on S, F is holomorphic in S, and sup, .z || F(2)| x,+x: <

Oo?
(2) the functions t € R +— F(j +it) € X, are bounded and continuous on R
for j =0, 1.

Denote by F (X, X7) the set of all first complex interpolation functors. The space
F(Xo, X1) is equipped with the norm

1F[| 7 (x0,x1) = max{sup|| F(it)|| . , sup||[F(1+it)|| }-
teR teR
Definition 2.2. Let § € (0,1). The first complex interpolation space [Xo, X1]g
with respect to (Xg, X;) is defined by
[X(],Xl]g = {f S XO —|—X1 . f = F(Q) for some F' € f(X(],X1>}
The norm on [Xy, X1y is defined by
| fll 0,100 1= inf{||F||;(X0,Xl) : f = F(0) for some F € f(Xo,Xl)}.

The fact that [Xo, X1y is a Banach space can be seen in [8] and [2, Theo-
rem 4.1.2].

2.2. Some properties of LH, . A nontrivial member of the space LH,y .,
is an L¥-function supported on the ball B of dyadic radius.

Lemma 2.3. Let 1 < p < 00,1 < ¢ < o0, and w € §,. If A € LY and
supp(A) C B(27) for some j € Z, then A € LH,yy ., and

||AHLP/
A < —
H ||LHp/q/,w = w<2j>

(2.1)
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Proof. 1f ||Al|;» = 0, then A =0, so (2.1) is trivial. Hence, we may assume that
|Al| ;. # 0. Define A := . Since supp(A) C B(27) and ||A||,» = w(27), we

||A||Lp i 0

HAH

know that A is a (p/, w, 2 )—block. Moreover, (2.1) follows from A =

We prove the following basic properties of LH,yy ,,. The first one is the lattice
property of LH,y .

Lemma 2.4. Let 1 <p <oo, 1 <qg<o0, andw € Q. If 0 < f(x) < g(x) and
g€ LHyq ., then f € LHyy ., and

ey, <lgllom,, (2.2)

,w

Proof. Given € > 0, let g = >_°° _\;A;, where {(A4

; € Ay (L”) and
e o € 09" satisfy

7 2J) jqifoo

o0 7

A1/
(3 )" <@+ lglny,., 23)

j==o0

For each j € Z, define B; := X{#O}iAj. Then, {(B;,27)}2

f X{g;é(]}_ Z )\ A Z )\ij.

]_700 ]_700

Consequently, f € LHyy .. From (2.3), it follows that
ew,, ., < @+e)lgllen,,
By taking e — 0, we get (2.2). O

€ A, (L") and

(2.4)

,w

Lemma 2.5. Let1 <p<oo,1<q<o0, andw € Qp. If f € LHpy , then
|f| c LHp/quw with

H|f|HLHp,q,,w = fllea,., .. (2.5)
Proof. Let 6 > 0. Then there exist {\;}32_ € ¢4 and {(4;,29) 2 € Ay, (L7
such that
N - N /e
=Y v (X W) <+8)fllem,, .
Jj=—00 j=—00
Since |f| < 3272 NI {1 € €4, and {(|4], )} € Au(L¥),

by Lemma 2.4, we have |f| € LH,, ., and

< (32 W) <ol
j=—00

|| |f| HLHP/L]/,’LU -

By letting 6 — 0, we get
H|f|||LHp/q,7w < ||f||LHp/q/,w- (2.6)
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Since |f| € LHyy 4, for any € > 0, we can find {a;}32 € (¢ and

j=—o00
971 A i
{(BL2)) € Aull?)
such that

o0 oo , 1/ /
fl=>" a;B; ( > |Oéj|q) "< +5)H’f|HLﬂp,q,,w'
j=o00 Jj=—00
From f =7 a;(sgn(f)B;) and {(sgn(f)B;,2)}32 ., € A, (L), it follows
that
(0.9} , 1/ !
1 ey, < (D2 lesl”) ™ < @11,
j=—00

Since ¢ is arbitrary, we have

ety < N, (27)

w

Thus, (2.5) follows from (2.6) and (2.7). O

Now, we state the result in [11] about a characterization of a predual of general
local Morrey-type spaces as certain local block spaces.

Theorem 2.6 ([11, Theorem 4.1]). Let 1 < p < 00, 1 < g < 00, and w € y,.
Suppose that w satisfies the doubling condition. Define

t—1/a

,[[)(t) - 'll}(t), q < o0,
w(t), q = oo.

Then (LHy g w)* =~ LM,p,5 in the following sense.

(1) For every g € LMy,.s, the mapping L, defined by
Lg(f) = f(l‘)g(l’) dx (f € LHp’q’,w)
Rn
s a bounded linear functional on LHy g ,,.

(2) For every L € (LHyy )", there exists g € LMy, such that
L=1L, and  |[Llwa,,. ~ 19lryq-

P q,w
3. A characterization of the associate space of LM, ,,

In this section, we prove that the associate space of general local Morrey-type
spaces can be realized as certain block spaces. First, we recall the definition of
associate space (see [1, Chapter 1]).

Definition 3.1. Let X be a Banach space of measurable functions on R". The
associate space of X, denoted by X', is defined to be the set of all measurable
functions f on R” for which

[ fllx == sup | f(x)g(x)| da

llgllx <1 JR™

is finite.
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Next, we prove the Fatou property of LH,y g ..

