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ABSTRACT. Let a be an orientation-preserving homeomorphism of [0, co] onto
itself with only two fixed points at 0 and co, whose restriction to R} = (0, c0)
is a diffeomorphism, and let U, be the isometric shift operator acting on the
Lebesgue space LP(R,) with p € [1,00] by the rule Uy f = (a/)Y?(f o ).
We establish criteria of the two-sided and one-sided invertibility of functional
operators of the form

A=>"a Ul where |Allw = llag|lp=,) < oo,
kEZ keEZ

on the spaces LP(R;) under the assumptions that the functions loga’ and
ay, for all k& € Z are bounded and continuous on R; and may have slowly
oscillating discontinuities at 0 and co. The unital Banach algebra 2y of such
operators is inverse-closed: if A € Ay is invertible on LP(R,) for p € [1, o0],
then A= € . Obtained criteria are of two types: in terms of the two-sided
or one-sided invertibility of so-called discrete operators on the spaces [P and in
terms of conditions related to the fixed points of @ and the orbits {a"(t) : n €
Z} of points t € Ry.

1. INTRODUCTION

Let B(X,Y) be the Banach space of all bounded linear operators acting from
a Banach space X to a Banach space Y. We abbreviate B(X, X) to B(X). An
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operator A € B(X,Y) is called left invertible (resp., right invertible) if there
exists an operator B € B(Y, X) such that BA = I'x (resp., AB = Iy) where Ix €
B(X) and Iy € B(Y) are the identity operators on X and Y, respectively. The
operator B is called a left (resp., right) inverse of A. An operator A € B(X,Y)
is considered to be (two-sided) invertible if it is left invertible and right invertible
simultaneously. We say that A is strictly left (resp., right) invertible if it is left
(resp., right) invertible, but not invertible. If the operator A is invertible only
from one side, then the corresponding inverse is not uniquely defined (see [9,
Section 2.5] for further properties of one-sided invertible operators).

Let Cp(R ) denote the C*-algebra of all bounded continuous functions on R, :=
(0, +00). Following [36, p. 820] and [29], a function f € Cy(R,) is called slowly
oscillating (at 0 and 0o) if for each (equivalently, for some) A € (0, 1),

limosc(f, [Ar, r]) =0, s€{0,00},

r—S

where

osc(f, [Ar,r]) := sup{‘f(t) - f(7)| pt,m €[]}

is the oscillation of f on the segment [Ar,7] C R,;. Obviously, the set SO(R,)
of all slowly oscillating (at 0 and oo) functions in Cy(R,) is a unital commu-
tative C*-algebra. This algebra properly contains C(R, ), the C*-algebra of all
continuous functions on R, := [0, +oc].

Let o be an orientation-preserving homeomorphism of R, onto itself, which
has only two fixed points at 0 and co. Thus, a(0) = 0, a(c0) = o0, but a(t) #t
for all ¢ € R;. The function « is referred to as a shift. Since the function «
strictly monotonically increases on R, , its derivative exists and is positive almost
everywhere on R, . If loga’ € L*(R,), then the weighted shift operator U,
defined by

Uap = (a')/?(p 0 )

is an isometry on the Lebesgue space LP(R,) for every p € [1,00], and therefore
the operator U, is invertible on this space.

We say that the considered homeomorphism o : R, — R is a slowly oscillating
shift if its restriction to Ry is a diffeomorphism and loga’ € SO(R,). The set of
all slowly oscillating shifts is denoted by SOS(R. ) (see [13]).

Given p € [1, 00, let 2, 50 stand for the unital Banach subalgebra of B(LP(R.))
which is generated by all operators of multiplication by functions in SO(R ) and
by the shift operators U, and U;', where o € SOS(R;). Operators A € A, 50
are called functional operators.

Let Ay := W), g0 be the unital Banach algebra of all operators of the form

A=Y "a,U} € B(L"(Ry)), (1.1)
keZ
where a; € SO(R,) for all k € Z, a € SOS(R,), and the norm is given by
[Allw = Z lakllcyry) < oo (1.2)

kEZ
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By analogy with the Wiener algebra of absolutely convergent Fourier series, we
call Ay, the Wiener algebra. Obviously, 2y C 2,50 for all p € [1, o0].

Functional operators of the form A =% . a,U, with different classes of coef-
ficients a, and shift operators Uy : f — f o g associated with groups G = {g¢} of
diffeomorphisms play an important role in studying the solvability of functional
and integro-functional equations (see [1], [10], [19]), functional-differential and
pseudodifference equations (see [2], [20], [33]), and nonlocal boundary value prob-
lems (see [22]-[24] and the references therein). The theory of functional operators
is closely related to the theory of dynamical systems and the theory of represen-
tations of C*-algebras extended by automorphisms, endomorphisms, and partial
isometries (see, e.g., [3], [6], [21]).

The invertibility criterion for the binomial functional operators A = al — bU,
with data a,b,logo’ € C(R,) on the Lebesgue spaces LP(R..), where p € (1,00),
easily follows from that established by Kravchenko in [18] (also see [19]). Criteria
of the one-sided invertibility of such operators on the spaces LP(R.) are similar
to those obtained in [25] (also see [11] for generalizations of these results to the
case of reflexive rearrangement-invariant spaces). On the other hand, replacing
(0,1) by Ry in [12], we get a criterion for the two-sided invertibility of binomial
functional operators with coefficients in L>*(R) and logo/ € L*(R,) on every
space LP(R,) with p € [1, o0].

The study of the two-sided and one-sided invertibility of binomial functional
operators with slowly oscillating coefficients and a slowly oscillating shift was
culminated in [15], where the criteria of the two-sided and one-sided invertibility
of the operators A = al — bU,, with data a,b,loga’ € SO(R,) were established
on the Lebesgue spaces LP(R,) with p € (1,00). The slow oscillation of data
functions in comparison with data functions in L*(R,) allows one to obtain
sufficiently effective criteria of the two-sided and one-sided invertibility for con-
sidered operators.

For p € (1,00), two-sided invertibility criteria for any operator in the Banach
algebra 2, ow,) C B(LP(Ry)) generated by the operators A, = >, ., a Uk
(n € N) with coefficients a, € C(R,) and loga’ € C(R,) easily follow from the
criteria obtained in [17] (see also [19], [26], [27]).

We also mention the article [12], where, for p € [1, o], criteria for the two-sided
invertibility of operators in the Banach subalgebra 21, 7 1y of B(L?(0,1)) gener-
ated by the operators A4, = 37, , arUk (n € N) with coefficients a;, € L*°(0,1)
and loga’ € L*(0, 1) were established in terms of discrete operators associated
with the orbits O, of points ¢ € (0,1) under the action of the cyclic group G
generated by the shift a.

The present article is devoted to studying the two-sided invertibility of oper-
ators A € 24,50 and the one-sided invertibility of operators A € 2y on the
Lebesgue spaces LP(R,). Thus, we generalize results of [15] to the Wiener-type
series of functional operators, as well as uniform limits of functional polynomi-
als. The main difficulty in studying such operators is related to oscillations of
coefficients and the shift derivative o/ in neighborhoods of 0 and co.
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This article has the following organization. In Section 2, we collect the most
important properties of slowly oscillating functions and slowly oscillating shifts,
including the description of the maximal ideal space of SO(R,). In Section 3,
for every p € [1,00], we study relations of functional operators A acting on the
space LP’(R, ) and discrete operators A(t) acting on the space [P and associated
with the orbits O; of the points ¢ € R, under the actions of the cyclic group
G generated by the shift a, and we obtain two-sided invertibility criteria for
functional operators belonging to the Banach subalgebra 2,50 of B(LP(R.))
in terms of invertibility of discrete operators A(t) on P. We prove that in the
case of slowly oscillating behavior of coefficients and the derivatives of shifts the
B(I7)-valued function ¢t — A(t) is bounded and continuous on R, which allowed
us to avoid the condition of uniform boundedness of the norms of inverse discrete
operators (which arose, e.g., in [4, Theorem 8.4]) in the invertibility criterion for
considered functional operators (see Theorem 3.4). Thus, by this theorem, the
invertibility of any functional operator A € 2,50 for p € [1,00] is equivalent
to the invertibility of all discrete operators A(t) for ¢ € R,. These results were
generalized here to a bigger Banach subalgebra 2, ¢ of B(L?(R,)) as well.

In Section 4, we study limit operators for the one-sided invertible functional
operators A € Ay, C B(LP(R,)) for p € (1,00) and for their discrete analogues
A(t) € B(IP) (t € Ry) (see [32] and [33] for the definition, properties, and appli-
cations of limit operators), and we prove according to [15, Theorem 3.1] that the
limit operators for any left invertible operator A € 2y have trivial kernels and
closed images. The Fredholmness and invertibility of discrete (band-dominated)
operators with slowly oscillating or bounded coefficients on the spaces [P with
entries in a Banach space X in terms of limit operators were studied in [30], [31],
[33, Chapter 2], and [37].

Section 5 is devoted to necessary conditions for the one-sided invertibility of
operators A € 2y, and A(t) for t € R, which are obtained on the basis of Sec-
tion 4 and are related to the fixed points of the shift a. For any left or right invert-
ible functional operator A = >", , axUF € Ay with coefficients a;, € SO(R), we
prove the two-sided invertibility of its limit operators A = >, , ax(§)UF € Ay
associated with the points £ € A, where

A = My(SO(R,)) U My (SO(R,)) (1.3)

and M (SO(Ry)) are fibers of the maximal ideal space of SO(Ry) over points
s € R;. This implies for operators A the invertibility of their Gelfand transforms
given by

Ae(z) =) ar(§)z" forall z€ T:={¢eC:[¢|=1}. (1.4)

kEZ

In Section 6, applying the representation of functional operators A € Ay, as a
3 x 3 operator matrix, we first prove the two-sided invertibility of the outermost
blocks and then show the equivalence of the one-sided invertibility for the opera-
tor A and a modified central block of the mentioned operator matrix. The proof
of the two-sided invertibility of the outermost blocks is based on the simultaneous
factorization of absolutely convergent Fourier series (1.4) parameterized by the
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points £ € M (SO(R,.)) for each s € {0, 00} and a subsequent operator factoriza-
tion of the mentioned blocks (see key Theorem 6.1). This important result gives
necessary conditions for the two-sided and one-sided invertibility of functional
operators, which are related to points t € R,. A discrete version of these results
is also presented in this section.

Section 7 deals with studying relations of the one-sided invertibility of func-
tional operators A € 2y, and corresponding discrete operators. For the Wiener-
type functional operators A € 2y = W, g0 and p € (1,00), we obtain here the
important analogues of Theorem 3.4, which says that the one-sided invertibility
of functional operators A € Ay, on the space LP(R.) is equivalent to the cor-
responding one-sided invertibility of all discrete operators A(t) for ¢ € R, on
the space [P (see Theorem 7.8). We also prove here the inverse closedness of the
Banach algebra 20y, in the Banach algebra B(LP(R,)) for every p € [1,00] (see
Theorem 7.4).

