Another construction of a Cantor
bouquet at a fixed indeterminate point

Tomoko Shinohara

Abstract In this article, we study the local dynamical structure of a rational mapping
F of P? at a fixed indeterminate point p. Using a sequence of blowups, we construct a
family {VVj}je 7 of germs of holomorphic curve at the point p, where J is a subset of a
Cantor set {1,2}N. This is a new construction for a Cantor bouquet.

1. Introduction

The dynamics of a rational mapping F' on the 2-dimensional complex projective
space P? at an indeterminate point p have been studied by Y. Yamagishi [7], [§]
and T. C. Dinh, R. Dujardin, and N. Sibony [2]. Roughly speaking, they showed
that if ' contracts some open neighborhood U, of p in some direction, then there
exists a family of uncountably many currents or stable manifolds of p which is
called a Cantor bouquet of p. Their results show that a chaotic phenomenon
occurs in a neighborhood of the indeterminate point at which the mapping is not
continuous.

In this article, we try another approach to the construction of a Cantor
bouquet. By using a sequence of blowups, we construct a family {I/T/j}je g of
germs of holomorphic curve at the point p, where J is a subset of a Cantor
set {1,2}N. We remark here that the family {W;}jc; contains not only stable
manifolds of p but also center or unstable manifolds of p. Hence our {W;};c is
a generalization of a Cantor bouquet.

This article is organized as follows. In Section 2, we state some preliminary
facts and our main theorems. Section 3 is devoted to the construction of the fam-
ily {I/T/J} jeg of germs of holomorphic curve at the point p. In the final Section 4,
as an application, we consider a specific rational mapping F and completely
determine the number of germs of {VVJ-}J-E 7. In particular, J is a proper subset
of the Cantor set {1,2}N, and every VT/J is an unstable manifold of p. This is a
new dynamical structure at an indeterminate point p where F' is not continuous.
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2. Preliminaries and main theorems

In this section, we fix the notation that is used throughout this article and state
our main theorems. First, we fix once and for all a homogeneous coordinate
system [z :y: z] in P?; we often use the natural identification given by

C*={[z:y:2]€eP?| 240} and (x,y)=[x:y:1].

Let fi(x,y,z) (i=0,1,2) be homogeneous polynomials of degree d. Then, by
setting

F(lz:y:z])=[fo: fi: fo] and  F(z,y,2) = (fo, /1, f2),

we have a rational mapping F on P2 and a polynomial mapping F on C? with
7ol = Fo# on C? outside some proper analytic sets, where # : C3\ {(0,0,0)} —
P2 is the canonical projection. A point p € P? is said to be an indeterminate
point of F if F(ﬁ) =(0,0,0) for some point p € 771 (p). In this article, we assume
that a rational mapping F has an indeterminate point p=1[0:0: 1]. In general, if
p is an indeterminate point, then F' is not continuous at p and [ N, F(Ny\{p})
is not a singleton, where the intersection is taken over all open neighborhoods NV,
of p. Moreover, p is said to be a fized indeterminate point if p € an F(N,\ {p}).
We remark here that a fixed indeterminate point p is nonwandering; nevertheless,
Fis not continuous at p. Therefore, it is important to study the local dynamical
structure at such a point.

Next, we introduce some notation and terminology from algebraic geometry.
We refer the reader to [3, §2.4]. Consider the product space C? x P!, and define
the subvariety X C C? x P! as the following:

X:={(z,y) x[u:v] eC* xP" |zv— (y — a)u=0}
for the point (0, ) € C2.
DEFINITION 2.1
The mapping 7 : X — C? defined by restricting the first projection C? x P* — C?
to X is called the blowup of C? centered at (0, ).
It follows from the definition that 7=1(0,a) = {(0,a)} x P! and that
m: X\ 7 1(0,a) > C*\ {(0,a)} is biholomorphic.

Put E:=7"1(0,a); E is called the exceptional curve. X has the local chart
{(ini)}i:l,g defined by

Ul = {(z,y) x [u:v}€X|u7é0}:{(x,y) X [u:v]€X|y=a+$%},

U2;:{(gp7y)><[u:u]€X|v7é0}:{(x,y)><[u:v]6X|m:(y—a)u},

v

(C.1) {@1 cU S (2,y) X [uiv] = (2,0/u) € C,

02 U? > (z,y) X [u:v]— (u/v,y) € C2.
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Observe that the restriction of 7 to U? can be written as
{ﬂ'Ul U3 (2,n) — (z,2n+ ) € C?,
mly2 2 U? 3 (€,9) — (E(y — a),y) € C?

by using local charts ¢?. The verification of the following proposition is straight-

(C.2)

forward; therefore, the proof is left to reader.

PROPOSITION 2.1

We have the following:
(1) X\U'={(&y) eU*|£=0}.
(2) ENU'={(x,n) €U |z=0} and ENU?*={(,,y) e U? |y=a}.
(3) En(U\U") ={(§,y)=(0,a) € U?}.