Proposition 3.2. Let 1 < p < 00, 1 < q¢ < 00, and w € Q. In addition,
for ¢ = oo only, assume that limy_,o, w(t) = 0. Suppose that {fr}7>, € LHyy
satisfies 0 < fr(z) < fra1(x) for almost everywhere x € R™ and for every k € N.
If

sup || fill ., < o,

keN
then f:=limy_ o0 fx € LHyq . and

W

(3.1)

;W

||f||LHp/q/,w = leelg “kaLHp/q/

Proof. Let M := supyey || fxllzm,,, , and let e > 0. For every k € N, we can choose

p

kR o € 09 and {(A ik 27) X € Ay, (L?) such that f;, = Zj:_oo NikAjk
and
> / 1/‘1,
(3 Pasl’) ™ < @+l
j=—00

Therefore, for each j € Z and k € N, we have

Nkl < (1+e)M
and

1Al < w(27). (3.2)
Consequently, there exist {\;jx, 1027 € {\rtels {4k 121 € {4k}, A € C,
and A; € L¥ such that {)\;,}52, converges to \; and

lim Ak, (x)h(x) dx:/ Aj(z)h(x)dx (3.3)

{—00 R™ n

for every h € LP. Moreover,

oo , 1/
bzl = (30 Jim sl)

Jj=—00
. - s\
<timinf( 30 Pel”) T < ()M, (3.4)
Jj=—00

supp(4;) C B(27), and

14llr = sup N [ Ay, (y)(y) dy < limsup || Az, [ < w(2)). (3.5)

gl p <1 £ JRn l—00

Define g := > 02 AjA;. From (3.4) and (3.5), it follows that g € LHy 4.

j=—00
Therefore, if we can prove that

f(z)=g(x) ae zeR" (3.6)
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then f € LH, .. The proof of (3.6) goes as follows. Let x € R" \ {0}. Once we
can show that

1 1
|B(x,7)] /Bw)g(y) dy = [B(z.7)]| /B (m)f(y) dy (3.7)

for all balls B(x,r) which satisfy 0 ¢ B(z,2r), we have (3.6), by virtue of the
Lebesgue differentiation theorem. By substituting h(y) := xp()(y) in (3.3) and
using the fact that B(x,r) N B(27) = ) for every j < log, r, we have

gy dy:/ NiA;(y) dy
/B(z,r‘) ( ) B(z,r) Z ! j( )

j=—00

B(z,r)

JGZJZlOg2 r
As a consequence of (3.4) and (3.5), we have

/ > NAW)]dy
B(z,r)

JEL,j>logy T

1
<|[Blan)r D INA L

JEZ,j>logy T

< (2 W) (X 1)

j=—00 JEZ,j>logy T

§|B(SL’,7’)|%(1+€)M< Z w<2j>q>;7

JEZL,j>logy T

so, by using the doubling condition and w € €2,,, we get

2041 1
/ > }AjAj@)\dyg\B(I,r)\%(ug)M( > / w(tt)q dt)q
B(xvr)jezijIOgQT JEZ,j>logy T 2
Bz, r)|r (L + )M /[ :
< < (/ w(t)th) < 0.
ra r

Consequently, by virtue of the dominated convergence theorem, we have

/ g dy= > / AiA;(y) dy.
B(IJ‘) jEZ,jZlogQ r B(I,T’)
Therefore, once we prove that

S onf Awd=in Y o a6

JEZ:j>logy T JEZ:j>logy T
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we have

/;(w,r) g<y) dy = Zlg?o Z /B(ac,r) )‘j,lwAj,ke (y) dy

J€EZ:j>logy T

= lim /B . Z Njke Aj, (y) dy

j=—o0

—tim [ foly)dy = / £(y) dy,

{00 B(z,r) B(z,r)

so we arrive at (3.7). Hence, we only need to verify (3.8).
Now, assume that ¢ < oco. Since flw#dt < [JTwt)?dt < oo, for every
d > 0, there exists J € NN (log, r, 00) such that

( / jo w(tt)q dt>1/q <3 (3.9)

Therefore, for every ¢ € N, we have

’ > / NA () dy— > / Aj,kgAj,kg(y)dy‘
B(z,r) B(z,r)

JEZ:j>logy T JEZ:j>logy T

< Z /B(x,r)‘)\jAj(y)’ dy + Z /B(xvr)|>\j,kez4j,ké(y)| dy

JELG>T JEL:j>J

+ > ‘&/B( )Aj(y)dy—%m/

jEZ:logy r<j<J B(z,r)

Ajk () dy’- (3.10)

Let I, I, and I3 be the first, second, and third term in the right-hand side of
(3.10), respectively. By using Hélder’s inequality and (3.9), we have

ne (3 )" (]

j=—o00

145 (y)| dy) q) v

< 1+ M (S (14l Bl 0] 7))

Jj=J

< (1+&)M|B(z,r)|"" (iw(zj)q) v

<(1 +8)M|B(a:,7")|1/p</oo w(t)? dt)l/q

2J 1 t

(zr)

< (14 &)M|B(x,r)|"s. (3.11)
Likewise,

L < (1+)M|B(z,r)|"7s. (3.12)
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Meanwhile, from limy o Ajx, = A; and (3.3), it follows that

lim Iy = ) lim |\ / Aj(y) dy — Aji, / Ajk,(y) dy( =0.
{—00 . . . {—00 B(CE,T) B(CC,T)
J€Zlogy r<j<J
(3.13)
By combining (3.10)—(3.13), we obtain
limsup‘ > / N A;(y) dy — / Nk Aj e () dy)
6220 jez:j>log, 7/ Bl@T) iz 108, ) B@)
< 2(1+&)M|B(z,r)|"""s, (3.14)

so by taking 6 — 07, we get (3.8) when ¢ < oo.
Now, we consider the case ¢ = co. Since lim;_,,, w(t) = 0, for each 6 > 0, there
exists K € NN (log, 7, 00) such that

w(2%) < 4.

For every ¢ € N, we have

/ (y) dy — / Aj, ke 7, ke dy’
B(z,r) B(z,r)

]EZ j>logy JEZ:j>logy

< Iy + I + I, (3.15)

where

L= |>\j|/ ;)| dy,  I:=) |>‘j7ke|/ |Ajk ()] dy,
=K B(z,r) =K B(z,r)
and

Is ;:‘ > / . Ndy— Y Ak, /B( )Aj,ke(y) dy‘-

JEZ:logy r<j<K JEZ:log, r<j<K

By Holder’s inequality, we get

)‘1/17

L <> INIA | | Bz,
=K

< B, )" S \jlw(2?)

