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Abstract In this article we study the asymptotic behavior of the regularity of symbolic
powers of ideals of points in a weighted projective plane. By a result of Cutkosky, Ein,
and Lazarsfeld, regularity of such powers behaves asymptotically like a linear function,
which is deeply related to the Seshadri constant of a blowup. We study the difference
between regularity of such powers and this linear function. Under some conditions, we
prove that this difference is bounded or eventually periodic.

As a corollary, we show that if there exists a negative curve, then the regularity of
symbolic powers of a monomial space curve is eventually a periodic linear function. We
give a criterion for the validity of Nagata’s conjecture in terms of the lack of existence of
negative curves.

1. Introduction

Suppose that H is an ample Q-Cartier divisor on a normal projective variety
V and 7 is an ideal sheaf on V. Let v: W — V be the blowup of Z. Let E be
the effective Cartier divisor on W defined by Ow (—E) =IOy . The s-invariant,
50, (m)(Z), is defined by

soy () (Z) =inf{s € R|v*(sH) — E is an ample R-divisor on W'}.

The reciprocal, 1/sg(Z), is the Seshadri constant of Z.

Examples in [3] and [4] show that s (Z) can be irrational, even when Oy (H ) =
Op(1) on ordinary projective space.

Suppose that K is a field, and suppose that ag,...,an are positive integers.
Let S = K|xg,...,z5] be a polynomial ring graded by the weighting wt(z;) = a;
for 0 < i <m. Let m be the graded maximal ideal of S. Let P =P(ag, a1, ...,an) =
proj(S) be the associated weighted projective space. P is a normal projective vari-
ety. P is isomorphic to a weighted projective space in which ged(ag, a1, ..., a;—1,
Qit1,-..,a57) =1 for 0 <i <7 (see [9], [10]).
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We suppose through most of this article that ag, ..., an € Z satisfy the con-
dition that ged(ag,a1,...,a;-1,Gi41,...,a57) =1 for 0 <i <m. With this assump-
tion on the a;, there exists a Weil divisor H on P such that Op(r) = Op(rH) is
a divisorial sheaf of Op modules (reflexive of rank 1) for all r € Z (see [24]).

Let M be a finitely generated, graded S-module. The local cohomology
modules H: (M) are naturally graded. The regularity of M is defined (see [12])
by

reg(M) = max{i + j ’ H(M); #0}.

Suppose that I C S is a homogeneous ideal. Let I2® be the saturation of
I with respect to the graded maximal ideal of I. Let Z be the sheaf associated
to I on P. Let X = X(I) =proj(D,,,~,Z™) be the blowup of Z, with natural
projection f: X — P. -

In Section 2, we develop the basic properties of regularity on weighted pro-
jective space and show that the theory of asymptotic regularity on ordinary
projective space extends naturally to weighted projective space. For instance,
the statement on ordinary projective space, proven in [5, Theorem 1.1] or in [20],
extends to show that reg(I™) is a linear function for m > 0. We also establish
the following basic result, which generalizes the statement for ample line bun-
dles proven in [4, Theorem B] to the Q-Cartier Weil divisor Op(1) on weighted
projective space (with the a; pairwise relatively prime).

THEOREM 1.1
We have
m\sat
L ()

m—oo m

= SOH(I)(Z)

In general, as commented above, this limit is irrational, so reg((I"™)%") is, in
general, far from being a linear function.
We write |z] for the greatest integer in a real number z. We may define a

function oy : N— Z by
reg((I™)**) = [mso,1)(Z)] + or(m).
By Theorem 1.1, we have

lim ai(m)

m—oo m

=0.

An interesting question is to determine when o(m) is bounded. We do not know
of an example where o7(m) is not bounded.

In this article we study the case where I C S = K|[z,y, 2] is the ideal of a set of
nonsingular points with multiplicity (a fat point) in a weighted two-dimensional
projective space P =P(a,b,c) with wt(z) = a, wt(y) =b, wt(z) = ¢ and a,b,c
pairwise relatively prime. We also assume that K is algebraically closed. Suppose
that Py,..., P, are distinct nonsingular closed points in P(a,b,c¢) and that e; are
positive integers. Let Ip, C S = K|[xz,y, z] be the weighted homogeneous ideal of
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the point P;, and let I =(;_, Ip. Let T= I be the sheafication of I on P, and
define

S(I) = Sop(l)(I).
Let u=>_"_, 2. We have s(I) > Vabcu. If s(I) > v/abcu, then s(I) is a rational

1=1"7"
number.
Nagata’s conjecture states that s(I)=+/r ifr>9,e;,=1for 1 <i<r, and
Pi,..., P, are independent generic points in ordinary projective space P? (see

[26, p. 772]). Nagata proved this conjecture in [26, p. 772] in the case when
r is a perfect square as a critical ingredient in his counterexample to Hilbert’s
fourteenth problem. A proof of Nagata’s conjecture in the case of an r which
is not a perfect square would give a set of points in P? for which s(I) is not
rational. Some recent articles on regularity and s-invariants of points in P? are
[1], [8], [14], [17], [19], and [22].

Let 1(™ be the mth symbolic power of I, which is also, in our situation, the
saturation (I"™)% of I"™ with respect to the graded maximal ideal m of S.