By pasting C? = {[z :y: 2] € P?| 2 # 0} on the other charts of P2, one can obtain
the blowup of P? centered at [0: «: 1]. To simplify our notation, we denote this
also by m: X — P2,

Throughout this article, we concentrate our attention on the dynamics of F’
in the chart C? = {[z:y:2] € P?| 2z #0}. Observe that p = (0,0) is our indeter-
minate point. We also denote the restriction of F to C? ={[z:y:z] € P? |2 #£0}
by F.

The investigation of the local dynamical structure at an indeterminate point
originated with Y. Yamagishi [7], [8]; we introduce his idea of Cantor bouquet
here. Let us define a rational mapping

F:X—C? byF:=For,

where 7 is the blowup centered at p = (0,0). Yamagishi assumed that F satisfies
the following:

(1) F is a holomorphic mapping on a neighborhood of E;

(A.0) (2) F~Y(p) N E consists of two points pj, (j1=1,2); and
' (3) there exists an open neighborhood N;, of pj, (j1=1,2)

such that F is biholomorphic on Nj,.

Notice that p is a fixed indeterminate point of F' under condition (2) of (A.0).
Moreover, he showed that if F' contracts some open neighborhood U, of p in
some direction, then there exists a family {W}}J-E{LQ}N of uncountably many
local stable manifolds of p (for details, see [7]). {Wj}je(1,23~ is called a Cantor
bouquet of p.

Instead of a Cantor bouquet, in this article, we consider the following family
of germs of holomorphic curve.

DEFINITION 2.2

Wy is a holomorphic curve which passes through p if there exist a holomorphic
function ¢ on A,, and a holomorphic mapping @, : A, — C? t+— (t,¢x(t))
such that ®,(0) =p and ®(A,,) =Wy, where A, :={t€ C|[t| <pr}.
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Two holomorphic curves Wy and Wy, which pass through p are called equivalent
if there is an open neighborhood U of p such that Wy NU =W, NU, and it is
denoted by W ~ W,y,. This is an equivalence relation, and an equivalence class
is called a germ of a holomorphic curve at the point p. Any holomorphic curve
W which passes through p belongs to some equivalence class; this class is called
the germ of the holomorphic curve Wy and is denoted by Wi.

DEFINITION 2.3

A family {W)\} area of germs of holomorphic curve at the point p is invariant
if for every X € A there exist a unique A’ € A and a positive constant py with
0 < par < py such that Fo®,(A,,,) is a holomorphic curve that passes through p
and Fo®)(A,,,) € Wy

REMARK 1

The mapping F o @, is well defined at ¢t = 0, although p = ®,(0) is an indetermi-
nate point of F'. Indeed, there exists a unique holomorphic mapping g: A,,, —
C? such that g(t) = F o ®,(¢t) for any t € A, \ {0} (for more detail, see [1]).

REMARK 2

The family {TWy}xea contains not only stable manifolds of p but also center or
unstable manifolds of p. Hence, our {Wy} ea is a generalization of a Cantor
bouquet in the sense of Yamagishi.

In this article, we assume that a rational mapping F satisfies the condition (A.0).
By Proposition 2.1, if p;, € ENU?, then one can set pj, := (0,;,) € U'; and if
pj; € EN(U?\U"), then pj, = (0,0) € U?. Hence, one can put pj, = (0,ay,) € U
in any case. Together with the identification U® 2 C? (i = 1,2), for pj, € U’ we
can define the subvariety

X, ={(z,y) x [u:v] €U x P! |2v— (y — aj, )Ju= 0},

the blowup mj, : X;, — U’ centered at pj,, and the exceptional curve Ej :=
7Tj:1<pj1) anz_ﬂogous to the definitions for X, m, and E. Moreover, by pasting
the chart U® which contains p;, on the other charts of X, one can obtain the
blowup 7;, : X;, — X. By repeating this process inductively, we can obtain the
following theorem (see Figure 1).

THEOREM 2.2
Assume that a rational mapping F with the indeterminate point p satisfies the
condition (A.0). Then, for every n € N, j, = 1,2, the following claims hold.
(1.1) Define the composition Fj, :=n~'oF: N;, — X. Then, the point p;,
is an indeterminate point of Fj, .
(1.2) Let us define the mapping

Fj, :=Fj omj, : 7T471(Nj )— X,

J1
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Ejl"'jn C le"'jn

Pji-jnga

By
L. S S B Pjsgnga
Nj, F Pj1-ijn
™ l l T le In
. —_— g dn
P F p
EjQ"'jnfl
Pjz-jn

Figure 1

where;, : X, — X isthe blowup of X centered at p;, . Then, the exceptional curve
Ej, Cm;  (N,). ]

(1.3) Itis seen that Fy, |g, @ Ej, — E is bijective. Hence, we can put pj, j, ==
1
Fjl (pjz) € Ejl :

(1.4) There exists an open neighborhood N;
biholomorphic.