=K

< [Be,n)|""w@) 3 | < |Bar)| (1 v e)Ms. (3.16)

j=—o0

Similarly,

Is < |B(w, )| (1 + £) M. (3.17)
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From limy_,o Ajx, = A; and (3.3), it follows that lim,_, I¢ = 0. We combine this
and (3.15)—(3.17) to obtain

limsup‘ Z /B( ))\jAj(y) dy — Z /B( ))\jJWAjJW(y) dy

l—o0

JEZ:j>logy 1 JjEZ:3>logy 1

< Z‘B(x,r)‘l/p(l +e)Mo.

Therefore, by taking § — 0, we have (3.8) for ¢ = occ.
Finally, we prove (3.1). From f =327 _ A;A; and (3.4), it follows that

| losr,. < (14 )M,
Since ¢ is arbitrary, we have
1fllem,, ., <M. (3.18)

On the other hand, because of Lemma 2.4 and 0 < fi(z) < f(z) for all £ € N,
we have

I feller,, ., < Ifllzm,,

p'q’w?

and hence

M < ||f||LHp/q/7w' (319)

Thus, (3.1) follows from (3.18) and (3.19). O

Now, we arrive at the following characterization of the associate space of gen-
eral local Morrey-type spaces. We note that a different characterization of the
associate space of local Morrey-type spaces can be seen in [10, Theorem 4.3].

Proposition 3.3. Let 1 < p < o0, 1 < g < 00, and w € Q,,. Assume that w

satisfies the doubling condition. If ¢ = oo, assume also that lim;_,. w(t) = 0.
Define w(t) := {f;é;?w(t)’ 1= Then (LMyys) = LH,

p'q w-

Proof. Let f € LH,yy .,. By Theorem 2.6, for every g € LM, 5 with ||g||Lm

1, we have
L ®
flreeas= | sl

S 9llemy, ol flleny, e, < W llem,,,, < oo

praqg,w w

Therefore, f € (LM yp,5)". Hence, LHy g € (LM py5)'.
Let f € (LMyp,5)" of norm 1. Then

<
pq,w —

sup |f(x)g(x)‘ dr = 1. (3.20)
lglloat,, 5 <1 JR™

Without loss of generality, we may assume that f > 0. For each k£ € N, define
(@) = 2y pan (@) and  filw) = min(f(x), gu(x).

Since supp(gx) = B(2*) and g, € L”, by Lemma 2.3, we have g € LH, ,,. From
0 < fi(z) < gi(z) and Lemma 2.4, it follows that f, € LH,y .. Thanks to the
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Hahn-Banach theorem, there exists L € (LHyg )" such that || Ll|zm,, ) =1
and

fillzm,,., = [L(fi)]- (3.21)
According to Theorem 2.6, there exists h € LMy, 4 such that |||z, , ~ 1 and

L = L. Consequently, by combining (3.20) and (3.21), we get

fulltny = |E0(E0] < [ i) ) d < [t~ 1

80, SUpyen || fllzm,, , S 1. Since {f}72, is increasing and limy o fr(z) = f(2),

q’wN

by virtue of Proposition 3.2, we have f € LHyy ., and

||f”LHp/ ’ S

q,’LUN

Hence, (LMypg.) € LHpy 4. This completes the proof. O

We will use the following corollary.

Corollary 3.4. Let 1 < pg,p1 < 00, 1 < qo,q1 < 00, Wy € Qpyge, and wy € 2y,
Assume that wy and wy satisfy the doubling condition. If qg = oo and ¢ = oo,
assume also that limy_, wo(t) = 0 and limy_, w(t) = 0. Define

t— 1 t < t—Va ¢ <
~0<t — wO( )7 do 0, wl(t) — wl( )7 q1 o0,
wo (1), qo = 00, wi (1), q1 = Q.

If f € LHpy gt o + LHp g, and g € LMpyg0.50 0 LM p,g,.0,, then fg € L' and

[ 1@l do < 1l vam,

Proof. Let fo € LHy g wy and f1 € LH g1 1, be such that f = fo+ f1 and

191 EMpg g0 NEMipy gy 0, - (3.22)

afwy

HfO“LHp{)qéMO + HleLHp,lq,w1 < Hf”LHp()qf)ywo-i-LHp/lq/l’wl' (3.23)

Then, by Proposition 3.3, we have

[ Jt@a@lde < [ [f@a@)] e+ [ || ds

< HfOH(LMPO‘IO@O)’||9HLMP040»150 + ||f1||(LMP1417’D1)’HgHLMpl‘ll*ml
S (HfOHLHpgqg,wo + ||f1||LH,,/1q/l,wl)||9||LMqu0,w0mLMp1ql,ml«
(3.24)

Thus, (3.22) follows from (3.23) and (3.24). O



COMPLEX INTERPOLATION OF PREDUAL SPACES 553

4. Proof of main theorems

4.1. Proof of Theorem 1.5. Without loss of generality, we may assume that
Po > p1. Since limy_, wo(t) = limy_,oo w1 () = 0, we have limy_, w(t) = 0.

Let f € [LHpy1wos LHy 1,0, ]o- We will show that f € LHp . According to
Proposition 3.3, it suffices to show that

”g”L/\S/ll;oI:,w§1 Rn }f(x ‘ Jde S ||f||[LH P 1ywg LHp! 1,0, 167 (4.1)
Choose F' € F(LHp 1wy, LHp;1,0,) such that f = F(6,-) and
||F||I(LH/ o PH 1) ) S ||f||[LH, o EH 1 o (4.2)
Let g € LMoo With || gl zatyee., < 1and M :=sup, g || F(z, )”Llelw FLH
For k € N and z € S, define
Hi(z, %) := x{201() |§Eg| ‘9($)|p(1’;°z ﬁ)X{%smgc}(f’c) (z € R")
and
or(2) ::/ F(z,2)Hy(z,z) dx. (4.3)
Since
o0) = | f@H0.0)dr = [ |F@)ale) x<yin (@) d
we have
/ | f(x)g(x)| do = Jim o1 (0).
Hence, in order to obtain (4.1), we only need to prove that
ou(0) S IS llien o0 LH 1y 10 (4.4)
for all £ € N.

