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Abstract A Schrodinger equation with a merging pair of a simple pole and a simple
turning point (called MPPT equation for short) is studied from the viewpoint of exact
Wentzel-Kramers-Brillouin (WKB) analysis. In a way parallel to the case of merging-
turning-points (MTP) equations, we construct a WKB-theoretic transformation that
brings an MPPT equation to its canonical form (the co-Whittaker equation in this case).
Combining this transformation with the explicit description of the Voros coefficient for
the Whittaker equation in terms of the Bernoulli numbers found by Koike, we discuss
analytic properties of Borel-transformed WKB solutions of an MPPT equation.

0. Introduction

The principal aim of this article is to form a basis for the exact WKB analysis
of a Schrédinger equation

d2
(0.1) <@ - 77262(:3,77))1/) =0 (n: a large parameter)

with one simple turning point and with one simple pole in the potential Q. As
[Kol] and [Ko3] emphasize, the Borel transform of a WKB solution of (0.1)
displays, near the simple pole singularity, behavior similar to that near a simple
turning point. Hence it is natural to expect that such an equation plays an
important role in exact WKB analysis in the large. Such an expectation has
recently been enhanced by the discovery (see [KoT]) that the Voros coefficient of
a WKB solution of (0.1) with

1
(0.2) Q= 1 + % + 7772% (o, v: fixed complex numbers)

can be explicitly written down with the help of the Bernoulli numbers. The
potential @ given by (0.2) plays an important role in Section 2; the Schrodinger
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equation with the potential @ of the form (0.2), that is, the Whittaker equa-
tion with a large parameter 7, gives us a WKB-theoretic canonical form of a
Schrédinger equation with one simple turning point and with one simple pole in
its potential. We note that the parameter o contained in the Whittaker equation
in Section 2 is an infinite series a(n) = 3", 5o axn™* (ax: a constant), and we call
such an equation the co-Whittaker equation when we want to emphasize that a
is not a genuine constant but an infinite series as above.

In order to make a semiglobal study of a Schrédinger equation with one
simple turning point and with a simple pole in its potential, we let the simple pole
singular point merge with the turning point and observe what kind of equation
appears. For example, what if we let « tend to zero in (0.2) with « being kept
intact? Interestingly enough, the resulting equation is what we call a ghost
equation (see [Ko2]); we have been wondering where we should place the class
of ghost equations in regard to the whole WKB analysis. A ghost equation
has no turning point by its definition (cf. Remark 1.1 in Section 1); still, a
WKB solution of a ghost equation displays singularity similar to that which a
WKB solution normally has near a turning point. The singularity is due to
the singularities contained in the coefficients of 7% (k> 1) in the potential Q
(see [Ko2] for details; there a ghost (point) is tentatively called a “new” turning
point). In view of the above observation, we regard a Schrédinger equation
with one simple turning point and with one simple pole in its potential as an
equation obtained through perturbation of a ghost equation by a simple pole
term aq(z,a)/x, where a is a complex parameter and ¢(z,a) is a holomorphic
function defined on a neighborhood of (x,a) = (0,0). An equation obtained by
such a procedure is called an equation with a merging pair of a simple pole and
a simple turning point, or, for short, an MPPT equation. Precisely speaking, we
call a Schrodinger equation (0.1) an MPPT equation if its potential @ depends
also on an auxiliary parameter a and has the form

Qo(x,a) Ql(mva) -2 Q2(xaa)

0.3 _ woa) 1%l a) @2(z,a)
(0.3) Q e e o

where Q;(z,a) (j=0,1,2) are holomorphic near (z,a) = (0,0) and Qo(z,a) sat-
isfies the following conditions (0.4) and (0.5):
(0.4) Qo(0,a) #0 if a#0,
(0.5) Qo(x,0) = c(()o)x +O(z?%) holds with céo) being
a constant different from 0.

Clearly we find a ghost equation at a = 0; furthermore, the implicit function
theorem together with the assumption (0.5) guarantees the existence of a unique
holomorphic function z(a) that satisfies

(0.6) Qo(z(a),a) =0.
Assumption (0.4) entails
(0.7) z(a)#0 ifa#0,
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and the assumption (0.5) guarantees that, for a sufficiently small a(# 0), z = x(a)
is a simple turning point of the operator in question.

As the term “an MPPT equation” indicates, it is a counterpart of an MTP
equation in our context. An MTP equation, that is, a merging-turning-points
equation introduced in [AKT4] contains, by definition, two simple turning points
that merge into one double turning point as the parameter ¢ tends to zero;
whereas, in an MPPT equation, a simple pole and a simple turning point merge
into a ghost point where neither zero nor singularity is observed in the highest
degree (i.e., degree zero) in 71 part of the potential. The parallelism of these
two notions is not a superficial one. The reduction of an MPPT equation to a
canonical one is achieved in Sections 1 and 2 in a way parallel to that used in
the reduction of MTP equation to a canonical one. First, in Section 1 we con-
struct a WKB-theoretic transformation that brings an MPPT equation with the
parameter a being zero to a particular oo-Whittaker equation, that is, the oo-
Whittaker equation with the top degree part of the parameter a(n) being zero
(ie., a(n) = 4>, axn~F), and then in Section 2 we construct the transforma-
tion of a generic (i.e., a # 0) MPPT equation to the co-Whittaker equation in the
form of a perturbation series in a, starting with the transformation constructed in
Section 1. In Sections 1 and 2 we focus our attention on the formal aspect of the
problem, and the estimation of the growth order of the coefficients that appear in
several formal series is given separately in Appendices A and B. One important
implication of the estimates given in Appendix B is that they endow the formal
transformation with an analytic meaning as a microdifferential operator through
the Borel transformation. Furthermore, as is shown in Theorems 1.7 and 2.7,
the action of the resulting microdifferential operator upon multivalued analytic
functions such as Borel-transformed WKB solutions is described in terms of an
integro-differential operator of particular type; its kernel function contains a dif-
ferential operator of infinite order in z-variable. Thus it is of local character
in z-variable, whereas it is suited for the global study related to the resurgence
phenomena in y-variable (see, e.g., [SKK], [K] for the notion of a differential oper-
ator of infinite order; see also [AKT4], which first used a differential operator of
infinite order in exact WKB analysis). As the domain of definition of the integro-
differential operator may be chosen to be uniform with respect to the parameter
a (see Remark 2.3), our results in Section 2 are of semiglobal character, as is
noted in Remark 4.1. This uniformity is one of the most important advantages
in introducing the notion of an MPPT operator. It is worth emphasizing that the
uniformity becomes clearly visible through the Borel transformation. In order
to use the results obtained in Section 2 for the detailed study of the structure of
Borel-transformed WKB solutions of an MPPT equation, we first study in Sec-
tion 3 analytic properties of Borel-transformed WKB solutions of the Whittaker
equation, and then in Section 4 we analyze Borel-transformed WKB solutions
of the co-Whittaker equation using the results obtained in Section 3. The basis
of the study in Section 3 is a recent result of Koike [KoT], and the analysis in
Section 4 makes essential use of the estimate (B.3) of the coefficients {a(a)} k>0
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of the parameter a(a,n) =Y.+, (a)n™"; the effect of this infinite series that
appears in the co-Whittaker equation is grasped as a microdifferential operator
acting on Borel-transformed WKB solutions of the Whittaker equation. Com-
bining all the results obtained in Sections 2 and 4, we summarize in Section 5
basic properties of Borel-transformed WKB solutions of an MPPT equation with

a#0.
1. Construction of the transformation to the canonical form, I:
The case where ¢ =0