(2.1) Define the composition Fj, ;, = 7rj;1 o Fj, : N;
point pj, i, is an indeterminate point of F

(2.2) Let us define the mapping

o Pisis such that Ej, |, is

1J2
1js — Xj,. Then, the

1J2°

n N » Uy | . .
Fj j, = Fjyj, 0y j, (Njrjn) = Xjs,

172 Tj1j2

where w4, + Xj 5, — Xj, 1s the blowup of X centered at pj j,. Then, the

1J2
exceptional curve Ej ;, C Wj:;-,z (Njijs)-
(2.3) It is seen that Fj,j,|p, . : E;
F—1
Pirgags = Fjyj, Piajs) € Ejrjs-
(2.4) There exists an open neighborhood Nj i,is Of Pjijajs Such that

1 1j. — Ej, is bijective. Hence, we can put

E

J1j2 ‘Nj11'2]3

We can repeat this process inductively and define the following:

s bitholomorphic.

; —_ ~71 . . . .
the point pj,...j, :=Fj " (Pio-jn) € Ejrju_s
R A - N. o
Fjl"‘jn T TF.]Q]TL oFJl“']nfl . N]l"']n _)XJQ"‘]7L7

the blowup ;... + Xj g, = Xj,jn_, centered at pj,...j, ,
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) A — . . . PR -1 . . . .
a’nd the ma’ppzng FJl]n T Fjl"‘]n ° 7T.71"']n ° ﬂ-jl...jn (le"']n) - X]Z"']n’

where Fj, ...j, _, 15 the exceptional curve of Xj,...;,_, and Nj,...;, s an open neigh-
borhood of pj,...j, such that Fy,...;, ,|n; .. is biholomorphic. Then, the follow-
ing claims hold.

(1) The point pj,...;, s an indeterminate point of Fj,...j, .

(2) The exceptional curve Ej,...;, C wﬂljn (Njyojin)-

3) It is seen that F;. ... B, . FE:. . — FE. . 1is bijective. Hence, we
Jrdn | Ejy g J1dn J2rdn 9
can define the point
F—1
Pirgnrs =5, Phaejuin) € By

(4) There exists some open neighborhood Nj,..;. . of pj,..j,,, such that

Fi .. |thjn+1 18 biholomorphic.

We denote the local charts for the Xj,...; by U;f
to Ut (i=1,2) for X.
To state our Theorem 2.3, we need the following conditions:

1oj (1=1,2) defined similarly

pip €U'NE  and  pjg,, €U NEj,
(A1)
for any n € N, j, =1,2.

By using this chart, we can define pj,..;, = (0,05,..5,) € U}, ;.

n €N and j, =1,2, let us define the space of symbol sequences

{1,23N .= {j=(j1,42,.--) | jn =1 or 2}.

For every j € {1,2}N, define formal power series

For every

y=¢5(x) = aj @ + a4
and

Ji={je{1,2}N | p; >0},
where p; is the radius of the domain of definition of ¢;. For all j € J, put a
holomorphic mapping
®j: Ay, — C* by te (t,05(t)) and Wi = ®5(A,).

Let us define o : {1,2}N — {1,2}N to be the left shift mapping o(ji,j2,...) =
(j2,J3,---). Then, we have the following theorem.

THEOREM 2.3

Assume that rational mapping F with indeterminate point p satisfies conditions
(A.0) and (A.1). Then, the following hold.

(1) The family {W;Yses of germs of holomorphic curve at the point p is
invariant and the mazimal of such a family. Here, to say {Wj}jes is mazimal
means that every family {Vy}aea of germs of holomorphic curve at the point p
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which is invariant satisfies the following:
for any A € A, there exists a unique sequence j € J such that Vi = VVJ

as a germ.
(2) There exists an injective mapping W : {W;}ies > Wi —j € {1,2}N such
that Vo F=cgoW.

3. Proof of Theorems 2.2 and 2.3

Proof of Theorem 2.2
For polynomials p(z,y),¢(z,y), let us denote by

O(p(z,y),q(x,9)) == > Bip(x,y)'q(x,y)
i+j>2
4,>0
some formal power series of p(z,y) and ¢(z,y), where §;; € C. Without loss of
generality, we may assume that p;, € U' N E and identify it with p;, := (0, ;,)
by using the chart of U!. From (A.0), F' has the following Taylor expansion on
some open neighborhood Nj, of p;,:

F(z,n) = (a102 + ao1(n — aj,) + O(w,n — a, ),
biox + bo1(n — a, ) + O(z,m — ajl))'

Set the right-hand side of the above to (f(x,7),9(z,n)). Since F is biholo-
morphic at p;,, JF(0,a;) = aiobo1 — an1bio # 0, where JF(0,a;,) is the Jaco-
bian determinant of F': X — C? at (0,«y,). For (z,n) € N;, NU', Fj, has the
form

() Fj (z,n) =n""oF(z,n) = (f(z,n),9(z,n)) x [f(z,n) : g(z,n)].

In order to prove the assertion (1.1), we assume, to the contrary, that p;, =
(0, cj,) is not an indeterminate point of Fj,. Then, the convergent power series
f(x,n) and g(x,n) have a common factor h(x,n) such that

{(x,n) € Nj, | h(z,n) =0} C F~}(p).