Now, let us prove (4.4). For every z € S, we have
| Hi(z, )] < [g(@)|7 |g(@)] 70 "y 1 g (@) < B |g(a)|m (4.5)
and
[Hi(z, )| < o) |ge) "5 09 (@)
< ke |g(x)| (4.6)

Note that our assumptions imply that wg(r)P° = w;(r)P* = w(r)?. Therefore,
P
o5 .., =500 0 Moy = Il g <1 (47
and

P B P
Mol ppy, o = supw(r)?r g1l s HgHLMpM <1 (4.8)
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By combining (4.5)—(4.8), we have Hy(2) € LM 00w, N LMy 00w, With

p

< kpl o (4.9)

|| Hi(z, ')HLMmm,womLMploo,wl =

From the last inequality and Corollary 3.4, it follows that

|61(2)] S k71w || F(z, Moa (4.10)

Py 1,w +LHp/1

1,wq

Therefore,

sup|gi(2)| S k1 70 M < oo, (4.11)
zeS
Next, we estimate |¢;(2)| on the boundary of S. Let ¢ € R. As a consequence of
(4.7) and | Hy(it, )| < |g(x)[#, we have

| H(it, -) <1

(P

From the last inequality and Proposition 3.3, it follows that

i (it)| < An‘F(it,x)Hk(it,x)‘ dz

< HF(it")H(LMmo@,wo)’
N HF(M )HLH b Lo
S NENFwey, by ) (4.12)
By a similar argument, we also have
‘¢k(1+it)| S ENF (LHyp 3 g EH g 1) (4.13)

In view of Lemma 5.1 and (4.11), we may use the three-lines lemma together
with (4.2), (4.12), and (4.13) to obtain

ox(0) < (suplon(it)]) " (sup|en(1 + 1))’

P lwl]g

< HFHf(LHpBLwO LHy )

) < ||f||[LHpéLw0 LH,

Thus, the proof of [LHy 1wy, LHp 1w, )o © LHy1, is complete.
Conversely, we will show that LHy . C [LHy1 g, LHp wl] .Let f € LHp .

Then, there exist {\;}32_ € ¢* and {(4;,2)}32__ € A, (L") such that
f= Z Ajd; and SIS I e, - (4.14)
j=—00 j=—00

For every J € N and z € S, define

J . .
Z wo(27) 7wy (27)

j=—J w(2j)p/( Py P

lozy2)

“san(A4, )40 T (@)
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We claim that

FJ(@, ) S [LHp{Jl,meH ’lwl] (4.16)
and
s @) = Fic O M w0 = O (4.17)

T>K
The proofs of (4.16) and (4.17) will be given in Section 5.1. As a consequence of
(4.17), there exists g € [LHpy 1 w5 LHp,1,0,]0 such that

}EQOHFJ(Q ) = QH[LH%I LHy e 0. (4.18)

From (4.18) and [LH 1wy, LHy 1.0, ]6 © LHy1w, it follows that

lim || F; (0 =0. (4.19)
J—00

) = gHLHP,Lw

Since [ — F(0,) = > 5cz 50 AiA; (), we have

1f = Fs@ My, < D N0

JEL|j|>J
Therefore,

Jim [ f — F5(0 =0. (4.20)

HLH 1w
By combining (4.19) and (4.20), we have f = g. Hence, f € [LHp 1wy, LHp,1,u,]0-

4.2. Proof of Theorem 1.6. Without loss of generality, assume that py > py.
First, we prove that

[LHp’ dpwo> LHpl ], wilo € LHyq . (4.21)
Let f € [LHp gowo) LHp g wi]o- We will show that f € LHpy . Let w(t) =

tiéw(t). By Proposition 3.3, we only need to show that

sup | F@)g(@)| de S\ Fllwn,, o ity oo (4.22)

Poa>wo’ p1a7,w1
I91lEMypq 5 <1

Let g € LMy with [|gllza,, . < 1. By the definition of [LHy g wy, LHp, g w0,

there exists F' € F(LHpy g wo> LHp: ¢ ) such that f = F(6,-) and
”FH]: LHp/q/ g’ LHp’q’ wl ||f||[LH phal w0>LHp’q’ “’1]9 (423)

For k € N and z € S, define

f(x)\| ‘p(

Hy(z, ) == X{f#o}(x)|f<$) o X{L <|g\<k}( )

and

Or(2) = /n F(z,x)Hy(z, z) dz.
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Since

lim ¢r(0) = lim f( VH(0, z) dx

k—oo k—o0

~ Jim / (7@ <pen ) dr

= [ ls@y(e)]dz,

the inequality (4.22) can be obtained if we can show that
or(0) SN fllim, o nmy, 1o (4.24)

PRag>wo’ T P e Wl

for all k£ € N. _ )
The proof of (4.24) goes as follows. Let z € S. Let wy(t) := t wwy(t) and

wy(t) = tiiwl(t). From wo(t)® = wi(t)®, w(t) = we(t)'%wy(t)?, and L =

q

=0 4 0 it follows that
q0 q0

wo(£)* = wi(t)" = w(t)?,
which yields

Wo (1) = wy (H)" = w(t)?.
By using this identity, for every j € {0,1}, we have

2 N 2
1917 HLijqj,wj = |l (r)® ||lg]* XB(T)HLPJ'(B(T))Hqu(o,oo)
L
= | @) lgxse ) " || o 0.0
P
= 19l12nt.0 <1 (4.25)

From the inequalities (4.5), (4.6), and (4.25), it follows that Hx(z, ") € LM yq0.,0
LM, 4w, and

p

| Hi(z < ko (4.26)

’ ) ||LMqu0,w0 R R

Therefore, by combining (3.22) and (4.26), we have
sup| g (2)| < ki~ %supHF(z)
zeS S
Next, we estimate |¢x(j+1t)| for every j € {0,1} and ¢ € R. Since |Hy(j+it, )| <
]g]p/pf by virtue of (4.25), we have

< 0. (4.27)

1,wq

HLHP/OLUJO +LHP/1

[HG A+t )| gy oy S 1 (4.28)

Consequently, by combining (4.23), (4.28), and Proposition 3.3, we see that
6(G +it)| < [ |F( +it,2)Hy(j + it, x)| do
Rn

< ||[F(j +1it,- H

quO wO
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~ HF(] + 1, ')HLHPE)%*”O
< ||FH]—‘(LH%%’WO,Llelq,l,wl) S Hf”[LHpé)qé,wo,LHp,lq,lywl]g. (4.29)

By using an argument analogous to that of the proof of Lemma 5.1, we have that
¢r(2) is continuous on S and holomorphic in S. Since (4.27) holds. we may use
the three-lines lemma and the estimate (4.29) to obtain

or(0) S ||f|\[LH6 LH,,

phafwo e qi,w1]9’
as desired. Thus, the proof of (4.21) is complete.

