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Uniform Continuity Properties of Preference Relations

Douglas S. Bridges

Abstract The anti-Specker property, a constructive version of sequential com-
pactness, is used to prove constructively that a pointwise continuous, order-dense
preference relation on a compact metric space is uniformly sequentially contin-
uous. It is then shown that Ishihara’s principle BD-N implies that a uniformly
sequentially continuous, order-dense preference relation on a separable metric
space is uniformly continuous. Converses of these two theorems are also proved.

1 Introduction

This paper continues the constructive reverse-mathematical investigation of various
continuity properties of preference relations on a metric space, begun in [2]. In that
paper we discussed sequential and pointwise continuity; in this one we deal with
two classically equivalent, but (as we shall see) constructively distinct, notions of
uniform continuity for preferences. As in our earlier paper, we work here within
the framework of Bishop-style constructive mathematics (BISH); in other words, we
use only intuitionistic logic and an appropriate set theory such as that in [1], [15], or
[20]. Moreover, we work in an informal setting, not relative to some precise formal
system; this is in keeping with our earlier papers and with normal practice in Bishop-
style constructive mathematics.

We refer the reader to [4], [5], [12], and [22] for background material on con-
structive mathematics, and to [6], [7], and [8] for more information about preference,
utility, and demand in a constructive setting.

Let X be a set that is inhabited—that is, in which we can construct an element. A
binary relation� on X is called a preference relation if it satisfies the two conditions:

P1 ∀x,y∈X (x � y ⇒ ¬ (y � x)) ;
P2 ∀x,y∈X (x � y ⇒ ∀z∈X (x � z ∨ z � y)) .
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We then have the corresponding preference-indifference relation < defined by

∀x,y∈X (x < y ⇔ ∀z∈X (y � z ⇒ x � z)) .

Note that
x < y ⇔ ¬ (y � x) ,

and that if x � y < z or x < y � z, then, by P2, we have x � z. We say that � is
order-dense (in X ) if

∀x,y∈X (x � y ⇒ ∃z∈X (x � z � y)) .

We are particularly interested in the case where (X, ρ) is a metric space, in which
case we have a standard inequality relation 6= defined by

∀x,y∈X (x 6= y ⇔ ρ(x, y) > 0) .

We say that a preference relation � on X is
B sequentially continuous if for each x ∈ X , each sequence (xn)n>1 of points

of X converging to x , and each a ∈ X ,

x � a ⇒ ∃N∀n>N (xn � a)

and
a � x ⇒ ∃N∀n>N (a � xn) ;

B pointwise continuous if for each x ∈ X , the sets

(←, x) = {y ∈ X : x � y} ,

(x,→) = {y ∈ X : y � x}

are open in X .
These properties were studied in [2]. In the present paper we look at two uniform
continuity properties of a preference relation � on a metric space X . We say that �
is

B uniformly sequentially continuous on X if for all a, b ∈ X with a � b, and
all sequences (xn)n>1 ,

(
x ′n

)
n>1 in X such that ρ(xn, x ′n) → 0 as n → ∞,

there exists N such that for all n > N , either a � xn or x ′n � b;
B uniformly continuous on X if for all a, b ∈ X with a � b there exists δ > 0

such that for all x, x ′ ∈ X with ρ(x, x ′) < δ, either a � x or x ′ � b.
Clearly, uniform continuity implies uniform sequential continuity. The converse
holds classically: for if � is not uniformly continuous on X , then (classically) there
exist sequences (xn)n>1 ,

(
x ′n

)
n>1 in X such that ρ(xn, x ′n) → 0 as n → ∞, but

xn < a and b < x ′n for each n; whence � is not uniformly sequentially continu-
ous on X . As we shall see, uniform sequential continuity is constructively weaker
than uniform continuity. This is in keeping with the parallel situation for functions
between metric spaces [13].