This contradicts the fact that F~'(p) = {p1,pa}.
It is easy to see (1.2) from the definition of the blowup.
By (C.2) and (i), Fj, has the following form on W;I(le) N Ujll:

Fj1($>7’) = Fjl °7Tj1(93777) :Fjl(x>x77+aj1)
= (f((E,(E’I]+Oéjl),g(x,x77+06j1))
X [a10 + ao1n + O(x,an) : bio + bo1n + O(x,xn)],

where O(z,zn) = O(x,2n)/x, and we note here that O(z,zn) is a convergent
power series. Then, it follows from

a10bo1 — ap1b10 # 0 and F;,(0,m)=(0,0) X [a10 + ao1m : b1o + bo17]
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that £}, is injective on Uj NEj, ={(x,n) €U} |z=0}. Similarly, by (C.2)
and (i), we see that F}, has the following form on 7rj_11(Nj1) NUZ:

Fj, (&y) = Fj, (Ely — a3,).9)
= (f(&y —az),9),9(EW — aj,).9))
X [a10€ + ao1 +O(£(y— @),y —ajy)
bio€ +bo1 + O (E(y — ajy),y — )],

where O(g(y - ajl)vy - ajl) = 0(§(y - ajl)ay - Oéjl)/(y - ajl) and it is a con-
vergent power series. It implies that

Fjl (O7aj1) = (Oa O) X [a()l : bOl]-

On the other hand, by Proposition 2.1(3), one can see that Ej, N (U7 \ Uj,) =
(0,aj,) and F},| g, : Ej, — E is bijective; this implies (1.3).

Since Fj, is biholomorphic on Nj, \ {p;,} and =j, is biholomorphic on
7 M(N;,) \ Ej,, Fj, is biholomorphic on 7; ' (N}, )\ Ej, . Together with (1.3), F,
is biholomorphic on 7Tj_11(Nj1), and this shows (1.4). By repeating this process
inductively, the proof of Theorem 2.2 is completed. O

Proof of Theorem 2.3

First, we want to show that {I/T/j}je 7 is a maximal family. For this purpose,
fix any family {f/,\} area of germs of holomorphic curve at the point p which is
invariant. Take a representative element Vy € Vi. By Definition 2.2, for every
V) there exists a holomorphic mapping

®y: A, Dt (L oa(t) € C?

such that V\ = ®,(A,,). Denote the Taylor expansion of ¢x(t) at t =0 by
ér(t) :=c1t + cot? + -+ -. For Vj, the following lemma holds.

LEMMA 3.1

(1) For every Vy, there exist an open neighborhood Ny of p and a point p;, €
{p1,p2} = F~1(p) such that {p;,} = 7= (VA N Nx \ {p}) N E, where the closure is
taken with respect to the relative topology of m=1(Ny). Put

Vaj, =7~ H Vi NN\ {p}).

(2) There exists a holomorphic function ¢x;, on A, satisfying the following
condition. Define a holomorphic mapping ®x;, : A, — U by t— (t,dxj, (1)).
Then, Vyj, ~ ®yj, (A,,) and c1 = ay, .

Proof
It follows from the definition of the blowup 7 that for x € A,,,

T NN NU = {(z,n) €U [zn=ciz+ coz® + -+ cpz™ + -+ }
={(z,n) eU" |z=0}
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U{(xan)gUl|n:01+02$+"'+0n{£n71-|—...}7
NN\ {pH) NU' ={(z,n) eU" [n=c1+cox+ -} \ {(0,e1)}.

Hence, we obtain the result that for x € A,

W_l(VAﬂN)\\{p})ﬂUl:{(3}77’])6(]1|n:cl+02$+...+cnx”_1+...}_

Put ¢nj, (t) :==c1 +cot + -+ cpt" 1+ -+, It is clear that the radius of the
domain of definition of ¢y, is px, too. Set p:=(0,¢1).

To complete the proof of Lemma 3.1, we need to show that p € {p1,p2} =
F ~1(p). Since Vy is a germ of a holomorphic curve at the point p which is
in an invariant family of germs, there exists some sequence of points p, € Vy
such that p, # p, pn, — p, and F(p,) — p as n — oco. Put p,, ;=7 *(p,). Then,
Pn €T L (VAN N\ {p}) and p,, — p=(0,¢;) € E as n — oo. From the continuity
of F, it follows that F(j) =p. By (2) of (A.0), F~'(p) N E = {p1,p2} and
pE{p1,p2}- O

From Definition 2.3, for every A € A there exist A’ € A and a positive constant py/
with 0 < px < pa such that F o q)A(APy) € f/x. Take a representative element
Vi € V. By Lemma 3.1(1), for Vy there exist p;, € {p1,p2} and Vi, such that
piy, € Varyy N E. Then, we obtain the following Lemma 3.2 (see Figure 2).

LEMMA 3.2
We have Fj, 0 ®y;,(0) = p;, and Fj, 0®y;,(A,,,) € Vaiy, where Vi, is the germ
of the holomorphic curve Vi, at p;, .

