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Tennenbaum’s Theorem and Unary Functions

Sakae Yaegasi

Abstract It is well known that in any nonstandard model of PA (Peano arith-
metic) neither addition nor multiplication is recursive. In this paper we focus
on the recursiveness of unary functions and find several pairs of unary func-
tions which cannot be both recursive in the same nonstandard model of PA
(e.g., {2x,2x + 1}, {x2,2x2}, and {2%,3*}). Furthermore, we prove that for
any computable injection f(x), there is a nonstandard model of PA in which
f(x) is recursive.

1 Introduction

Let {0, 1, 4+, x, <} be the usual language of arithmetic. PA is Peano arithmetic. We

write 7 for the term corresponding to the natural number #n, that is, 0 := 0, and
n+l1 1s

— /_/— . . .
n+1:=1+4.--+ 1. Let £ (x) be the function which denotes the xth prime.

In this paper, we only consider computable functions (i.e., recursive functions).
When f(xi, ..., x;) is computable, there is a formula F(x1, ..., x;, y) such that

PAEVy(y = f(n1,...,n;) < F1,...,71j5, ),

for all n; € N. In particular, if f is primitive recursive, F is provably total in PA;
that is,

PAEVxy.. . Vx;3lyF(x1,...,xj,y).

Definition 1.1  Suppose Fp,..., F; are provably total in PA. We say that
Fy, ..., F; are recursive in some model M = (M, ...) of PA if there are recur-
sive functions fo, ..., f; such that

M, FH L FPY =N, fo .. )

In the rest of the paper, we shall use M instead of M to simplify notation.
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Tennenbaum’s theorem says that there is no nonstandard model of PA in which ad-
dition or multiplication is recursive (see Boolos et al. [1]). Afterward, many studies
about other binary functions were carried out. D’Aquino [2] showed the nonrecur-
siveness of x” and x!°%2Y), On the other hand, Schmerl [4] constructed a nonstan-
dard model in which both ged(x, y) and lem(x, y) are recursive.

In this paper, we study about unary functions and prove two results. First, we
find several pairs of functions which cannot be both recursive in the same nonstan-
dard model. For example, {2x, 2x + 1}, {x2, 2x?}, and {2%, 3*}, which strengthen
the previous results about addition, multiplication, and exponentiation, respectively.
Second, we show that for all computable injections f(x), there is a nonstandard
model in which f is recursive. This is an extension of the fact proved in [2], which
says that there is a nonstandard model where f(x) is recursive if f has the following
properties: (1) f is a computable injection, (2) N — range( f) is infinite, (3) f has no
cycles.

The following is the well-known condition which is sufficient to deduce that func-
tions cannot be recursive in any nonstandard model (see Kaye [3]).

Theorem 1.2 Let f1,..., f; be functions which are provably total in PA. Let
a(x,y) be a formula, and let {E, (x)}nen be a recursive sequence of existential for-
mulas which contain only nonlogical symbols among f;. Furthermore, suppose the
next two conditions hold.

1. PAETy(Ajexa@ y) A Ni<nigx —o (@, y)) forall X € {0,1,...,n}
2. PAEVy(a(n,y) < E,(y)) for eachn € N.
Then fi1, ..., fj cannot be recursive in any nonstandard model of PA.
z(n) ws

e |
Example 1.3  Define a(x,y) :=zn(x) | yand E,(x) :=3w x =w + --- + w. For
X c{0,1,...,n},letm = [];,.x 7 (i). Obviously,

PA - /\a(z,m)A /\ —a(7,m).
ieX i<n,i¢X
Also, PA + n(n) | y < E,(y). Hence, by Theorem 1.2, the addition cannot be
recursive in any nonstandard model of PA.

The rest of this section describes the proof of Theorem 1.2. Let M be a nonstandard
model of PA.

Lemma 1.4 Suppose F(x, x1,...,xy) isaformulaandty, ..., tx € M. Then there
exists s € M suchthat M E F(n,ty,...,t) < a(n,s) foreachn € N,

Proof We write F;(x) for F(x,t1,...,t). Foralln,let X ={i <n : M E F,(1)}.
By assumption of Theorem 1.2, M F 3y ( A\;.x a (@, A Ni<nigx —a(, y)). There-
fore,

M E 3yVz <n(Fi(z) < a(z, y)).
By the overspill principle, there exists a nonstandard ¢ € M such that

M E 3yVz < c(Fi(2) < alz, y)).