The purpose of this section is to show how to construct the Borel-transformable
series

(1.1) )= 2 (@)

k>0

and

(1.2) )=> oy "
k>0

with o (0) being zero; that is,

(12') Q@) =3,
E>1

so that the Schrodinger equation
1.9 <£ (BB @60 MQQQ(fs,O)))d}W) o

dz? T T z2

with Qj (2,0) ( =0,1,2) being holomorphic functions near the origin that satisfy
(1.5) may be brought to a particular co-Whittaker equation

(1.4) (CZ; - 172(% + a(‘);(n) + 772(22;(;’0)))1/)(%77) =0.

Here the adjective particular refers to the vanishing of aéo). The Borel trans-
formability of z(®) and a9, that is, the growth-order conditions on their coeffi-
cients, is separately discussed in Appendix B. Thus the first task is to establish
Theorem 1.1, which relates the potentials in (1.3) and (1.4); the relation (1.6)
enables us to relate (1.3) and (1.4) in an appropriate way, as we expound after
proving Theorem 1.1.

THEOREM 1.1

Let Qj(%,a) (j =0,1,2) be holomorphic functions defined on a neighborhood of
(Z,a) =(0,0), and suppose that the following condition is satisfied:

(1.5) Qo(%,0)= c(()o)i“ +0(3?%)  with céo) being a constant different from zero.

Then there exist Borel-transformable series (0 (z,n) and o'% () given, respec-
tively, in (1.1) and (1.2") such that the relations (1.6) ~ (1.9) hold on an open
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neighborhood U of the origin £ =0:
F71Q0(2,0) + 77127 1Q1(7,0) + 72272 Q1(%,0)

dr© (@ n)\2 1 o) 5, Q2(0,0)
(16) - ( di ) (Z TG, " 2;5(0)2(3:«,17)2)
- %n‘r“{w(o)(i,n);i},
(1.7) 9320) (%) (k=0,1,2,...) is holomorphic on U,
(1.8) 290)=0 (k=0,1,2,...),
(1.9) (dz" /d7)(0) #0.

Here {z(0)(%,7); 2} stands for the Schwarzian derivative; that is,

B2 /dz® 3 (d2x<0> /d.%2)2

1.10 —_ — =
(1.10) dz© /dz 2\ dz(© /dx

REMARK 1.1

The assumption (1.5) entails the fact that Z~*Qq(&,0) is holomorphic near & = 0
and that it does not vanish there. Thus an MPPT operator restricted to {a = 0}
is exactly of the form of a ghost operator (see [Ko2]). Hence the content of
Theorem 1.1 is essentially the same as [Ko2, Proposition 2.1].

Proof
We construct a:,(co) inductively, and to facilitate the required computation we
introduce a series z(?) (&,7) given by

(1.11) i1z (z,n).
By setting

(112) 7= 05(0,0),
we define Ry = Ry(&) by

(1.13) &1 (Qa(%,0) — ).
Then we find

(1L14)  &72Qa(,0) —y(de'® /d7)* () 72
= 371 [Ry — 29(d=) /) ()~ 7d(d= ) [ () 2]
Hence our task is to construct series (9 (&, 1) and a(?)(n) so that they satisfy

Qo(Z,0) +11Q1(%,0)

drO\2 /5 O . ~ B
(1.15) :( e ) (Z+W)+n_2 —Ra(%) + 27(d2® Jdi) (2(0) !

+ i (d2© i) (2) 2 - gﬁ{x(o);aﬁ}]
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Since we choose z(()o) (Z) so that it does not vanish at the origin, the relations

(1.16) and (1.17) guarantee that the right-hand side of (1.15) is well defined on
a sufficiently small neighborhood U of the origin:

(z)~1
(1.16) (0) (0) (0) =y, (0)
_ 1 %1 (@) 1, 2 @)= 0 (#)23(T) 5
ROy Gy © 2 te )
z5 (Z) zg (T) z5 (T)
(dm(o))—l
iy - @
1 ( zgo)(fc)Jri:dzgo)/dj 1 )
== —_— 77 ... .
20(@) +2d20 jdz N 20 @) + 3d2\V Jdi

Let us now compare the coefficients of n° in (1.15). Then we find

(0)

a1 Qa0 -4 (5 +2)
0

and hence we choose
(1.19) al” =0

and

(1.20) xgm@za/ \/31Q0(%,0) di.
0

It then follows from (1.5) that

(1.21) 220)=2¢/c” £0.

Next, using (1.19), we obtain the relation (1.22) by comparing the coeflicients of
n~tin (1.15):

~ d;v(o) dx(o) T dx(o) 2 a(o)
1.22 7,0)=2-—"0 Lz 0 —L_).
(1.22) Qu(3,0) =225+ () <z5°>>

Setting £ =0 in (1.22), we find that ago) should satisfy

(1.23) ol =01(0,0)/2(0).

Then we can find a holomorphic function f; (&) which satisfies

dey @)\ _oy”
dz ) O z) ().

(1.24) 01 (#,0) — (

20

Thus it suffices to solve

(1.25)

dz'® de®\ —1
L —2(Z) h@)
dz dz
to find x§°) that satisfies (1.22). If we solve (1.25) with the initial condition at
Z =0 being zero on a sufficiently small disc U centered at the origin, we obtain
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J:go)(fé) that also satisfies the condition (1.8). The construction of .Z‘](CO) and

) (k> 2) can be inductively done on the same disc U in a similar manner.
For example, the comparison of the coefficients of 72 in (1.15) results in the

following:
0= dx(()o) d;v(o) n (dxgo) )2 f dx(()o) dx(o) g )
B dz dz dz dz dzx zéo)
dzgo) 2 ozéo) ozg )Z(O) S 27(dz(()0)/d§:)
(1.26) + ( di ) (W —) —Ro(2)+ —— 57—

Z((JO)2 Z(()O)

_d2\" jdz ©) -
+’71’<T) ——Q?{LEO ,l’}

Then we set Z =0 in (1.26) to find

_ . 2y(dzy") /d)(0
(1.27) of? = (:(0) " [ol? (:2(0) - 2:0(0)) + Ra(0) - % .
25 (0)
After choosing a( ) as in (1.27), we can divide (1.26) by & to find a differential
equation of the form
(0)

(1.28) dx?