We prove the following asymptotic statements about regularity in Section 3.

A function ¢ : N — Z is bounded if there exists ¢ € N such that |o(m)| < ¢
for all m € N. In Theorem 4.6, we prove the following.

Let I be the ideal of a set of fat points in a weighted projective plane. Then or(m)
18 a bounded function.

If the graded K-algebra @, -, I(™) is a finitely generated K-algebra, then
reg(I (m)) must be a quasi-polynomial for large m. A quasi-polynomial is a
polynomial in m with coefficients which are periodic functions in m. In gen-
eral, @,,~o1 (m) is not a finitely generated K-algebra. Some examples where
this algebra is not finitely generated are given by Nagata’s theorem (see [26]),
showing that it is not finitely generated when r > 9 is a perfect square and r
generic points in P? are blown up. Goto, Nishida, and Watanabe [15] give exam-
ples of monomial primes P(a,b,c) such that the symbolic algebra is not finitely
generated.

A function o : N — Z is eventually periodic if o(m) is periodic for m > 0. In
Theorem 4.7, we prove the following.

Suppose that s(I) > vabeu and that K has characteristic zero or is the algebraic
closure of a finite field. Then the function or(m) is eventually periodic.

An example, defined over a field K which is of positive characteristic and is tran-
scendental over the prime field, where s(I) > v abcu but o(m) is not eventually
periodic, is given in [5, Example 4.4]. In this example, constructed from 17 spe-
cial points P; in ordinary projective space P?, I =Ip N---NIp,NIp N---NIP .
We have s(I) =29/5 > vabcu = /29 in this example.

Let H be a Weil divisor on P such that Op(1) = Op(H), and let A= f*(H).
An effective divisor D on X such that (D - D) < 0 is called a negative curve. An
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effective divisor D such that D ~aA — mFE for some positive integers a and m
is called an E-uniform curve.
We establish the following in Corollary 4.8.

Suppose that there exists an E-uniform negative curve on X (I), and suppose that
K has characteristic zero or is a finite field. Then s(I) is a rational number, and
the function or(m) of Theorem 4.6 is eventually periodic.

An important case of this construction is when ¢ =1 and I = P(a,b,c) is the
prime ideal of a monomial space curve. The ideal P(a,b,c) is defined to be
the kernel of the K-algebra homomorphism Klz,y,z] — KJt] given by = — t%,
y— 1t z+1°. As a corollary to Theorems 4.6 and 4.7, we have the following
application, Corollary 4.9, to monomial space curves.

Suppose that I = P(a,b,c) is the prime ideal of a monomial space curve, and
suppose that there exists a negative curve on X(I). Then s(I) is a rational
number, and the function or(m) is eventually periodic.

We do not know of an example of a monomial prime I = P(a,b,c) where there
does not exist a negative curve. This interesting problem is discussed in [21].

In Section 5, we give a criterion for the validity of Nagata’s conjecture in
terms of the lack of existence of uniform negative curves on certain weighted
projective planes.

2. Regularity on weighted projective space

In this section we define the regularity of a finitely generated graded module over
a nonstandard graded polynomial ring.
Let K be a field, and let B = KJx1,...,25] be a graded polynomial ring

with wt(z1) = dy,...,wt(xzs) = ds, where dy,...,ds are positive integers. Set
m= (331, Ce ,a?s)B.
DEFINITION 2.1

For a finitely generated B-module M # 0, we define a;(M), reg(M), reg,(M),
and reg’ (M) as follows:

) — [ SZLHLO,; 0} it Hy (1) 20
a; =
-0 otherwise,
reg(M) = max{i+j | Hi(M); #0} =max{a;(M) +i |0<i<dimM},
max{j € Z | Tor? (M, B/m); #0} —i if Tor? (M, B/m) #0,

-0 otherwise,

vog; (M) = {

reg/(M) = max{reg;(M)|i>0}.
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It is not difficult to prove the following theorem (cf. [7, Theorem 3.5]). We omit
a proof.

THEOREM 2.2

With notation as above,

S

reg(M) =reg’ (M) + s — Zdi'

i=1

REMARK 2.3
Assume dy =---=ds =1. Let I be a homogeneous ideal of B. Put P = proj(B).

The regularity of a coherent Op-module F is
(2) reg(F) =min{l | H'(P,F(j —i)) =0 for all j > and i > 0}.
Let 7 be the ideal sheaf on P associated to I. We have

3) reg((I™)™") =reg(Z™)

for all m > 0, as follows from [11, Theorem A4.1].

For each i > 0, reg;(I™) is eventually linear on m by [5, Theorem 3.1].

Hence, reg(I™) is eventually linear on m as in [5, Theorem 1.1(ii)].

On the other hand, there exists an example that a;(I™) is not eventually
linear on m as follows. Let I be the ideal in [5, Example 4.4] (which was cited
in the introduction). Then

reg((]—m)sat) — maX{GZ((Im)sat) + 2’a3((lm)sat) + 3}
=max{az(I"™) +2,0} =ax(I"™) +2

since reg((1™)%%) = reg’((I"™)%**) > 0, and reg((I™)%**) is not eventually linear

in m. Therefore, az(I™) is not eventually linear in m in this case.

