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A Partition Theorem of 0®”

Claribet Pina

Abstract  We consider finite partitions of the closure ¥ of an w®-uniform bar-
rier ¥. For each partition, we get a homogeneous set having both the same
combinatorial and topological structure as ¥, seen as a subspace of the Cantor
space 2N,

1 Introduction

Given two topological spaces X and Y and an integer [ > 1, we denote by
X — (topY )l1 the fact that, given any map f : X — [, there is H a subspace of X
which is homeomorphic to ¥ and f-monochromatic. A very well-known result on
partitions of topological spaces, due to Baumgartner [2] and Weiss [5], establishes
that a countable ordinal space y—that is, y endowed with its order topology—
satisfies that VI > 1,y — (top )/)l1 if and only if y = »®” for some ¢ < w.
Translating this statement to the realm of partitions of families in FIN, we get that
given/ > 1and 0 < @ < wq, if ¥ C FIN is a family having the same topological
type as 0®”, and ¥ = Fo U F; U --- U F;_q is a partition of F, then there exists
a subfamily # C F with the same topological type as ¥ such that J C F; for
some i < [. We wondered if it is possible to find a homogeneous set # which also
preserves the combinatorial structure of .

It is known that if ¥ is an @w®-uniform family endowed with the lexicographic
order topology 7., then (¥,1<,) and (¥ ' M, 1, ) are both homeomorphic
to w®”, for every M € Nl where & PM ={s e€F : s C M}. Then, at
first glance, the Ramsey property for uniform families (see Theorem 2.1) seems to
provide a homogeneous set #/ = ¥ | M having the same combinatorial behavior
as ¥ (i.e., ¥ | M is as well an w*-uniform family, on M). However, this is not
the case, since for our partition problem the homogeneous set # must be considered
with the subspace topology inherited from (¥, 7~ ). Pifia and Uzcdtegui [3] showed
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that the topological type of a restriction ¥ | M may change so radically, according
to M, that it could be a discrete subspace of (¥, < ). Furthermore, they showed
that given any uniform family ¥, there is a partltlon of ¥ suchthat ¥ } M is a
discrete subspace of (¥, 1<, ) for every M € N[=ol given by the Ramsey property
of ¥ applied to such a partition. Therefore, in this sense ¥ | M fails to be a
homogeneous set.

A more subtle way of dealing with this problem is considering a different repre-
sentation of the ordinal space w®” by using the closure ¥ of an w®-uniform family
F endowed with the subspace topology inherited from the Cantor space 2. In this
article, we study the combinatorial characteristics of a homogeneous family for a
partition relation ¥/ > 1,% — (top ¥ )l’ where ¥ is an w*-uniform barrier. In
this sense, we cannot get a homogeneous set with exactly the same combinatorial
behavior as ¥. Say, for example, we cannot get as a homogeneous set a family

r M, or the closure B of another w* -uniform family B, since a coloring defined
on ¥ using the sizes of the elements in ¥ clearly forbids any of these families to be
monochromatic. However, in Theorem 3.4, we will obtain a homogeneous set which
is nothing else than the image, under an C-order-preserving embedding, of the clo-
sure of another w*-uniform barrier. As a consequence of Theorem 3.4, we clearly
obtain an alternative proof for the Baumgartner—Weiss result (Corollary 3.5).

In most of our proofs, we will assume the existence of a nonprincipal selective
ultrafilter. It is well known that the existence of selective ultrafilters requires addi-
tional set-theoretic assumptions. However, it has been proved that they exist under
the assumption of hypothesis as the continuum hypothesis (CH) or as Martin’s axiom
(MA). Therefore, by absoluteness, all the results presented here are in fact ZFC-
results.

The article is organized as follows. In Section 2 we present some basic facts, nota-
tion, and well-known notions from Ramsey theory. In that section, we also prove
some technical lemmas that we will use in our induction proofs. In Section 3 we
prove our main result (Theorem 3.4) making use of Theorem 3.1, and we give an
alternative proof for the Baumgartner—Weiss theorem (Corollary 3.5). Finally, Sec-
tion 4 is devoted to giving an inductive proof of our more technical result (Theo-
rem 3.1).

2 Preliminaries

We will start this section by introducing some notation, definitions, and well-known
facts that we will use throughout the article. We will only include in this section the
proofs of results that, as far as we know, are new. (For all the facts stated without a
proof, see Argyros and Todorcevic [1], Baumgartner [2], and Todorcevic [4].)

2.1 Basic notions We denote by FIN the set of all nonempty finite subsets of N. If
M C Nand k € N, we denote by M ¥ the set of subsets of M with size k, by
M =] the set of subsets of M with size less than or equal to k, and by M [<o0] the
set of all finite subsets of M. If, moreover, M C N is infinite, then we denote by
M ] the set of all infinite subsets of M. Given s € FIN and M C N, we denote
by M/s the set {x € M : max(s) < x}. If s = {n}, we write instead M/n. We
put M > s if min(M) > max(s). We write s C M if there is m € M such that
{0,1,....m}NM = s, wewrites T M ifs T M ors = M, and we denote by
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s Z M the negation of s & M. We say that a mapping ¢, with domain ¥ < FIN
and values in FIN, is C-order-preserving if s T t implies ¢(s) T ¢(¢) whenever
s,t € ¥. We say that a family ¥ C FIN is thin if for every different s,z € ¥ we
have s IZ ¢.

Given a family ¥ € FINand M € N [°°], we say that ¥ is a front on M if it is
thin, and for every N € M there is ¢ € ¥ such thatt C— N. If, moreover, we
have that s Z ¢ for every s,t € ¥, we say that ¥ is a barrier on M. Clearly, every
barrier on M is a front on M. When M = N, we simply say that ¥ is a front (resp.,
a barrier). The Schreier barrier, which we will often use, is defined by

8= {s € FIN : |s| = min(s) + 1}.
If ¥ C FIN and M € NIl the sets # } M and F[M] are defined as follows:
FIM={e¥F: :tc M} FIM=4NM:tedF}

If ¥ is a front (resp., a barrier) on M, and N € M[°°], then ¥ | N is a front (resp.,
a barrier) on N. We say that a family ¥ C FIN is Ramsey (or that it has the Ramsey
property) if for every finite partition ¥ = %, U F; U---U Fy and every M € NI,
there is N € M!®! such that at most one of the restrictions Fo PN,F1 M N,...,
Fr | N is nonempty. The following classic result of Ramsey theory ensures the
existence of Ramsey families.