Hence, M E Vz < c(F;(z) < a(z,s)) forsome s € M. Foralln, M En < ¢, and
thus M E F,(n) < a(n,s). O
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Lemma 1.5  There exists s € M such that {n : M E a(n, s)} is not semirecursive
(i.e., not recursively enumerable).

Proof Let X, Y be two recursively inseparable semirecursive sets. PA can
separate X and Y; that is, there is a formula U(x) such that if n € X then
PA+ U(), and if n € Y then PA = =U(n). Thus, M FE U(n) if n € X, and
M E —U()ifn € Y. By Lemma 1.4, M E U(n) < a(n,s) for some s € M.
{n:MEa(,s)} ={n : MFE U(n)} separates X and Y; thus is not recursive.
Using Lemma 1.4 again, there exists t € M such that M F —a(n, s) < a(n,t).

Since {n : M F a(n,s)} is not recursive, either {n : M F —a(n,s)} = {n :
MEaoam,t)}or{n : M E a(n,s)} is not semirecursive. O
We assume that fi, f>,..., f; are all recursive in M. Let s € M arbitrary. By

assumption, M F a(n,s) < E,(s) for all n. Since E,(s) is an existential for-
mula whose only nonlogical symbols are functions which are recursive in M,
{n : M E E,(s)} is semirecursive. Hence {n : M E a(n, s)} is also semirecursive.
This is a contradiction to Lemma 1.5.

2 On Pairs of Unary Functions
First, we give a short proof of nonrecursiveness of {2x, 2x + 1}.

Theorem 2.1 There is no nonstandard model of PA in which both 2x and 2x + 1
are recursive.

Proof We define a(z, x) as the formula Jw, u(u < 2Ax = wa] +2°+ u).

a(z, x) means that the zth digit of the binary expansion of x is 1. For X < {0, I,
.oonhletm; =1ifi € X,m; =0ifi ¢ X,andm = Z?zom,-Z’. Then clearly,
PAE Na@mA N —al m).
ieX i<n,ig¢X
Moreover,
a(@,x) < Jw, u(w < 2" Ax = w2+ + 21 +u)

< Jw \/ x = w2t 420 4k

0<k<2n

3w \/ x=w2 427+ k127 ke 22724+ Ko
ki=0,1

<3 \/ x=2(--2QQw+T)+ki—1) +kn2--")+ko
ki=0,1

in PA. Hence a (7, x) is equivalent to an existential formula of 2x and 2x + 1. By
Theorem 1.2, 2x and 2x + 1 cannot be recursive. O

Remark 2.2  If x + y is recursive in a nonstandard model M, then 2x (= x + x)
and 2x + 1 (= x 4+ x + 1) are also recursive in M. Hence, Theorem 2.1 implies
nonrecursiveness of addition.

Remark 2.3 From the proof of Theorem 2.1, we can find some more func-
tion pairs which cannot be recursive. Let f(x) = |x/2], and g(x) = x mod 2.
Then obviously PA + a(n,x) < g(f"(x)) = 1. Thus {f(x), g(x)} can-
not be recursive. Moreover, as g(x) = 1 is equivalent to f(x + 1) # f(x),
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PA - a(m,x) < f(f"(x)+1) # f"(x). Hence {f(x),x + 1} cannot be
recursive.

Indeed, Theorem 2.1 can be extended to a more general form.

Theorem 2.4  Let f(x) and g(x) be distinct functions which are provably total in
PA. Suppose for all n and hy, . .., h, € {f, g},

PA F 32w /\ A hoo---o0hy(2) # hyo---ohj(w).
iz hy,.hielf.g)
(ys-wesh) £ (R0, . 1)

Then there is no nonstandard model of PA in which both f (x) and g(x) are recursive.