Proof
Since F}, is biholomorphic on N, \ {p;, }, there exists an open neighborhood N;,
of p;, such that

Fjl (V>\j1 \ {pjl}) NN;, C Wﬁl(VA' \ {p})a
Fj 0@y, (A, \ {0} NN;, STt (Vv \ {p}) = Vi, -

E E
Ej,
/"\ —_—— \"—/ V)\lil
pjl V/\jl pil
' \F’?k ﬂ—
\_/ V)\,
1% /;\ —r 5 P

Figure 2
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Ejy i1 CXjy gy Ei.ip_q
Fjl"'jn
T~ ———— ~_— Wirin
Pii-dn|  Vajregn Diy i
I i1 i1
. . F. 1--:%n
g1 -1 Ej1 s %k Biyovvin s
/\ \r—/ V)\/il--<inf1
Pji-jna Diy.ip_1
V)‘Jl In—1
Figure 3

Moreover, by Remark 1, Fj, o ®,;, is well defined on A,, and
Fj1 Oq),\j1 (Apy)mNil CVY)\/Z'1 and Fj1 O(I),\j1 (APA') NV)\/il. O

Inductively, for any n € N and j, = 1,2, we can define curves
V>‘j1"'jn = (7T 00 ﬂ-,jl"'.jnfl)_l(V)\ NNy \ {p}) in le"'jn71

and have the following Lemmas 3.3 and 3.4 (see Figure 3). Since the lemmas are
proved by arguments similar to those for the proofs of Lemmas 3.1 and 3.2, we

omit the proofs.

LEMMA 3.3
(1) For every Vij.jn_1s fhere exist an open neighborhood Nyj,...;, , of
Djrejn_r and a point pj, ... € Fj:_l__jn_l(pil,,,iwl) such that

P} =500 Vg O NGy \N AP g s D N By
(2) There exists a holomorphic function ¢yj,...;, on A,, which has the fol-
lowing Taylor expansion at t=0:

Drjrrgn (B) = Cn F Crgr b+ Copat® + - .

Define a holomorphic mapping ®xj, .. j, : Dpy = U byt — (£, drjy., (1))
Then, Vxjy.jo ~ Prji.jn (Bpy) and cp =, _j, -

From Definition 2.3, for every A € A there exists A" € A such that Fo®,(A,,,) €
Vi as a germ. Take a representative element Vi € V. By Lemma 3.3(1), there
exist pi,. i, € Variy i, N B4y and Vi, i, . Then, we obtain the following.

-1

LEMMA 3.4
We have

Fj g, 0@, (0) =iy iy,
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Ej ..

In—1

cein =g (W)

Pj wy

Figure 4

and
Fjl"'jn © Q)\jl"'jn (Apx/) € V>\’i1<..ina

where f/)\’il...i is the germ of the holomorphic curve Vi, . 4, -

From Lemma 3.3(2), ¢, = o, ...;,, for all n. Therefore, for every Vy there exists
a unique j € J such that Vy € W;. Hence, we conclude that {W;};e, is maxi-
mal.

To complete the proof of Theorem 2.3, we need to prove that {Wi}je] is
invariant. Select and fix a representative element Wj € VNVJ For the proof, it is
enough to show that for every j € J, there exist j’ € J and a positive constant pj
with 0 < py < pj such that F o ®;(A,, )€ Wy (see Figure 4).
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Inductively, let us set, for any n € N,

Wii=m W)NE,  W2i=(mom,) W)\ By,

Wit = (romj 0 -omjj )T (Wi) \ Ejiocjs -

By the same argument as in the proofs of Lemmas 3.1 and 3.2, one may obtain
the following.

LEMMA 3.5
For everyn > 1,

(1) WPNEj G, =A{Pjijn }s
(2) Define a holomorphic function 7 on A, by t— oy, + Qg t
and a holomorphic mapping

n . 1
O Ay —Uj g,
Then W' ~ ®F(A).

L byt (88](1)).

By Theorem 2.2,

Fjrogs (Pirogn) = DPiaergn € Fjyocj, (W),
Using the finite symbol sequence (jo - - - j,,), we define the set
Vigejn = Fjyoj o (W),

LEMMA 3.6
For alln, there exist a positive number pj,...;, and a holomorphic function 1, . ;.

on A satisfying the following condition. Define a holomorphic mapping

Pigin
\Ijjz“'jn : Apjz*-*jn — Ujlz‘“jnfl by t— (t7’(/Jj2...jn(t)>. Then,
Vigeojn ~ Vg (B 50
Proof

Here we use the same notation as in the proof of Theorem 2.2. Denote the Taylor
expansion of Fj,...;. , at pj,..j. , = (0,¢j,...;,_,) by

Fyejo_s (@) == (a102 + aor (n — ajyjp_,) + 0
Ojyeojy 10T +bo1(n =y ) +-0).

Set the term of the above to (f(z,7n),§(x,n)). Then,
Fjpojoy =m0 o F g = (F.0) < [f 19— ]
and
Fjl"'jn—l =Fj o oM, (@) =Fj . (x,2n+ o j, 1)
= (f(@,on+ aj g 1), 0(@2n+ gy, )
x laio +ao1m + -+ :bio +bo1n + - -]
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for (x,n) € U}

J1dn—1
1
Uj,...j._,- On the other hand,

. From the condition (A.1), pj,...;, €U},  and pj,..j, €

Fjl"'jnfl (pjl"'.jn> = Fjl"'jn71 (07 ajl"'jn)
= (0,0) X [a10 + ag10jy .5, b10 + b(ﬂajl...jn]
1
= Pja-jn € sz“'jn—l'

Hence, aio + ao1j,...5, # 0.