Suppose that the preference relation � on the metric space X is represented by a
utility function: that is, a mapping u : X → R such that

∀x,y∈X (x � y ⇔ u(x) > u(y)) . (1)

If u satisfies the following property of uniform sequential continuity (for a function)
on X , introduced in [13], then the preference relation � is uniformly sequentially
continuous on X :
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If (xn)n>1 ,
(
x ′n

)
n>1 are sequences in X such that ρ(xn, x ′n) → 0 as

n→∞, then
∣∣u(xn)− u(x ′n)

∣∣→ 0 as n→∞.
Suppose that u is uniformly sequentially continuous in this sense. Consider se-
quences (xn)n>1 ,

(
x ′n

)
n>1 in X such that ρ(xn, x ′n)→ 0 as n→∞, and points a, b

of X such that a � b and therefore u(a) > u(b). Setting ε = 1
2 (u(a)− u(b)), com-

pute N such that
∣∣u(xn)− u(x ′n)

∣∣ < ε for all n > N . For such n, either u(xn) < u(a)
or u(xn) > u(a)− ε. In the first case, a � xn ; in the second,

u(x ′n) > u(xn)−
∣∣u(xn)− u(x ′n)

∣∣ > u(a)− 2ε = u(b),

so x ′n � b. This completes the proof that � is uniformly sequentially continuous on
X . It is even easier to prove that if u is uniformly continuous on X , then � also is
uniformly continuous on X .

Note that a utility function u representing a uniformly sequentially continuous
preference relation � on a metric space need not be uniformly sequentially continu-
ous: consider the space

X = {0} ∪
{

1
n
: n ∈ N+

}
,

the preference relation

� =

{(
1
n
, 0

)
: n ∈ N+

}
∪

{(
1
m

,
1
n

)
: m, n ∈ N+; m < n

}
on X , and the representing utility function u : X → R defined by

u(x) =


x if x > 0

−1 if x = 0.

Incidentally, the intermediate value theorem ([10], Chapter 3, Section 2) shows that
if X is a convex subset of a normed space, and � is represented by a sequentially
continuous utility function on X , then � is order-dense.

Recall that in BISH a metric space is
B compact if it is complete and totally bounded, and
B locally compact if every bounded subset is contained in a compact set.

If X is a locally compact metric space and the preference relation � is uniformly
continuous on each compact subspace of X , then � is pointwise continuous. For in
that case, if a � b, we can construct a compact set K ⊂ X such that x ∈ K if either
ρ(a, x) 6 1 or ρ(b, x) 6 1. Choosing δ < 1 as in the definition of “uniformly
continuous” above, we see that if ρ(a, x) < δ, then either a � a or, as must be the
case, x � b. It follows that (b,→) is open. Similarly, (←, a) is open.

We are interested in constructive answers to these two questions:
Under what conditions does the pointwise continuity of � imply its uniform
sequential continuity?

Under what conditions does the uniform sequential continuity of � imply its
uniform continuity?

The reader may be wondering by now why we don’t work with utility-function rep-
resentations of a preference relation and apply already-known corresponding results
about continuous functions, such as those in [16] and [13]. The reason is simple: al-
though there are constructive utility-function representations of certain preferences,
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there is a recursive counterexample to Debreu’s classical theorem [14] on the ex-
istence of utility functions; see [6], [8], and [11] for more on these matters. We
hope that a close study of the connections between various continuity properties of
a preference relation may actually lead to a better understanding of the constructive
representability of such functions by utility functions.

2 Pointwise and Uniform Sequential Continuity

To answer the first of our questions, we use a property classically equivalent to se-
quential compactness. First we recall that a sequence (zn)n>1 in a metric space Z
is eventually bounded away from the subset X of Z if there exist N and δ > 0 such
that ρ(x, zn) > δ for all x ∈ X and all n > N . If X = {x} is a singleton, we say
that the sequence is eventually bounded away from the point x . This brings us to the
anti-Specker property for X :

AS If X is embedded isometrically as a subspace of a metric space Z ,
then every sequence in Z that is eventually bounded away from each
point of X is eventually bounded away from X .

It is not hard to show that this property is independent of the space Z in which
X is isometrically embedded, and that AS is classically equivalent to the Bolzano–
Weierstraß property for X . In the case Z = R and X = [0, 1] ,

(i) AS is the antithesis of Specker’s recursive counterexample [21] to the mono-
tone convergence theorem for sequences;

(ii) as is shown in [3], AS is equivalent, relative to BISH, to a version of
Brouwer’s fan theorem.

For more on the use of AS in constructive reverse mathematics see also [9].
Recalling that the metric complement of a subset X of a metric space Z is the set

Z − X = {z ∈ Z : ∃r>0∀x∈X (ρ(z, x) > r)} ,

we can now state our first main theorem.

Theorem 2.1 Let � be a pointwise continuous, order-dense preference relation on
a metric space X that has the anti-Specker property. Then � is uniformly sequen-
tially continuous on X.