In Section 3, we consider the case when S = K|z,y, z] with wt(z) = a, wt(y) =b,
and wt(z) = c for pairwise relatively prime positive integers a,b,c, and I =I5 N
--N Iy with P; distinct nonsingular points of P(a,b,c). We then have
reg((lm)sat) = max{ag ((Im)sat) +2, ag((lm)sat) + 3}
=max{ax(I™)+2,3—a—b—c}=ay(I™)+2
since reg((I™)%*) =reg/(I™)*)+3—a—b—c>3—a—b—c, and (with the
notation defined in the introduction)

az(I'™) =max{n € Z ‘ H'(X,0x(nA—mE)) #0}.

REMARK 2.4

Let By = K|[zy,...,z5] and By = K[y1,...,ys] be graded polynomial rings with
wt(z;) =d; (i=1,...,s) and wt(y;) =d; (j=1,...,s), where the d;’s and d}’s
are positive integers.
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Let § : By — By be a flat K-algebra graded homomorphism. Assume that
Bs/(x1,...,xs)Bs is of finite length.

Set my = (x1,...,25)B1 and my = (y1,...,ys)Bo.

Let M be a finitely generated graded Bi-module. Then

(4) Hy, (M) ®p, By =Hy, p,(M ®p, Bs) = Hy,, (M ®p, Bs).
Here, set

£E= max{n ez ’ [Bs/my Ba),, # O}.
By (4), we obtain

a;(M ®p, B2) =a;(M) +¢

for :=0,...,dim M. Therefore,
() reg(M @p, By) =reg(M) +¢.
From the above remark, we see that the statement on ordinary projective space,

proven in [5, Theorem 1.1] or in [20], extends to show that reg(I™) is a linear
function for m > 0 when I is a homogeneous ideal with respect to our weighting.

REMARK 2.5

Let By = K[z1,...,z5] and By = K|[y1,...,ys] be graded polynomial rings with

wt(z;)=d; (i=1,...,5) and wt(y;) =1 (j=1,...,s), where the d;’s are positive

integers satisfying the condition ged(ds,...,d;i—1,dit1,...,ds) =1 for 1 <i<s.
Let 6 : By — Bg be the K-algebra graded homomorphism satisfying §(z;) =

yfl for i=1,...,s. Note that ¢ is flat, Ba/(z1,...,2s)Bs is of finite length, and

fzmax{n€Z| [Bg/(xl,...,xs)Bg]nyéO} :Zdi —s.
i=1

Let I be a homogeneous ideal of B;. Then
(Im)sat ®B1 32 — (Im)sat32 — (ImB2)sat

for any m > 0. Thus, using (5), we have

reg((I" B2)™") =reg((I™)*") + Zdi -5

i=1
for any m > 0. Therefore,
I"™B sat m sat
o o reR(I B L reg(I)*)
m— 00 m m— o0 m

Here, set X = proj(B1), Z = proj(Bz). By our condition on the d;, there
exists a Weil divisor H on X such that Ox(r) =2 Ox(rH) is a reflexive, rank 1
sheaf of Xp-modules for all r € Z (see [24]). Let Y (resp., W) be the blowups of
X (resp., Z) along the ideal sheaf Z =TI (resp., ZOyz = I/E;) Then we have the
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following Cartesian diagram:

W — Z
£l !
y & X
Set E=n"!(proj(B1/I)). Let ¢ be a positive integer such that Ox (¢) is invert-
ible. (We can take £ =lem(dy,...,ds).) By the projection formula, for any posi-
tive integers o and (3, Oy (—{BE)@7*Ox (fa) is nef if and only if f*(Oy (—(GE)®
m*Ox (far)) is also. Hence, a/B > s0,(1)(ZO0z) if and only if a/B > 50, (1)(Z).
Therefore, we obtain

(7) $0,1)(Z0z) = sox 1) (D)
On the other hand,
reg((I™ B2)*")

(8) im p= =50,(1)(Z0z)
by [4, Theorem BJ. By (6), (7), and (8), we obtain

) re m sat
(9) n}gnoo % = Sox(l)(I)7

which is the statement of Theorem 1.1.

3. Blowups of a weighted projective plane

Suppose that G is a subgroup of R. Then G, denotes the semigroup of positive
elements of G, and G'>¢ denotes the semigroup of nonnegative elements of G.
In this section, we suppose that K is an algebraically closed field and that
a,b,c € Z, are pairwise relatively prime. Let P =P(a,b,c) be the correspond-
ing weighted projective space. Suppose that Py, ..., P, are distinct nonsingular
closed points in P(a,b,c), and suppose that ey,..., e, € Z,.
The coordinate ring of P(a, b, c) is the graded polynomial ring

S=Klz,y,z :@HO(P,Op(n)),
n>0
which is graded by wt(z) =a, wt(y) =b, wt(z) =c. Let m = (z,y,2) be the
graded maximal ideal of S.