= f2(Z),

where f3(Z) is holomorphic on U. Thus we can find the required a:go) () by
solving (1.28) with the initial condition xgo) (0) = 0. The construction of a,(co)
and x}co) (Z) can be performed in exactly the same manner: first, compute the

coefficients of n~* in (1.15), set 7 to be zero to find a,&o) so that we may divide
the sum of the coefficients by Z to find a first order equation of normal form
for m,(co)(j':) with holomorphic coefficients on U, and, finally, solve the differential

equation with the initial condition x,(co)(O) =0. O

As is well known in exact WKB analysis (e.g., [KT2, Theorem 2.16, Corol-
lary 2.18]), the relation (1.6) between potentials enables us to clarify the struc-
ture of WKB solutions of a general MPPT equation restricted to {a =0} in
terms of WKB solutions of a particular (i.e., ago) =0) oo-Whittaker equation;
the concrete statements are as follows.

THEOREM 1.2

In the situation considered in Theorem 1.1, the infinite series z(°)(&,n) and
a0 (n) satisfy

i +(0)
S(@,n) = (dd~ )S(x(o)(:%m),a(o)(n),n)

(1.29) o

22(0) z, () T,
_%(d (n)>/(d (n)))

dz? dz



108 Kamimoto, Kawai, Koike, and Takei

where S and S are formal series in n=' beginning, respectively, with g_l(x)n
and S_1(x)n, which solve the Riccati equations

(1.30) 5124_%:7]2(@0(;70) +n—1Q1(§aO) +n_2Q2;§70)>
and
ds 1 a©® 25(0,0
(131) S2+£:n2(1+ x(n) +1n 2Q2§:2 ))
and for which
5 da:go) )/~
(1.32) argS_l(x):arg( yr S_1 (g (x)))

holds. (Hence S_i(&) and (dxéo)/dfc) S,l(xéo)(;%)) themselves coincide.)

THEOREM 1.3
Let us consider the situation assumed in Theorem 1.1, and let ¢ be a WKB solu-
tion of the co-Whittaker equation

(1.33) <d_2 _n2(1 + 04(0;(77) 2 Q2ig»0))>¢:07

dz? 4
where o?) (n) is the infinite series constructed there; in particular,
(1.34) ol =0.

Then for the infinite series (0 (Z,n) constructed there, we find that

~ 20 (% -1/2
(1.35) O = (TN R 0,

satisfies the following MPPT equation restricted to {a=0}:

(1.36) (d—z—n2<m+77_1@1(?’0) +17_2QZ(£’0))>1/~1(§,77)=0.

dz? T T 72

See [KT2, Section 2] for the derivation of Theorems 1.2 and 1.3 from Theorem 1.1;
although the situation considered in [KT2] is a much simpler one (the situation
where only one simple turning point is relevant), the logical structure of the
derivation is exactly the same.

The analytic meaning of Theorem 1.3 becomes much more transparent if
we apply the Borel transformation to all the relevant functions and equations;
for example, the Borel-transformed oco-Whittaker equation turns out to be a
microdifferential equation

2 2 A
(1.37) (% - (i+éa(o)(%)>€%2— Q22270)>¢B($7y):0

thanks to the estimate (B.3) in Appendix B of the growth order of a,(co) (k>1).
Before embarking on the analytic study of the Borel-transformed relations, we
present an important relation between the infinite series a(?) (1) and S(&,7) in
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Theorem 1.2. For that purpose we recall the definition of the odd part S,qq of a
solution S of the Riccati equation with n-dependent potential.

DEFINITION 1.1 ([AKT3, DEFINITION 2.1])
Consider the following Riccati equation with 7-dependent potential:

(1.38) St + 2 ) = (3 Qulen ™).

k>0
Let S respectively, denote the solution of (1.38) that begins with £1/Qq(x).
Then the odd part Syqq of S is, by definition, given by

1
(1.39) Soda = 5(5H = 50).

With the help of Definition 1.1, Theorem 1.2 immediately entails the following.

COROLLARY 1.4
For S and S in Theorem 1.2, their odd parts satisfy the relation

- ~ dx(© _
(1.40) Sodd(rv,n):( 2@ )Sodd(w(o)(w,n%a(o)(n),n)

if the branches of S_y and S_, are chosen so that (1.32) is satisfied.

Using this result, we find the following.

PROPOSITION 1.5 ([Ko3, PROPOSITION 2.1])
Let Soaa denote the odd part of S in Theorem 1.2. Then we find

(1.41) Res Soda =na'?.

Proof
In view of the relation (1.40), it suffices to prove (1.41) for S in Theorem 1.2.
To verify (1.41) for Syqq, we study the concrete form of solutions S(+) and S(-)
of (1.31) whose top degree (i.e., degree 1 in 7)) parts are given, respectively, by
+n/2 and —n/2. One can then immediately see that

(0)

(1.42) L
x

Here and in what follows, the sign + is chosen correspondingly in each formula.
Next,

(0) A
+) (£ + d &) _« Q2(0,0)
(1.43) 25V 4 (5¢7) + it = 2
entails
(0) (£)
4« B
(1.44) 8 =2 4 2L

T
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with constants ﬁii). Similarly, the computation of the coefficients of n~! (I >1)
n (1.31) entails

(0)
(+) B o) | 4 o) _ Y2
(1.45) ism+§ SIS + s =2,
J+k=l
3,k>0

Since each SJ(-i) (j >0) is a sum of pole terms, (1.45) implies

o?

(1.46) :I:Sl(_f1 = Jie2 + (multiple pole terms).
x

Thus the residue of Spqq = (1/2)(SH) —S(=)) at the origin is (), as is expected.
This completes the proof of the proposition. O

We have so far studied the formal aspect of the problem; the growth-order con-
ditions (B.3) and (B.4) (with a =0), which are satisfied by {xfco) () }k>0 and
{a,(fo)}kzo, respectively, enable us to obtain much deeper analytic results. Apply-
ing the Borel transformation (see [KT2]) to (1.35), we find that ¢ (%,y), the
Borel transform of ¢(&,7), and ¢ (z} (0 )( ),y), the Borel transform of w(x(()o) (Z),n),
are related by a microdifferential operator. This is one of the most important
observations made in [AKT1, Section 2|, where a simple turning point prob-
lem was studied. Following the presentation of [AY] and [AKT4], we formulate
this fact in Theorem 1.6 as the existence of intertwining operators of a Borel-
transformed MPPT operator with a =0 and the Borel-transformed particular
(i.e., a((JO) = 0) oco-Whittaker operator; furthermore, the intertwining operators
enjoy beautiful expressions that are most amenable to the study of exact WKB
analysis (see Theorem 1.7).