Finally, in Section 8 we establish a criterion for the two-sided invertibility of
operators A € Ay on the spaces LP(R,) for p € [1, 00| (see Theorem 8.1), which
is more effective than that obtained in Section 3, and sufficiently effective criteria
for the one-sided invertibility of operators A € 2y on the spaces LP(R ) for p €
(1,00) (see Theorems 8.2 and 8.3). Theorems 8.1-8.3, along with Theorems 3.4,
7.4, and 7.8, are our main results here.

2. SLOWLY OSCILLATING FUNCTIONS AND SHIFTS

2.1. The maximal ideal space of SO(R.). Let M (2) denote the maximal
ideal space of a unital commutative Banach algebra 2. Identifying the points
t € R, with the evaluation functionals t(f) = f(t) for f € C(R,), we get
M(C(R,)) = R,. Consider the fibers

M, (SO(R,)) = {€ € M(SO(R,)) : Elos, = )

of the maximal ideal space M (SO(RR, )) over points s € {0,00}. As M;(SO(Ry)) =
{t} for all t € R, we get M(SO(R;)) = AUR,, where A is given by (1.3). In
what follows, we write a(&) := £(a) for every a € SO(R,) and every & € A.

By analogy with [5, Propositions 4.1, 4.2, and Corollary 4.3], we have the
following two assertions.

Lemma 2.1 ([16, Proposition 2.1]). The set A = My(SO(R;)) U M (SO(R4))
coincides with the set clossox Ry \ Ry, where clossor Ry is the weak-star closure
of Ry in the dual space of SO(R,).

Lemma 2.2 ([16, Proposition 2.2]). Suppose that {ay}ren s a countable subset
of the space SO(R,) and s € {0,00}. For each & € My(SO(R,)) there exists a
sequence {t,}nen C Ry such that t,, — s as n — 0o and

E(ag) = ax(§) = nh_}rgo ag(t,) for all k € N. (2.1)

Conversely, if {t,}neny C Ry is a sequence such that t, — s as n — oo and
the limits lim,, . ag(t,) exist for all k € N, then there exists a functional § €

M (SO(R,)) such that (2.1) holds.
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We also need below the following important fact.

Lemma 2.3 ([14, Lemma 2.2]). The fibers My(SO(R,)) and M. (SO(R,)) are
connected compact Hausdorff spaces.

2.2. Properties of slowly oscillating functions and shifts. Let a be an
orientation-preserving homeomorphism of R, onto itself, which has only two fixed
points at 0 and co. Then a(0) = 0, a(co) = oo, but a(t) # t for all t € R,.
Suppose that ag(t) := t and a,(t) := afa,_1(t)] for all n € Z and ¢t € R,. Let
G := {a, }nez be the cyclic group generated by the shift «. Then G is isomorphic
to the group Z. Given 7 € R, we put

7_ = lim a,(7), 7. = lm ay,(7).
n——oo n—-+0o00
The points 7, and 7_ are called attracting and repelling points of «, respectively.
Then either 7~ = 0 and 7, = 00, or 7. = o0 and 7, = 0.
Fix 7 € Ry, and let v be a semisegment of R, with endpoints 7 and a(r),
where 7 € v and «(7) ¢ 7. Then we obtain the following orbital decomposi-
tion

Ry =Jan(n),  ai(n)Na;(y)=0 forij. (2:2)

ne”

Below we also assume that o € SOS(R, ), that is, the restriction of o to R, is
a diffeomorphism and loga’ € SO(R,).

Lemma 2.4 ([13, Lemmas 2.3-2.4]). If ¢ € SO(R;) and o € SOS(R,), then
a_1 € SOS(R,), coa belongs to SO(R,) and

lim[c(t) — c(a(t))] =0 for s € {0,00}.

t—s

Lemma 2.4 immediately implies the following assertion.

Corollary 2.5. If o € SOS(R), then a; € SOS(R,) for every j € Z.

3. TWO-SIDED INVERTIBILITY OF FUNCTIONAL OPERATORS IN TERMS OF
DISCRETE OPERATORS

3.1. Functional operators with slowly oscillating data. Let p € [1, 0.
Consider the unital Banach algebra 20y, = W, 50 C B(LP(R.)) consisting of all
operators of the form (1.1) with norm (1.2), where a; € SO(R;) for all £k € Z
and o € SOS(R..). Obviously, 2ty C A, s0 C B(LP(R,)) for all p € [1, 00], where
20, so is the closure of Ay in B(LP(R,)).

Given p € [1, 0], we also consider the Banach space [P consisting of the vectors
f ={f;}jez with entries in C and the norm

1l = ez | filP)HP i1 < p < o0,
SUpjez || if p = o0,
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and define the unital commutative Banach algebra ® C B (") given by
D := {d = diag{d;}jez] : d; € C, lim (dny; — dn) = 0 for all j € Z,
n— o0
1dl|ary = sup |d;| < oo} (3.1)
JEZ

It is easily seen that, for every a € SO(R,) and all ¢ € R,, the associated

operators d = diag{a[a;(t)]};ez! belong to the Banach algebra ©.
We now define the unital Banach subalgebra ®, of B(l?) generated by the

isometric operators V, V! € B(I?) and by all operators d € @, where V =
(0ij—1)ijezl and §; ; stands for the Kronecker delta. The operators B € ®,, are
called discrete (or band-dominated) operators.

We also consider the unital Banach algebra W, C ©,, given by

W, = {B =3 bVh e all, €D and [Bllw =Y billsen < oo}. (3.2)
kEZ kEZ

Furthermore, we introduce the isometric isomorphism
o: LP(Ry) = LP(y, 1), fi
N A I (Ao

Let us show that for every functional operator A € 21, 5o the discrete operators
A(t) € B(IP) can be defined for all ¢ € R, and the function t — A(t) is bounded

and continuous on R, .

Theorem 3.1. Ifp € [1,00] and A =", , a,UF € Ay C B(LP(R,)), then the
function A, defined by

(3.3)

A(t) = (aj; [ai(t)] )ijGZI forallt e Ry, (3.4)
is a bounded continuous B(I?)-valued operator function on Ry, and
?GII%XHA HBZP) < ”AHW (3-5)

Proof. If A = 3", ., a, Ul € Ay, then for every t € Ry and every p € [1,00]
the operator A(t) given by (3.4) is bounded on the space (. Indeed, take the
operators

di(t) = diag{a[0; ()]}, ., ] €D, V= (151)ijeal, (3.6)

where D is given by (3.1). By (3.2), (3.4), and (3.6), we infer that the operator
A(t) = ez di(t)VF belongs to the algebra W, for every ¢ € R, and

HA(t)HB(zp) < ZHdk(t)HBZP Zsup|ak a(t | < [ Allw- (3.7)

keZ kez J€

Moreover, by (3.4) (see also [12, Lemma 8§]),
Al ()] =V A#)V™" forall t € v and all n € Z. (3.8)
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Fix ¢ > 0, and consider the operators 4, = 3, ., a,UF (n € N) associated

with the operator A =73%", _, a,Uk € Ay, Obviously, there is an n € N such that

|A — A,llw < e/3. Taking tq,t5 € 7, where 7 C R, is the closure of v, we infer
from (3.4) and (3.7) that

H-A(tl) o ‘A(t2>HB(lp) < HAH ty) = An(ts Hs(zp +2¢/3
< Z sup‘ak [Oél tl)] — ay [al ty ” +2¢/3.
Ik|<n €7

Thus, ||A(t:) — A(t2)||pary < € if there exists a 0 > 0 such that

- £
sup suplag|o;(t1)| — ap|oy(t <gi=—— 3.9
wup suplasou(t)] = arfeu(t)] 32n+1) 39
if tl,tg € 7 and ‘tl — tzl < 4.
Let, for example, 5 = [, a(7)] (for 7 = [a(7), 7] the proof is analogous). Then
a;(t), aj(ta) € [a(7), aja(7)] for every j € Z. Since M := sup,cg, o'(z) > 1
because

o (T a;(7) ,
1< (()) %17)/0 o (z)dx < M,

we conclude that [a;(7), ojy1(7)] C [r;, Mr;], where r; = a;(7). Hence, for every
function a; € SO(R,) (|k| < n) and arbitrary points ¢,t5 € 7,

ng |ax [a;(t)] — ar[aj(t2)]] < JEIEOOWES[EPMWJ% ) — ar(y)| = 0.

Thus, there is a number N € N such that, for all |k| < n and all |j| > N,
‘Ojk[&j(tl)] —CLk[Oéj tg ]| < e if tl,tQ 67. (310)
Let I' = ;< @;(7)- Since the functions aj, are uniformly continuous on the

segment [I' C R, we conclude that there is a & > 0 such that
|ar(z) —ar(y)| <& forall k| <nifz,y €T and |z —y| < 5. (3.11)

Taking K = inf,cg, o/(z) > 0 and M = sup,cg, ¢'(z) < oo, it remains to put
§:=émin{M~J Ki:j=0,1,...,N}. Then laj(t1) — a;(t2)] < § for all [j| < N
and all t1,ty, € 7 with [t; — t3] < J. Hence, taking into account (3.11), we infer
that, for all |k| <n and all |j| < N,

|ak [Oéj(tl)} — ag [Oéj(?fg)] ’ <e if t1,l0 €7 and ’tl — t2| < 0. (312)

Combining (3.10) and (3.12), we obtain (3.9) for all #1,ts € 7 such that |[t; —t5| <
9. Thus, the function ¢t — A(t) with values in B(IP) is continuous on the segment
7. Applying (3.8), we obtain the continuity of the function ¢ — A(t) on the whole
R, and the property

téﬂf‘f%)”““ ] _r?eix\\A N gy foralln € Z, (3.13)
which implies (3.5) in view of (2.2) and (3.7). O

Applying Theorem 3.1 and [12, Proposition 6], we obtain the following.
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Theorem 3.2. Ifp € [1,00] and A =", , a,UF € Ay C B(LP(Ry)), then the
operator A:=cAoc ! € B(LP(v,1?)) is given by A= A|, I, where the operator-
valued function A € Cy(Ry, B(IP)) is defined by (3.4) and

| AllBzr ) = maXHA max”A (3.14)

M = Msny

Proof. If A =%, ., axUF € 2y, then for every p € [1,00] and every o € LP(v,[P)
the direct computation shows that

(B6)(t) = (cAo~19)(t) = A(t)p(t) for every t € 7,
where A(t) is given by (3.4). Then

[Allszr @) = l[AllBLr (107 - (3.15)

Since by Theorem 3.1 the operator function A : R, — B(I?) is continuous on 7,
we infer from [12, Proposition 6] that

| Allszoeimy = [IIAC

||BlP HL°° _TE%XHA HBlP

which gives (3.14) in view of (3.15) and (3.13). O]

If now A € A, 50 \ Aw, then there is a sequence of operators A, € Ay such
that lim,, o [|[A — Ay||Br®,)) = 0. Then, by Theorem 3.1, A,, € Cy(Ry, B(IP))
for all n € N. The operator-valued function A : R, — B(I?) is defined as the
uniform limit of the sequence of the operator-valued functions A,, € C,(R,, B(I?))
in the norm of L* (R, B(I?)), where {A,},en is a Cauchy sequence in view of
the equalities

maXHA — ‘Am(t)HB(ZP) = ||An — Am||B(LP(R+)) (n,m € N)

teR

followed from Theorem 3.2. Then the limit A = lim,,_, A, belongs to the Banach
algebra Cy(R, B(IP)), is independent of a choice of the sequence {A,} C Aw,
and satisfies (3.8) and (3.14) along with all A,,. Moreover, the matrix function
A(-) has the form (3.4) with entries being uniform limits of the corresponding
entries of the matrix functions A,(-), and

cAo ™t = Al I forall A€, s0. (3.16)
Thus, Theorems 3.1 and 3.2, by the density of 2y in 24, 50, imply the following.