Proof Embed X in a metric space Z such that there exists ζ ∈ Z − X , and compute
r > 0 such that ρ(x, ζ ) > r for all x ∈ X . Given a, b ∈ X with a � b, pick
a0, b0 ∈ X such that a � a0 � b0 � b. Let (xn)n>1 ,

(
x ′n

)
n>1 be sequences in X

such that ρ(xn, x ′n) → 0 as n → ∞, and, noting P2, construct a binary sequence
(λn)n>1 such that

λn = 0⇒ a � xn ∨ x ′n � b,

λn = 1⇒ xn � a0 ∧ b0 � x ′n .

If λn = 0, set sn = ζ ; if λn = 1, set sn = xn . Given x ∈ X , we have either
a0 � x or x � b0. In the first case, since� is pointwise continuous at a0, there exists
δ > 0 such that if x ′ ∈ X and ρ(x, x ′) < δ, then a0 � x ′. Compute N such that
ρ(xn, x ′n) < δ for all n > N . Suppose that, for some such n,

ρ(x, sn) < min
{

r,
δ

2

}
. (2)
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Then sn 6= ζ , so λn = 1, sn = xn , and xn � a0. But ρ(x, xn) = ρ(x, sn) < δ/2, so
a0 � xn—a contradiction, from which we conclude that, after all,

∀n>N

(
ρ(x, sn) > min

{
r,

δ

2

})
. (3)

In the case x � b0, we compute δ > 0 such that if x ′ ∈ X and ρ(x, x ′) < δ, then
y � b0. We also compute N such that ρ(xn, x ′n) < δ/2 for all n > N . For such n, if
(2) holds, then sn 6= ζ , so λn = 1, sn = xn , and b0 � x ′n . Also,

ρ(x, x ′n) 6 ρ(x, sn)+ ρ(xn, x ′n) < δ,

so (by our choice of δ) x ′n � b0—another contradiction, from which we conclude
that formula (3) holds in this case also. Thus the sequence (sn)n>1 is eventually
bounded away from each x ∈ X . Applying AS, compute a positive integer ν and
γ > 0 such that ρ(x, sn) > γ for all x ∈ X and all n > ν. It follows that λn 6= 1,
and hence that either a � xn or x ′n � b, for all such n. �

The following definition will lead to a converse of Theorem 2.1 in the case X = R.
For each t ∈ R and each δ > 0 define the corresponding spike function to be the
unique uniformly continuous function s (t, δ, .) : R→ R with the following proper-
ties:

(a) s (t, δ, t) = 1,
(b) s (t, δ, x) = 0 whenever |x − t | > δ, and
(c) s (t, δ, ·) is linear in each of the intervals [t − δ, t] and [t, t + δ] .

Theorem 2.2 Suppose that every pointwise continuous, order-dense preference re-
lation on R is uniformly sequentially continuous. Then every sequence in R that is
eventually bounded away from each point of [0, 1] is eventually bounded away from
the interval [0, 1].

Proof Let (rn)n>1 be a sequence of real numbers eventually bounded away from
each point of [0, 1]. In view of [9], Lemma 4, we may assume that rm 6= rn whenever
m 6= n. Replacing the sequence (rn)n>1 by one of its tails, if necessary, we may

further assume that there exists δ0 ∈
(

0, 1
4

)
such that |rn| > δ0 and |rn − 1| > δ0

for all n. We may assume, finally, that r1 = 1/2. Setting n0 = 1, we can construct,
as in the proof of [9], Theorem 5, a sequence (δk)k>0 of positive numbers and a
strictly increasing sequence (nk)k>0 of positive integers such that the following hold
for each k > 1:

(i) δk 6 min
{
2−k−1, δk−1

}
;

(ii) |rn − rk | > 2δk for all n > nk .
It follows from [9], Lemma 3, that

u(x) =

∞∑
k=1

s(rk, δk, x)

defines a pointwise continuous function on [0, 1] such that the supports of the terms
of the series are disjoint. Now define a (clearly pointwise continuous) preference
relation � on [0, 1] by

x � y ⇔ u(x) > u(y).