Now, suppose that f € LHpq ... We will show that f € [LHy g wy, LHp, g ]o-
Write

F=Y" N4 (4.30)
j=—00
for some {(A4;,27)}2 € Ay,(L) and e o € (9 satisfying
0 1
(Z |/\j’q)q Slen,,, - (4.31)
j=—o00
For J € N and z € S, define
J . .
¢ (22 wo(27) P (27)° Pt 2)
Fy(z,-) =Y sgn(A\)N\|" % NS sgn (A4;()[A;()[7 7
j=—J w(27)” 07
(4.32)
We claim that
Fy(0,-) € [LHpgq(),wo’ LHpiq’l,wJ@ (4.33)
and
i I8, ) = Fre(6, ')H[LHpgqeywovLHpaqa,wJe -0 (4:34)

J>K

We postpone the proofs of (4.33) and (4.34) to Section 5.2. As a consequence of
(4.33) and (4.34), there exists g € [LHy g1 wy» LHy g1 wy]o such that

lim [|F5(6, ) — gH[LH%q/’ = 0. (4.35)

O'LU

o’LHp'lqi,ng

By combining (4.35) and [LHy g wo, LHy ot w0 © LHpy g 1, We have

Pp49p,Wo > P14qy,w1
JII_EEOHFJ(G’ ) o gHLHp/q/’w =0. (436)
From f—Fy(0,") = 3 ez >0 AiA;(+), (4.36), and {A;}52 € (9 it follows that

||f - gHLHp/q/’w < Hf - FJ<97 .)||LHp/q/, + HFJ(97 ) - gHLHp/q/,w

w

< ( Z |/\j|q,>? + || Fa(0, ) — gllLHp/% —+0

w
JEL,|51>J



558 D. I. HAKIM

as J — oo. Consequently, f = g. Hence, f € [LHpy 1wy, LHp 1,0,]o- Thus, the
proof of Theorem 1.6 is complete. 0

5. Auxiliary lemmas

In this section, we provide the proof of continuity and holomorphicity of the
function ¢ (z) in Section 4.1. We also prove (4.16), (4.17), (4.33), and (4.34).

Lemma 5.1. Let ¢(z) be defined by (/.5). Then ¢y (2) is continuous on S and
holomorphic in S.

Proof. Let 2,20 € S, P := 2 — 2 and M := sup,g||F(z)|Lu,

1 po’ poL,wg

By combining (3.22), (4.9), and

+LHp’1w1'
[ Hi (22, 2) = Hier, )] < [ Hi, )| (o] 7 = 1)
< {Hk(zhx)‘(kp‘@—zﬂ _ 1),

we obtain
|6r(22) — B1(21)]
S/ |F (22, x) — F(z1,2)||Hp(22, 2)| da

}}7 21, T (ffk(ZQa ) }ik Zla )‘li$

< kPHF 29,) — F(z, - +EPMEP==l 1 (5.1)

1,wq

||LH/

Py 1,wq +LHp/1

Hence, the continuity of ¢(z) on S follows from (5.1) and the continuity of
F:5 = LHy,  + LMy .

Now, we prove the holomorphicity of ¢(z). Let z € S. Then there exists
F'(z,+) € LHp 1w, + LHp 1, such that

H F(z,-) = F(z,")

Hm h

2+heS
Define H;(z,-) = P - Hy(z,-)log|g| and

e )H —0. (5.2)

LHp61,w0+LHp/ 1wy

Pi(2) = /n F'(z,2)Hg(z,2) + F(z,x)H; (2, x) dx.

Let h € C be such that 2z + h € S. From (3.22), it follows that

‘% (z +h) = d(2)
h

~ )| S h+ B+ (53)
where

I = HHk(Z7 ')HLMpooo,woﬂLMpooowo
F(Z,) _F(Za)
. H h

—F'(z : (5.4)

’ ') )‘
LHy o tLH )



COMPLEX INTERPOLATION OF PREDUAL SPACES 559

Iy :=||F(z+h,-)|
9 LHP/OLMO -i-LI{p/1

1wy

H, h,-) — H(z,-
AR IED pe| 6
h LMy oo,woNEMpy 00w,
and
1= (G Mty gty IF 1) = E Gy vy,
(5.6)
Combining (4.9), (5.3)—(5.6), and
H h H
‘ Kz h, ) (2 7) H,’ﬂ(z,a:)‘ < |Hi(z,2)| (k""" — 1) Plog k,
we get
Pr(z + h) — ¢e(2)
; —64(2)
S kPHF(Z ) — F(Z, ) i F/(Z, )” +M0k7p<kp‘h‘ . 1)
LHp/ 1w +LHP/ Lwy
-|—Pk;P(logk’)HF(z+hv')_F<Z7 )‘LH/ . (5.7)
Py 1,wq pll,w

As a result of the continuity of F(z,-) and (5.2), the right-hand side of (5.7) tends
to zero as h — 0, so ¢}.(z) is the derivative of ¢x(2). Thus, ¢x(2) is holomorphic.
0J

5.1. Proofs of (4.16) and (4.17). In this section, f is any function in LH,
such that (4.14) holds, and F}(z) is defined by (4.15). For each j € [—J, J] N Z,
we define

2 vy
uy i ol - - i )|Aj|p1 (5.8)
w(29)” PP
For each j € [~J,J]NZ and z € S, define
wo(2)"*w P )
Gj(z,-) = o(?) ( 3 sgn (A )’A ‘ ney (5.9)

w(2)”
Gjo(z,-) == Gj(z, ')X{ujgl}a Gji(z,) == Gj(z,:) = Gjo(z, ). (5.10)

We prove (4.16) by checking the conditions given in Definition 2.1. We will use
the following calculation of the norm of some blocks.