Corollary 3.3. For every p € [1,00] and every A € A,s0, the operator-valued
function A : Ry — B(IP) is bounded and continuous on Ry, and satisfies (3.8),

(5.14), and (5.10).

Applying Corollary 3.3 and (3.16), we immediately establish the following
invertibility criterion for the operators A € 2,50, which strengthens [12, Theo-
rem 9].

Theorem 3.4. For p € [1,00|, a functional operator A € A, g0 is invertible on
the space LP(R.) if and only if for all t € 5 (equivalently, for all t € Ry ) the
discrete operators A(t), given by (5.4) and Corollary 3.5, are invertible on the
space [P.
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Remark 3.5. Since the discrete operators A(7) and Afa(7)] defined at the end-
points 7 and «(7) of 7 are invertible on the space [P only simultaneously in view
of (3.8), Theorem 3.4 remains valid with 7 replaced by ~.

3.2. Functional operators with coefficients in a subalgebra & of L*(R,).
A function f € L®(Ry) is called slowly oscillating (at 0 and oo) if for each
(equivalently, for some) A € (0,1),

li_r}r;esssupﬂf(t) —f(m)|:t,7 € A1)} =0, se{0,00}.

Let & denote the C*-subalgebra of L>(R. ) consisting of all functions on R, that
are continuous on every semisegment o, () (n € Z), have finite one-sided limits
at the points a,(7) (n € Z), where 7 is the endpoint of v that belongs to v, and
are slowly oscillating at 0 and oo.

We now consider the unital Banach algebra W), s consisting of all functional
operators of the form A = ", , a,UF with coefficients a; € & and the norm
|Allw = > ez llarlleo®,) < oo. Let the unital Banach algebra 24, be the
closure of W, ¢ in the norm of B(LP(R)).

Slightly modifying the proof of Theorem 3.1, we obtain the following.

Lemma 3.6. If A € W,e for p € [1,00], then the operator-valued function
Ay — B(IP) given by (5./) for all t € 7, where its values at the endpoints T
and «(T) of v are defined by

./4(7') = ( lim Qj—; [OQ(?S)])

tey,t—T LjeL’

A[a(T)]:( lim aj—i[ai<t>])i,jez7

tey,t—a(r)

(3.17)

18 continuous on the segment 7.

Since the algebra W, g is dense in the Banach algebra 2(,, s, we conclude from
Lemma 3.6 that for every A € 2, g the operator-valued function A : v — B({?)
is also continuous on the segment 7. Applying now [12, Theorem 9], and the
continuity of the function A : 7 — B(I?), we immediately obtain the following
generalization of Theorem 3.4.

Theorem 3.7. Given p € [1,00], a functional operator A € U, s is invertible
on the space LP(R,) if and only if for all t € 7 the discrete operators A(t) are
tnvertible on the space [P.

4. LIMIT OPERATORS AND THEIR APPLICATION TO LEFT INVERTIBLE
FUNCTIONAL OPERATORS

4.1. Abstract approach. Let X be a Banach space, let X* be its dual space,
let A € B(X), and let U = {U,}>2, be a sequence of isometries. If the strong
limit

Ay = s-lim(U; TAU,,)
n—oo
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exists in B(X), then it is referred to as the limit operator for A with respect to
the sequence U. Note that sometimes the existence of the strong limit
Ay = slim(U AU, )
n—oo

in B(X™) is also required in the definition of limit operator, and then (Ay)* = Ay-.
The following statement is a variation of [8, Chapter 3, Lemma 1.1].

Theorem 4.1 ([15, Theorem 3.1]). Let X be a Banach space, let A € B(X), and
let U = {U,}>2, C B(X) be a sequence of isometries such that the limit operator
Ay exists. If the operator A is left invertible in B(X), then Ker Ay = {0}, Im Ay,
s a closed subspace of X, and the limit operator Ay is invertible as the operator
acting from X to Im Ay.

Theorem 4.1 implies the following corollary (see [8, Chapter 3, Lemma 1.1] and
[33, Proposition 1.2.9]).

Corollary 4.2. If an operator A € B(X) is invertible in B(X) and the strong lim-
its Ay € B(X) and Ay~ € B(X™) ezist with respect to a sequence U of isometries
in B(X), then the limit operator Ay is also invertible in B(X).

4.2. An application of limit operators to functional operators A € 2y .
We now apply the technique of limit operators [5] to studying the two-sided and
one-sided invertibility of operators A € 2y, given by (1.1)—(1.2) on the Lebesgue
spaces LP(R,), p € (1,00). Limit operators are related to points £ of the set A
given by (1.3).

By analogy with [15, Lemma 3.2], we obtain the following.

Lemma 4.3. Let p € [1,00), and let A =", , axUF € Ay C B(LP(R.)), where
all ar, € SO(R,) and o € SOS(R,.). Then for every & € A there is a sequence of
isometries U on LP(R,) such that

Ay = A¢ = ap(§ULF € Ay (4.1)
keZ

Proof. Let us show that for every s € {0,00} and every & € M (SO(R;)) there
is a strictly increasing sequence {k, },en of numbers k,, € N such that (4.1) holds
for the sequence of isometries U C B(LP(R,)) given by

U e {U *n}en  if s is the attracting point of «
| {U*Y,en  if s is the repelling point of a.

Let, for example, s = oo be the attracting point of «, that is,

lim a,(t) =7 =s=0c0 forallteR,.
n—-+o00

Then 0 < t < a,,(t) for all m € N and all ¢ € R, and hence

an(t) _ 1 /0 ol (@) dz < sup [/ ()] = M™,

t t tER+
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where 1 < M := sup;eg, o'(t) < oo. Fix § € M,(SO(Ry)). By Lemma 2.2, for
the countable set {ar € SO(Ry) : k € Z} there is a monotonically increasing
sequence {t,} C R, such that ¢, — 7, as n — oo and

lim ax(t,) = ap(§) for all k € Z. (4.2)

n—oo

Let k, € N be such that ¢, € [ag, (1), ok, +1(1)], where t; > a(1). Since
Ufn (Z akUS) U;kn — Z(ak o akn)Ug for all n € N,
kEZ keZ

where a;oay, € SO(R,) by Lemma 2.4 and Corollary 2.5, it is sufficient to prove
that

s-lim(ay, o a, ) I = ai(§)I  for every k € Z. (4.3)

n—oo

Then we will conclude that
~ k_ k_
s-lim Y (a0 ap, Uy = ) ar(§)Us = Ag,
kEZ kEZ

where the operator A belongs to the algebra 24y along with A because

[Aelw = Jar(©)] <> llak o an, lleyme) = > llaxlly@,) < oo.

kEZ kEeZ kEZ

Thus, to get (4.3), it remains to prove that, for any ¢ € {ax € SO(R,) : k € Z},
any m € N, and any function f € LP(R,) with support in [a_,,(1), @, (1)],

lim ||(c ooy, ) f — c(tn)f||Lp(R+) = 0.

n—oo

This will follow if
lim max |c[ow, (t)] = c(t,)| = 0. (4.4)

n—00 t€lam(1),cm(1)]
Clearly, for every t € [a_,,(1), am(1)] we get
ag,(t), tn€ [C“knfm(l)704kn+m(1>] - [rn:Mzan]a (4.5)
where 7, := ag, —m(1). Since ¢ € SO(R,.), we infer from (4.5) that

lim max [, (t)] = c(t,)] < lim max |c(t) —c(r)] =0,

N—00 t€[a—m (1),am(1)] Nn—00 t,7€[rp,M2mry,)
which implies (4.4). Hence
S—lim[(ak o akn)ﬂ = s-lim [ak(tn)[} = lim [ak(tn)f} =a,(&)I (ke€Z),

n—oo n—oo n—oo

which completes the proof in the case s = 7, = o0.
The cases s = 7_ = 00, s = 74 = 0, and s = 7_ = 0 are treated analogously. [

Theorem 4.1 and Lemma 4.3 imply the following.
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Corollary 4.4. If p € [1,00) and the operator A = %, _, a,UF € Ay with
coefficients ar, € SO(R,) and a shift o € SOS(R,) is left invertible on the space
LP(Ry), then for all £ € A = My(SO(R,)) U My (SO(R,)) the limit operators

A= a(OUL € Ay (4.6)

keZ

possess the properties: Ker A = {0}, Im A¢ is a closed subspace of LP(R,), and
the A¢’s are invertible operators from LP(R.) onto Im Ae.

Applying Corollary 4.4 to the invertible operator A € Ay, C B(LP(Ry)) and
its adjoint operator A* € 2y, C B(LY(R,)), where p € (1,00) and 1/p+1/q =1,
we immediately obtain the following.

Corollary 4.5. If p € (1,00) and the operator A = Y, , UL € Ay with
coefficients ar € SO(Ry) and a shift a € SOS(R,) is invertible on the space
LP(R,), then for all & € A the limit operators (4.0) also are invertible on this
space.

Lemma 4.6 ([15, Theorem 2.5]). If a« € SOS(R,), then the spectrum of the
isometric operator U, coincides with the unit circle T = {z € C: |z| = 1}.

Consider the unital commutative Banach algebra of all absolutely convergent
series

W= {f =Y gt eC e flw=Y lal < oo} co(m). (A7)

keZ kEZ

As is well known (see, e.g., [7, pp. 22-23]), the maximal ideal space M (W) of the
algebra W can be identified with the unit circle T.

Along with W we also consider the unital commutative Banach subalgebra W), ¢
of 2y C B(LP(R4)) that consists of all functional operators A = >, , a,U¥F €
Uy with constant coefficients a, € C. Since the Banach algebras W and W), ¢ are
isometrically isomorphic, the maximal ideal space of the algebra W, ¢ can also be
identified with T, and the Gelfand transform of the operators A = ZkeZ CL;.CU;C €
Wc is given by A(z) := >, ., axz” for all z € T, where the function A(-) belongs
to the algebra W.

Hence, for each £ € A the limit operator A¢ = Y, _, ax(§)UL € Ay is invertible
on the Lebesgue space LP(Ry) (1 < p < oo) if and only if its Gelfand transform
Ag(+) is invertible in C(T), that is,

Ae(2) = Z ap(€)2" #0 forall z € T. (4.8)

kEZ

While all limit operators A¢ are invertible for each invertible operator A € Ay,
by Corollary 4.5, and hence (4.8) holds, this fact for strictly one-sided invertible
operators A € 2y, we still need to prove.
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4.3. Limit operators for discrete operators associated with operators
A € 2. Consider the isometry V of the space [P onto itself, which is given
by Vf = {frs1}rez € P for every vector f = {fi}rez € IP. Taking the orbit
O(t) := {an(t) : n € Z} of any point ¢t € R,, one can easily deduce from the
proof of Lemma 4.3 the following discrete analogue of Lemma 4.3.