Some references on the geometry of weighted projective spaces are [10] and
[24]. We have that P(a,b,c) is a normal surface which is nonsingular, except
possibly at the three points Q1 =V (z,y), Q2 =V (z,z), and Q3 =V (y, z). Since
a,b, c are pairwise relatively prime, there exists a Weil divisor H on P such that
Op(r) =2 Op(rH) is a reflexive, rank 1 sheaf of Op-modules for all r € Z (see [24]).
The canonical divisor on P is Op(—a — b — ¢). We have that Op(¢) is an ample
invertible sheaf if £ =1cm(a, b, ¢).

Suppose that L is a finitely generated graded S-module. Recall (see Sec-
tion 2) that the regularity, reg L, of L is the largest integer ¢ such that there
exists an index j such that H%(L);_; #0. We denote the sheaf associated to L
on P by L.
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For all j € Z, we have a natural morphism of sheaves of Op-modules

A L(j):=L®Op(j) — L))
which is an isomorphism whenever Op(j) is Cartier.
Let Ip, C K|x,y, 2] be the weighted homogeneous ideal of the point P;, and
lot 1=y I5.
An importémt case is when ¢ =1, and I = P(a,b,c) is the prime ideal of a
monomial space curve.
Let Z = I be the sheaf associated to I on P. For m € N and n € Z,

I™(n)=2I™(n)2I™ ® Op(n)

since Op(1) is locally free at the support of O/T.

Let 0™ be the mth symbolic power of I, which is also in our situation,
the saturation (I™)%2% of I"™ with respect to the graded maximal ideal m of S.
We have, as follows from [11, Theorem A4.1], that the graded local cohomology
satisfies

(10) Ho (1) = Hy (1") =0

for all m € N, and for ¢ > 1, we have graded isomorphisms

(11) HP (1) =P H (P,I7(n)) =P H (P,I" @ Op(n)).
neZ nez

Let f: X =X(I) — P(a,b,c) be the blowup of these points. Let E; be the
exceptional curves mapping to P; for 1 <i¢<r, and let E=e1Fy + - -+ ¢e.E,.
Let A be a Weil divisor on X such that Ox(A) = f*Op(1). (Recall that Op(1)
is locally free at points where f is not an isomorphism.)

Since f is the blowup of the nonsingular points Pi,...,P. for m > 0,
[:Ox(—mE)2TI™ and R'f,Ox(—mFE) =0 for i >0 and m > 0 (for instance, by
[23, Proposition 10.2]). Since Op(1) is locally free above all points on P where f
is not an isomorphism, by the projection formula,

f:Ox(nA—mE)=TI™ ® Op(n)=I™(n)
for all m € N and n € Z. By the Leray spectral sequence, we have
(12) H'(X,0x(nA—mE)) = H"(P,I™(n))

forall meN, neZ, and i > 0.
The mth symbolic power of I can be computed as

1™ =P H (X, 0x(nA —mE)).
n>0
Let u=Y_, €2
We have
(AA)=—  (BoE)=-1,  (4-F)=0,
(13) abe
(E-FE)=—u, and (A-E)=0.
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Let Div(X) be the group of Weil divisors on X. There is an intersection
theory on Div(X), developed in [25], which associates to Weil divisors D; and
Dy on X a rational number (D; - D3). Divisors D; and Dy are numerically
equivalent, written Dy = Dy if (Dy - C) = (D2 - C) for every Weil divisor C' on
X. A Q-divisor D on X is called numerically ample if (D -C) > 0 for all curves
C on X and (D-D)>0. Let N;(X) = (Div(X)/ =) ® R. We write D to denote
the class in N1 (X) of a Weil divisor D on X.

Let L be the real vector subspace of Ni(X) spanned by (the classes of) F
and A. Let NL=NE(X)NL, and let AL=AMP(X)N L, where NE(X) is the
closure of the cone of curves on X, and AMP(X) is the closure of the ample cone
on X.

We now make a sketch of the cones NL and AL. NL is a cone with boundary
rays ER>p, and R = (7A — E)R>¢ for some 7 =7(]) ¢ R. AL is a cone with
boundary rays AR>¢, and T'= (sA — E)Rx>q, where s = s(I) = s0,(1)(Z) € R is
the s-invariant of I.

Let g: Y — X be the minimal resolution of singularities. Let £ be a line
bundle on X. The fact that X has rational singularities implies H*(Y, M) =
HY(X,L), where M = g*(£). By the Riemann-Roch theorem on Y, (x(Oy)=1
since Y is rational)

1 _
xX(L)=x(M) = 5(./\/! Mwyt) 1.
By the projection formula,
1
(14) x(ﬁ)zi(ﬁ-E@)w;l)—Fl.
Since X has rational singularities, g.wy =wx =Ox(—(a+b+c)A+ E; +
s Er)_

PROPOSITION 3.1
We have vanishing of cohomology H?(X,Ox(aA — BE)) =0 if 3>0 and o >
—(a+b+c).

\I;Zfave H?(X,0x(aA — BE)) = H?(P,Z°(a)). From the exact sequence
0 Z7(a) — Op(a) = (Op/T7)(a) =0
and the fact that (Op/Z”)() has zero-dimensional support, we have
H?(P,7°(a)) 2 H?(P, Op()) =0
fora>—(a+b+c). O

From (13), (14), and Proposition 3.1, we see that vabcud — E € NL since
(VabcuA — E) - (VabcuA — E)) = 0.