Note that � is order-dense, by the intermediate value theorem applied to u on
[r1, r1 + δ1]. Our choice of δ0 ensures that, for each n > 1, either rn ∈ (δ0, 1− δ0)
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or ρ(rn, [0, 1]) > δ0. In the first case, setting xn = rn and x ′n = rn + δn , we see
that both xn and x ′n are in [0, 1],

∣∣xn − x ′n
∣∣ 6 2−n−1, u(xn) = 1, and u(x ′n) = 0. In

the case ρ(rn, [0, 1]) > δ0, we set xn = x ′n = 1. Altogether, we obtain sequences
(xn)n>1 , (x ′n)n>1 in [0, 1] such that

∣∣xn − x ′n
∣∣ → 0 as n → ∞. By hypothesis,

the preference relation � is uniformly sequentially continuous. Since x1 = r1 and
x ′1 = r1 + δ1 (both points being in (δ0, 1− δ0)), we have x1 � x ′1; so there exists
N > 1 such that for each n > N , either x1 � xn or x ′n � x ′1; whence either
u(x1) > u(xn) or u(x ′n) > u(x ′1). For such a value of n, if rn ∈ (δ0, 1− δ0),
then u(xn) = 1 = u(x1) and u(x ′n) = 0 = u(x ′1), so xn < x1 and x ′1 < x ′n , a
contradiction. Hence ρ(rn, [0, 1]) > δ0 for all n > N . �

Thus we see from Theorems 2.1 and 2.2 that the anti-Specker property is equivalent
to the passage from pointwise continuity to uniform sequential continuity for order-
dense preference relations on metric spaces.

3 Uniform Sequential, and Uniform, Continuity

Before coming to our third theorem, we define a set S of positive integers to be
pseudobounded if, for each sequence (sn)n>1 in S, n−1sn → 0 as n → ∞. The
paper [2] explored the connection between the principle

BD-N Every inhabited, countable, pseudobounded set of positive integers
is bounded,

introduced by Ishihara in [16], and the statement
Every sequentially continuous, order-dense preference relation on a
complete, separable metric space is pointwise continuous.

Note that BD-N holds classically and in both the intuitionistic and recursive models
of constructive mathematics (see [16]), is unprovable within a natural formal system
for BISH (see [19]) and—not least in the work of Ishihara (for example, [16], [17],
[18])—has already established its significance for constructive reverse mathematics.

Theorem 3.1 Assume BD-N. Then every uniformly sequentially continuous, order-
dense preference relation on a separable metric space is uniformly continuous.

Proof Let X be a separable metric space, (qn)n>1 a dense sequence in X , and
� a uniformly sequentially continuous, order-dense preference relation on X . Let
a, a0, a1, b, b0, b1 be points of X such that a � a0 � a1 � b1 � b0 � b. Construct
a mapping ϕ : N× N× N→ {0, 1} such that

B if ϕ(i, j, k) = 0, then ρ(qi , q j ) < 1/k, qi � a1, and b1 � q j ;
B if ϕ(i, j, k) = 1, then ρ(qi , q j ) > 1/(k + 1) or a0 � qi or q j � b0.

Let
S = {0} ∪

{
k : ∃i, j (ϕ (i, j, k) = 0)

}
.

Then S is an inhabited countable subset of N+. We prove that S is pseudobounded.
To that end, let (sn)n>1 be any sequence in S, and let ε > 0. Construct a binary
sequence (λn)n>1 such that

λn = 0⇒ n−1sn < ε,

λn = 1⇒ n−1sn > ε/2.
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If λn = 0, set xn = q1 = x ′n . If λn = 1, choose i, j ∈ N such that ϕ (i, j, sn) = 0,
and set xn = qi , x ′n = q j ; then

ρ(qi , q j ) <
1
sn

<
2
εn

,

xn � a1, and b1 � x ′n . Since, clearly, ρ(xn, x ′n) → 0 as n → ∞, it follows
from the uniform sequential continuity of � that there exists N such that for each
n > N , either a1 � xn or x ′n � b1. If n > N and λn = 1, then xn � a1 and
b1 � x ′n , a contradiction. Hence λn = 0, and therefore n−1sn < ε, for all n > N .
Since the sequence (sn)n>1 and ε > 0 are arbitrary, we conclude that S is indeed
pseudobounded.

Now applying BD-N, we obtain a positive integer K such that k < K for each
k ∈ S. Given x, x ′ ∈ X with ρ(x, x ′) < 1/(K + 1), suppose that x � a0 and
b0 � x ′. Then, by the density of the sequence (qn)n>1, there exist i, j such that
qi � a0 � b0 � q j and ρ(qi , q j ) < 1/(K + 1). Hence ϕ(i, j, K ) 6= 1, so
ϕ(i, j, K ) = 0 and therefore K ∈ S, which is absurd. We conclude that

¬(x � a0 ∧ b0 � x ′),

and hence that either a � x or x ′ � b. This completes the proof of Theorem 3.1. �

Our last result is a converse to Theorem 3.1.