Lemma 4.7. Letp € [1,00), and let A =", , a,UF € Ay with all aj, € SORY)
and a € SOS(Ry). Then for every s € {0,00} and every & € Ms(SO(Ry)) there
is a sequence {kp}nen C N of numbers k, € N such that k,, — 0o as n — 0o and,
for every t € Ry and every discrete operator A(t) € W, given by (5.4) on the
space [P,

s-lim V= A(1) Ve = 121\5 = Z ar()VF  for s =14 (4.9)

n—o00
keZ

Proof. Let A € Ay, and let lim,, o @, (t) =7 = s = oo for all t € R,. Apply-
ing (4.2) and (4.4) for all ¢ € {ay, : k € Z}, we infer that for any £ € M., (SO(R))
there is a sequence {k, },en of numbers k, € N such that lim,, ., k, = 0o and

lim max (1)]’% [, (1)] — ar(€)] =0 forall k € Z. (4.10)

n—00 t€[o—m (1),am

Hence, from (4.10) and the definition of SO(R,) it follows that
lim ay[ay, (t)] = ar(§) forall t € Ry and all k € Z. (4.11)
n—oo

Analogously, for every & € M, (SO(R,)) there exists a sequence {k,}nen of
numbers k,, € N such that lim,,_,, k,, = oo and

lim ay,[a_k, (t)] = ax(§) forall t € Ry and all k € Z. (4.12)
n—o0

Taking the discrete operator A(t) with entries in the orbit O(t) = {a,,(t) : n € Z}
of any point ¢t € R, we infer from (4.11), (4.12), and (3.8) by analogy with the
proof of Lemma 4.3 that for every £ € A = My(SO(R4)) U M (SO(R,)) and

every t € R, there exists the limit operator Ae = Y, ar(§)V* € B(IP) satisfying

(4.9). Moreover, the set of limit operators {A¢ : £ € A} is the same for every

discrete operator A(t) € W, given for t € R,. O
Theorem 4.1 and Lemma 4.7 imply the following.

Corollary 4.8. Ifp € [1,00), A= 3", , aU% € Ay, and for some t € Ry the
discrete operator A(t) € W, given by (5.4) is left invertible on the space [P, then
for all & € A the limit operators

Ae = @V e, (4.13)
kEZ
possess the properties: Ker A\g = {0}, Im 215 15 a closed subspace of [P, and Xg are
invertible operators from [P onto Im Ag.
Applying Corollary 4.8 to invertible operators A(t) € W, C B(I?) and (A(t))* €
W, C B(1) associated with A =", _, a,UF € Ay and t € R, where p € (1,00)
and 1/p + 1/q = 1, we immediately obtain the following.
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Corollary 4.9. Ifp € (1,00), A=Y, , a,UF € Aw, and for some t € R, the
discrete operator A(t) € W, given by (3.4) is invertible on the space I, then for
all £ € A the limit operators (/.13) also are invertible on the space .

Given p € (1,00), it is easily seen that for every £ € A the limit operators
Ae € 20y related to the operators A € 2y are isometrically isomorphic to the
limit operators 121\5 € W, related to the discrete operators A(t) € W, for any
point ¢ € R, . Since the Banach algebras of such limit operators are commutative
and the Gelfand transforms for the limit operators A, € %Ay and 1/4\5 € W, can
be identified, we conclude that for every £ € A the limit operators A; € Ay
related to the operators A € 2y, are invertible on the space LP(R, ) if and only
if the limit operators A\g € W, related to discrete operators A(t) € W, for any
point ¢ € R, are invertible on the space [P. Hence, the two-sided invertibility of
any discrete operator A(t) € W, related to an operator A € 2y, implies that
Ae(2) #0 for all £ € A and all z € T.

5. NECESSARY ONE-SIDED INVERTIBILITY CONDITIONS AT FIXED POINTS OF
THE SHIFT

In what follows, we assume that 1 < p < oo.

5.1. Necessary conditions for functional operators at fixed points of the
shift.

Lemma 5.1. Ifp € (1,00), M € N, and the functional operator A = ZIkISM a,Uk

with coefficients ar, € SO(R,) and a shift « € SOS(R,.) is left or right invertible
on the Lebesque space LP(R,), then

Ae(z) = Z WE)2ZF 0 forall ¢ € A and all z € T. (5.1)

|k|<M

Proof. Let the operator A =3, a,UF be left invertible on the space LP(R,),
and, on the contrary, suppose that A¢(zp) = 0 for some £ € A and some 2 € T.
Take the limit operator

A=Y a(UF € B(LP(Ry)).

|k|<M

Since the operator A is left invertible on the space LP(R,), we infer from Corol-
lary 4.4 that Ker A = {0} and Im A is closed in LP(R,).

Since Ker A, = {0}, we conclude that A¢(z) # 0. Indeed, if A¢(2) = 0, then
ai(§) = 0 for all |k| < M, and therefore Ker A, = LP(R, ), which is impossible.
Hence, there exist numbers mq,my € {—M, ..., M} such that m; < mag, ax(§) #0
for k € {my,mo} and ax(&) = 0 for all k£ < m; and all k > ms. Representing the
function A¢(+) in the form

ma m2—mi

Ae(z) = ) ar(§)? = an,(9)2™ ] (z—2) forzeT, (5.2)

k=m1 k=1
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where all z;, € C and where at least one z;, coincides with 2y € T because A¢(z) =
0, we infer that

ma2—mi

Ae = am, (U ] (Ua = 2d).

k=1
Passing to the adjoint operator, we obtain

maz2—mi

At = am, (UL T Wa, = 71) € B(L(R,)), (5.3)

where 1/p+1/q =1 and for every k = 1,2,...,mg — my either |z;| # 1 and then
the operator U, , — Z;I is invertible on the space LI(R.), or |29| = 1 and then it
follows that Ker(U,_, — Zol) = {0}. Indeed, in the latter case, according to the
proof of [15, Lemma 4.1], we consider the equation

(Ua_, )(@) —Zof(x) =0 for f e LYR,) and x € R,. (5.4)

Let v, = an(7y) (n € Z), where 7 is the segment of R, with endpoints 1 and a(1).
Because |zy| = 1, we deduce from (5.4) that

Hf’%HLq (Yn) — H(Un ”Yn”Lq(’yn - Hf”YOHLq (70) for all n € Z,

which implies for ¢ € (1,00) that Ker(U, , — Z5/) = {0}. Hence, by (5.3),
Ker A} = {0}. Since Im A is closed in LP(R ), Ker A¢ = {0}, and Ker Af = {0},
we conclude that the operator A¢ is invertible on the space LP(R ). But then the
Gelfand transform A¢(-) of the operator A¢ should be separated from zero for all
z € T, which contradicts the assumption that A¢(z) = 0.

If the operator A =3, ., arU¥ is right invertible on the space LP(R, ), then
passing to the left invertible adjoint operator

A=Y (@oap)Ul | € B(LYR,)),

|k|<M

where 1/p+1/g =1 and, by Lemma 2.4 and Corollary 2.5,

ar o o € SO(R}) and (@ oa_k)(&) = ar(§) forall £ € A,
we obtain (5.1) from the part already proved. O

We now pass to functional operators A in the Banach algebra 2y .

Theorem 5.2. Let p € (1,00). If the functional operator A =3", , axyUk € Ay
with coefficients ar € SO(R) and a shift a € SOS(R.) is left or right invertible
on the Lebesgue space LP(Ry), then

z) = Zak(f)zk #0 forallé € A and all z € T. (5.5)

kEZ
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Proof. Let the operator A = %", , a,U¥ be left invertible on the space LF(R.),
and, on the contrary, suppose that A¢(zp) = 0 for some £ € A and some z, € T.
Take the limit operator

Ae =) ar(UE € Aw C B(L (Ry)).

By the stability of the left invertibility, there is an € > 0 such that every operator
A € B(LP(Ry)) with ||[A — Al|grr,) < € also is left invertible on the space
LP(Ry). We now choose M € N such that the polynomial functional operator

A=3<m a,UF satisfies the inequalities
14 = Allser@oy < 14— Allw < /2. (5.6)
Since A¢(z9) = 0 and since
max|A¢(2) = Ae(2)] < [ Ae = Aellswrmy < 14— Allswoz, ) < /2
for all £ € A, we deduce that
| A¢(20)| < /2. (5.7)

We now consider the polynomial functional operator B := A — gg(zo)l . Then
we infer from (5.6) and (5.7) that

|A = Bllpur@s)) < 1A — Allsree, ) + |Ae(20)| <e,

and therefore the operator B is left invertible on the space LP(R,) along with
A. Since B; = Zg - gg(zo)l and hence Be(z) = Avg(z) — gg(zo), it follows that
Be(2p) = 0, which is impossible in view of Lemma 5.1.

If the operator A =", , a;U% € Ay is right invertible on the space LP(Ry),
then passing to the left invertible adjoint operator

A=Y (@ oa_)UF | € Wy C B(LU(R,)),

keZ

where 1/p+ 1/q = 1, we obtain (5.5) from the part already proved. OJ

Corollary 5.3. If p € (1,00) and a functional operator A € Ay is left or right
invertible on the Lebesgue space LP(R.), then for all £ € A the limit operators
A € Ay are two-sided invertible on the space LP(R. ).

Proof. Since the operator A € 2y is one-sided invertible on the space LP(R..) for
p € (1,00), we infer from Theorem 5.2 that A¢(z) # 0 for all £ € A and all z € T.
Hence, for every £ € A the Gelfand transform A¢(-) of the limit operator A¢ is
invertible in the algebra C'(T), which implies the invertibility of the operator A,
on the space LP(R,). O

Under conditions of Theorem 5.2, for every £ € A, we can define the Cauchy
indices for the invertible functions z — A¢(2) by letting

ind A¢(+) == %{arg/lg(z)}zdr, (5.8)
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where {arg A¢(z)}.er denotes the increment of any continuous branch of arg A (z)
as z traces T counterclockwise.

Corollary 5.4. If the functional operator A =3, _, arUk € Ay, with coefficients
ar € SO(R,) and a shift « € SOS(R.) is left or right invertible on the Lebesgue
space LP(Ry) with p € (1,00), then the Cauchy indices ind A¢(-) given by (5.8)
coincide for all & € M., (SO(R,)) and, respectively, for all & € M. (SO(R,)).

Proof. By Theorem 5.2, the one-sided invertibility of the operator A € 2y, implies
the fulfillment of (5.5). Hence the Cauchy indices ind A¢(-) are defined for all
¢ € M., (SO(R,)). Since the fibers M, (SO(R,)) for 7. € {0,000} are connected
compact Hausdorff spaces by Lemma 2.3, and since the function & — A¢(-) with
values in the unital Banach algebra W C C(T) given by (4.7) is continuous on
the compacts M, (SO(Ry)) and M. (SO(R.)) for every left or right invertible

operator A € Ay, we infer that the function £ — ind A¢(-) is a constant for all
£ € M. (SO(Ry)) and, respectively, for all £ € M, (SO(R;)). O

By Corollary 5.4, the numbers ind A¢(-) do not depend on £ € M (SO(R,))
and can only depend on s € {0, 00}. Hence, we uniquely define the numbers

Ny = ind Ae(-) for all € € M, (SO(R,)), (5.9)
where 75 € {0, 00}.