Lemma 5.2. Let k € {0,1}. Then, for each j € ZN[—J, J],

[RCCIAPYE:
LH ,

(2])% pplwg

<1. (5.11)

Proof. The inequality (5.11) follows from Lemma 2.3, |HA]-\7"/1’§9HLP;€ = HAJ-HI;{,p;“,

and ||A;] . < w(279). O
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Lemma 5.3. For every z € S, we have Fy(z,-) € LHpy 1w+ LHp 1w, - Moreover,

sup.es [|E (2, )lem,, 400, < 00

Proof. We decompose Fy(z,-) = Fjo(z,-) + Fji(z,-), where

J

FJ’O(Z, ) = Z AjGj’O(Z, '), Fjl Z Aj G]l (512)

j==J j=—J

Combining Lemma 5.2 and
o) [ e wo(2) |
) = 22 14 oy < 2B ]
w(2)% w(2)%

‘Gj’o(z

we have

J
| Fro(z, HLH,1 < Z AllGsollea,,, ., < SIS I len,, , < o

j=—J j=—J

Therefore, Fjo(2,:) € LHy 1w, Similarly, we also have Fj1(2) € LHy 1, with
HFJvl(Z")HLH/ S ”f”LHp/l,w'
pll,wl

Since Fy(z,-) = Fji(2,-) + Fa(z,-), we have Fj(2) € LHy 1w, + LHp 1,0, and

HFJ(Z, -)‘}LHPGLMOJFLHP,ILw1 < HFJ,U(Z, ')HLHp()LwO + HFJ,l(Z, ')HLHp’lel
S len,, - (5.13)
Thus, sup, g || Fs(z, )HLlelwoJrLlelwl S fllem,,, ,, < oo O

Lemma 5.4. The function Fy: S — LHpg)l,wo + LHp 10, 8 continuous.
Proof. Let z € S. We will show that

lim ||[Fy(z+h, ) — Fy(z =0. (5.14)
h—0

z+heS

HLH/

Pj1 wO+LH ’

P 1wy

Let Fjo and Fj; be defined by (5.12). For every h € C satisfying z + h € C, we
have
||FJ70(Z+h’ ) FJO

||LHp/ 1w

le'

)\ |HGJO Z+h ) Gj,O(Zv'>HLH,
Po

1,wg

ij

Al
wo(]QJ') |Gz + ) = Gl

B

<

J

HLPO
—J
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Since limy,_,0 Gjo(z + h,z) — Gj0(z,7) = Gjo(z, z) limy_o(u;(z)" — 1) =0,
|Gjo(z + D) = Giolz, )]
wo(2) |\ 1B Re(2)

I (uj

Re(z
X<ty + 45 Xy <1y)

P
2 . .
and |A;|7 € LPo, because of the dominated convergence theorem we have

}lliE)I(l)HGjyo(Z + h, ) — Gj,0<27 )HLPE) =0.
Consequently,
IIL%“FJ,O(Z"i_h? ) = Frolz HLH/ oy 0. (5.15)
By a similar argument, we also have
}lligéHFJ,l(erh, )= Fy(z HLH,,/WO =0. (5.16)
Combining (5.15), (5.16), and
[F5(z + h,o) = Fy(= HLHllw—i-LH/ o
< HFIO(Zth’ ) = Folz “LH,1
wo
+HFJ,1(Z+h’7')_FJ,1 2 HLH/l
pylwy
we get (5.14). O

Lemma 5.5. The function Fy : S — LHy 1w, + LHy 1., s holomorphic.

Proof. Let € € (0,1/2). It suffices to show that
J

Fi(z):= > XGj(z,)1og(u;(-)) € LHy e + LHy 1, (5.17)
j=—J

for every z € S and

F h) — F
lim H s(z+h) = Fy(z) —Fj(z)" _0 (5.18)
h—0 h LHyy o +LHy 1,
z+hesS Py pylwy
for every z € S. := {2 € S :e < Re(Z) <1—¢}. We define
J
Ff]o Z AiGiol(z log(uj( ))
j=—J
J (5.19)



562 D. I. HAKIM

Since
w0(29) p—,
’GJO( )log(uj( ))’ = A;() OUJ( ‘log (- ‘X{uy<1}
w(2)"
j 2
< wy(27) | A%,
e Re(z)w(27)0
by Lemma 5.2, we have
1F50C M, < 2 AP
0o j:—J eR,e( ) (2]) 6 plol,wo

seRe ':Zl Ajl

5 ||f||LHp/17w o0,

80 Fo(2,) € LHp 1w, By a similar argument, we have F,(z,-) € LHy -
Since F(z, ) = Fio( ) + F5.(2,+), we conclude that F7(z, ) € LHy1w, +
LHy 1w, -

Now, we prove (5.18). Let z € S: and h € C be such that z+h € S and |h| < 5.
Since

wo(27)]A; (4|70 .
‘GLO(Z)‘ — 0( >| ]é)| U () ( )X{UJ<1}
w(27) 7o
21| A (- 576
w0
w(27) %0
we have
Giolz+h,) — G0z,
otz 1) Z Gl ) (2 oy ()
u; ()" — 1 — hlog(u,(+))
:|G]7()(Z,)’ ]() - ( J ‘

< u;(") X u,<1y|h] (log (u;(+)))
w(27) 0
g ()]
2w
< “EILON e e hl(0g ()P0, 5.20)
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Combining (5.20) and supy_,<; t/*(log t)? = 3%, we get

Giolz+h,-)—Gjo(z,-)

— Giolz ) Tog ()|

< o Uj(')s/2X{uj§1}|h|(10g(“j(')))
21 A (- o
< Cg\h\wO( ) 95,” 2 (5.21)
w(29) 70
Therefore,
Fro(z+h,-) = Fio(z,-) )
sl
H h 70(2°) LH,,
Py tL,wo
L @A) :
< Gl Y | VR <am Yl
i=—J w(24) % rotwo -
Consequently,
. Fj,o(Z‘f‘h;’) _FJ,O(Za') / _
lim . — Fy(z, .)HLHPIOMO ~ 0. (5.22)
Likewise,
- NWF(z+h,) = Fri(z,) / _
TR AT EA
Thus, (5.18) follows from (5.22) and (5.23). O

Lemma 5.6. For each k € {0,1}, the functiont € R — F;(k+it) € LHy ., is
bounded and continuous.