To state Theorems 1.6 and 1.7, we make some notational preparations. First,
we let g(x) denote the inverse function of

(1.47) z =2 (2),

where ;v(()o) (%) is the function given by (1.20); that is,

(1.48) T = a:(()o) (g(a:)), T = g(x(()o)(a?)).

The existence of g(z) is guaranteed by the condition (1.9). Then, by rewriting
the Borel transform A of an MPPT operator restricted to {a =0}, that is,
07 Qo(#0) 9 Qu(#0) 0 Qu(i,0)

(1.49) A=om " i oap 7 oy @

in (z,y)-coordinates, we find by (1.18) and (1.19),
~ _(dg\ 21 0 d*g/dz?
Alz=g(x) = (%) [@ _( dg/dx )a }

(1.50) ~ Qo(g(2),0) &*  Qu(9(),0) 9 QQ(g(‘rgaO)

g(x)  Oy? glx) Oy g(x)
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_ (dg)—Q{ 0? (d2g/dx2> 0 102

dx Ox? dg/dx / 0x 4 0y?
_ dg/da)? 5 O (dg/da)? 5
L @uo(@).0) 5 - T Qalo(a).0)|.

We now define microdifferential operators L and M, respectively, by

8_2_ (d2g/dx2) 0

92 \dg/dr )z
(1.51) - %aa_; — %Ql (9(x),0) a%
- (dj{gﬁ)QQQ (9(x).0)
and
(1.52) M;;GJFO&“”(?/@%/));;QQEUOQ,O)

Then we have the following.

THEOREM 1.6

Let wgy be an open neighborhood of © =0, and set

(1.53) Qo= {(z,y;¢,m) ET*(C%w,y);wao,n;éO}

and

(1.54) O = {(z,5:¢,m) € Qs #0}.

Then there exist microdifferential operators X and ) defined on Qo which satisfy
(1.55) LX=YM

on f and which are invertible on .

Proof

In this proof, and in what follows, we follow [A] in the usage of terminologies and
ideograms in symbol calculus; for example, for a microdifferential operator X,
o(X) stands for its symbol, and for a symbol s(z,y,&,n), : s(x,y,£,n) : designates
the corresponding normal ordered product operator, and so on. As was first
emphasized by [AKT1],

(1.56) (@O (@ n)n) = v (ay) @)+t @t + a2 @n 2+ )

which appears in the right-hand side of (1.35) can be formally rewritten as

(1.57) > % (e @m) (aa:n vla.n) L:xg))(z)’

n>0 = k>1
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and hence its Borel transform is expressed in the (z,y)-coordinate as

(Za(Z6e(5)") g)pen

k>1
(1.58)
= sexp( (Sl o) *)¢ ) s vt
k>1

Having this expression in mind, we try to find operators X and ) in the following
form:

(1.59) X=:C(z,n) exp(r(x,n){) 5

(1.60) Y =:C"(x,n)exp(r(z,n))

where C(z,n), C*(z,n), and r(z,n) are symbols of microdifferential operators of
order 0,0, and —1, respectively. As the notation indicates we suppose that they
are free from (y,¢). Let ry(z) denote the coefficient of =% in r; that is,

(1.61) r(z,n) = Zrk(x)n_k.
k>1

Then, by the symbol calculus of the composition of operators, we find

1
(1.62) o(LX)=0(L)o(X) + oe(L)oy(X) + Eagg(L)am(X).
Note that X is free from y and that

or .

(1.63) 8_8’0(L) =0 ifp>3.

Here and in what follows, we use the subscripts = (resp., £) to designate the
differentiation by z (resp., £): 7, = dr/dx, rye = d*r/dz?, and so on. We also
use the letter £ as an abbreviation of exp(r(x,n)¢). Under these conventions we
find

2 2
R R ("";)Ql(g(xm)n - (g;g) Q:(9(@),0)|CE
Jzx
+ (2 - gT) (CoE +1,£CE)

+ %(2) (CoaE +2C,1,6E + Cry € E + C(r,€)*E)

(1.64)

= (1+7,)CE2E + [2(1 +10)C — L2 (14 1,)C + rmc} ¢E

9z

+ K_i?f - %Ql(g(x),O)n - (99302)2622(9(””)’0))0
_ Yz +CM}E~

€T
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In parallel with (1.64), by setting

(1.65) B =na® () =Y al )y
E>1
and
(1.66) 7= Q2(0,0),
we find
(YM)

_Z n'(é)a— )(%U(M))

:(C*E)(52,1n27M71>

4 T 2

L3 Ly (C B | (14 1)y

xn+1 CE”+2

n>0 n>0
- B ) - n[ e ) 503

:(C*E)(gz B ()L — )

4 x+r  (x+71)?

Hence we obtain the following relations by comparing the coefficients of &'F
(1=2,1,0) in (1.64) and (1.67):

(1.68) (1+7,)?C=C",
(1.69) (14 72)(2C, - ggﬁc) F 1 C =0,

2 2
[*3772* g;) Ql(g(x)aO)U* (912) Q2(9(x), )}CfgﬂC’ + Cra

(1.70) I 9
:c*(i 2 Bln v )
4 x+r  (x+7)?
If we set
(1.71) s(x,n) =x+r(x,n),

then (1.69) is rewritten as

(1.72) %:1(@—ﬁ).
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Hence C' is fixed by g and s aside from a constant multiple I':
(1.73) C=T(g.)"?(s2) 7"/

The arbitrariness of I" is absorbed by the freedom in choosing the constant mul-
tiple of C* if we define it by (1.68), that is,

(1.74) C* =s2C.

Thus we may choose I' = 1 in (1.73) without loss of generality. Substituting (1.74)
into (1.70), we obtain

1 2 (gz)z A (gw)2 A
. PR Q1(9(x),0)n+ g(x)2Q2 (9(2),0)
' _o(l o Bl v _1( Yoz
=s(gf T ) e (e - Cw),
Further, (1.18) entails
Qo(%,0) 1 dal) 2 1

Hence we may rewrite (1.75) as

Qa().0) 2 | Qs@).0), | oly(x).0)

Jr
. @ "t o)
=9; 5% (ZWQ + @ + :—2) — D(x,n),
where
178) Do) =) 2Clon)H (EE L m) < Cunlan).