5.2. Necessary conditions for discrete operators at fixed points of the
shift. Since the Gelfand transforms for the limit operators A¢ € Ay and 121\5 ew,
are the same, and since for every p € (1,00) and every z; € C the kernels of the
operators V! — 2,1 on the space [P are trivial, we obtain the following result by
analogy with Lemma 5.1.

Lemma 5.5. If p € (1,00), M € N, A = Z|k|§MakU§ € Ay, and for some
t € R, the discrete operator

= Y diag{a[0;(t)]},, V" € W, (5.10)

[k|<M
is left or right invertible on the space P, then (5.1) holds.

Proof. Let p € (1,00), and let for some ¢t € Ry the discrete operator (5.10) be
left invertible on the space {P. On the contrary, suppose that A¢(zy) = 0 for
some ¢ € A and some 2y € T. Then we deduce from Corollary 4.8 that for this
¢ € A the limit operator 121\5 =D k<M ar(§)V* € W, possesses the properties:
Ker Ag = {0} and Im Ag is a closed subspace of I”. Since Ker Ag = {0}, we
conclude that the Gelfand transform z Ag( ) of the operator Ag is not equal
to zero identically, because otherwise Ker Ag I?. As the Gelfand transforms
for the limit operators //1\5 € W, and A, € Ay are the same, we conclude that
there exist numbers my,my € {—M, ..., M} such that m; < mg, ax(§) # 0 for
k € {m1,ms} and, according to (5.2),
m2—mi
A\g(z) = Ae(2) = am,(£)2™ H (z—2) forzeT, (5.11)
k=1
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where all z;, € C. Since 25(20) = A¢(z0) = 0, we conclude that at least one zj in
(5.11) coincides with zy € T. Further, from (5.11) it follows that

mo—mi

Ae = am, (V™ [ vV —al) € B(P).

k=1
Passing to the adjoint operator, we obtain

mo—mi

Af = am, V™ [ v =3I € B, (5.12)

k=1
where 1/p+1/qg = 1 and for every k = 1,2,...,mg—m, either |zx| # 1 or |z = 1.
If |21] # 1, then the operator V~! — Z.T is invertible on the space [ because V is
an isometric operator on 9. If |25 = 1, then any solution f = {f;};ez € 19 of the
equation V™! f — Z5f = 0 possesses the property: |f;| = |fo| for all j € Z, which
implies that Ker(V~! — 1) = {0}. Hence, by (5.12), Ker Af = {0}. Since Im A
is closed in [P, Ker fAlg = {0}, and Ker Ez = {0}, we conclude that the operator A\g
is invertible on the space [P. But then the Gelfand transform A\g() of the operator
Ag¢ should be separated from zero for all z € T, which contradicts the assumption
that Ag(ZO) = 0.
If the operator A(t) = > <) diag{ax[a; ()]}jezV* € W, is right invertible on
the space [P, then passing to the left invertible adjoint operator
Z dlag{ak ;i }} EZV € W,

|k|<M

where 1/p+ 1/q = 1 and taking into account the fact that @ o o;_r € SO(Ry)

and that (@ o a_;)(€) = ax(€) for all € € A (see Lemma 2.4 and Corollary 2.5),
we conclude from the part already proved that

/Alz(z) = Z ap(§)z " #£0 forallé € Aandall z €T,
|k|<M
which implies (5.1). O
Lemma 5.5, similarly to Theorem 5.2, leads to the following assertion.

Theorem 5.6. If p € (1,00) and for some t € Ry the discrete operator
= Z diag{ ax [y (t)] }jesz eW,, (5.13)
kEZ
associated with an operator A =%, . a,Uk € Ay, is left or right invertible on

the space [P, then (5.5) holds and the numbers N1 are uniquely defined by (5.9).

Proof. Let for some t € R, the discrete operator (5.13) be left invertible on the
space [P, and, contrary to (5.5), we suppose that A¢(z9) = 0 for some £ € A and
some zp € T. For A(t) € W, and given { € A, we take the limit operator

Ae =" a(&Vr e,

kEZ
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By the stability of the left invertibility, there is an € > 0 such that every discrete
operator F(t) € W, with || A(t) — F(t)|su») < € is also left invertible on the space
[P. We now choose M € N such that the discrete operator

F(t) = Z diag{ax [y (¢)] }jGZVk ew,

k<M
satisfies the inequalities
[A®#) = F )| gy < [AW®) = FOfyy, < /2. (5.14)

Since the functions A¢(2) and Fe(2) = >y <p ay(£)z* on T are the Gelfand

~

transforms for the limit operators A € W, and 1/55 =D k<m ar(§)V* € W, and
since

max|Ae(z) — Fe(2)| < [|4e = Fellsan) < [JA(®) = F(O)|] 5y < /2

zeT

for all € € A, we deduce from the equality A¢(z9) = 0 that
| Fe(z0)| < €/2. (5.15)

We now consider the discrete operator H(t) := F(t) — F¢(z0)! € W,. Then we
infer from (5.14) and (5.15) that

@) = HO 500 < A = F Ol ) + [ Fez0)] <&,

and therefore the discrete operator H(t) € W, is left invertible on the space [P
along with A(¢). Finally, since PAIS = I*A} — Fe(29)] and hence H¢(z) = Fe(z) —
F¢(2p), we conclude that H¢(zy) = 0, which is impossible in view of Lemma 5.5.

If the discrete operator (5.13) is right invertible on the space [P, then passing
to the left invertible adjoint operator

(A(t))* = Zdiag{ak [k (t)] }jeZV_k eW,,

kEZ

where 1/p+ 1/q = 1, we conclude from the part already proved that

A(z) = Zak(ﬁ)z_k #0 forall¢ € Aandall z €T,

kEZ

which implies (5.5).
Finally, by the proof of Corollary 5.4, the numbers N are uniquely defined by
(5.9) as soon as (5.5) holds. O

In view of Theorem 5.6, for any one-sided invertible discrete operator A(t) €
W,, we also can uniquely define the numbers V.
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6. NECESSARY ONE-SIDED INVERTIBILITY CONDITIONS RELATED TO POINTS
teR,

6.1. Invertibility of outermost blocks. Fix a point 7 € R, , and let v be
a semisegment of R, with endpoints 7 and «(7), where 7 € v and a(7) ¢ 7.
Consider the intervals

o) o) n—1
we=Ua®),  m=Uawtn), W= U aly. (6.1)
k=n k=n k=—n+1

Let x and x° denote the operators of multiplication by the characteristic func-
tions of v and 7Y, respectively.

Let Qlﬁ, be the unital Banach subalgebras of the unital Banach algebra 2y,
which are given, respectively, by

={a="3 U af € SOR.), [Alw = 3 llof ey < 0},
keZy keZ4
where Z, := NU{0}. Let W C C(T) be the unital Banach algebra (4.7), and let
W= be the unital Banach subalgebras of W which are given by
=Y et g eC e T lw = Y lafl <00 (62)
kEZy keZt

Theorem 6.1. Ifp € [1,00], A € Ay C B(LP(Ry)), Ae(z) # 0 for all (&, 2) €
A XT, and the numbers Ny are given by (5.9), then there exists a number ng € N
such that for all n > ngy the operators

X Aot n,  Xomen, LP(RY) = x LP(RY), (6.3)
Xo AN Xoon LP(Ry) = X, LP(Ry)
are invertible.

Proof. 1t is sufficient to prove the invertibility of operator (6.3) (the proof for the
operator (6.4) is analogous). Moreover, we may assume without loss of generality
that N, = 0. Indeed, taking into account the equalities

{XkaX” =X Ua = UaXani for k € Z.., (6.5)
XtUSxG = U = o Us*
we infer for N, € Z that
Oar A v )G v, Ua Mxa) = xa (AU M)
where ind(AU,)(-) = 0 for all £ € M., (SO(R;)) and
Oorn, UM ™ =t U X, -

Thus, it remains to prove that for sufficiently large n € N the operator x; Ax;"
is 1nvert1ble on the space x;' LP(R}) if ind A¢(-) = 0 for all £ € M., (SO(R})).
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Since A¢(z) # 0 for all £ € M., (SO(R4)) and all z € T, and since ind A¢(-) =0
for these &, we infer from [9, Chapter 3, Corollary 3.2] that for all £ €
M, (SO(R,)) the functions z — A¢(z) admit canonical factorizations

Ae(z) = AF(2)A7 (2) (z€T), (6.6)

where the functions Ai( ), (Ai( -))~! belong to the unital Banach algebras W+ C

C(T) given by (6.2). Then 5= fT Ai )|dz| # 0, and therefore factorization (6.6)

is unique if, for example, 5- fT (z)|dz| = 1. Note that & — Agi() and £ —

(Agi(~))_1 are continuous Wi-valued functions with respect to § € M, (SO(R..)).
The functions Agt( -) and their inverses are represented in the form

Af(z) = Z b,ﬁézik, (Azt(z))fl = Z cki€ 2tk (6.7)

k€EZ 4 kEZ

where by, = cge = 1, by Coe = 1, bkg,ckSECforallkeNand

1AE Ol = D e < oo, [[(AEO) "y = D leitel <00 (68)
kTt kEZ
The functions Aif(-), (Azt(-))_1 are analytic on the domains Dy = {z € C :
2 < 1),
The functions & — bk§ and & — c,gg for k € Z, are continuous on the compact
M, (SO(R)) of the Hausdorff space M (SO(RR,)). With functions (6.7) given for
every £ € M., (SO(R,)) we associate the functional operators

=Y hUS ey, =D qUMt e, (6.9)

kJEZ+ k€Z+
where b and ¢ are functions in SO(R,) such that b (&) = big and ¢ (&) = c,ﬁé
for all ¢ € M., (SO(R,)) and all k € Z,. Representing the functions b and
¢ as continuous functions on the normal topological space M (SO(R)) that are
extensions of continuous functions b; | M, (SO(Ry)) and cr| M, (SO(R4)) (we save here

the notation b,f and cf for the Gelfand transforms of these functions) and applying
the Urysohn-Tietze extension theorem to their real and imaginary parts, we can
attain the properties:

IRe b lley sy = [ Re by ar,, so@ e, som)
T b (e, ) = [T b5 |ar,, so e, o),
I Re ¢ lloyey) = 1Re i |y, soy lloq,, sow, ),
ITm i fley ey = [T |ar,, so@o e, o, )-