Thus,

(15) 0 < 7(I) < Vabeu < s(I).
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Suppose that D is a Weil divisor on X; ¢*(D) is defined in [25] as the
Q-divisor on Y which agrees with the strict transform of D away from the excep-
tional locus of g and has intersection number zero with all exceptional curves.
If F=> o;F; is a Q-divisor on Y (with a; € Q), then we define a Z-divisor by
|F| =>"|a;|F;. If £ is a line bundle on X, then as follows, for instance, from
the projection formula of [27, Theorem 2.1],

(16) H°(X,0x(D)® L) =H"(Y,0y(lg"(D)]) ® g*L).

LEMMA 3.2

Suppose that F is a coherent sheaf on X, and suppose that B is a line bundle
on X.

(1) The Euler characteristic x(F ® B") is a polynomial in n for n € N.
(2) If (B-Ox(A)) >0, then H*(X,F @ B") =0 for n>>0.

Proof

We first prove (1). Let M be an ample line bundle on the projective surface
X. Thus, there is a composition series of F by Ox-modules Oz, @ M® with
1 <i<m, where m is a positive integer, Z; are (integral) subvarieties of X, and
e; € Z (cf. [18, Chapter 1, Section 7]). Thus,

(17) X(F@B")=> x(0z, @ M @B").
=1

If Z;, = X, we have that
x(Oz, @ M“ @ B")

is a polynomial in n by the Riemann-Roch formula (14). If Z; is an (integral)
curve, then we have an exact sequence

0—-0z —0z —G —0

of Oz,-modules, where Z; is the normalization of Z;. Since G; has finite support,
X(Oz, ® M ® B™) is a polynomial in n by the Riemann-Roch theorem on the
nonsingular projective curve Z;. In the case when Z; is a point, x(Oz, ® M ®
B")=x(0gz,) =1 for all n.

Now we prove (2). By the consideration of the composition sequence con-
structed in the first part of the proof, we are reduced to showing that for
1<i<m, H*(Z;,0z, @ M% @ B®") =0 for n>> 0. If Z; = X, this follows from
Proposition 3.1. Otherwise, Z; has dimension smaller than 2, so the vanishing
must hold. O

4. Regularity of symbolic powers

We continue with the assumptions of Section 3.
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PROPOSITION 4.1

There exist positive integers by and ty such that if D is a Weil divisor on X such
that D is in the translation of AL by to(bpabcA — E) + abcA, then H (X, D) =0
fori>0.

Proof
Let F, = Ox(mA) for 0 <m < abe. There exists a positive integer by such that
bpabcA — E is ample on X. Let M = Ox (bpabcA — E).

We use the following vanishing theorem, proven in [13, Theorem 5.1]. Let F
be coherent on a projective scheme Y, and let M be an ample line bundle. Then
there exists an integer ¢ such that H* (Y, F @ £L® M?) =0 for all nef line bundles
L on Y and for all i > 0.

Choose ty so that tg satisfies the condition for ¢ in the above vanishing
theorem for F,,, with 0 < m < abc and for all 7 > 0.

Suppose that D is in the translation of AL by to(bgabcA — E) + abcA. Then
D ~aA — BE +tg(bpabcA — E) 4+ abcA with o > s8. Expand «a = nabc+ m with
0 <m < abe. Then we have

Ox(D) = Frn© L M,

where £ = Ox((n+1)abcA— BE) is nef. Thus, the conclusions of the proposition
hold for D. g

Suppose that D is a divisor on X. Define
—1L
D" ={peNi(X)|(D-¢)=0}.

An effective divisor D such that (D - D) <0 is called a negative curve. An
effective divisor D such that D ~aA — mFE for some positive integers a and m
is called an E-uniform curve.

LEMMA 4.2
FEither T = (VabcuA—E)R>q or T = c NAL, where C is an irreducible negative
curve.

Proof

Recall from (15) that T = (s(I)A — E)R>¢ with s = s(I) > Vabcu. Suppose
that s > Vabcu. There exists a € Q such that s > o > Vabcu. Write o = ¢/d,
where ¢,d € Z. By (13), (14), and Proposition 3.1, we have h° (X, Ox(m(cA—
dE))) >0 for m > 0. Thus, there exist only a finite number of irreducible curves
Cy,...,Cy on X such that (C; - (A —E)) <0.

Suppose that (C - (sA — E)) > 0 for all irreducible curves C' on X. In par-
ticular, (C; - (sA — E)) >0 for all 1 <4 <¢. This implies that there exists a real
number § with o < 8 < s such that (C; - (BA—E))>0for 1 <i<t. If Cis an
irreducible curve on X other than one of the C;, then we have (C-(aA—FE)) >0
and (C'-A) >0, so that (C-(BA—FE)) >0. Thus, BA—E € AL, a contradiction.
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Thus, there exists an irreducible curve C' on X such that (C - (s4A — E)) = 0.
(The only irreducible curves C on X with (C'- A) =0 are the E;.) O
THEOREM 4.3

Letu=>Y"_, 2. We have s(I) > Vabcu. If s(I) >/ abcu, then s(I) is a rational

=11
number.