By using the local chart, Fjl...jn_l : Ujll___jni1 — Ujlz,,_j%1 is written as
~ bio +bo1n + - -
Fi .. z, :(a z+agrxn + O(z,x ,—).
Grdnea (T51) 10 0127 (z, ) @10 + ao17 + -

Set the right-hand side of the above to (f(z,n),g(z,n)) := (u,v). By differenti-
ating the holomorphic function u = f(z, ¢} (z)),
and using the fact that ¢}'(0) = ay,...j,,

du of af dey
%(0) = %(0, Qjyg) + a*y(O,Oéjl---jn)dixj(O) = a0 + ao1j,...j, # 0.

with respect to the variable x

Hence, the inverse function z = f(u) of u = f(z, ¢} (z)) exists in some neighbor-
hood of u = 0. Therefore, there exists some positive constant pj,...;, and some
neighborhood Nj,...; of pj,...;, such that

‘/}2"'].” m Nj2"'jn
={(wv) €U}, 5, , lv=9(f(w).¢} (f(u)ueA,, , }.
By setting
Viprn (@) = g (f(2), 67 (F(2))),
the proof is completed. O

Put the Taylor expansions

Vg () 1= Qg + P12+ Poa® 4

and

n R 2 n—1 n n+1
Tojn (L) 1= QG T4 Qo 7 o A Gy, & 4 Sra” 4 Bpr™T 4

and the formal power series
w”(j) =0, T+ aj213x2 +---, where U(j) = (.anjSa .. )
and the set
Vapi=momj, 00y (Vigej NN, )-

2 Jn

LEMMA 3.7
(1) Foranyn>2, Y7 ..., @8 holomorphic on A, . . Define a holomorphic
mapping W5 Dy o= C? byt (t, eein (t)). Then,

o Bosy i ):
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(2) There exists an open neighborhood Ny, of p such that
FW;\{p}) N Nn C Vo \ {p}-

(3) Foranyn,m>2,V, ~V,,. In particular, there exists a positive constant

Po(j) such that 0 < pg () < pjy...j, for any n>2 and
Vo) (@) =Y., (@) for |z < o).
(4) Define a holomorphic mapping
\I'a(j) : Aﬁa(j) — 2 by t— (t,l/ig(j)(t))
and a set
WU(J') = \Ijo(j)(Aﬁa(j))'

Then, there exists an open neighborhood N,y of p such that

F(W} \ {p}) N Na(j) C W(r(j) \ {p} = Wo(j) and Wa(j) ~ qja(j)(Aﬁg(j))'

Proof
For every (x,n) € Vj,...;, , define
Tjo-ejn—1 (267 77) = (267 xn + ajz'“jn71)'
Set the right-hand side of the above to (X,Y"). Then,
Y — an"‘jn—l
X
By eliminating x and 7, we have the following equation:

n:q/}jZ,,,jn(gc)’ r=X,n=

Y= Olj?"'jn—l + a]anX +60X2 4+ ..

Repeating this process inductively, one can obtain the claim (1).
Since the blowup 7j,...j, .y + Xjioojuoy \ Ejyjuy = X \{Pjrjui 18
biholomorphic, there exists some open neighborhood N,, of p such that

FW;\{p}) "Ny, Cmomj, - 0mj,.j ,

(Fjl“‘jn—l © (7T OTj, ©-++0 le"'jn—l)il(vvj \ {p}) N Nj2'“jn) =V, \ {p}
Then, one can see that claim (2) holds.

Together with the identity theorem, (3) and (4) follow immediately from (2).
O

Using Lemma 3.7(4), we can complete the proof of (2) of Theorem 2.3. O

4. Example
In this section, as an application, consider the following rational map of C?:
F(z,y) = (aa:, y(y_;x)) with |a| > 4.
x

We retain the notation from Section 3. It is easy to see that F’ satisfies conditions
(A.0) and (A.1). Hence, Theorems 2.2 and 2.3 hold for F', and we have the family
{Wj}jes of germs of holomorphic curve at p which is invariant. It is remarked
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here that if |a| < 1, then there exists a Cantor bouquet of p in the sense of
Yamagishi and J = {1,2}N.
Here, to say that there is a local unstable manifold W}“_(p) of p means that

there exists an open neighborhood N, of p such that

Wite(p) = {(z,y) € N, | for all n>0,F "(z,y) € N, and

F~"(z,y) —pasn— oo} U{p}.

Define the set

Jo:= {j € {1,2}N | ng € N with j,, = 2 are finitely many}.

For our mapping, the following theorem holds.

THEOREM 4.1

For all symbol sequences j = (j1,jo,--.) € {1,2}N, one of the following claims
holds.

(1) Ifj € Jy, then there exists an integer ng such that j, =1 for any n > ng
and Wi # 0. Take a representative element Wy € Wy. Then, W; C F~"0(Wiy..) =
F~m({y=0}), and each Wj is a local unstable manifold of p.

(2) Ifj¢ Jo, then Wi =10.

Hence, J=Jy.