These equalities imply that

bt < 2|6t =2 b
15 llenmyy < 20105, so®) oo, so®.)) L. bEel,

ek lley@) < 2l |ar, so@oylleo., o)) = 2£€Mﬁg§(R+ |Chel-
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Hence the operators B*, C* belong to the Banach subalgebras Qlﬁ, of Ay, and

k
D*:=B*C* = Y diUf €y, df =) b 0auy),
e =0 (6.10)
=CEBE = ) iU e, dg_zc rjoay),
keZy
where d, c?f € SO(R,) according to Lemma 2.4 and Corollary 2.5.
Applying the equalities (6.5), we obtain the following relations:
GBI Crx) = i DT =X ) dfUE,
keZ4
OGO G B = i DY = x5 Y dfUs
o (6.11)
OB XD C X)) =D xt = > di U,
keZy
L CXNDOGB X)) =D xt = Y d UMY,
kEZ
where for every £ € M (SO(R+)) we infer in view of (6.9) and the equalities

blf(f) = biga Ci(f) = Ck;ga b(J)rg = Cog =1, and by ¢, = 1 that di(f) = @(5) =1
and df(€) = df(€) = 0 for all k € N. Hence, the functions di and dif for all

k € Z, are continuous at the point 7., and therefore for every ¢ € (0, 1) there
exists an N € N such that for every n > N the following inequalities hold:

+ +rrt+k +
Xn( E d U, —I)Xn <e,
’ =" BOGE LP(R+))
+ EiUik—f) + <e.
‘X” <k§ ko X gt Lo )
+

To this end, we first approximate the corresponding operator series by functional
polynomials S5 dEUFF and Yr dfUF* with sufficiently large K € N in the
Banach algebras Ql%v, respectively, and then choose n € N in view of the continuity
of the coefficients of these operators at the point 7,. Consequently, the operators

DEx = (Z diUik>Xn and Dy = (Z diUik>Xn

kE€Z keZy

are invertible on the subspace x;f LP(R ), which implies (due to (6.11)) the invert-
ibility of the operators x,; B¥x;} and x;;C*x;l on this subspace. Moreover, the
operators X Dy, xiDEx, and hence the operators x; BExT, xTCExT are
invertible in the Banach subalgebras X*Qli Xt of W, s, respectively.

n
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The operator C*AC™ belongs to the Banach algebra 20y along with A, and
from (6.7) and (6.9) it follows that, for all £ € M, (SO(R,)) and all z € T,

_ -1 _, -1
(CTACT)e(2) = (AL (2))  Ae(2)(Ag (2)) =1,

whence all coefficients of the operator C*AC™ are continuous at the point 7,

and therefore for every sufficiently large n € N, the operator x;H (CTAC™)x;! is

close to the identity operator on the subspace X*Lp( +). Consequently, for such

n € N the operator x;/(CtAC™)x; is invertible on the subspace x;" L?(R, ). Since

G CTX) G A G O™ X)) = X (CTACT )X

we conclude that for every sufficiently large n € N, the operator x;" Ay, is invert-
ible on the subspace x;" L(R,) along with ! (C’*AC )x;" and x;FC*x;". More-
over, the operator Xn (C+AC )x;F is close to the identity operator in the Banach
subalgebra x; W, sx;t of the Wlener -type algebra W), s. Hence, the operators
X (CTAC™)x;! and x;f Ax; are invertible in the algebra y; Wpﬁxz.

Similarly, since A¢(z) # 0 for all € € M, (SO(R4)) and all z € T, and therefore
N_ = ind A¢() for all these &’s, we can reduce the study to the case N_ = 0.
Hence, we conclude that for every £ € M, (SO(R.)) the function z — A¢(z)
admits the canonical factorization (6.6) with functions A (+), (Ai( )t e wE
satistying (6.7) and (6.8), where by, = cg, = 1, by ¢Coe = 1 and bfg,ck’£ € C for
all k € N and all £ € M. 7(SO(R+))

With functions (6.7) given for every £ € M, (SO(R.)), we associate the func-
tional operators (6.9) Where now b- and ¢ are functions in SO(R, ) such that
bE(E) = big and ¢ (¢) = c,gg for all k € Z, and all £ € M, (SO(R,)).

Applying the equalities

—Uk - Uk: - A Uk:
L Ly — Antk . for k € Z,,
Xn U Xn - Xn Ua U Xn+k

we deduce in contrast to (6.11) that

G B X ) 0 CT Xy ) = DYy = > diUlx,

kEZ+
(6 C X)X B ) = D x = Y df Uk,
k€Z+
Xa B X)) 0 Cxn) = Xa D™ = x5 D dp U
kEZ+
X C X)X B X0) =Xa D™ =x, D> dp U
k€Z+

where the operators D¥, D* and coefficients d, Eki € SO(R, ) are given by (6.10).
We can then infer by analogy with the part already proved that for all sufficiently

large n € N the operators x,, BYy, and y,C%y, are invertible on the subspace
Xo LP(R4).
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The operator C~ AC* belongs to the Banach algebra 2l along with A, and
from (6.7) and (6.9) it follows that, for all £ € M, (SO(R,)) and all z € T,

(CACH)e(2) = (A7 (2)) " Ae(2) (A (2) " =1,

whence all coefficients of the operator C~AC™ are continuous at the point 7_,
and therefore for every sufficiently large n € N the operator x,, (C~ACT)y;, is
close to the identity operator on the subspace x,, LP(R,). Consequently, for such
n € N the operator x,, (C~ACT)x;, is invertible on the subspace x;, L?(R, ). Since

(X €7 X ) (X AX ) (X C7 X ) = X (CTACT ),
it follows that for every sufficiently large n € N the operator x;, Ay, is invertible
on the subspace x,, LP(R,) along with x, (C~AC)x, and x,C*x,. Moreover,

by analogy with the case of M., (SO(R,)), the operator x,, Ax,, is invertible in
the Banach subalgebra x, W, X, of W, e, which completes the proof. O

Remark 6.2. It follows from the proof of Theorem 6.1 that under the conditions
of this theorem the inverses to the operators (6.3) and (6.4) belong to the subsets
pon N Woeexy and x, n WypeX;, of W, e, respectively.

Theorem 5.2, Corollary 5.4, Theorem 6.1, and Remark 6.2 imply the following.

Theorem 6.3. Ifp € (1,00) and the functional operator A =", , a,UF € Ay
with coefficients ar, € SO(R) and a shift a € SOS(R.) is left or right invertible
on the space LP(R.), then there exists a number ng € N such that for all n > ny
the operators (6.3) and (0.4) are invertible, and their inverses belong, respectively,
to the subsets X:+N+ WoeX, and x,, x WpeX, of Wys.

6.2. One-sided invertibility of a modified central block. Representing the
operator A € 2y acting from the direct sum of spaces

Xy LP(Ry) + X(T)L_N,,nJrN+ LP(Ry) + XLM LP(Ry)

to the direct sum of spaces y; LP(R.) + x°LP(R.) + x; LP(R.) as the operator
matrix
Xn Ao N X0 AXo-N_ N, Xn AXoin,
D= | XA . XoAXn-N_nin, XoAXiiw, | (6.12)
X AX N XiAXg—N,,nH\u X:LFAX;:JFJ\@
where £, X% and x?_ N_n+n, are the operators of multiplication by the char-
acteristic functions of the sets i, 75 given in (6.1) and the set 79_y ANy =

Ny—1 : :
ZI—LFN_H ax (), respectively. Since

. A+ —
nlLHSO 1%, AXn+N+||B(xi+N+L”(R+)7XELP(R+)) =0
Jim DAy s oz = 0

we conclude that the invertibility of the operators
XnAXp_n €EB (X;—N, LP(Ry), X;LP(RJJ) ;
X:LFAX7+1+N+ €B (X:+N+ Lr (R+), Xrt LP<R+))
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for all sufficiently large n € N implies the invertibility of the operator

D, . = Xo AXn—n_ X;AX:+N+

n , 6.13
XhAXn v Xh AN, (6:13)

which acts from the Banach space x,_y LP(R.) + x; v, LP(Ry) onto the Banach
space x,, LP(R,) + X;" LP(R,). Moreover, from Theorem 6.3 it follows that the
operator D, o, which belongs to the set (x;, + X,/ )Wy (X_n_ + X1 n, ) has the
inverse operator DL € (X, _n + Xoton, Was(Xa + X2)-

Setting Dy := x2AX AN

0 Ar— 0 A+ Xn AXp-N_ n+Ny
Dy = [XnAXn—N, XnAXn+N+] ) Dy 2 = Y+HAY? N ' vl
n n—N_,n+N4

we can write the operator matrix D in the form

_ jjn,O Dn,l
b= |:Dn,2 Dn,oo:|

with the entries Dy € X%Wp,Gxg—N,,nJer Dy € XgWoe(Xoon. + XT+L+N+)7

Dua € (Xp + XDWoeXo-n min,> a0d Dooo € (06, + X0 Wos (v + Xorin,)-
Since the block D,, o given by (6.13) is invertible, we infer that

Dno Dy I D1l [Dno—Du1D; Dy 0
— n, n, — ) 3 9 n,00 ) . 14
b [Dnz Dn,oj [O Dy oo D, 5 Dy2 I (6.14)

Hence, the left (resp., right) invertibility of the operator matrix D is equivalent
to the left (resp., right) invertibility of the operator

Dyo = Dup — Dun Dy Ds € XoOWo6 X0 n_ minv. (6.15)

where N, < N_ in the case of left invertibility, and N, > N_ in the case of right
invertibility.

Given n € N, let L?(7) be the Banach space of n-dimensional vector functions
Y = {¢p}i_, with entries ¢, € LP(y) and the norm |[[¢[p) =

Oy ||wk||1£p(7))1/p. Consider the isometric isomorphisms

n—1
0p : X?LLP(RJr) - Lgn—1(7)a ng = {(U(ﬁfﬂv k=—n+1’
0o : X%-N,,n+N+Lp(R+) - Lgn—1+N+—N, (),
n+N4y—1
Xg—N,,n+N+f = {(Uifﬂ’)’}k;:—;—N:i—l'

Then the operator

UODn,Ogo_1 : Lgn—1+N+—N, (7) = L1 (7)

is the operator of multiplication by a (2n — 1) x (2n — 1 + Ny — N_) matrix
function D,, o(-), which according to the definition of the algebra W, g becomes
continuous on 7 if we put D, (7)) := lime_a(r)1ey Dnyo(t).
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Let the operator D,, o be left invertible (the case of right invertibility is treated
analogously). The operator Dy, o(-)I € B(Ly, 1, n, —n (7), Lb,—1(7)) is left invert-
ible along with D,, o, and hence Ny < N_. Moreover, then rankD,, o(t) = 2n —
14+ Ny — N_ for all t € 7. Indeed, if

rank D, o(tp) < 2n— 1+ Ny — N_  for some ty € 7, (6.16)

then by a small perturbation of the operator D, o(-)I we can attain the equality
D,o(t) = Dpolto) for all #’s in a small neighborhood of t,, which in view of
(6.16) implies the existence of a nontrivial kernel for the perturbed operator.
This contradicts the stability of the left invertibility for the perturbed operator.
Conversely, let N < N_ and rank D,, o(t) = 2n — 14+ N, — N_. Then for every
point ¢ € ¥ the (2n — 1) x (2n — 1+ N4 — N_) matrix function D, o(-) contains
its (2n—14+ N, — N_) x (2n— 1+ N, — N_) block M,(-) with det M;(t) # 0. In
view of the continuity on 7 of all entries of the matrix function D, o(+), for every
t € 7y there exists its open neighborhood u; C R, such that
infﬁ‘det Mt(x)| > 0. (6.17)
TeuLNy
Consider the open covering of the segment 7 by the sets u; (¢t € 7), and choose
a finite subcovering u;, (i = 1,2,...,k) of 7. According to [35, Theorem 2.13],
there exists a partition {7;,...,n;} of unity on 7, subordinate to the covering
{ug,, ... ug, }, that is, n; € C(Ry), 0 <m; < 1, suppn; C uy, foralli=1,2,... k
and

k
Zm(x) =1 forallxe7. (6.18)
i=1

By (6.17), for each i = 1,2,... k, there exists a (2n — 14+ N; — N_) x (2n — 1)
matrix function Fy,(-) defined on u;, N7, which consists of the block M, '(-) and
the zero supplementary block, and such that
E,(2)Dyo(z) = M N (2) My, () = Iopo1pn, -~ for all z € u, N7.