Theorem 2.1 (Nash-Williams) Every thin family is Ramsey.

We consider ¥ C FIN as a topological subspace of p(N) by endowing this last
one with the topology of pointwise convergence from the Cantor space 2V, that is,
identifying sets with their characteristic functions. We say that a sequence (sy), in
FIN is a block sequence if s, < s, for every n < m. We denote by ¥ the topological
closure of #. Moreover, we say that & is precompact if ¥ < FIN. We will also
consider the downward closures of ¥ C FIN defined by

—C —C
F~-={s:sCtforsomet € F}, FT-={s:sCtforsomet e F}.

It is a fact that if ¥ is a front on M, then ?E = ¥, and that if ¥ is a barrier on
M, then f:g = ?E = % . Moreover, a family ¥ C FIN is precompact if and only
if f:E is compact.

Recall that if X is a topological space and o < w1, then the ath Cantor—Bendixson
derivative of X is defined recursively as follows:

X' = {x € X : x is not isolated in X},
B+ _ (v By
X (X,

X3P = ﬂ X® if A > 0is a limit ordinal.
B<A

It is known that if A < FIN is compact, then there is ¢ < ; such that
A@ = A@+D = ¢ The minimal ordinal @ < w; with this property is called the
Cantor-Bendixson rank of #4, and we denote it by rkcg (+4).

We recall that the lexicographic order <« is defined on FIN by s < ¢ if and
only if min(sAt) € s. An important fact about the lexicographic order is that every
precompact family & < FIN is lexicographically well-ordered. With this in mind,
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we adopt the concept of an order-homeomorphism. We say that A < FIN is order-
homeomorphic to a countable ordinal space y—that is, y endowed with its order
topology—if there is an order isomorphism between (4, <jex) and y which is also a
topological homeomorphism.

Proposition 2.2 If ¥ is an (infinite) precompact family on M € NI*®I with

— — —=c
rkep (F E) > 0, then (¥ E, C) is order-homeomorphic to @*®F ) 4 1. Therefore,

— =C
7o \ {@} is homeomorphic to w™*F ),

2.2 o-uniform families We now introduce the notion of uniform families, which will
give us a way of representing countable ordinal spaces as families on FIN.

Given ¥ C FIN, M € N[*! and o < w1, the concept of an ¢-uniform family on
M is defined recursively as follows. F is a-uniform on M if one of the following
conditions holds:

1.« =0and ¥ = {0},

2.a=pB+1land Fpy :={s € FIN:n < sand {n} Us € ¥} is B-uniform on
M/n foreveryn € M,

3. «is alimit ordinal and there is a strictly increasing sequence of ordinals (¢,
converging to o such that ¥,y is a,-uniform on M/n foreveryn € M.

We say that a family is uniform on some M € NI*! if it is a-uniform on M for
some o < wp. If a family ¥ is uniform on N, we simply say that ¥ is uniform.
It follows by induction on k that given k > 0, a family ¥ < FIN is k-uniform on
M e NI*l if and only if # = M1 Therefore, # is w-uniform on M if and only
if there exists a strictly increasing sequence of positive integers (m,)epr such that
Finy = MUl for every n € M. Particularly, the Schreier barrier § is an w-uniform
family. On the other hand, it follows from the definition that for every o < wy, there
exists an o-uniform family.

Proposition 2.3 Given o < wy and ¥ an a-uniform family on M € NI ye
have the following.

1. ¥ is afront on M. Therefore, ¥ is Ramsey.
2. ¥ | N is an a-uniform family on N for every N G_A/I[°°].
3. The order type of (¥, <iex) is @*. Moreover, tkcg(¥) = a.

Theorem 2.4 Given ¥ C FIN a nonempty precompact family on M C N with
Cantor-Bendixson rank « < wy, there is N € M) such that ¥ [N] is the closure
of an a-uniform barrier on N.

Theorem 2.5 Given ¥ C FIN a barrier on M € NI with tkcg(F) = «, there
is an infinite set N C M such that ¥ | N is an a-uniform barrier on N.

Lemma 2.6 Givena < B < w1, M € N A an a-uniform family on M, and
B a B-uniform family on M, there is an infinite set N € M such that A | N C B.

We recall that an ultrafilter on N is a collection U of subsets of N with the following
properties:

1. ¢ Uand N € U,

2. M CNandM € Uimply N € U,
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3. N=NoUN;and N € Uimply Np € U or N; € U, and
4. M e Uand N € Uimply M N N € U.

We say that an ultrafilter U is nonprincipal if {n} ¢ U for all n € N. We call
an ultrafilter U selective if given a barrier ¥ and any finite coloring of it, there is
M € U such that ¥ | M is monochromatic; or, equivalently, U is selective if for
every sequence (A;)sern of elements of U, there is A € U such that A/t C A, for

ﬁ
every t € A<l Given atree T C NI<*l and U = {U : s € NI<°]} 3 family of
ﬁ
nonprincipal ultrafilters on N, we call T a U-tree if {(n e N:t U {n} € T} € U, for

every t € T. If the sequence ﬂ) is constant, that is, if Uy = U for every s € N[=],
then we will suppress the arrow. For our proofs, we will always consider U-trees
with stem st(7") = @; that is, st(7') is the maximal node comparable with every other
node of 7. Also, we adopt the convention that, from now on, whenever we consider
a selective ultrafilter we mean a nonprincipal selective ultrafilter.

If T is a U-tree and B is a family on FIN, then we will denote by 7' | B the set
of elements of 7" up to B. That is, the terminal nodes of T | 8 are in B.

Lemma 2.7 Let U be a selective ultrafilter, and let 0 < a < wy. If T is a U-tree
and B is an o-uniform barrier on M € U, then there is a set N € M in U such
that T N (B | N) is an a-uniform barrier on N.

Proof (By induction on ) Fix U a selective ultrafilter, 7 a U-tree, and B an
a-uniform family on M € U. If « = 1, then take M; = {n : {n} € T} € U. Since
M € U, theset N = M NM; € M belongs to U. Moreover, TN (B | N) = N
is a 1-uniform barrier on N.