Thus our task is to find the series s(x, ) which satisfies (1.77), and we want to find
the required series in terms of z(°)(z,7) constructed in the proof of Theorem 1.1
by somehow relating (1.77) with (1.6). In order to relate (1.77) with (1.6), we
substitute z = xéo) () into (1.77) so that the relation is described in terms of
the Z-variable. To facilitate the description of (1.77) in the Z-coordinate, we
introduce

(1.79) 3(#,m) = s(” (7),m)
and
(1.80) C(@,m) =C(x§” (@),n).
Then we find
ds ds dzl? ds dg\ 1
1.81 — = (= = (= -
( 8 ) dz (dl' w:x[go)(i)) dz (dI m:wéo)(i)) <<df£) x—wgo)(i))7

and hence by (1.73) with ' =1,
d§)*1/2

(1.82) C(F,n) = (E
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On the other hand, it follows from the definition (1.80) of C(Z,n) that

(1.83) C(xz,m) = C(g(x),m),
_gdC dg
(1'84) Cw($7n) - (% i:g(z)> E7
¢ dg\? | (dC d’g

Thus the substitution of (1.84) and (1.85) into (1.78) shows
d*C

_ 2 —1(_ 2
D(.’E,?]) =9z 0(37;77) ( diQ i:g(z))gm
(1.86) -
da-C
_ —1
=—Clz,m) (dyz2 i:g(w))'
We now use (1.82) to compute Ciz (= d?C'/di?):
dzé 1/ds\-1/2 5555 3 525 2
1. TO_ (% _3 _
.8 w=a(m) (e300

Then the substitution of z = x(()o)(i‘) into (1.86) entails

189 D@ =3Can(F) (- 5(5E)) - g,

Sz Sz

Now we substitute = xéo)(f) into (1.77) and use (1.81) and (1.88) to obtain
20(Z,0 21(2,0 22(%,0
Qo(iﬂ )772 " Ql(? )nJr Q2(~I2 )
z z z
_(495\21 o Bmn 7)1~_~
- (diz) (477 i@ Tia ) T2
Comparing (1.89) with (1.6), we find by (1.65) and (1.66) that the series 2(°)(z,7)
constructed in the proof of Theorem 1.1 gives us the series 5(%,n) which satisfies
(1.89). Furthermore, the growth order condition (B.4) in Appendix B guarantees
that 5(Z,7n) is the symbol of a microdifferential operator of order zero. Therefore
we obtain the required symbol s(x,n) by setting

(1.90) s(z,n) =3(g(x),n).

Note that the top-degree part of s(x,n), that is, so(x), is, by its definition,
xéo)(g(x)) = x. Hence the series s given by (1.90) has the form (1.71). Hence
r(x,n) is the symbol of a microdifferential operator of order —1. Furthermore,
the fact that so(x) =« together with (1.73) and (1.74) entails that the highest
degree in 7 parts, that is, degree zero parts of C' and C*, are both (g, )'/?, which

(1.89)

never vanishes on a sufficiently small neighborhood wy of the origin. This implies
that C and C* are invertible on g and hence that X = CE and )Y = C*FE are
also invertible there. Since

(1.91) o(LX)=0(YM)
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holds on Qf by the way of constructing & and Y, we find

(1.92) LX =YM
on 5. This completes the proof of the theorem. O
REMARK 1.2

As is evident from the above proof of Theorem 1.6, Theorem 1.6 may be under-
stood as a Borel-transformed version of Theorem 1.3. Actually, it follows from
(1.59), (1.81), and (1.73) with I" being 1 that, if we write down the Borel trans-
form of (dz(9(z,n)/dz)~1/? () (Z,n),n) in the (x,y)-coordinate (not in the
(Z,y)-coordinate) for a WKB solution of (1.33), we then find X p(z,y) for the
operator X' in Theorem 1.6.

In stating Theorem 1.6 we have considered the relation (1.55) only on €. This
is just because operators L and M contain singularities at z = 0. As is clear from
the above construction, operators X and ) are well defined on €y. Furthermore,
as we show in Appendix C, Proposition C.1 and Theorem B.1 in Appendix B
entail Theorem 1.7. In stating the theorem, we let U (resp., S; (j=1,2,...,N))
denote an open set (resp., an analytic hypersurface) given by the following:

(1.93) U={(z,y) € C*% x|, |yl < 6}
and
(1.94) Sj:{(x,y)eU;y:sj(x)},

where ¢ is a sufficiently small positive number. We also define
N

(1.95) U*zU—({(%y)GU;sz}U(U 53-)).
j=1

THEOREM 1.7

Let X be the microdifferential operator given by (1.59). Then its action upon a
multivalued analytic function o(x,y) defined on U* is represented as an integro-
differential operator of the form

Yy
(1.96) Xo(z,y)= | K(z,y—y,0/0x)p(x,y")dy,

Yo
where K(x,y,0/0z) is a differential operator of infinite order that is defined on
{(z,y) € C%|z| < C and |y| < C" for some positive constants C and C'}, and
Yo is a constant that fizes the action of (0/0y)~' as an integral operator (see
Figure 1.1). The operator Y given by (1.60) also enjoys a similar expression.

REMARK 1.3

When the operand ¢ is a Borel-transformed WKB solution of a particular (i.e.,
aéo) = 0) co-Whittaker equation, the relevant singular points are only y = $1 () =
x/2 and y = so(x) = —x/2 (see [Ko2]); that is, no fixed singularities are observed
in this case (see [KT2, pages 109-118] for the notion and importance of fixed



On the WKB-theoretic structure of an MPPT operator 117

v

s3(x, a) X

Figure 1.1

singularities (versus movable ones like the pair (s1(z),s2(z)) as above). On
the other hand, the power of the expression (1.96) is most manifest when we
study the structure of a Borel-transformed WKB solution near its fixed singular
points, as we do in Section 5. Hence we do not discuss the action of operators
upon Borel-transformed WKB solutions of an MPPT equation with a = 0 again.
One more reason to avoid here the further discussion of WKB solutions of an
MPPT equation with a =0, i.e., a ghost equation, is that we have not yet been
able to find a universal and canonical way (like that to be used in Theorem 2.2
in Section 2) of normalizing WKB solutions applicable to all ghost equations.
This is mainly due to the existence of infinitely many simple poles in Soqq, as
is shown in the proof of Proposition 1.5 based on Corollary 1.4, and it stands
in total contrast to the situation of an MPPT equation with a # 0, which we
discuss in Sections 2 and 5.

REMARK 1.4

In this section we have analyzed the phenomena that are observed through the
confluence of a simple pole and a simple turning point. It is also an interesting
problem to study a situation where a double pole and a turning point merge (see
[KKKoT], where we study the confluence of a double pole and a simple turning
point).

2. Construction of the transformation to the canonical form, Il:
The case where a # 0

The purpose of this section is to find a canonical form of an MPPT equation,
that is, a Schrédinger equation obtained by the addition of a term aq(x,a)/x to
the potential of the ghost equation; to begin, we present the following.