Then, by (6.18), the continuous on ¥ matrix function D} () := Zle n:Fy, is aleft
inverse to the matrix function D, o(-). Hence, the operator D = &5 (D% (-)1)og
is a left inverse of the operator D, o. In view of the continuity on 7 of all entries
of the matrix function D,ﬁo(-), we infer from the definitions of the isomorphisms
50_1 and o that Dio € X%_N77R+N+Wp7gxg.

Thus, if the operator D,, ( is one-sided invertible or, equivalently, if the operator
Dy, 0(+)1 is one-sided invertible from L5, vy () to L5, ;(7), then there is its
one-sided inverse Dﬁ;ol)(-)l t Ly, 1(v) = Lb, 1y n, _n (7) such that the operator

—1 ~_ -1
sz,o) =0y 1(Dé,o )(')I)UO S X?sz_,n+N+Wp,6X2

is the corresponding one-sided inverse to the operator D, .

Clearly, the operator D,(ly_ol) exy_ N_ N Wpe X2 is a right inverse to the oper-
ator D, if Ny > N_, and a left inverse to the operator D, o if N, < N_. By



TWO-SIDED AND ONE-SIDED INVERTIBILITY OF FUNCTIONAL OPERATORS 581
(6.14) and (6.15), the operator

DY ~D{ ) DaiD; L

D(*l)_ )
D! DnzD( VDL D,sDS ) Daa Dy + DL

is a right (resp., left) inverse to the operator D if D(fl) is a right (resp., left)

inverse to the operator D,, (. Since Dflo) ex? Ny Wpﬁxg and

_Dfl Dn2D(7) € (Xn-n_ +Xn+N+>WP6X27
—Dyo DuaDike € X n_ i, Wois (o +X5);
D, Dna Dy’ Dua Dy + Dyl € (n + Xhiw ) Wos O + X0
we conclude that the corresponding one-sided inverse D("!) to the operator D

belongs to the Wiener-type algebra W), s.
Thus, we have proved the following result.

Theorem 6.4. If1 < p < o0, A € Uy, and the operators
X AXn_n_ € B(X;N_ LP(R4), X;LP(R+))>
X:’L_ AXZ+N+ €B (X:-s-NJr Lr (R+)a X:L_ LP<R+))

are wnvertible for all sufficiently large n € N, then there exists a number ny € N
such that for all n > ngy the left (resp., right) invertibility of the operator A € 2y,
is equivalent to the left (resp., right) invertibility of the operator

Dy = X%AXQ—N,,nJrJ\u - |:X91AX727N_ X’gAX:L_+N+i|
- _ -1 _
Xn AXn—N, Xn AX:+N+:| |:Xn AX?L—N, ,n+N+:| (6 19)
X AXo N XTJ;AXLA@ b AXD N neNL

which acts from the space x)_n_ ,yn, IP(Ry) to the space x, LP(Ry). Moreover,

then there exists a left (resp., right) one-sided inverse operator AV to A which
belongs to the Wiener-type algebra W, s.

Thus, if Ny # N_, then the operator D,, , cannot be invertible. Moreover, if the
operator D,, o is invertible (resp., strictly left invertible, strictly right invertible),
then N_ = N, (resp., N > N., N_ < N,).

Hence, Theorems 6.3 and 6.4 imply the following corollary.

Corollary 6.5. If the functional operator A € 2y, is invertible (resp., strictly left
invertible, strictly right invertible) on the Lebesque space LP(R,) with p € (1,00),
then N_ = N, (resp., N > Ny, N_ < N, ).

6.3. Discrete version. Let A € 2. Given n € Z, we consider the projections
Py = diag{ P, }sezl € B(IP),

P o_ 0 if s <mn, P _ 1 ifs < —n,
o)1 if s >, S0 if s > —n.

where
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Theorem 6.6. If p € [1,00], A € Ay C B(LP(Ry)), Ae(z) # 0 for all (&,2) €
A X T, and the numbers Ny are given by (5.9), then there exists a number ng € N
such that for all n > ng the operators

Ay (t) = Py AP n, : Phy P — PP,

6.20
A (t)=P AP,y Py 1P — PP (6.20)
are invertible for all t € ~.
Proof. Since the operators
X Ay Xomen, LP(RY) = X LP(RY),
Xn AXron_  Xnn LP(RY) = X, LP(Ry)
are invertible by Theorem 6.1, we conclude that the operators
+ At +\77N. +
XTLAXn + I_Xn Ua+I_Xn ;
v+ =XV =X, o1

XnAXon + (I =) UY-(I— Xty )

are invertible on the space LP(R,). As oxo~! = P, where ¢ is given by (3.3)
and [ is the identity operator on the space LP(~,I”), we infer that

A () = PJA(')PJ+N+I = U(X:AXLNJUA,
Ar () = Pr AP,y I =00 Axu o
Then, by (6.21) and Theorem 3.7, the discrete operators
A (t) + (I = BHVY (I = Pf ),
A0+ =PV (I =P,y )
are invertible on the space [P, which in view of the invertibility of the operators
(I =PV = Pfy,): Py, P = P07,
(I —-P)YWVN-(I-P_y): Py P — PP

implies the assertion of the theorem. Il

Combining Theorem 5.2, Corollary 5.4, and Theorem 6.6, we obtain the fol-
lowing.

Theorem 6.7. If the functional operator A =%, , a,UL € Ay with coefficients
ar € SO(R,) and a shift « € SOS(R.) is left or right invertible on the Lebesgue
space LP(Ry) with p € (1,00), then there exists a number ng € N such that for
all n > ng the operators (6.20) are invertible for all t € .

We immediately infer the following result from Theorems 5.6 and 6.6.

Theorem 6.8. If p € (1,00), A = >, , aUF € Ay, and for some t € ~
the discrete operator A(t) = >, diag{ar[a;(t)]}jezV* € W, is left or right
inwvertible on the space [P, then for this t € ~ there exists a number ng € N such
that for all n > ng the operators (0.20) are invertible.
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6.4. Necessary one-sided invertibility conditions for discrete operators.
Furthermore, by applying the transform A — o0 Ao, we deduce from (6.12) the
following representation of every discrete operator A(t) € B(I?) (t € 7) as the
operator matrix

PrAWP, . PrAMP) n on. Pr AP N,
A(t) - Pr?A(t)Pn_—N, PSA(t)Pg—N,,n+N+ PSA(t)P;+N+
PYAMP, n  PFAM®P) n . n. PITAGP N,

acting from the space P P + Pl N nin, P + P . I? to the space P IP +

7’L+N+
PO + PiIP, where PO_y . :=1—P;y — Pty and P):=1-P; — P},
If the discrete operator A(t) is one-sided invertible for some ¢ € -, then by
Theorem 6.8 the operators (6.20) are invertible for this ¢t € v and all sufficiently

large n € N. Hence, the operator

_ [Br APy PrAMP .
Prol) = | praw Py PrAWP ] (0:22)
which acts from the space P, [P + P;JFNJP onto the space P, IP + PP is
also invertible for all sufficiently large n € N along with the operators (6.20).
Then we infer by analogy with Theorem 6.4 and (6.19) that the left (resp., right)
invertibility of the operator A(t) is equivalent to the left (resp., right) invertibility
of the operator

Duo(t) == PP AM Py i, — [PaAB Py PRAGP N, ]

fmwmw_mmwmﬂ*ﬁmmwmwm (6.23)
PIAWE, y  PTAMP x| [BLAGOP N ain, ]’

which acts from the space P°_ N_ntn, [P to the space PYIP (below we identify the
operator D, o(t) and the matrix D, ¢(t)). Clearly, if Ny # N_, then the operator
D, 0(t) cannot be invertible. Thus, the operator D,, (t) is two-sided invertible if
and only if N_ = N, and det D, o(t) # 0, the operator D, (t) is strictly left
invertible if and only if N_ > N, and rank D, (t) = 2n — 1+ N, — N_, and the
operator D, o(t) is strictly right invertible if N_ < N, and rank D,, o(t) = 2n — 1.
This in view of Theorems 5.6 and 6.8 immediately implies the following result.

Theorem 6.9. Given p € (1,00) and t € v, an operator A(t) € W, is two-sided
(resp., strictly left, strictly right) invertible on the space [P if and only if (5.5)
holds, N_ = N., and there exists a number ng € N such that for every n > ng the
operator Dy, (t) is invertible and det D, o(t) # 0 (resp., (5.5) holds, N_ > N,
and there exists a number ng € N such that for every n > ng the operator D,, oo (1)
is invertible and rank D, o(t) = 2n — 1+ Ny — N_; (5.5) holds, N_ < N, and
there exists a number ng € N such that for every n > ng the operator Dy, «(t)
is invertible and rank D,, o(t) = 2n — 1), where D, (t) and D, o(t) are given by
(6.22) and (6.23), respectively.
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7. ONE-SIDED INVERTIBILITY OF FUNCTIONAL OPERATORS IN TERMS OF
DISCRETE OPERATORS

According to [28, Section 23, Corollary 2|, the left (resp., right) invertibility of
an element b in a C*-algebra B is equivalent to the two-sided invertibility of the
element b*b (resp., bb*) in the C*-algebra B. Applying this fact to the C*-algebra
Ay 50 C B(L*(R,)), we immediately infer from Theorem 3.4 the following crite-
rion for the one-sided invertibility of functional operators A € 230 on the space
L*(Ry).

Theorem 7.1. A functional operator A € 550 is invertible (left invertible, right
invertible) on the space L*(R,) if and only if for all t € ~y, the discrete operators
A(t) are invertible (left invertible, right invertible) on the space [*.

Given p € [1,00] and following [12, Section 2.3], we denote by W), 1~ the
unital Banach algebra of all functional operators of the form A =Y, , a;UF €
B(LP(R,)), where a;, € L>*(R,) for all k € Z, loga’ € L*(R.) and

14l s 2= 3 el gy < oo
keZ
For a unital algebra B, let GB denote the group of all invertible elements in
B. Let C be a subalgebra of B with the same identity element. The algebra C is
said to be inverse-closed in B (see [34, Section 1.2.5]), if for every ¢ € C such that
c € GB, we have c € GC.
Slightly modifying the proof of [12, Theorem 3|, we obtain the following.