Suppose that the lemma is true for every 0 < 8 < «. Let (o;); be an increasing
sequence of ordinals converging to « if « is limit, and let ; = S forall i €¢ M
if « = B + 1 such that By, is an ay-uniform barrier on M/n for every n € M.
Note that Ty, is a U-tree for every n € M, (for M as in the base case). Then,
by the inductive hypothesis, for every n € M N M, there is M,, € M/n in U
such that Ty, N (Byyy | M) is an o, -uniform barrier on M,,. Finally, consider
N € M N M; in U such that N/n € M, for every n € N, and note that
TNEB | Ny = Ty N (Byay I N/n) is an a-uniform barrier on N/n for
everyn € N. O

2.3 Schreier families We now present some combinatorial properties of the
o®-uniform families. Mainly, we will introduce the families (8¢)q<w,,» Which
are obtained in a very canonical way from the Schreier barrier, and which are con-
tained in the closure of any w*-uniform family (see Lemma 2.11). In view of this,
later on, these families will be an important tool in our proofs considering partitions
of the closure of w*-uniform barriers.

Given 4 and B two families on FIN, we define 4 @ B and A ® B by

ADB={sUt:s<t,seBandt € A},
AR B ={s1UspyU---Us, 151 <853 <+ <, arein +4 and
{min(s;) : 1 <i <n} € B}.
Lemma 2.8 If A, B C FIN are barriers on M € Nl then the Jollowing hold:
1. AD B and A Q B are barriers on M,
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2. ADB=AD 3B,
3. ARB=A®SB.

Lemma 2.9 Let o, B < wy, let M € NI® let A be an a-uniform family on M,
and let B be a B-uniform family on M. Then, A ® B is (a + B)-uniform on M, and
A Q B is (o - B)-uniform on M.

Given 0 < @ < wj, we define 8, as follows:
8, =8, ifa=1,
8y =83 ®8, ifa=p+1,

8y = J 8, @ {{n}}. ifa =supa,.
n

n<w

Remark 2.10 Note that for every 0 < o < wy, the barrier 8, is @*-uniform.

Lemma 2.11 shows how the families §, are in some sense minimal @w®-uniform
barriers. In the following, we will implicitly make use of Lemmas 2.6, 2.8, and 2.9.

Lemma 2.11 Given U a selective ultrafilter and ¥ an o*-uniform family on
M € U, thereis N € M in U such that

1. (88 QN M N/ g%foreveryi eN,ifa =B+ 1, and

2. 8, N/i C %foreveryi €N, ifa = sup; o;.

Proof Consider ¥ an w®-uniform family on M € U and (y;); an increasing
sequence of ordinals converging to @* such that #7;, is y;-uniform on M/ i for every
ieM.

If « = B + 1, then for every i € M consider n; € M such that w* - n; < y; <
% - (n; + 1). Since i < n;, for every i € M there is M; € M/i in U such that
(8, @ NIy » M; % We consider now N € M in U such that N/i € M; for
every i € N. Then, we get that (85 ® NEY N N/i %for everyi € N.

If « is a limit ordinal, then consider (¢;); a strictly increasing sequence of
ordinals converging to «. For every i € M, consider n; € M such that
w¥% < w*i < y; < o*it!, Then, for every i € M, we obtain M; € M/i
such that 8y, | M; C f,} Finally, consider N € M in U such that N/i C M; for
alli € N, to get that &, rN/iQ%foreveryieN. O

3 Main Results

In this section we will use Theorem 3.1 to prove our main theorem (Theorem 3.4),
which, besides giving an alternative proof for the Baumgartner—Weiss theorem
(Corollary 3.5), also provides a combinatorial description of a homogeneous set for
the partition relation VI > 1, ¥ — (top f:)ll, where ¥ is an w*-uniform barrier.

In order to simplify the reading, the proof of Theorem 3.1 will be left to the next
section.

Theorem 3.1 Givenl > 1, 0 < a < w;, U a selective ultrafilter, ¥ an
w®-uniform barrier on some set M € U, and a coloring f : F —> [, there exist
a U-tree T, an w®-uniform barrier B, on some set N € M of U, and a mapping
@ (T } B)\ {0} — F \ {B) such that

1. f is constant on rg(¢);

2. s Co(s)foreveryd #seT | B,
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w

min(p(s)) = min(s) forevery@ #£s e T | B;

4. ifuU{n} € T | B, then o(u U {n}) = ¢(u) U u, for some finite set
up > @(u);

5. ifful{n},uU{m} e T | B, u # @andm > n, then there is a finite set v such

that p(u) E v T @(uU{m}), p(uU{n}) and p(uU{m})\v > @(uU{n})\v;

moreover, if {n},{m} € T | B and m > n, then p({m}) > p({n}).

Remark 3.2 As we will see in Section 4, the fact that Theorem 3.1 is stated in
terms of selective ultrafilters and U-trees will allow us to develop a shorter proof for
it, since we will be able to restrict ourselves to infinite sets inside our original set M
without having to carry out diagonalization procedures. However, notice that, given
¥ an w®-uniform barrier, and a coloring f : ¥ —> [, for any selective ultrafilter
U and any M € U, the barrier ¥ | M is @*-uniform on M. Hence, if T, 8, and
@ are as in Theorem 3.1, then, by Lemma 2.7, there will be N € M®] such that
TN(B | N)CT | Bisan w*-uniform barrier on N. In this way, we obtain the
following simplified version of Theorem 3.1 which is the one that we will essentially
use.

Corollary 3.3 Givenl > 1,0 < o < w1, ¥ an w“-uniform barrier, and a
coloring f + ¥ —> 1, there exist an w®-uniform barrier B, on some set M € N1,
and amap ¢ : B\ {0} — F \ {0} such that
1. f is constant on rg(¢);
2. 5 C @(s) for every @ # s € B;
3. min(p(s)) = min(s) for every @ # s € B;
4. ifuU{n} € B, then p(u U {n}) = ¢(u) U u, for some finite set u, > ¢(u);
5. ifulU{ny, uU{m) e B, u# @andm > n, then there is a finite set v such
that p(u) E v T @(uU{m}), (uU{n}) and p(uU{m}p)\v > @uU{n})\v;
moreover, if {n},{m} € B and m > n, then p({m}) > p({n}).