THEOREM 2.1
Let Qj(if,a) (j =0,1,2) be holomorphic functions defined on a neighborhood of
(Z,a) =(0,0), and suppose that

(2.1) Qo(0,a) #0 if a #0,
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and
Qo(7,0) = c(()o)a? +O(#?*)  holds with c(()o) being

(2.2) ,
a constant different from 0.

Then there exist an open neighborhood U of & =0, an open neighborhood V' of
a =0, holomorphic functions xm(i) (4, k> 0) defined on U, and constants a,(g)

for which conditions (2.3)~ (2.8) are satisfied:

dxéo)
(23 (5% )© #0,
(2.4) x,(j)(()) =0 for every j and k,
(2.5) 2k (T,a) = Zx,(cj)(i‘)aj is holomorphic on U XV,
>0
(2.6) aga) = Za,(cj)aj is holomorphic on V,
j=0
x('%aavn) :Zxk(‘;ijaa)n_k and
k>0
(2.7
ala,n) = Z ar(a)n™* are Borel-transformable series,
k>0
E1Qo(E,a) + 02 Q1(E,0) + 0 2E 2 Q2(F,a)
(2.8) ~
_ ax(jvaan) 21 a(a’777) -2 Q2(07a’) 1 —2(... A
N ( oz ) (4 + x(Z,a,m) +n x(fc,a,n)Q) 2" {w: 7}

In this section we describe only how to construct ac,(cj )(:E) and a,(cj ) so that they
formally satisfy (2.8); (2.5), (2.6), and (2.7) are proved in Appendix B (see
Theorem B.1).

The construction of {z,(j )} and {ag )} makes use of the perturbation in pow-
ers of a, starting with (9 (#,1) and a(9)(n) constructed in Section 1. We intro-
duce z(Z,a,n) given by

(2.9) &~ a(z,a,m)
to find (2.10) in parallel with (1.15):
Qo(i‘v a) + 77_1@1(£7 a’)

o =) (e

+ 77—2 (—Rz(f, a)+ 2@2(0, a)%z + QQ(O,a)j(%‘)Q B %j{% @}) |
where
(2.11) Ro(a) = 22(5:0) ~Q(0.0)
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As (1.16) shows, (2(9)~! is a well-defined (formal) series in 7~ ! thanks to (1.21);

hence 27! is a well-defined formal power series of a:
P (Z(O) =+ az(l) + a22(2) 4. )—1
(1) 2
— O P A )
(2.12) = () <1 a( &+ +
IR 2
+é(Cmram ) +>

Thus if we let R denote the coefficient of =2 in the right-hand side of (2.10), we
find that it can be formally expanded as a power series of a:

(2.13) R=R© +qRM 4 ¢?R® +...
where
(2.14) RW) s free from a and expressed in terms of z(jO), U ), zfz?), zg;%

(0<jo,J1,72,J3 < N) and 7.

Furthermore, (2.14) entails the following;:

the coefficient RI(N) of n7" in RW) is expressed in terms of & and z,(cj)

and its derivatives with 0 <j < N and 0 <k <[ —2.
Here z,(cj) stands for the coefficient of =% of 2().
Theorem 1.1 shows that z(® and 2(®) = #=12(®) satisfy (2.10) with a =0
The comparison of coefficients of a® in (2.10) leads to
0
da

(2.15)

- (Qo(@,a) + 7' (7, a))

o 1)
), .1 (0)y2&
z(o) (5555 Lz ) + Lz ) Z(O)

(2.16) =3 20y + 22

$

(012 0@ zD

— (x5 02 +772RW,

In what follows, we let Q(] )( ) (k=0,1) denote the following;:

18]~

(2.17) E%Qk(i,a)

Let us first pick up every coefficient of n° in (2.16), including some terms that
actually vanish:

~(1)(§;) _z (dm(()o) dx(()l)) 204(()0) (dx(()o) dx(()l))
0 2\ di di ©) \ di di
(2.16.0)

OEESFRORPINONG)

+<dm(0)> Qg ( o ) oy %
dz zéo) dz 260)2
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In the right-hand side of (2.16.0), the second term and the fourth term vanish
because a(()o) vanishes by (1.19). Hence, by setting £ =0 in (2.16.0), we obtain

(2.18) 207 (0)= g% (0).
Choosing aél) as above, we find a holomorphic function h(Z) that satisfies

) 2,1

AWy dxy Qo s
(2.19) o (0) ( o ) Ok #h(3).
Hence, by dividing (2.16.0) by Z, we arrive at
1dz” dz(V

2.2 -0 20— p(3).
(220 27dr dr M@
Then we solve (2.20) with the initial condition
(2.21) 2V(0) =0.
Thus we find a solution xél) such that z(()l) = j_lxél) is holomorphic near £ =0

and that satisfies (2.16.0).
Next, we collect terms of degree —1 in 7 in (2.16); this time we dispose of terms

containing a(()o) as a factor. Then we find

A @)
_z (dx(()o) dxgl) dargo) dx(()l)) 2<dxéo) dac(()l) ) ﬁ
2\ dz dz dz di dz dz Z(()O)
n 2<dméo) dﬁ%ﬁ n (dxéo)f(ﬁ _ aél)z§0)>
di di / ,{ dz A0 (2
dz @ 2 o0, D)
(2.16.1) —( Yo ) ot )
dz ,(0)2
0
e ool
L2 di di dz /L
[f dxgo) da:(()l) (dx(()o) d:c(()l) ) ﬁ (dxéo) d:rgo) ) ﬁl)
2 dxr dzx dz dz Z(()O) dz dz Z(()O)

(dxéo) )2@(()1)z§0) (dzéo) )2 ago)zél)}
dz 260)2 dz Z(()O)Q '
Hence (2.16.1) evaluated at Z =0 reads as
2470
(222)  =2"(0)at” + 22§ (0)af” + 227 (0)a” — alV2{” (0) — af” =V (0)

0 1 1 0 0 1
= 2" (0)at” + 287 (0)ai” + 27 (0)ag”.
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Since all terms in (2.22) are, except for zéo) (O)ozgl)7 values of functions which

have already been fixed, (2.22) fixes the constant agl). Furthermore, this choice

of agl) enables us to divide (2.16.1) by Z to find a differential equation of the
form

dui(@)

i 1@

for a holomorphic function f(Z) defined near the origin. We then solve (2.23)
with the initial condition

(2.23)

(2.24) 20(0)=0
to obtain the required x(ll)(:i). The treatment of terms of n~! in (2.16) can be

done in a similar way; we first find

20480) dxéo) dxl(l)
L0 di  dx
0

0 z (dxéo) dxl(l)

o\ di di +Fl>+( +Gl)