Theorem 3.2 Suppose that every uniformly sequentially continuous, order-dense
preference relation represented by a utility function on a complete, separable metric
space is uniformly continuous. Then BD-N holds.

Proof Let S be an inhabited, countable, pseudobounded subset of N. We may as-
sume that 0 ∈ S. Let

Z = {0} ∪
{
2−m
: m ∈ S

}
.

Following Ishihara ([16], Proposition 1), we can construct a mapping f : Z → [0, 1]
such that

(a) if x ∈ Z and f (x) = 0, then x = 0, and
(b) if x ∈ Z and f (x) = 1, then x = 2−m for some m ∈ S.

Let X be the closure of Z in R; then X is both separable and complete. In view
of [13], Proposition 9, and [16], Proposition 1, we can extend f to a uniformly
sequentially continuous mapping u of X into {0, 1} . Also defining

u(x) = x − 2 (2 6 x 6 3) ,

we obtain a uniformly sequentially continuous mapping u from the complete
space X ∪ [2, 3] into [0, 1]. Let � be the corresponding preference relation, de-
fined at (1). Then � is uniformly sequentially continuous. Moreover, it is order
dense: for if x, y ∈ X and u(x) > u(y), then, since f (2) = 0 and f (3) = 1,
the intermediate-value theorem tells us that there exists z ∈ [2, 3] such that
u(x) > u(z) > u(y) and therefore x � z � y. Suppose that � is uniformly
continuous. Since u(1) = 1 > 0 = u(0), there exists a positive integer N such that
if x, x ′ ∈ X ∩ [0, 1] and

∣∣x − x ′
∣∣ < 2−N , then either u(x) > 0 or u(x ′) < 1, and

therefore either u(x) = 1 or u(x ′) = 0. If n > N and n ∈ S, then 2−n
∈ X and

u(2−n) = 1; but since u(0) = 0 and
∣∣2−n
− 0

∣∣ < 2−N , we have either u(2−n) = 0
or u(0) = 1. This is absurd, so n 6 N for all n ∈ S; whence S is bounded. �
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We see from Theorems 3.1 and 3.2 that BD-N is equivalent to the passage from uni-
form sequential continuity to uniform continuity for order-dense preference relations
on separable metric spaces.

Our main theorems have analogues for various types of (equi)continuity for se-
quences of functions; so it is reasonable to ask how, if at all, the use of a utility
function would assist in their proofs.

Using the appropriate continuity notions, in [9] we proved inter alia the equiva-
lence of the following:

(a) Every pointwise equicontinuous sequence of functions from [0, 1] into a met-
ric space is uniformly sequentially continuous.

(b) Every pointwise continuous mapping of [0, 1] into R is uniformly sequen-
tially continuous.

(c) [0, 1] has the anti-Specker property.
Suppose that, in Theorems 2.1 and 2.2, the preference relation acts on [0, 1] and is
represented by a pointwise continuous utility function (so it is order-dense). Then
the implication from (c) to (b) suffices to establish the conclusion of Theorem 2.1,
and that from (b) to (c) the conclusion of Theorem 2.2.

On the other hand, putting together results from [9] and [13], we obtain the equiv-
alence of these five statements:

(d) Every uniformly sequentially equicontinuous sequence of mappings of a sep-
arable metric space into a metric space is uniformly equicontinuous.

(e) Every uniformly sequentially continuous mapping of a complete separable
metric space into a metric space is uniformly continuous.

(f) Every uniformly sequentially continuous mapping of a separable metric space
into a metric space is uniformly continuous.

(g) Every uniformly sequentially continuous mapping of a separable metric space
into a metric space is pointwise continuous.

(h) BD-N.
The implication from (h) to (f) gives us Theorem 3.1 under the additional hypoth-
esis that the preference relation is represented by a uniformly sequentially contin-
uous utility function. (It appears, at first sight, that we have dispensed with the
order-density hypothesis here; however, that hypothesis actually holds in view of the
equivalence of (h) and (g)). On the other hand, the implication from (e) to (h) gives
us a weak form of Theorem 3.2: one with the words order-dense removed from the
hypothesis.

Thus, in the presence of a utility function with an appropriate continuity condi-
tion, when the preference relation acts on [0, 1] , Theorems 2.1–3.1, and a weaker
form of Theorem 3.2, follow from work in [9] and [13]. However, our present theo-
rems have the advantage of not needing utility functions of any type, let alone con-
tinuous ones.
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