Theorem 3.4 (Main theorem) Givenl > 1,0 < a < w1, ¥ an o*-uniform
barrier, and a coloring f : F —> 1, there exist an w®-uniform barrier B, on some
set M € NI°®land an C-order-preserving embedding ¢ : B\ {0} —> F \ {0} such
that f is constant on rg(p).

Proof We just need to prove that the map ¢ given by Corollary 3.3 is indeed
an C-order-preserving embedding. Notice that from property (4), ¢ is T-order-
preserving and, moreover, that ¢”[s] € [¢(s)] N rg(p) for every s € B \ {@}, where
for a given a € FIN, [a] denotes the basic open [a] = {t € FIN : a C ¢}. Thus,
it follows that ¢ is continuous. For the injectivity, consider a,b € B \ {0} with
a # b, and suppose a [Z b. Let u C a, b be such that min(a \ ©) # min(b \ u), say,
min(b\u) = m > n = min(a\u). Then, by properties (4) and (5), there is a finite set
v such that v C (uU{m}), p(uU{n}) and p(uU{n})\v < p(uU{m})\v C @(b)\v.
Then, min(p(u U {n}) \ v) € p(a) \ ¢(b). O

w

Corollary 3.5 (Baumgartner—Weiss) w®" — (top a)")a)ll, for every l > 1 and

every 0 < o < w;.

Proof Given!/ > 1and 0 < @ < wp, we can always consider ¥ an w*-uniform
barrier, whose closure (by Propositions 2.2 and 2.3(3)) is order-homeomorphic to
w® + 1. Then, given an [-coloring of w®", we naturally get an /-coloring of % .
Then by Theorem 3.4, we get the conclusion. O
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4 Proof of Theorem 3.1

The aim of this section is to prove Theorem 3.1, which will be proved by induction
on «. In Section 4.1 we deal with the base case @« = 1, and then in Section 4.2 we
carry out the inductive step.

41 The case « = 1 Letus fix ] > 1, U a selective ultrafilter, M € U, ¥ an
w-uniform barrier on M, and a coloring f : ¥ — [. Then we have the following.

Claim 4.1.1 There are B € U and I* < I such that for every s € ¥ | B, there
is Y (s) C s such that if n = min(s), then

(i) Yx e y(s) (f({0,1,...,x}Ns) =1%), and

(i) x € y(s) iff {0, 1,...,x} Ns| = m? for some 0 <i < ky,
where k, = | (s)| and 0 <m] <m} <--- < mzn < |s| depend only onn € B.

Proof = We start by choosing ¥ (s) € s for each s € ¥ as the biggest of the
sets {x € s : f({0,1,...,x}Ns) = 0}, {x € s : f{0,1,...,x} Ns) = 1},
oo {x es:({0,1,...,x} Ns) = [ — 1} (if there are several of these sets with
maximal size, pick and fix any of them). Define @9 : ¥ —> [ by

po(s) =i iff Vxey(s) (f({0.1,....x}Ns)=1i).
Since U is selective and ¥ is a barrier, we can pick A € M in U and [* < [ such
that po(s) = [* forall s € ¥ | A. Thatis,

VseF tAVxey(s) (f({0.1,....x}Ns)=1%). 4.1)

Since ¥ is an w-uniform family on M, there exits (m,), a strictly increas-
ing sequence of integers such that ¥,y = M mn] for all n € M. There-
fore, if t € ¥ and min(¢) = n, then |Y(t)] < |t| = m, + 1. Define

On:Fmy P A—{1,2,...,m, + 1}, forevery n € A, by
on(s) =i iff |y({n}Us)|=i.
Pick L, € A/n in U such that ¢, is constant on ¥y, | L,. That s,
Ik € {1,2,....,my + 1} suchthat |y ({n} Us)| =k, Vs€ Fpuy | Ln. (42)
We now define ¥, : g,y | Ly — 9(m, +2) by

Yal(s) = {{0. 1.....x} N ({n} Us)| : x € y({n} Us)}.
Then, pick a, € p(m, + 2) and M, € L, in U such that ¥, (s) = a, for all
s € Finy | M, Thatis, thereare 0 < m} <mj <--- < mzn < my + 1 such that
forall s € Fyny | My,

X € W({n} U s)
iff [{0.1,....x} N ({n}Us)| =m] forsome0<i <k,  (43)
With this procedure we obtain (My),e4 as a sequence of sets in U and (k,)nea
and {(m})o<i<k, : n € A} as sequences of integers such that if s € ¥ | A,
min(s) = n and s/n € My, then (by (4.1), (4.2), and (4.3)) we have the following:
1. Vx e ¥(s) (f({0,1,...,x} Ns)) =17

2. [y ()] = kn;
3. x € Y¥(s) ifand only if [{0, 1,...,x} N's| = m? for some 0 < i < ky.
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Note that m > k, - [ implies k,, > k,. Then we can assume, by shrinking
A if necessary, that (k,),e4 is strictly increasing. On the other hand, by U being
selective, we can pick B € A in U such that B/n C M, for all n € B. This implies
that for every s € ¥ | B, if min(s) = n, then

(i) Vx € ¥ (s) (f({O,l,...,x}ﬂs):l*), and
(i) x e y(s) iff [{0,1,....x}Ns|=m] forsome0<i <k,  (44)

O

Notice that by B € U and U being nonprincipal, BI<>! is a U-tree. Thus, if for
n € B we put r, = max{mj_ :i < n} and we take v, € Bl] with min(v,) > n,
then

Ap:={meN:3v e B"(m > v >n)} 2 {meN:v, Ulm}e B=®l} e U

Therefore, A, € U for every n € B, and we can choose M, C B in U such that
M, /n C A, forevery n € M,. Consider

§={y(s):s€eF B} 7.

Claim 4.1.2  There exist N & My in U and B an w-uniform barrier on N such
that §[N] = 8.

Proof  Since §¥[M,] is a precompact family on M, and §[M.][N] = §[N] for
every N € M,£<°°], by Theorem 2.4, it is enough to show that §[M,] has Cantor—
Bendixson rank .