FRONSSNE
(2161  (122) +((d%)an+H0
20

(0) (1)

0
_ (dxé)>2ao I B CY
dzx (0)y2 ! Lo

(20 )

where Fj, and so on, are, respectively, collections of terms of degree [ in ~* which
originate from (.TSEO)J)E;)) and so on, and which have been already fixed (like
(dm;o)/d;%) (dxg)/di) (j+k=1,0<k<Il-1)). In the above, in order to manifest
the origin of G; and K; we have included terms which are actually zero, that is,

terms multiplied by oz(()o). Thus (2.16.7) assumes the form

f (dx(()o) dxl(l)) (dxéo))2al(1)

il SN S
o\ di di dz +Lhi=0,

(2.25)
XY

where L; is a sum of terms that have already been fixed. Thus we should, and
really do, choose

220) o ==ty

Then dividing (2.25) by Z, we obtain
(1 dx(()o) ) dacl(l) — h(7)
2 dz / dz
with a holomorphic function h near the origin. Hence we can solve (2.27) with
the initial condition xl(l)(()) =0. Then the resulting function xl(l) together with
the constant al(l) satisfies (2.16.1).
(@)

It is now evident that we can construct {o; ,a:,(cj)} for any (j,k) by the

(2.27)

same procedure. Actually the comparison of the coefficients of o’V gives us an
equation (Ey), and the computation of the coefficients of 7! in (Ey) presents
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the equation (En,!) to be resolved. In the equation (En,1), {x,&j),z,(cj),a,(cj)} are
regarded as known objects if

(i) jSN-—-1or

(i) j=N, k<l—1.

The concrete form of (Ey,[) is

= 7..(0) 7. .(N) (0) (N)
_ Zdx dzx, dry ' \2 o .
(2.28) 0= 5 di 4o ( 73 ) z(()o) + (known functions).

Here we note that —QI(N) is included among known functions when [ is 0 or 1.

Thus we first fix ozl(N) so that equation (2.28) is divisible by Z, and then the equa-

(NV)

tion for z;”’ obtained by division by & assumes the normal form. Thus we can

solve the equation with the initial condition ml(N)(O) = (0. Thus we can construct

z(Z,a,m) = 325 1>0 x,(cj)(fc)ajn_k and afa,n) =2, >0 aéj)ajn_k which satisfy
(2.8). The convergence of these series in a and their Borel transformability
concerning 7 are assured in Appendix B, Theorem B.1. (|

REMARK 2.1
(i) It is worth emphasizing that the growth-order properties of {ac](f ),ozlgj )}

as j tends to oo and those as k tends to co are substantially different despite

the fact that the construction of {xg ),oz,(cj )} can be done in a symmetric way

l(N) can be found by first

l

with respect to indexes j and k; the equation for z
writing down the equation (&) through the comparison of the coefficients of 1~
under the assumption that all coefficients of =" (I’ <1 —1) are known and then
finding out the required equation by the comparison of the coefficients of ¢’V in
(&) under the assumption that all the coefficients of o (N’ < N —1) in (&)
are known. The asymmetry of the growth order is tied up with the estimation of
higher-order derivatives contained in the seemingly ancillary term n~2%{z;%}/2
in (2.10) (see Appendix B, Remark B.2).

(ii) It is also noteworthy that the convergence property (2.5) (with k= 0)
automatically entails the following geometric result: it follows from (2.3) and
(2.8) that the solution & = Zy(a) of the equation

(2.29) x0(Z,a) + dag(a) =0,
whose existence is guaranteed again by (2.3) for |a| sufficiently small, satisfies

(2.30) Qo(Z0(a),a) =0.

Otherwise stated, the function x = x¢(Z,a) maps the simple turning point of the
given MPPT equation to that of the co-Whittaker equation. Note that it should
be difficult to image such a picture by tracing only the algebraic construction of
x(Z,a,n) given above.

In parallel with the reasoning in Section 1, Theorem 2.1 gives us several results
on the structure of WKB solutions of a generic (i.e., a # 0) MPPT equation.
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Among other things, we first note Theorem 2.2 below. To obtain Theorem 2.2 we
make essential use of the simple turning point & = Zy(a); it is known (see [AKT2,
Proposition 1.6]) that S’Odd, the odd part of a solution S of the associated Riccati
equation, has singularities of square-root type near a simple turning point & =1¢
in general. Hence the integral

(2.31) / Soqq di
t

is well defined (see [KT2, (2.24)]), and we use this integral to define a WKB
solution ¥4 of an MPPT equation which is normalized at the simple turning
point in question; that is,

x

exp (:t [ Sodd (Z,a,m) di") .

o(a)

(232) 12&(55,@777) =

1
\% godd
As is shown in [KT2, Section 2], we can deduce Theorem 2.2 from Theorem 2.1
using the above normalization of WKB solutions.

THEOREM 2.2
Let 1[4(:%,(1,77) be a WKB solution of an MPPT equation (2.33), and suppose that
it is normalized at its simple turning point as above:

2 ) ~
(2.33) (o2 — Q@ am))d(E,am) =0 (a#0),
where
(2.34) Q:@M_lwﬂﬂw

satisfies (2.1) and (2.2). Then, for a sufficiently small a (#0), we can find a
WKB solution ¥4 (x,n;a(a,n)) of the co- Whittaker equation

&l alan) | 5@a(0,a)
(2.35) <@—77 (Z‘FT‘FU T) 7/1(51”777;04(@»77)) =0

which is also normalized at its simple turning point x = —4ag(a) so that it satis-
fies the relation

236) o= (ZEED) Ty (o), malan),

where x(Z,a,n) and a(a,n) are the series constructed in Theorem 2.1.

The proof of Theorem 2.2 is essentially the same as that of [KT2, Corollary 2.18],
and we omit it here. We call the attention of the reader to the fact that normal-
ization of the WKB solution z/NJ(aE,n) is not fixed in the corresponding result in
Section 1, that is, Theorem 1.3.

As there is no problem related to the normalization concerning solutions of
the Riccati equation, we can obtain the results similar to Theorem 1.2 and Corol-
lary 1.4 by using the series x(Z, a,n) and a(a,n) constructed in Theorem 2.1. For
example, we obtain the following, Theorem 2.3, as a counterpart of Corollary 1.4.
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<]
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~day(a) 0
I(e)
Figure 2.1

THEOREM 2.3
Let S and S, respectively, be solutions of

s 1 alan) | _5Q2(0,a)
2. 2 2z ) 2 )
(2.37) S+d:v 77(4+ x +n 2 )
and
(239) 5+ 95— 2, am),
dz
and suppose that
~ B d T, B
(2.39) arg S_1(%,a) = arg(%Sq(wo(m,a),ao(a)))
holds. Then they satisfy
~ - dz(z,a, -
(2.40) Soda(Z,a,m) = (%)Sodd (x(ac,a, 77),04((1,77),77).