Proof
The proof is immediate from (15) and Lemma 4.2. O

Negative curves and E-uniform curves are defined before Lemma 4.2.

LEMMA 4.4
Suppose that there exists an E-uniform negative curve F. Then s(I) > vabcu,

and T = UL N AL, where C is an irreducible negative curve in the support of F.

Proof

Let F' be an E-uniform negative curve. F' ~mA —nkE for some m,n € Z,. Since
(F?) <0 and F is effective, there exists an irreducible curve C' in the support
of F such that (C-F)<0. Since ((sA—FE)-(tA—FE)) >0 and 7 < Vabcu,
we have s > vabcu. We have T = (A + F)R>o for some a > 0. Since T is a
boundary ray of AL for all € > 0, there exists an irreducible curve C; on X such
that (C.- ((a—e)A+ F)) <0. Since (C: - A) >0, we must have (C. - F) <0, so
that C. is in the support of F'. Since F has only a finite number of irreducible
components, we have T' = 6L for some irreducible component C' of F'. ]

PROPOSITION 4.5
There exist t1 > 0 and mqg > 0 such that m > mg implies that there exists a

Cartier divisor D = aA—mE such that D lies between the rays T and the trans-
lation of T by —t1 A such that h*(X,Ox (D)) #0.

Proof
Let v =+vabcuA — E. Let

b
d:(el—l—--u&—er)\/%.

Observe that Vabeu € Q if and only if d € Q. Suppose that n € Z, and a(n) €
R are such that ny — a(n)A is a Cartier divisor. Then by (13) and (14),

X(Ox(ny — a(n)A))
8)

= \/a — — 20N L anQ—an a C
—nzm((a—i-b—&-c) d— 20 ))+2ab6( (n) (n)(a+b+c))+1.

By (15), we always have s > 7, so that we reduce to establishing the Propo-
sition in the two cases s=7 and s > 7.
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Case 1. Assume that s =7, so that by (15), T = R =7R>¢. For n € Z, choose
a(n) in (18) such that 2abc < a(n) < 3abe. Then (a +b+c) —d —2a(n) <0, so
that

WX, Ox (my — a(n)A)) < x(Ox (my — a(n)A)) <0

for n> 0.

Case 2. Assume that the boundary ray R = (1A — E)R>( of NL and the bound-
ary ray T = (sA — E)R>¢ of NA satisfy s > 7.

We must have s > vabcu with these assumptions for, otherwise, v € AL,
and there would be an effective divisor F = aA — BF such that a/F < Vabcu,
so that F' is an E-uniform negative curve. We would then have (F -v) <0, a
contradiction.

By Lemma 4.2, we have T = GL, where C' is an irreducible negative curve.
Let pq(C) be the arithmetic genus of C. Let § =sA — E. Let

_ 1 —pa(C)
ﬁ = maX{O, W}
For n € Z,, let a(n) be such that
(19) B <a(n) <B+abe

and nd — a(n)A is a Cartier divisor.
We have an exact sequence of O x-modules

20) 0 — Ox (nd —a(n)A—C) — Ox (nd — a(n)A)
— Ox (n(5 — a(n)A) ® Oc — 0.

Since s > Vabcu, we have h°(X, Ox (né —a(n)A)) > 0 for n>> 0. We further
have ((nd — a(n)A)-C) <0, so since C' is an integral curve for n>> 0,

h’(X,0x(nd — a(n)A—C)) =h°(X,0x(nd — a(n)A)) > 0.
We have
h?(X,0x(nd — a(n)A—C)) =h*(X,0x(nd — a(n)4)) =0

by Proposition 3.1.
From (20) we now have

h'(X,0x(nd — a(n)A—C)) — h' (X,0x(né — a(n)A))
= (Ox (6 — a(n)4)) ~ x(Ox (nd — a(n) 4 - C))
— \(Ox(nd — a(n)4) ® Oc)
=(C-(né —a(n)A)) +1—p.(C) <0,

where the last equality is by the Riemann-Roch theorem for the curve C, and
(19). Thus, h'(X,Ox (nd — a(n)A)) > 0 for n>> 0. O
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Recall that |z is the greatest integer in a real number x.

THEOREM 4.6
There exists a bounded function oy : N— Z such that

reg(I™) = |s(I)m] + o7 (m)

for all m e N.

Proof
For ¢ > 2,

HiL(IM™), = H=Y(X,0x(nA —mE))

by equations (11) and (12). The theorem now follows from Propositions 4.1, 3.1,
and 4.5 for large m, and thus the theorem is true for all m. (]

A function ¢ : N — Z is eventually periodic if o(m) is periodic for m > 0.
Recall (see Theorem 4.3) that s(I) > vabcu; and if s(I) > v abcu, then s(I)

is a rational number.

THEOREM 4.7

Suppose that s(I) > Vabcu, and suppose that K has characteristic zero or is an
algebraic closure of a finite field. Then the function or(m) of Theorem 4.6 is
eventually periodic.

Proof

By Propositions 4.1, 3.1, and 4.5, we need only compute h'(X,Ox(nA — mE))
for nA—mFE between the rays T translated up by (tobp+1)abcA and T translated
down by —t; A. Call this region A.