To see this, we fix p > 1 and g € M, such thatk, > p. Then, it will be enough to
show that (M../ kq)[fp] C §[M,]. In the following, we will repeatedly use the fact
that B\ M is infinite, which follows from the choice of M. Letx; < xp < -+ < X

be in M./ kg4, and choose uy,us, ..., u, € B with
lup|=m? -2 and ¢ <u; <x,
|u2|=mg—m?—l and X1 < Uy < X2,
lus| = m% —mi —1 and X2 < U3 < X3,

lup| =m? —m‘;_l -1

and Xp—1 <Up < Xp.

By (4.4) we can choose s1,52,...,5p € ¥ | Bsuchthat {g} Uu; U{x;}C s1,
{gtVu1 U{x1}Uua U{xa} Cos2, {q}Uu1 U{x1}Uua U{xa} Uus U{xs} C s3,...,
{g} Uui U{x1} Uuy U{xa} U---Uup, U{x,} Cspand sy /X1, 52/x2,53/X3, ...,
sp/Xp S B\ M. Then, {x1} = ¥(s1) N My, {x1.x2} = ¥(s2) N My,
{x1,x2,x3} = ¥(s3) N My, ... . {x1,X2,X3,....Xp} = ¥(sp) N My. Then, it
follows that (M../ k,)=P) C §[M.]. O

Let T be the U-tree Ml<°°]. Then we define ¢ : (T } B)\ {0} — F \ {0},
satisfying the conclusions of the theorem as follows. If @ # ¢t € T | B, then
there is s € ¥ | B such that t+ = ¥ (s) N N. Let us put min(s) = p and
t = {n1,na,...,ng}<; then we should have k < k, < k,, and n, € A4,,,
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n3 € An,,...,ng € Ay,_,. From this, we can define the following sets:
up = {n1},
Uy = vy U{ny}, for v, the <jex —max v C B with
lv] =m|' —2and ny > v > ny,
us = vz U{nsz}, forv;the <x —max v C B with

lv] =my' —m|' —1and nz > v > ny,

ur = v U{ng}, forvg the <ix —max v € B with
[v] = mZ‘_l —mZ‘_z —landng > v > ng_;.

It is clear that the choice of such sets is uniquely determined by ¢. Take
@(t) = Uo<j<k#j- Thenas uy < uz < -+ < ug, we have min(g(t)) = ny
and |p(?)| = mZLl. Moreover, by (4.4) we can choose v € ¥ | B such that
@(t) C v and max(p(t)) € ¥(v), thus f(@(t)) = [*. Then it is clear that ¢ defined
in this way satisfies conditions (1)—(4) in the statement of Theorem 3.1. To see that
@ also satisfies condition (5), note that if t U {m},t U{n} € T |} B and m > n,
then ¢(r U {m}) = Ug<j<xtj U um and @(t U {n}) = Up<j<g u; U up with
Um = Uy U{m} and u,, = v, U {n}, for some v,,, v, C B, such thatny < v, <m,
ng < vy <nand |vm| = |va| = m}' —m}" — 1. Moreover, m € A,. Therefore,
there is v € B such thatn < v < m and |v| > mzr‘ll > mzl. This, together with
the fact that v,, should be taken as the <j.c-maximal with such properties, implies
U > Up. O
4.2 The case « > 1 Consider 1 < o < w;, U a selective ultrafilter, ¥ an
w*-uniform barrieron M € U, and f : F —> | a finite coloring. Let us assume
that Theorem 3.1 holds for every 0 < 8 < «, and let us prove it for «.

Case o limit. By Lemma 2.11, we can consider N € M in U such that
8y, I NJ/i C m for every i € N, where @ = sup;(¢;). Define the map
fi i 8ap | N/k —> I by fi(t) = f({k} U 1), for every k € N. Then, apply
the inductive hypothesis to find a U-tree Tk, an w® -uniform barrier By on some
set M, € N/k of U, and a map ¢ : (Ty | Bx) \ {9} — (a MN/k)\ {9}
satisfying conditions (1)—(5). Let us put f({k} Ut) = I} forevery ¢ € rg(px)-

Next, consider A € N in U and [* < [ such that [y, = [* and A/k C M,
for all k € A. Define a coloring 6 : Al — {0,1} by 8({k,m}) = 1 if there
is{n} € Ty | By suchthat k < ¢r({n}) < m, and 8({k,m}) = 0 if not. Then
there is My € A in U such that 6 is constant on MP]. Notice that 6 should be
constant 1 on M,Ez]. If kK € M, then by property (5) of ¢, there is {n} € Ty | Bi
such that k < @i ({n}). Therefore, for any m € M, bigger than ¢ ({n}), we have
0(k,m}) = 1.

For each k € M., let my be the minimal integer n such that {n} € Ty | B
and k < ¢r({n}) < k™, where k™ denotes the successor of k in M,. Since By
is an w“ -uniform barrier on M}, we can choose (y;(w“k)); a sequence of ordi-
nals converging to w® such that (Bg)yy is a y;(w* )-uniform barrier on My /i
for each i € Mj. Moreover, we can assume that % -1 < y;(w%) < w% for
all i < w. Then, it is clear that sup; {ym, (0*¢)} = w*. On the other hand,



A Partition Theorem of w®” 397

since my € ¢r({my}), we get x > k* > my for every x € My/k. Therefore,
M./k € A/mi S My /my. From this, (B){m,} is @ Ym, (0% )-uniform barrier on
M,/ k for every k € My. Thus, B defined by B = Jrcps, (Bi)imyy ® {{k}} is an
w*-uniform barrier on M.

Let 7 be the U-tree T = ((Urepr, (Tk) miy DLk }})U{0}, and define the mapping

@ (T | B)\ {0} — F \ {0} by
o(s) =1{k} U (pk({mk} u s/k), if min(s) = k.