Theorem 7.2. For every p € [1,00], the Wiener algebra W), 1 is inverse-closed
in the unital Banach algebra B(LP(R.)).

Theorem 7.2 immediately implies the following.

Corollary 7.3. Every functional operator A =73, _, arUF € W, 1 is invertible
on all spaces LP(R) with p € [1,00] if it is invertible on some space L (R ),
where py € [1, 00].

Theorem 6.4 and Corollary 7.3 allow us to get the following analogue of The-
orem 7.2.

Theorem 7.4. The Wiener algebra 2Ly, is inverse-closed in the Banach algebra
B(LP(R,)) for every p € [1,00].

Proof. Fix p € (1,00), and take an operator A € 2l invertible on the space
LP(R,). Then from Theorem 3.4 it follows that for all ¢ € 7 the discrete operators
A(t) given by Theorem 3.1 are invertible on the space [P, and hence, in view
of Corollary 3.3, the operator-valued function A~! : 5 — B(IP) is continuous.
Moreover, by (3.8),

A7 a(r)] = VAT ()Y L (7.1)
Further, by Theorem 6.4, the inverse operator A~! for A € 2y belongs to

the Wiener-type algebra W, s, and therefore the coefficients of the operator A~
being functions in & can admit discontinuities on R, in view of (3.17) only on
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the set O, = {a,(7) : n € Z}. By Lemma 3.6, the operator-valued function
A~ 15 — B(I?) is continuous. On the other hand, since SO C & and therefore
(7.1) holds, we infer from that equality that the coefficients of the operator A~!
are continuous at the points t € O, as well. Hence, the coefficients of the operator
A~1 are continuous on R, . But every continuous function in & belongs to SO(R, ),
which implies that A~! € Ay .

Let now an operator A =Y, , a;U% € 2y be invertible on the space LP(R.)
with p € {1, 00}. Since 2y C W), 1, we infer from Corollary 7.3 that the operator
A is invertible on the space L?*(R,) and therefore, by the part already proved,
At e Ay = Wygo. But this means that At € Ay = W50 for all p €
1, 00]. O]

For every operator A =5, a,Uk € Ay we define its formally adjoint oper-
ator A°:= 3", (a0 a_,)U % € Ay

Theorem 7.5. If a functional operator A € Ay is left invertible (resp., right
invertible) on the space LP(Ry) for some p € (1,00), then for all t € ~ the
discrete operators A(t) are left invertible (resp., right invertible) on the space [P.

Proof. Consider the case of left invertibility (the case of right invertibility is
reduced to the previous one by passing to adjoint operators).

Let an operator A € 2y be left invertible on some space LP(R, ). Then from
Theorems 6.3 and 6.4, it follows that A is left invertible in the unital Banach
algebra W, ¢. Then A is left invertible in the Banach algebra W, ¢ and hence in the
C*-algebra B(L*(R,)). Therefore, by [28, Section 23, Corollary 2|, the operator
A*A is two-sided invertible in the C*-algebra B(L?(R,)). But the operator A°A
belongs to the Banach algebra 2y = W,g0 along with A. Consequently, by
Corollary 7.3, the operator A°A is two-sided invertible on the space LP(R.).
Hence, by Theorem 3.4, for all ¢ € v the discrete operators A°(t).A(t) are two-sided
invertible on the space [P. Then for every t € 7 the operator (A°(t).A(t))~1A°(¢)
is a left inverse of the operator A(¢) in the Banach algebra B(IP). O

For every operator B =, _, biVE € W, where by, € D forallk € 7, D is given
by (3.1), Vf = {fj+1}jeZ for f = {fj}jGZ € P, and || Bllw = Zkez “kaB(l”) < o9,
we define the formally adjoint operator by B® := Y, _, diag{by j_i};ezV " € W,

Theorem 7.6. For every p € (1,00), an operator A € Ay is left invertible
(resp., right invertible) on the Lebesque space LP(Ry) if for all t € ~y the discrete
operators A(t) € W, are left invertible (resp., right invertible) in the Banach
algebra W,.

Proof. For every t € ~, let the discrete operator A(t) € W, be left invertible in
the Banach algebra W,. Then \A(t) is left invertible in the Banach algebra W,
and hence in the C*-algebra B(I?). Therefore, by [28, Section 23, Corollary 2],
for every t € 7 the discrete operator (A(t))*A(t) € Wy is two-sided invertible
in the C*-algebra B(I?). Since A € 2y, we conclude that A*A € Ay as well.
Consequently, we infer from Theorem 3.4 that the operator A*A € Ay is two-
sided invertible on the space L?*(R,). Then from Corollary 7.3, it follows that
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the operator A°A € 2lyy is two-sided invertible on the space LP(R. ). Finally, the

operator (A°A)~1A° is a left inverse of the operator A on the space LP(R,).
The case of right invertibility is treated by passing to adjoint operators on dual

spaces. ]

Theorem 7.7. If A € Ay and for some t € 7 the discrete operator A(t) is left
(resp., right) invertible on the space [P for some p € (1,00), then there exists its
left (resp., right) inverse (A(t))™Y which belongs to the Wiener-type algebra W,.

Proof. Fix p € (1,00), and for A € 2y suppose that the discrete operator A(t) €
W, is one-sided invertible on the space (¥ for some ¢t € 7. We then infer from
Theorem 5.6 that A¢(z) # 0 for all (¢, 2) € A x T and therefore, by the proof of
Corollary 5.4, the numbers N1 are given by (5.9). Hence, from Theorem 6.1 it
follows that the operators

X AXob vy X, LP(RY) = X LP(RY),
Xn AN Xnn TP(Ry) = i LP(Ry)
are invertible. Since by Theorem 6.3 the inverse operators
O AN )T X LP(RY) = xohn, LP(RY),
(o Aoy )7 X LP(RY) = X,y LP(Ry)

belong, respectively, to the subsets x. N Wyex, and x,_y Wyex, of W,e, we
deduce by applying the mapping
(XT:L‘:AX::EN:E)_I = O-(XfAXi::I:Ni)_lo-_l

that for every t € v the operators
(AF®) ' = (BFA®PS ) BIP = P}

lp
n+NL"”
(A () = (Pr AP, ) PP — P P

belong, respectively, to the subsets P, N W Pfand P~y W, P, . Then, by anal-
ogy with the proof of Theorem 6.4, we infer that the left (resp., right) invertibil-
ity of the discrete operator A(t) on the space [P implies that there exists its left
(resp., right) inverse (A(t))~Y which belongs to the Wiener-type Banach algebra

W,. O

Theorem 7.8. A functional operator A € Ay is left (resp., right) invertible on
the space LP(Ry) for some p € (1,00) if and only if for all t € v (equivalently,
for all t € Ry ) the discrete operators A(t) € W, are left (resp., right) invertible
on the space [P.

Proof. Fix p € (1,00). If a functional operator A € Ay is left (resp., right)
invertible on the space LP(Ry), then from Theorem 7.5 it follows that for all
t € v the discrete operators A(t) € W, are left (resp., right) invertible on the
space [P.

Conversely, if for all t € « the discrete operators A(t) are left (resp., right)
invertible on the space [P, then by Theorem 7.7 for all ¢ € v the operators A(t) €
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W, have some of their left (resp., right) inverses in the Banach algebra W,. This
in view of Theorem 7.6 implies the left (resp., right) invertibility of the functional
operator A € 2y on the space LP(R, ), which completes the proof for t € . The
proof for t € R, is reduced to t € v in view of (3.8). O

8. CRITERIA OF TWO-SIDED AND ONE-SIDED INVERTIBILITY OF OPERATORS
A€ Ay

Combining Corollary 7.3, Theorem 3.4, Remark 3.5, and Theorem 6.9, we
obtain the following invertibility criterion.

Theorem 8.1. The functional operator A =%, , a UL € Ay with coefficients
ar € SO(R,) and a shift a € SOS(Ry.) is invertible on the space LP(R,) (1 <
p < 00) if and only if
(1) Ae(2) == > g ar(§)2" # 0 for every & € A and every z € T;
(ii) N_ = Ny, where Ny :=ind A¢(-) for every £ € M, (SO(R}));
(iii) there exists an ng € N such that for every t € v and every n > ng the
operator Dy, o (t) given by (06.22) is invertible and det D, o(t) # 0, where
the (2n — 1) x (2n — 1) matrices D, (t) are given by (6.23).

Proof. By Corollary 7.3, the operator A € 2y either is invertible on all the
spaces LP(R,) for p € [1, 00|, or on none of them. Hence, we may consider only
p € (1,00).

By Theorem 3.4 and Remark 3.5, the functional operator A € 2y, is invertible
on the space LP(R,) with p € (1,00) if and only if for all ¢ € v (equivalently,
for all ¢ € %) the discrete operators A(t) are invertible on the space . In view
of Theorem 6.9, the invertibility of the operators A(t) on the space [? for all
t € 7y is equivalent to conditions (i)—(iii) of the present theorem, where ng € N is
sufficiently large and independent of ¢t € v due to Theorem 6.7. O

Theorem 8.2. The functional operator A =%, , a,UL € Ay with coefficients

ar € SO(Ry) and a shift a« € SOS(Ry) is strictly left invertible on the space

LP(Ry) (1 < p<o0) if and only if

(1) Ae(2) := > peq ar(§)2" #0 for every & € A and every z € T;

(ii) N_ > Ny, where Ny = ind A¢(-) for every £ € M, (SO(R}));

(iii) there exists an ng € N such that for every t € v and every n > ng the
operator Dy, «(t) given by (6.22) is invertible and rank D, (t) = 2n — 1+
N, — N_, where the (2n — 1+ Ny — N_) x (2n — 1) matrices D,,o(t) are
given by (6.23).

Proof. Fix p € (1,00). By Theorems 7.8, 3.4, and Remark 3.5, the functional
operator A € 2y is strictly left invertible on the space LP(R.) if and only if for
all t € v the discrete operators A(t) are strictly left invertible on the space (P.
According to Theorem 6.9, the strict left invertibility of the operators A(t) on the
space [P for all ¢ € 7 is equivalent to conditions (i)-(iii) of the present theorem,
where ng € N is sufficiently large and independent of t € 7 (see Theorem 6.7). [

Analogously to Theorem 8.2 or passing to adjoint operators, one can prove the
following criterion of the right invertibility of the operators A € 2y .
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Theorem 8.3. The functional operator A =Y, , a,UF € Uy with coefficients
ar € SO(R,) and a shift a € SOS(Ry) is strictly right invertible on the space
LP(Ry) (1 < p < o00) if and only if

(1) Ae(2) = > peq ar(§)2" # 0 for every £ € A and every z € T;

(i) N_ < Ny, where Ny = ind A¢(-) for every § € M, (SO(Ry));

(iii) there exists an ng € N such that for every t € v and every n > nq the
operator Dy, o (t) given by (6.22) is invertible and rank D, o(t) = 2n — 1,
where the (2n — 1+ Ny — N_) x (2n — 1) matrices D, o(t) are given by
(6.23).
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