Proof Leta(z, x) be a formula such that

PAE a(n, x) < Jw \/ x=hgo---ohy_10 f(w).
hi=f.g
(Using primitive recursion, the right side can be expressed by a finite formula of x
and n.) For X € {0,...,n},leth; = fifi € Xand h; = gifi ¢ X. In PA,
choose z as guaranteed for Ao, ..., h,, and let x = hgo --- o h,(z). If i € X, then
x = hgo- - ~oh,-_1of(h,-+1o -ohy(z)); thus PAF a(7, x). Assumei <nandi ¢ X.
Since h; = g, (hy,...,h;_;, f) # (ho,...,h;) forall hy, ...,k € {f, g}
Thus by assumption of z, PA ~ Yw /\hj=. ¢ X # hjyo---oh!_ o f(w). Hence
PA F —a(z, x). From Theorem 1.2, { f, g} cannot be recursive. O

Example 2.5 Suppose in PA, f, g are both provably total and injective, and
f(x) # g(y) for all x, y. In this case, we can prove

PAFVw [\ A hoo---0hn(0) # hyo---ohl(w).
isn oy, h/e{f,g}
(fyseeesh}) o o)

Thus { f, g} cannot be recursive from Theorem 2.4. For example, f(x) = ax + b and
g(x) = ax 4+ csuch thata > 2 and b # ¢ (mod a) have the properties above.

Example 2.6  f(x) = 2x? and g(x) = x? (respectively, f(x) = 2* and g(x) = 3*)
cannot be recursive. This extends nonrecursiveness of x x y (respectively, x”). Since
f(0) = g(0), the previous example is not applicable. But it is easy to see

PAFVw /\ A hoo--ohy(l) # hyyo-ohj(w).
i<n  hg,.., h/e{fg}
(hyee i) h0..h)

3 On Single Unary Function

Our goal in this section is to prove the following theorem.

Theorem 3.1 For all computable injections f (x), there exists a nonstandard model
M of PA such that f is recursive in M.
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Remark 3.2  The “injections” in Theorem 3.1 cannot be replaced by “functions.”
There exists a primitive recursive function f(x) which cannot be recursive in any
nonstandard model. f(x) is defined as follows:

x/4 ifx= 22m+2y) and 2 t w for some m, w,
f)y=12x ifx=2?"*'wand2+twand z(m + 1) | w for some m, w,

X otherwise.

Leta(x,y):=2tyAx(x+1)|y.For X €{0,1,...,n},letm = [licx G +1).
It is clear that PA - a (7, m) if i € X, and PA - —a(i,m) if i ¢ X. Moreover, by
Lemma 3.3, a (7, y) is equivalent to an existential formula of f. Hence, by Theorem
1.2, f(x) cannot be recursive.

Lemma 3.3  The following are equivalent in PA.

1. a(m,y).
2. 3u,0(f() =y AT @) #y A ST =y AuFE oA fu) = f©)).

Proof We give an informal proof. We first show the implication (1) — (2). By
21y, f(y) =yandy # 0. Letu = 22"y, v = 22"*1y Since y # 0, u # v. By
x(n+1) |y, f(u) = f(o) =222y, Also, f"H(u) = 22" Hy/amtl =4y £ y,
) = fdy) =y.

We next prove the implication (2) — (1). By f"*lu) # f"*2u) = vy,
y = " wy/dory = 2" (). If y = 2" (u), then y = 22"*2p and 2  w
for some w, m. Thus, f(y) = y/4 # y, which contradicts f(y) = y. Hence,
y = "l (u)/4 = 2""w, 2 { w for some w, m. If m > 1, then f(y) = y/4 # y.
Thusm =0and 2t y.

Since f" () = f"0) # f12w) = f1720), f) # uand f©) # o.
Moreover, u # v and f(u) = f(v); thus we may assume f(u) = u/4 =2v = f(v)
(the case when f(u) = 2u = v/4 = f(v) is symmetric). Then for some m and
w, v =22 w, 24w, a(m+1) | w,and u = 8 = 22", Ifm > n,
then y = f"*2(u) = 4" "w, which gives a contradiction to 2 { y. Thus, m < n
(m is standard) and f"*?>(u) = w. Assume m < n. By 2 { w, f(w) = w.
Moreover, by f"t2(u) = wandm +2 < n+ 1, "' w) = ") = w.
This is a contradiction to f"*'(u) # y = f"*2(u). Thus m = n. Furthermore,
y=f""w) = f"Pw)=w.Byz(m+1) [w,x(r+ 1) y. 0

Before proving Theorem 3.1, we observe some properties of injections. Let X be a
countable set and let f be an injection on X. Consider the relation on X which holds
if f"(x) = y or f"(y) = x for some n > 0. Clearly, this is an equivalence relation
on X. Every equivalence class is classified into the following types:

Lo {x, f(x), f2(x), ...} (N);
2. o fH), ), X, f(), fR(), .Y (@)
3. {x = ), fFxX), f2x), ..., N Zpm = 1,2, .00).