Then it is clear that f is constant [* on rg(¢) and that it satisfies conditions
(2) and (3) of the statement. On the other hand, if u U {n} € T | B and
min(u) = k, then o(u U {n}) = {k} U gr({mr} U u/k U {n}), and since
@r satisfies condition (4), there is a finite set u, > @x({mg} U u/k) such that
or({me} Uu/k U{n}) = gpr({mr} Uu/k) U u,, and then o(u U {n}) = {k} U
ox({mr} U u/k) Uu, = @) U u, with u, > ¢@@u). Moreover, if also
uU{m} € T |} B8Bandm > n, then {my} Uu/k U {n},{me} Uu/k U {m}
are in T | By, and by the inductive hypothesis, there is a finite set v such that
pe({me} U u/k) T v T oe({me} Uu/k U {m}), o({mg} U u/k U {n}) and
@i ({micy Uu/k U{mp) \ v > gp({mr} Uu/k U{n}) \ v, and then (u) = {k} U
or({miyUu/k) E {kjUv T o U{m}), ouU{n}) and p(uU{m})\ ({k} Uv) =
pr({mpyUu/k U{mp \ v > ge({mr}Uu/k Uinp) \v =@ U{n}) \ ({k} Uv).
Finally, note that if {k},{k’} € T |} 8 and k' > k, thenk’ > k™ > gr({mi)}) > k,
which implies p({k'}) > ¢p({k}).

Case « = f + 1. By Lemma 2.11, we can consider N € M in U such that
(8 ® N[i]) M N/i C % for every i € N. Letus fix k € N, and, in order to
simplify notation, let us put € = 8g | N/k. Notice thatifa; < a, < --- < a; are
in€ and i <k,then{k}Ua;UayU---Uga; c7F.

Define fy : € —> [ by fo(u) = f({k} U u), and apply the inductive hypothesis
to find a U-tree Ty, an P -uniform barrier By, on some set My C N/k of U, and a
mapping ¢o : (To | Bo) \ {#) — € \ {0} satisfying conditions (1)—(5). Let us put

FkyUgo(v)) =1lp YveTy | Bo,v# 0.

For each v € Ty N By, define f¥ : €/po(v) —> [ by L) = f{k}Ugo(v) Uun),
and consider 77’ a U-tree, B} an w® -uniform barrier on some set of U, and a map-
ping ¢} : (T | B))\ {0} — (€/po(v)) \ {@} satisfying conditions (1)—(5). Let
us put
f({k} Ugo(v) Uu) =1, Yu ergpy).

By Lemma 2.7, there is M; € My in U such that Ty N (By | M7) is an w? -uniform
barrier on M;. Moreover, by the selectivity of U, we can assume that M; is such
that [, = [, for every v, v’ € To N (B | My). That is, there exits /; < [ such that

F{kyUpo(v) Ugi(w)) =11 YveToN(By } M) Vw e Ty } B, w # 0.

In general, by repeatedly applying the inductive hypothesis, we obtain for
each i < k a collection of U-trees Ty, T,°, ..., T;"*"""~1; a collection of

1 b
BUOVLaVi

w? -uniform barriers Bo, B f o, ; on some set of U; a collection of

mappings
o : (To | Bo) \ {0} — €\ {0},
1% (T} 1 B1°) \ {8} — (€/po(v0)) \ {0},
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VO,V 5esVi—1 .

@i
(T0mt | ROVt \ () — (/g1 (i) \ (0),

satisfying conditions (2)—(5) of the statement; a color /; < [ and a set M; € U with
M; € M;_q, such thatif vy € To N (5{80 r M;), vy € TIUO N (c{(_))fo r M,’), ceey
Vi_1 € Tzvo sUL 50y Vi—2 N (£UO sUL5eees Vi—2 r ]‘/[i)7 [ 7& v;i € T.vo,vl ,,,,, Vi—1 r

1
VO,V 5eees v;
B0 then

F (kY U @o(vo) U@ (v1) U@y® () U--- U@/ =1 () = 1;,  (4.5)

. . V0,V1 VOV 5eeey Vji—1 . .
where the superscripts in T , and ¢, /7" indicate

that the choice of the trees, the uniform barriers, and the mappings depends on the

sets vg, U1, ..., vj_1 previously fixed, forevery 0 < j <1i.
Later on, we find it convenient to regroup the superscripts if we have many of
them. For example, if we put v = {vg, v1,...,v;—1}, then (p}? = w;fo’vl ~~~~ vj—1

indicates the dependence of the mapping on all the sets in v, and we will do the same
for the trees and the uniform barriers. Moreover, we will have a collection of such
trees, barriers, and mappings as above for every different choice of vy, vy, ..., vi_1.
On the other hand, notice that by the choice of @; A 14 every j < i, each
of these maps satisfies conditions (2)—(5) of the statement of Theorem 3.1.

Until now, we have chosen a color [; < [ for each i < k. Then, for k big
enough, some of these colors must repeat, and then should exist ay < k and
1% < [ such that li = 1* for every i € ag. Suppose ax = {i1,i2,...,ip}; then
liy =l =-=1,= 1. For future reference, we will put py := |ax| = p.

The following claim will allow us to define (below) a sequence of barriers (by
varying k € N) with uniformities converging to w# 1, so that we may then proceed
as in the «-limit case.

Claim 4.2.1 There exist an (0P - py)-uniform barrier By on some set of U, a
U-tree Ty, and a mapping ¢y : (Tx | Br) \{0} — %\ {0} satisfying conditions
(2) and (4) and the following:

. f({k} Ugrpu)) = I¥ forevery @ # u € Ty | B,

5. iful{n},uU{m} € Ty | By and m > n, then there is a finite set v such that
@) E v T @re(uU{m}), o (uU{n}) and g uU{m})\v > @r(uU{n})\v;
moreover, there is a finite set a > k such that a T or({n}) for every
{n} € T | B, and (g ({n}) \ a), is a block sequence.

Proof  Inthe following, we will recursively define a U-tree 7;; , an (wB- j )-uniform

barrier B;; on some set of U, and amap ¢;; : (T3, | Bi;) \ {0} — f{k} \ {0}
satisfying condmons (2), (), (1", and (5’ )(for i; instead of o) foreach0 < j < p,

where i;,i5,...,i, are the elements of ay.