Proof. First, we will show that

max igﬂ}g”FJ(/{: + zt)”LHp;vak < 0. (5.24)
For each k € {0,1}, t € R, and j € [—J, J] N Z, we have
N wi(2) 5*/, _ wi(27) z%’l
|G;(k +it)] —WWHAH i _W|Aj| K, (5.25)

so, by virtue of Lemma 5.2, we have

J
£+ i, < D2 LS Wl
Pk W

j=—J
Therefore,

maxsup|[Fy(b+it)ll,y,, < W lem,,,, < oo
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Now, we prove the continuity of t € R +— F;(k + it). Let t; € R. As a result of
Lemma 2.3, we have

15+ it ) = Fy ke + ito, )|
P Lwg
J
< ) |Gk +it, ) — Gk +ito, )

j:—J

Gk +it,-) — G(k + ito, )| »
< Z H ) J.( 0 )HLk (5.26)
wk(2ﬂ)

j=—J

o,

1wy

L’ / 7
Since |A;|" € LPr, |Gi(k +it,) — Gj(k +itg, )| < 2-2=) () |A;|7%, and

w(zj)Tc
y _ X ; — . t—to __ —
tlLr% G,k +it,x) — Gj(k + it,x) = G;(k + ity, x) tlgg uj(x) 1=0,

because of the dominated convergence theorem we have

lim ||G;(k + it) — G;(k + ito) || ,», = 0. (5.27)

=t
By combining (5.26) and (5.27), we get

}LI?HFJ k+it,-) — Fy(k +it, - HLlelwk

=0,

as desired. 0

From Lemmas 5.3-5.6, it follows that F; € F(LHpywy, LHp1,). Conse-
quently, F;;(0) € [LHp 1wy, LHy 1, ]o- Thus, it remains to prove (4.17).

Proof of (4.17). Let J, K € Nwith J > K. From (5.25) and Lemma 5.2, it follows
that
HFJ(Q, FK

H[LH g LH 1 0 10

<zﬁ%}i§2ﬂ§“ﬂ (k it ) = Ficlhk 4t )y,

<kmaxsup Z \>\|HG (k +it, - ||LH/

J>\J\>K
Wi 2j L;
— maxsup MH% A,()|% < 3 L (B2
k‘ZO,l teR - AN LH /1w .
JEZ w(2])pk Prlwg JEZ
J=>|jI>K J=>|jI>K
Since {\;}32 ., € (', we see that
Jim > Inyl=o. (5.29)
J>K  Jeb
JZ|jI>K

Thus, (4.17) follows from (5.28) and (5.29). O
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5.2. Proofs of (4.33) and (4.34). Let F;(z) be defined by (4.32). For each
€ [—J,J]NZ, we define
§o () ()
=y (5:30)
w(29)? Py pp

For each j € [~J,J]NZ and z € S, define

6. = s 1" T H L 4, 0) a0
w2y’
(5.31)

Lemma 5.7. For every z € S and j € [~J,J]NZ, define
Gj,O(Zv ) = Gj('z> ')X{ujgl}a Gj,l('Z? ) = G]’(Z, ) - Gj,O('Z? ) (532)
Then, for each k € {0,1}, we have

1G] < @4 )%, (5.33)

p

w(29)7o

Proof. We prove (5.33) only for k = 0. We leave the case k = 1 to the reader
because there are no differences. Since Re(z) > 0, we have

qT (2]) L// Re(z L: w0(2j) L//
|Gia(z:)| = N1 == 4O x,<ny < Il —=—7 |45 ()5,
w(27)0 w(29) %
as desired. O

Lemma 5.8. Let k € {0,1} and j € [—J,J]NZ. Then %\A PP s a
(p},, wi, 27)-block.

Proof. Since supp(A;) C B(27), we have supp(%\ A;P'/Pk) C B(27). More-

( 10 /I’k
over, from ||A;]|;» < w(27) it follows that

= ) A < (@),

HM‘AVW)%
J L’k w(29)P /P

w(gj)p’/p;

Thus, (w 2y /p |A;[P"/Pk s a (p),, wy, 27)-block. O

Lemma 5.9. For every z € S, we have Fy(z,-) € LHpy g wo+LHpy, g wy - Moreover,

Supz€§ ||FJ( )HLHPI a) wo-‘rLHp/ ) wr < 00.

Proof. We define

Fro(z,-) == Z Gio(z,-),  Frlz-):= Z Gia(2,-). (5.34)
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We use (2.2), (4.31), and Lemma 5.8 to obtain

J
HFJ’O(Z’.)“LH%)QE) S HZ |Gj’0(z’.)‘HLHp/ /

»WQ q0,w0

<HZM ol
p/p LHy g

J
< (¥ <|Aj|q'/q6>q°) *SIAIHE, <o

j=—J

Therefore, Fjo(z,-) € LHy g w,- Likewise, F;1(2) € LHy 4 1, With

Po4p,wo * P197,w1

'/
HFJJ(Z’.)HLH/ , 5 HfH%HQI//
phafwq

pq,w

Consequently, F(2,-) € LHy g w, + LHy g1 0, and

R (Y [E) N [oNE]
< 4 /40 d/q
SIFIEHE 1A (5.5)
! ! /
Thus, sup,es |1 F5(z, My, ovemy o SIFITEE, +IAILES, <o O
Lemma 5.10. The function F; : S — LHy g wo + LHp, g1 0, 18 continuous.
Proof. Let z € S. For h € C with z + h € S, we have
F h Fy(
H sz 4 h, ) = Fy( HLHp/q/ oo LY ot oy
SHFLO('Z"F}L’) Fyolz |LH,,
0490>%0
+|Fua(z+h, ) = Fra(z HLH/ . (5.36)
q1>w1
Hence, it suffices to show that
}ILiLI%LHFJ,k(z—l— h,-) = Fri(z HLHp, = 0 (5.37)
z+heS
for each k € {0,1}. By Lemma 2.3, we have
J
[Fr(z + by ) = Filz HLH/q/ . ZHG%’“(Z—F}L”)_G%’C(Z? >HLHp/q/ .