Proof of Theorem 4.1

The remainder of this article is devoted to the proof of Theorem 4.1. For any
j € J, there exists a positive constant p,;) with 0 < p,;) < pj such that F o
®;(Ap, ;) € VVUG). Set F(z,y):=(X,Y), and recall the notation from Section 3:

Wi = {(z,y) € C* |y =¢j(x) = aj,x + aj, 2> + - ,x €Ay}
and
Wﬂ(j) = {(w’y) ecC’ |y = ¢U(j)(x) :aj2x+aj2j3x2 +-,xe Apo(j)}'
Then, we have

yly — =)
x2
Y = ajzX+aj2j3X2 +oee

X:ax7 Y = 7y:aj1x+ajlj2x2+...7
By eliminating y, X and Y, we have the equation
2 (ajaz + aj,j 0’ + )

= (), + aj 7% + - ) {(aj, — Dz + oy, 2+ }.

Therefore,
. 3 7 S E— . Cop2 0002 - 3L,
v, az” + gy, 0Tt 4= (o, o+ agy T+ ) (o, 2% + gy gz + 00,
. ooon—1_n+1 _ . . . e . . ntl
E :ajz'”Jna € - E : E : Qg Ay ooy T E :a.]l"'ﬂnm ’
n=2 n=2k+l=n n=1

ki>1
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. X n,n+2
E Qjyeejp 10T
n=1

_ 2 . 2 . . . Cent2 . . n+2
= (ajl — oy, ) + E E Qe Oy ooy T E :ajl"'Jn+1x .
n=1

n=1k+l=n+2
ki>1
Hence, we have the following:
2 _
aj, —aj, =0,
J2 " In+1 - J1Jk I J1 - In+1
k+l=n+2
ki>1
= QG (2aj1 - 1) + E : Qo gy -y for n > 1.
k+l=n+2
kl>2

As a result, we have the following recurrence system:

aq :O, 012:17

1
Oy ovpyr = ﬁ{%z---anﬂa E 0‘11---%%1--01} for n>1.
J1 k+l=n+2
k,1>2

By a direct calculation, one can check that o171 =0,
Wii... = {(x,y) e C? ly= 0},

and that Wiq... is a local unstable manifold of p.

First, we show that the inverse image of Wi;... with respect to F' is the graph
of some holomorphic function of z. To do this, we prove the following lemma.
Denote the Taylor expansion of F at p;, = (0,a;,) by

F(x,y) = (a10z + a1 (y — ajy) + -+, brox + bor (y — ajy ) + -+ ).
Set the right-hand side of the above to (f(z,v),9(z,y)).

LEMMA 4.2
For every WU(J-) S {Wj}jej, take a representative element Wo ;) € V~Vo.(j). If by —
aj,a01 # 0, then F_l(Wg(j)) is given by the graph of a holomorphic function of x.

Proof
From the definition,

Fﬁl(WU(j)) = {(I,y) € le |g(93,y) - ¢o’(j) (f(xvy)) = O}

Define ¥(x,y) := g(x,y) — ¢o)(f(7,y)), and differentiate with respect to y.
Then,

ow dg )

%(x,y),

ov
a—y(O, Oéjl) = b01 — ozj2a01.
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It follows from the condition by; — avj,a01 # 0 that F‘l(WU(J-)) is given by the
graph of a holomorphic function of  on a neighborhood of x =0. This result,
together with the facts wo =1 (W, 5)) = F~ (W, ) and (C.2), proves the lemma.

O

We remark here that F' has the following Taylor expansion:
F(z,y) = (ax,—y +y*) on N,
and
F(x,y) = (az,(y—1)+ (y—1)?) on Ny,

where N7 and N, are open neighborhoods of p; and po, respectively. Hence,
ao1 = 0,bp1 # 0, and our F satisfies the condition of Lemma 4.2. By applying
Lemma 4.2 for Wi;... repeatedly, we can prove the claim of Theorem 4.1(1).

To complete the proof of Theorem 4.1, we need the following lemma.

LEMMA 4.3

(1) For every j = (j1,72,-..) € {1,2}N, there ewist sequences {M,}n>2 and
{M] },>2 of positive constants such that
3
53
laj, .| < Myla| "=/ forn > 2.

My=1, M= My =M,M,, 1<M <

)

DO | o

(2) For any finite sequence (ji,...,Jny) € {1,2}" with j,, =2, there exist
sequences {my }o<n<n, and {m), to<n<n, of positive constants such that

3 1

! !
Mp 1 = MpMy,, <m, <1,

2
mn\a|(”(”71))/2 <l|ajy.. .l for2<n<ny.

Proof
To prove this lemma, we proceed by induction on n. By a direct calculation, we
have a1 = 0,12 = —a,a91 =0, ass =a, and if n =2, then (1) holds. Assume

that claim (1) is proved for n > 2. We then have the following inequalities:

101 | S g @” D 0G|
k+l=n-+2
k,1>2
< |anaj2“'jn+1| + |aj1j2aj1"'jn| + |ajlj2j3ajl"'jn71| +
[0y g ¥ g |
< |a\"Mn\a|(”("_1))/2 + MgMn|a||a|("("_1))/2
+ MgMn_l|a|3|a|(("_1)(”_2))/2 4.