We start by ﬁxing vo € ToN (Bo | Myy),v1 € T,°N(B° } Myy),...,vij—1 €
7}111(2.1..,11,1_2 N (D‘Bll "i"vil_z M M;,), where all these structures are as in the argu-
ment above. Put v = {vg,v1,...,0;-1}, Bi, = i)’i”], and T;, = Tl’l’, and define

V(T N Bi) \ {9 — Fg \ {9) by
VOV 5eees v,‘]_z

i () = o(vo) U g (v1) U---Ug; ", (viy—1) U @], (u).
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Then, by (4.5) we have

Notice that ¢;, satisfies conditions (2) and (4) because goz does. Moreover, ¢;,
satisfies (5’) since (pg satisfies (5), where we put a = @o(vo) U ¢,°(v1) U -+ U
(pivl 0_’”11 """ V=2 (vi,—1) for the second part of statement (5'). Let N;, € U be the set
on which 8, is defined.

In order to define ¢;,, we will consider for each u € T;; N (B;; | M,;,), sets

v, DRYATH +1 V,U,U; +1
Ui 41 € T (3211 PN M), ui42 € T 50T N(BL, M M;,),

i1+1 i1+2 i1+2
U,U,U; 41500 Ujp—2 V,U,U; 41500 Ujn—2 .
o U1 € T g 2 N (8,_ P 27% } M;,). Then we will put
% = {u,uj +1,...,Ui,—1}, and we will fix the uniform barrier 3:)2" Let Mi’;’" ceU

be the set where ﬁzj is defined. We choose, by selectivity, a set N;, € M;, N N,

in U such that Nj, /u € M for every u € N5, Let us now define B;, and Tj,
2 2
by

B, = g B2 @ {u}.
ueT;, N(B;i, MNi,)

U o7 @ {u}) U (T3, N (Bi, T Nyy)).

ueT; N(Bi; MNiy)

Ti,

Clearly, T;, is a U-tree. Moreover, by Lemma 2.7, we may assume that N;, is
such that 7;, N (B;, | Ni,) is an @?-uniform barrier on N;,. Therefore, B;, is a
barrier on N;, with rkcp (i)’_,-z) = P 2. Thus, by Theorem 2.5, we may assume,
moreover, that N;, was taken such that B;, is in fact an (w? - 2)-uniform barrier on
Ni,. L

Define ¢;, : (Ti, ' Bi,) \ {8} — Fug \ {9} by ¢i,(s) = ¢i(s), if
s eT; N(Bi, I Ni,);and @i, (s) = ¢;, (”)U(phﬂ(”nﬂ)u(p:)lu Mig 41 (i, 42) U~ -+
U (plvzulu > (uj—) U (pg’ﬁ(w), ifs=uUwwithu <w,u €T, N(Bi; | Ni,)
and w # @.

Clearly, ¢;, satisfies condition (2) since ¢;, and <p?2’H do. Notice that by (4.5), we
have f({k} U ¢i,(s)) € {liy,li,} forall s € Ty, } Bi, \ {0}, but by, = I, = I~
Therefore,

FUkY Ui (s)) =1F forall@ #seT;, | B,

Moreover, ¢;, satisfies conditions (4) and (5'). Indeed, if u U {n} € T;, | Bi,
and u U {n} € T; N (B;, I Ni,), then condition (4) holds since ¢;, satisfies
it. Ifu € T;; N (B;; I Nj,), then by definition of ¢;,, we have ¢;, (1) = ¢;, (1)

and ¢;, (v U {n}) = ¢, U <p11+1(u,1+1) U g0”+2”+l(u,~1+2) U-.- U

T Uy Ui i

Pir—1 = z(uiz—l)U(p ({n}) Then take u, —¢ll+1(“11+1)U(pll+2 +l(ui1+2)u
VylyeeesUjny -

LU R ) U P ((n)) to get (4). Finally, if u ¢ Th, N (B, | No),

then (4) holds for ¢;, since qog’ﬁ satisfies it.
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To see that ¢;, satisfies condition (5'), consider u U{m} € T;, } B;, withm > n.
Then, ifu € T;; N (B;; | Ni,), we have

V,UU 41

@ir (u U {m}) = @i, (u) U ¢z’il(ui1+1) Ui in ' Wij42) U

VU Ujry — .0
U, 1727 (i) U " (Im}),
U,U U’uauil+l

©i, (u U {n}) = @i, () U ‘Pi1+1(”i1+1) Ui 1a (Uiy42) U+

VyUyenny

Ujny— U
U172 (i) U @l ({n}).

satisfies condition (5), we have (pizﬁ({m > @Z’V({n}). Therefore,

Thus, since ¢;*

if we put
UV UyeesUjr —>
w = @;,(u)U (P,1+1(U11+1) U §0,1+2 (Uiy4+2) U--- U 90;2 1 2 (Uir—1).

then g, (u) T w T @i, (uUim}), @i, (uUin}) and g, wUim ) \w > @i, (uU{np)\w.
Ifu=u"Uxwithu' € T;, N (B;, | Ni,) and x # @, then

ll+1

= DRYRTH
B 9 El +l
i () = @iy W) U @70 (i ) Uy 1 1 (0 40) U

5 27 7
..... f

vl
(pl2(u U {m}) - (pll (u ) U (p11+1(u11+1) U (pll (ui1+2) U---

TRl

.....

v, l _
U ¢i2—1 2 2(1";'2 1) U w_v,u (x U {m})

vu'u zl+1
Vi, (“ U {n}) = @i, () U (p11+1(u11+1) Vo 42 (”t1+2) U-

DRTUSRTA

U,y 2 z(u,2 I)U(/)l2 (xU{n})

Thus, using property (5) of ¢, v’ , we get a finite set w such that (p (x) CwC
o (xUtm). ol (xUtn}) and @1 (x Um)) \w > @5 (x Ufn)) \w. Then, if

v, vu,...,

we put U) - ¢11 (u/)U(p11+1 (u11+1) 9011 +2 ll+l (”11+2)U . -U€0i2—1 ’2 2(“, _1)
we get g, (u) E w' Uw T gy, (uU{m}). g1, (u U dn}) and g, (u Udm) \ (w' U) >
01 (u U {n)) \ (' U w).

Finally, notice that g;, satisfies the second part of (5') since ¢;, ({n}) = ¢;, ({n}),
for every {n} € T;, | B;,. Then, we conclude that ¢;, satisfies conditions (2), (4),
(1"), and (5').