For D € (N, Z,7,,75,...},1et0 < Kg’f < oo be the number of the equivalence
classes having the type D. It is easy to see that the structure of (X, f) is completely

determined by K/ ; thatis, (X, ) = (Y, g) if and only if K 5/ = K ;¥ for all D.
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Example 3.4 For 1 < n < oo, there is a computable function /,(x) such that

KZN’h" =n and Kg’h” = 0 for all D # Z. First, h; is defined by the following:
x+2 if2|x,
hi(x) =10 ifx=1,

x — 2 otherwise.

(N, i11) has only one equivalence class {...,5,3,1,0,2,4,...}. For2 < n < oo,
define h,(x) = hi(p)n +q if x = pn+q and ¢ < n. Let J(x, y) be a pairing
function (computable bijection from N? to N). We define hoo (x) = J(h1(p), q) if
x=J(p,q).

Claim 3.5 Let f(x) be an injection on X, and (Y, f) is a substructure of (X, f).
Then K3/ > K2/,

Proof If {...,f'(x),x, f(x),...} €Y, {..,f '), x, f(x),...} S X by
Y € X. Thus Kg’f > Kg’f. (Analogously, we can prove K;ﬂ;f > Kznf But

K,ij’f may be less than Ké’f whenx € Y and {..., f2(x), f~'(x)} € X — Y for
some Xx.) O

Claim 3.6  Assume f(x) is an m]ectlon on X, g(x) is an injection on Y, and
Th(X, f) = Th(Y, g). Then K"/ = K% forall D # 7.

Proof Let A, be the sentence that asserts that there are precisely n objects that are
not in the range of f. Then clearly,

KS! =n & A, e Th(X, /),
K3 =00 & A, ¢ Th(X, f) forall n.

Moreover, for m > 1, let B)' be the sentence which asserts that there exist exactly
mn xs such that f!(x) # x forall 1 </ < m and f™(x) = x. Then

Ky' =n & BY € Th(X, f).

Kz;f =00 & B)' ¢ Th(X, f) for all n.

Thus, ever KX’f but KX’f is determined by Th(X, f). O
Yy £&p z y

Now we prove Theorem 3.1. Let f(x) be a computable injection on N. (N, f) has a
countable recursively saturated elementary extension (M, f). (f is also injective on
M since Th(N, f) = Th(M, f).)

We show that (M, f) is recursive. By definition of (M, f), (N, f) is a sub-
structure of (M, f), and Th(N, f) = Th(M, f). Thus by the above claims,

Kg[ S > Ky, et , and K, M.J N ! for all D # Z. We can define a computable
injection g(x) such that K $ K M1 for every D. If K, M.f =Ky ™7 then g=1f.
it k) > KDV tet

. Ky -k ity < oo,
00 ingI’f:oo.



Tennenbaum'’s Theorem and Unary Functions 183

and
o [2162 i£2] x,
S N on, (/2 +1 if2tx.

hp (x) is defined in the above example. Clearly, for each D, Kg’g = Kg’f + KIN)’h”,
and thus, Kg’g = Kgl’f. Therefore, (M, f) = (N, g), which means (M, f) is
recursive.

Finally, we expand (M, f) to a model of PA. Add {0, 1, 4+, x, <, ¢} to the lan-
guage. c is a constant. Let F(x, y) be the formula defining the graph of f(x) on N.
Consider the following theory 7'

T =ThM, fUPAU{Vx, y(F(x,y) < y=fx)}U{n #c :neN}.

Since Th(N, f) = Th(M, f), N is a model of every finite fragment of 7. Hence,
by resplendency, we can expand (M, f) to a model of 7. The model we get is a
nonstandard model of PA in which f(x) is recursive.
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