(ii) + My, My|a|=1D)/2|q),
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Put ng :=[(n+2)/2]. Since M}, is not decreasing,
if 2 <k <ng, then My < M,, and if no <k <n, then M, < M,, and
(i) < Mn{|a\n+(n(n—1))/z JrMno‘a|1+(n(n—1))/z

(iii) + My, |aPT((=D(=2D/2 Loy |a|1+(n(n—1))/2}.

Set B(k):=k(k—1)/2, and for 2<k <ng and n — k + 2 > ny,

2
_l’_
y(k) = —Bk) = Bn—k+2) + —" = (k—1)(n+1—k).
Then,
(iii) < M {|a|™+™/2 4 My, aPPFEO) 4 M, o f@HAMD
+ Mn0|a|ﬁ(n)+ﬁ(2)}

~ _ <n2+n>/2{ Mg Mng  Ma }
(iv) Malal M ape T epe Tt ppe S

Moreover, y(k) —v(2) = (n — k)(k — 2) > 0 for n > k > 2. It implies from |a| >4
that
1 1

'@ Z o[ ®) and

. (n2 +n)/2 Mno _
(iv) < Myal @+Mwmln}

To complete the proof of (1), it is enough to show that for n > 2,

M, 1

-1 <=

i =3

Since
3 3\ n0—3 3 (n—2)/2
< ! < —<... < — <(=
Mg < Mug—1Mny 1 < Mng-15 < —M3(2> = (2) ’
Mp, (3/2)"2(n—-1) _ (5/49"*(n

—1) 175 \n2
|a\n—1("7nS gn—1 - 4n—1 :Z<T6) (n=1).

Hence, we need to show, for n > 2,

1/5\n"2 1
= (— —1) <=,
Bn 4(16) m-1<3

By a direct calculation, one knows that 82 =1/4 and 83 =5/32. For n > 3,
R L

5, 16\n—1/) 16 n-1)=-16"2 32

Therefore, (3, is monotone decreasing. This completes the proof of (1).

Next, we prove (2). Put my:=1. From the facts a3 =0, ae =1, @12 = —a,
a9 = @, we obtain the claim for n =2. For n =3, it follows from a direct
calculation that a112 = a3, 190 = —a® + a2, ae12 = —a?, a0 = a® — a?, and

1 3
122 =lazza| =la® = a*| = af* (1= ) = Zal’.

lal
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Put mf = 3/4; the claim follows. Assume that claim (2) is proved for n > 3. By
using (1) of Lemma 4.3, we have the following inequalities:
‘ajl"'jn+1| 2 ‘ajz'“jnJrlan' - Z Iajl"'jkajl'“jl|

k+l=n+2
k,1>2

> ma|a| T 2lalm — o, 0, | = 10, a0y | —

— |y g o |

> mn|a|(n(n—1))/2+n _ MzMn|a|1+(n(n—1))/2

— M3Mn,1|a|3+((”_1)(”_2))/2 e Man‘a|(n(n—1))/2+1
My M, MsM,, M, M-
— <n<n+1>>/2{ _22%n  MWMa1  Mel2 }
(v) ma|al 1 mala @ mpla® mnlap @

From the facts

3\n—2 1\n—2
|a’| > 4a Mn < (5) y My > (_) and

(k) =7(2) forn>k>2,
it follows that
v) >m \a|<n(n+1>>/2{1 RGP (3/2)n2

(1/2)n—24n—1  (1/2)n—24n—1 o

G2 }
(1/2)n724n71

/2y 3
Put 6, :=3""%(n —1)/4"~1. To prove claim (2), we need to show 6, <1/2. By
a direct calculation, d3 = 3/8 and 64 = 27/64. For n > 3, we have

5n+1 3 n 3 1
= <21 —):1.
On 4n—1_4(+3

Therefore, d,, is monotone decreasing. This completes the proof of (2). O

By using Lemma 4.3, for every infinite sequence j = (j1,ja,...) € {1,2}N with
infinitely many j,, = 2, we obtain the result that the radius of the domain
of definition R of ¢; is equal to zero. Indeed, for aj,...;, with jn, =2, from
Lemma 4.3(2),

1 nog—2
(§> ja| oo <Hay, .

Hence,

1 1\no—2
5= dmsup oy, 7 dim {(5)" a0 o2
k

k—oo,n> k—oo,ng>k 2

= lim (1)17(2/n0)|a|(n071)/2 — .

k—o0,no>k \ 2

1/ng
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The proof of Theorem 4.1 is now complete. O

REMARK 3

Suppose that |a| < 1 in our map F’; then there exist a Cantor bouquet of p in the
sense of Yamagishi and J = {1,2}N. In particular, ¢; gives the Taylor expansion
of the function which defines the stable manifold Wj of indeterminate point p.
On the other hand, if |a| > 4, then the set Jy is countable. Therefore, it may not
be appropriate to call {Wj};je.s a generalized Cantor bouquet. In [6], we construct
another family, {Wj};jcq1,2)~, of curves which consist of a center manifold of an
indeterminate point p. In the article, we show that ¢; does not necessarily have a
positive radius of the domain of definition, but ¢; gives the asymptotic expansion
of the function which defines Wj.
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