Take 1 < r < p, and suppose that for every 1 < j < r, we have already defined
an infinite set N;; € M;; in U, an (P - J)-uniform barrier B;; on N;,, a U-tree
Ti;, and a mapping ¢;; : (T;;, | Bi;) \ {9} — m \ {@} satisfying the following
conditions:

B;, = U ggz_’ul,uz,...,uj—l & {u),

J
u€eT; ij_ 1n(£lj erij)

where
u =ulUu?U---Uuu/withu! € T;, N(B;, | Ny), ul Uu? €
T;, N (Bi, FN,-3),...,u1Uu2U SUul~ ZET,j L, N(B ii s [‘N,'j_l),
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. =1 =2 1 =2
S vul,..u vul,..u
u € Tij—l ” N (B ” M M;, )
. uj—l vl ul 2,uf_] N (B vul,...,
iji-i-l ij71+l N ij1+1
ol ,ud =2 ud =1 gy 1 ul,u/=2u/ =1y
Yot (B
ij—1+2 ij—1+2
Bl =271y ] ul/ 1
j— Sl ij—2
Ui _1 € T -1 N
1 / 2 u/—1 Jj—1 Jj—1
vul,..u u’; coestt?]
At o S
T — (i1 ! -1
u {u ,ulj71+1,...,ulj_1},

uj*Z’uj—] r

401

)M 1-|-2G
—1

_+l
M),

- fUkYU @i, (w) =¥ forevery 0 £u e T;, |} Bi;,

satisfies conditions (2), (4) and (5) and

: §0ij
2
-1fs—quw1thxe£v" M ,then
Tl w2 yi =1 ]—1
(pij(s) ¢l/_1(u)u¢ l+1 1,_1+1)
vul,.. i~ 2uf_1,u JI'H -1
Vi i42 (u ij—1+2)
Tl 2,47 —1
U---Ug; (x).
Let us define B;,,, Ti,,,, and ¢;,_, satisfying all those conditions. Notice
that for each w € T;, N (B;, | M;, ), thereisu € T;,_, N (Bi,_, | Ni.)

as in the list above (we fix wl u?, . . u !

r—1 Tyl
X e Tvu el n (33;:" 7}
fix
. TE,lT‘,...,u’ £v u
Xip+1 € 1; N (B, 41"
w1 xx; e e
Vst XX 4y vul,..u”
X2 €T, ., N (B,
vl x,x; X —
o XXy 1o iy 1 =2
‘xlr+l_1 € ’Tlr+1—l
Tl et =X, X g e Xi, =2
NnB;, - ’ T
r+1
and put X = {x,X;, 41,...,
Ni,,y € M;,,, in U such that B;,
Nir+1 4
*71
_ v,u
BirJrl - U Bir

weT;, N(Bi, MN;, 1)

where w = u!Uu2U---Uu"~1Ux and all the sets u!, u2,
I M;, ). Define the U-tree T;,

as before for every w € 7;, N (B;,

U

weT;, N(B;, M'N;

Ti

Tul
vul,...
r+1 T'irJrl

r+1)

ur

verifying those conditions) and

M M;, ) suchthatu < x and w = u U x. Then,

=y
Lu T lx ) Mir+1)’

1,x,x-
ir+1 r Mir+1),

i Mir+l)’

Xi,;,—1}. Arguing as we did for j = 2, we can take
defined as below is a uniform barrier on

Y {w),

r—1

.,u"™", x are determined

by

W=TE o (w}) U (T, N (B, T Nip)),
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and the mapplng (Pi,-+1 : (Tir+1 F 31}4.1)\{@} — ‘(F’{k} \i@} by ‘Pir.H (S) = @i, (S),
F Tyl —1
ifs € Ti, N (Bi, [ Nipyy)sand @iy, (5) = @i, (w) U ot (i) U U

i1
vl x,ux o =1 —1 =
U ey 2XseensXip g vul,..u X . _ _ 1 2
Gir 11 (xirJrl_l)Ugoierl (y),ifs=wUy,w =u Uu-U
ceUutUxwithx <y # @andu',u?,...,u""!, x are defined as above for

we T, N(Bi | Niyy)

Then, given s € (Ti,,, | B;,,,) \ {0}, if s € T, N (B, T Ny ). we get
by hypothesis that f({k} U ¢;. ., (s)) = f({k} U @i (s)) = 1%, Moreover, by the
last condition on the list and (4.5), we have that f({k} U ¢;. ,(s)) = l;,, = 1%
ifs ¢ T;, N (Bi, | Ni,py). In order to verify that ¢;, , satisfies conditions (4)
and (5'), we just need to proceed as we did for j = 2. Note, moreover, that B
is (w? - (r 4+ 1))-uniform on N;

Ir41

~+1 because, by Lemma 2.7, we can choose N,

wP-uniformon N;, ., /w forevery w = u! U---Uu""'Ux € T;, N (Bi, | Ni,y))
This finishes the recursion.

Then, we have proved Claim 4.2.1 once we take By = i?ip, Ty = Ti,, and
Pk = Qip- O]
We are almost ready now to define ¢ satisfying the conditions in Theorem 3.1. First,
we apply Claim 4.2.1 for every k € N in order to get an (w” - py)-uniform barrier
By on some set N € U, a U-tree Ty, and a mapping ¢ : (Tr | Bx) \ {0} —
Fiey \ 10} satisfying (1), (2), (4), and (5), where pg = |ag|. Moreover, we can
choose A € N in U and [* < [ such that A/k C N and [¥ = [* for every k € A.
Arguing as in the a-limit case, we may also assume that for every {k,m} € A%
there is {n} € Ty | Bi such that k < @r({n}) < m, and take my the smallest
integer satisfying such a property when m = k™ is the successor of k in A. For
every k € A, consider (yl-k (wP - pr))i an increasing sequence of ordinals converg-
ing to w? - py such that (Br)gy is a yik(a)ﬂ - pi)-uniform barrier on N /i and
o pry < yik(a)ﬂ - pr) < wP . py forevery i € Ni. Then, as py — oo when
k — o0, we get that supk{y,’f,k (0P - pr)} = 0P - @ = w?. Therefore,

B = U (Bk){Mk} & {{k}}

keA
is an w*-uniform barrier on A. Finally, consider the U-tree

T = (U@ & {ik}}) U (0,

keA
and define ¢ : (T |} B) \ {0} — F \ {0} by
o(s) = {k}U(pk({mk}Us/k), if min(s) = k. ]
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