By Theorem 4.3, there exists a numerically effective Cartier divisor G such
that T = GR>o. We have (G?) > 0. Since G is rational, there exist a finite
number of Weil divisors D; with D; € A such that every divisor D with D € A
can be written as D ~ D; +nG for some ¢ and some n € N. Let £=0Ox(G).

Since (¢g*Ox (abc) - g*L) > 0, Serre duality on Y implies

(21) W (Y, Oy (Lg"(Dy) ) ® g"L") =0

for all 4 and for n>> 0.
By Lemma 3.2(2), (16), and (21), for all 4 and for n > 0 we have

R (X, 0x(D;) ® L") = h°(X,0x(D;) ® L™) — x(Ox(D;) ® L™)
=h0(Y, 0y (lg"(Di)]) ® g*(L™)) — x(Ox (Ds) © L")
=h (Y, Ov(lg"(Di)]) @ g*(L™))
+x(0y(lg" (D)) ® g" (L") = x(Ox(Di) ® L").
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By the Riemann-Roch theorem on Y and Lemma 3.2(1), we have that
X(Oy (Lg™(Di)]) @ g"(L™)) — x(Ox (D) @ L")

is a polynomial in n for all 3.
By [6, Proposition 13], there exists an effective divisor C' on Y such that
9% (L) ® O¢ is numerically trivial, and the restriction maps

HY(Y, Oy (Lg"(Di)]) @ g" (L") — H' (C,0c ® Oy (lg"(Ds)]) @ g" (L")

are isomorphisms for n >0 and all 3.

In the case when K has characteristic zero, [6, Theorem 8] shows that for all
i, k' (C,0c @ Oy (lg*(D;)]) ® g*(L™)) is eventually periodic in n for all i. In the
case when K is an algebraic closure of a finite field, then the numerically trivial
invertible sheaf O¢ ® ¢g*(£) must be torsion, so some power is isomorphic to Oc.
Thus we trivially have that h'(C,O0c @ Oy (|g*(D;)]) ® g*(L")) is eventually
periodic in n for all 4.

In either case of K, h* (Y, Oy (|g*(D;)]) ® g*(L™)) is eventually periodic as
a function of n. Thus o(m) is eventually periodic. O

When K is a field of positive characteristic which has positive transcendence
degree over the prime field, the conclusions of Theorem 4.7 may fail. An example
of a set of points in ordinary projective space P? where o(m) is not eventually
periodic is given in [5, Example 4.4].

COROLLARY 4.8

Suppose that there exists an E-uniform negative curve, and suppose that K has
characteristic zero or is a finite field. Then the function oj(m) of Theorem 4.6
s eventually periodic.

Proof
This follows from Lemma 4.4 and Theorem 4.7. O

An important case of this construction is when i =1, and I = P(a,b,c) is the
prime ideal of a monomial space curve. As a corollary to Theorems 4.6 and 4.7,
we have the following application to monomial space curves.

COROLLARY 4.9

Suppose that I = P(a,b,c) is the prime ideal of a monomial space curve, and
suppose that there exists a negative curve on X(I). Then s(I) is a rational
number, and the function or(m) of Theorem 4.6 is eventually periodic.

5. Uniform negative curves and Nagata'’s conjecture

Let S be a polynomial ring as in Section 3. Let C'= K[u,v,w] be a polynomial
ring with wt(u) = wt(v) = wt(w) = 1.
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Consider the K-algebra homomorphism
6:85—C

defined by 6(z) = u®, §(y) =v°, 6(z) = w, where a, b, c are pairwise relatively
prime positive integers.
Let
[=I1gn---nIg

be an ideal of S as in Section 3.
Consider the following two conditions.

(Al) K is an algebraically closed field such that ch(K) is 0 or ch(K) does
not divide abc.
(A2) Ip, is not contained in zyz for i=1,...,r.

LEMMA 5.1

Assume conditions (A1) and (A2) as above. There are distinct prime ideals Q;1,
Qi2,- -, Qi abe of C such that

abce
rpre=e;”
j=1

form>0andi=1,... 7.

Proof
Let @ be a prime ideal of C' lying over Ip,. Then there exists a point (a: §: ) €

P2 such that
u vow
:I s
© 2(@ 8 7)

where I5( ) is the ideal generated by all the (2 x 2)-minors of the given matrix.
We remark that @) is the kernel of the K-algebra homomorphism
@(a:ﬁ:’y) :C— K[t]

defined by ©(q::v)(u) = at, P(a:5:4)(V) = Bt, Q(a:p:y)(w) =~t. Then Ip, is the
kernel of the K-algebra homomorphism

Y= @(a:ﬁ:—y)é 05— K[t]

defined by ¢(x) = a®t?®, p(y) = B°t°, ©(z) =y°t¢. Let ¢, be a primitive gth root
of 1 for a positive integer q.
Set

U v w
Qnynans =12 (C;“a C;“bzﬁ C?W)

It is the kernel of the K-algebra homomorphism Pl a2 Bl y) For any ny, ns,
and n3, Qn, ng,nsy is a prime ideal of C' lying over Ip, since ¢ cr1 .2 g.cra)0 = ¢
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By our assumption (A2), all of «, 3, and ~ are not zero. By (Al),
(e 2B ) €P% | mi=0,...,a—1;ng=0,...,b—L;ng =0,...,c— 1}
are distinct abc points in P%. Therefore,
{@Qninamns |m1=0,...,a—1;n2=0,...,b—1;n3=0,...,c— 1}
are distinct prime ideals of C lying over Ip,. Here we have
Assc(C/Ip,C)

=Ming(C/1p,C)

={Q e Spec(C) |QNS=1Ip}

2{Qninoms |1 =0,...,a—1;ny=0,...,b6—1;n3=0,...,c—1}.