j:fJ
||G]k(z+h ) G,k(zf)”Lp;C'
wk(2j)

j=—=J



COMPLEX INTERPOLATION OF PREDUAL SPACES 567

According to Lemma 5.7, we have

}Gj,k(z + h, ) — Gj,k(z, )| S |Gj’k(2 + h, )| + |Gj,k(z, )}

4wy (2 z
< 2| T ).
()

Since limy_o G,x(z + h, ) — Gjx(z,7) = G,x(2,z) limy_o(u;(z)" — 1) = 0 and

b /
|A;|"k € LPx, by the dominated convergence theorem we have

lim [|Gx(z + B, <) = Gz, )| oy, = 0. (5.39)
Thus, we obtain (5.37) by combining (5.38) and (5.39). O

Lemma 5.11. The function F;:S — LHy g wo + LHp, gt w0, 18 holomorphic.
Proof. Let € € (0,1/2) and S, := {z € S: e < Re(z) < 1—¢}. We will show that

Z G log uj( )) S LHp/q/ wo T LHp/ g} w1 (540)

j=—J

for every z € S and

F - F
lim H szt h) = Fylz) F'i(2) =0 (5.41)
h—0 h LH ; +LH ,
Z+heS Podpwo TP 4w
for every z € S.. We define
Fiol(z, Z AiGjo(z, ) log(u;(+)) and
= (5.42)
F&l j{: Aj Gzl log(uj())
j=—J
Since
‘Z—, wo(27) B
‘Gj,0< )log(uj )‘ = |\l O—p/ A; () pO“J( ‘log(uj )‘X{u7<1}

(23)%
2 wp(2 2
< gl a7
e Re(z)w(27)0

by Lemma 5.8, we have

s

1/qy
< plalw
ahwo eRe (Z [l ) ~  eRe(z) >

) )||LHP6 /

|’F3,0(Z

80 Fo(2,+) € LHy g w,- Similarly, F,(z,-) € LHy g w,- Since

F!I(z7 ) - F3,0(27 ) + Fj’,l('% ')a
we see that F(2,-) € LHy g wo + LHp ¢t w, -
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The proof of (5.41) is obtained in a way similar to that of (5.18). Let z € S.
and h € C be such that z +h € S and |h| < 5. By a calculation similar to that
n (5.21), we obtain

Gio(z+h,-) = Gjolz,-
ale 1) 2 Giolee) e, tog(u()
< ¢y 6 LN
w(27) 7o

The last inequality, (4.31), and Lemma 5.8 imply that

- <c |h|(2 A7)

/

< C- |h|||f||LH//w

O\"“

F h,-)—F .
[Pttt bl pye)),

Consequently,
FJO Z+h ) FJ70<Z7-) , B
fHoH h — Folz, ')HLH/ o= 0. (5.43)
Ppdp*0
Similarly,
Fji(z+h,) = Fji(z,-) ) B
h—>oH h — 175.(z, .)HLHP/ " = 0. (5.44)
Thus, (5.41) follows from (5.43) and (5.44). ]

Lemma 5.12. For each k € {0, 1}, the functiont € R — F;(k +it) € LHpy o1 w,
1s bounded and continuous.

Proof. First, we will prove that

max iuﬂg”FJ (k +it) ||LHp;€q],€,wk < 0. (5.45)

Let k € {0,1}, t € R, and j € [—J, J] N Z. By virtue of Lemma 5.8 and

w\F\

o w(2)
G5( k+zt‘—|)\|kw| ul|| A;|”

;r\ra

;1—, wk(23)
= |\ kWM il (5.46)

we have
J
P95 Wk p—

d/q
SN

1/q,
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Therefore,

/4,
El%%stuﬂg)HFJ (k+1it) HLH/ y S ”fHLH;q/w 0.

The proof of the continuity of ¢ € R FJ(k + it) goes as follows. Let ¢, € R.
According to Lemma 2.3, we have

HFJ(k +it,-) — Fy(k +ito, -)

]_7'] P9y, Wk
d 1G5 (K +it, -) = Gy(k +ito, )|
) ) Pk
<5yl ) . (5.47)
j=—J

Since |Aj|% € Lp;“? |Gj(k+ita‘) -Gj (k"Htm )| < 2|>\ |q/ wk@]) |A |T“7 and

w(23)
tll)r% G(k+1it,x) — Gj(k +it,z) = G;(k + ito, x) tli_)I% (uj(z) " —1) =0,
by the dominated convergence theorem we have
tlgguej(k +it) = Gi(k +ito)|| ., = 0. (5.48)
By combining (5.47) and (5.48), we get
t].lngFJ (k+it,-) — Fy(k +it, - HLHP, " =0,
as desired. 0J

According to Lemmas 5.9-5.12, we have F; € F(LHy g wo; LHp, ¢t w,). There-

pP197,w1

fore, Fy(0,-) € [LHp g wor LHp o, wl] . Thus, it remains to prove (4.34).

Proof of (4.5/). Let J, K € Nwith J > K. As aresult of (5.46) and Lemma 5.46,
we have

HFJ(G, FK H[LH/ b wo LHp/q/ wl}o
< Fy(k + 1t, Fy(k+1t, -
km%x?elk{)” g(k+it, ) — Fre(k + HLHp/q/ o
_ Sup‘ G,k +it, )|
k‘ 1 teRr ]GZZ L Pl ap Wi
J>|5|>K
1
(X W)t (5.49)
jEZ
J>|i>K

Since {\;}32_, € 7, the right-hand side of (5.49) tends to zero as J, K — oo,
which implies (4.17). O
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