Since C'is an S-free module of rank abc, C/Ip,C is an S/Ip,-free module of rank
abc. Then it is easy to see

abc =rankg,r, (C/Ip,C) = Z lc(Cq/Ip,Cq) - ranks;r, (C/Q).
QESpec(C)
QﬁS:IPi

Therefore,
{Q e Spec(C) | QNS =1Ip}
={Qninoms |1 =0,...,a—1;ny=0,...,b6—1;n3=0,...,c— 1}
and
Cc(CQuyimyns /TP.CQuy nymy) =1
for each ny, no, ng. It follows from the equation as above that
Ip.CQ,. nyny = @ninansCQuy g ns

for each nq, ng, ns.

Since
Assc(C/I5MC)
= Ming(C/I5" C)
=Ming(C/Ip,C)
={Qnynsns |1 =0,...,a—1;n2=0,....,b—1;n3=0,...,c— 1},
we have
VC= ) U5Cq MOV = [} Q2 1y 0sCur gy NC)
ni,nz,ns n1,n2,n3
— (m)



42 Steven Dale Cutkosky and Kazuhiko Kurano

By Lemma 5.1,
T r abc
I(M)C: II(DC;zTI’L)C: m (m QE]@zm))
i=1 i=1 j=1

In this case,

max{n € Z | [C/(u* 0", w)C], #0} =a+b+c—3.
Then, by (5),
(22) reg(I™C) =reg(I™) +a+b+c—3.

By (22), we may assume a =b=c=1 in Theorems 4.6 and 4.7 if (A1) and
(A2) are satisfied.

Let g1,...,q, be independent generic points in P%. Suppose that n > 10.
Nagata conjectured that

[Ir NN Ia=0

if d < +/nm. Nagata [26] solved it affirmatively when n is a square.
Consider the following two conditions:

(A0) K =C, the field of complex numbers, and
(A3) I=+T; thatis, ey =ey=---=e,=1land E=FE;+---+ E,.

PROPOSITION 5.2

Suppose that n is a positive integer which has a factorization n = aber by pos-
itive integers with a,b,c pairwise relatively prime. If there exist distinct points
Pi,..., P, on the weighted projective space Pc(a,b,c) satisfying (A2), such that
there does not exist an E-uniform negative curve on the blowup of Pc(a,b,c)
defined by (A3), then Nagata’s conjecture is true for aber general points in IP%.

Proof
Assume that Nagata’s conjecture is not true for aber general points in PZ. If
aber is a square, Nagata solved the conjecture affirmatively. Therefore, we may
assume that vaber is not a rational number.

Let g1, . - ., qaber be independent generic points in PZ. I, is the defining ideal
of g;. By our assumption, there exist positive integers mg and dy such that

(23) do < Vabermg and g0 NI g, #0.

Qaber

Since v aber is not a rational number, we have
do < Vabermg.

Assume that there does not exist an F-uniform negative curve for some P;’s
satisfying (A0), (A2), and (A3). Then we have

M)y = 15 015 =0
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if d < vaberm. Considering the C-algebra homomorphism
6:8=Clz,y,z] — C =Clu,v,w],

we obtain

abc

o=t [(ye], = (AT,

for d < vaberm. This contradicts (23) since we can specialize {q1, ..., qaper } tO
{Qijli=1,...,m;j=1,...,abc}.

REMARK 5.3
Let K be a field, and let a, b, ¢ be pairwise relatively prime integers. Let
Pk (a,b,c) be the kernel of the K-algebra homomorphism

0:8=Klz,y,z] — K[t]

defined by &(z) =t%, 6(y) =t°, 6(z) =t°.

Let Xk(a,b,c) be the blowup of the weighted projective space P(a,b,c) at
the point corresponding to Pk (a,b,c).

Assume that K is of positive characteristic. If there exists a negative curve
on Xg(a,b,c), then the symbolic Rees ring

(24) S ® Pg(a,b,c) ® Pg(a,b,c)® & Pg(a,b,c)® @ -

is Noetherian by [2].

Here assume that the symbolic Rees ring (24) is not Noetherian for some
ag, bo, co over some field Ky of positive characteristic. Since Pk, (a,b,c) is
not a complete intersection, we may assume 3 < ag < bg < ¢g. In particular,
agboco > 60 > 10. Then by [2], there is no negative curve on X, (ag, by, o). By a
standard method of mod p reduction, there is no negative curve on X¢/(ag, bo, co)-
Then, by Proposition 5.2, Nagata’s conjecture is true for agbgcg.
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