We refer the reader to [KT2, Section 2] for the proof.
Now we note the following important lemma.

LEMMA 2.4

Let S be a solution of (2.37) whose top degree part S_i(x,aq) is chosen so that
it is positive for positive x and agy. Then we find

(241) %‘( ) Sodd (17705((177))377) dx = 27Tia(aa77)7la
T (7))
where T'(ag) designates a closed curve in the cut plane shown in Figure 2.1.

Proof
By a straightforward computation, we find

1 T+ 4dag
2.42 =t/ —
( ) 5= 2 z

2.43 o . S a
(243) 0 z(z+4ag) ~ Vz/T + 4ag

Then we can readily find the concrete form of Sl(i) (1> 1) by the induction on :
(2.44) §\F) = 3 e ()22 (@ + dag) /2,

p.q
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Figure 2.2

where c,(gi)(l) are constants, p and ¢ are integers that satisfy

(2.45) p+qg=2m, m=I01+1,,...,1.
Furthermore, we see that the surviving constant c,(fz) (1) with p+ ¢ =2 is only for
p=q=1 and that

(2.46) C(1,i1)(l) = Q41

By computing the residue at co of z77/2(z 4 4ag)~%/?, we find

1
(2.47) f 2290 g — dria,
I'(ao) z
X

2.48 d7:2m
(2.48) |
I(ao) V(x4 4ay)
and
dx
2.49 _ o dr oo
Y ﬁ(aw 2P/ (x + 4o )9/? wptg==2m=

Therefore (2.43), (2.44), and (2.46) imply

(2.50) j{ Sodd dx = 2mia(n)n. O
I'(ao)

Combining Theorem 2.3 and Lemma 2.4, we obtain the following.

PROPOSITION 2.5
Let S be a solution of the Riccati equation (2.38) which is associated with a

generic MPPT equation. Then with an appropriate choice of the branch of S_1,
we find

(2.51) ]{ Soaa(#,a,n) dF = 2mic(a,n)n,
T'(a)
where T'(a) designates a closed curve in the cut plane shown in Figure 2.2.
In view of the logical structure of the discussions in Section 1, one naturally

expects that some intertwining microdifferential operators between a generic
MPPT operator and an oo-Whittaker operator may be constructed with the
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help of the series z(Z,a,n) and a(a,n) constructed in Theorem 2.1. This expec-
tation can be readily validated if we introduce a holomorphic function g(z,a),
instead of g(z) given in (1.48), which satisfies

(2.52) T =x0 (g(x, a), a), I= g(xo (Z,a), a)

on a neighborhood of (z,a) = (0,0). The unique existence of such a holomorphic
function is guaranteed by (2.3), and hence we find

(2.53) 9(x,0) =g(x).

The proof of Theorems 2.6 and 2.7 below are essentially the same as that
of Theorems 1.6 and 1.7. Here we repeat the definitions of relevant operators
only for the convenience of the reader. First, L designates a Borel-transformed
generic MPPT operator expressed in (,a,y)-coordinates and then multiplied by
(0g/0z)?. That is,

02 0%g/0x2\ O 0g\2 ~ 0
e L=g (G )ae  (5) Qo0 gy)

In parallel with (1.52), we designate by M the Borel-transformed oco-Whittaker
equation, that is,

Oy x2
—k

02 (1 n a(a, 3/8y)> 9% Q2(0,a)

922 \4

(2.55) 1 .

Using the series z(Z,a,m) =) ;< 2x(Z,a)n
define another series r(x,a,n) by

(2.56) Zxk (g(x,a),a)n*k.

k>1

constructed in Theorem 2.1, we

Then, using the same reasoning as in the proof of Theorem 1.6, we obtain The-
orem 2.6 with the help of Appendix B, Theorem B.1.

THEOREM 2.6
There exist invertible microdifferential operators X and Y with a holomorphic
parameter a which satisfy

(2.57) LX =YM

near (z,a) = (0,0) with the exception of xn=0. The concrete form of operators
X and Y are as follows:

(2.58) X=: (g—i)l/z (1 + 2—2)71/2 exp(r(z,a,n)§) :,
(2.59) y=": (%)1/2 (1 + %)3/2 exp(r(z,a,n)§) : .

REMARK 2.2
In parallel with Remark 1.2, we see from (2.56) and (2.58) that Theorem 2.6 is
a Borel-transformed version of Theorem 2.2; X1, p is the Borel transform of
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(0x(%,a,m)/0%) "% oy (x(Z,a,m),n; a(a,n)) written down in (x,y)-coordinate
(not in (Z,y)-coordinate), where ¢, is a WKB solution of the oo-Whittaker
equation (2.35).

Furthermore, Theorem B.1 together with Proposition C.1 entails the following.

THEOREM 2.7

The action of the microdifferential operator X upon the Borel-transformed WKB
solution 1y p of the co- Whittaker equation is expressed as an integro-differential
operator of the form

Yy
(260) X¢+,B :/ K(£7aay_y/aa/am)w+,3(x7a7y/) dy/7
Yo

where K (z,a,y,0/0x) is a differential operator of infinite order which is defined
on {(z,a,y) € C3; (z,a) €Ew for an open neighborhood w of the origin and |y| <
C' for some positive constant C'}, and yo is a constant that fizes the action of
(0/0y)~t as an integral operator.

REMARK 2.3
Since agp(a) tends to zero as a tends to zero, Theorem B.1 guarantees that we
can choose w to be of the form wy x D, where

(2.61) D ={a €C;la| < ¢ for some positive constant J},
and

wp is a simply connected open set in C which contains the origin
(2.62) and the simple turning point of the co-Whittaker equation, that is,
x = —4ap(a), for every a in D.

Then the integral operator on the right-hand side of (2.60) acts on any multival-
ued analytic function defined on wy x D x {y € C; |y — yo| < C}.

3. Analytic properties of WKB solutions
of the Whittaker equation with a large parameter

In order to analyze WKB solutions of the co-Whittaker equation, which plays a
central role in subsequent sections as the canonical form of an MPPT equation
for a # 0, we first recall several basic facts about WKB solutions of the Whittaker
equation with a large parameter 7, that is, the equation
d? 1 « y(y+1)

3.1 — - 2<7 — *27) =0,

3.1) (da:2 g 4+.T+n x? v

where a (#£0) and v are complex numbers. We refer the reader to [KoT] for the
details. As [KoT] has recently found, the Voros coefficient ¢(«,~;n) for (3.1) can
be explicitly expressed in terms of the Bernoulli numbers, and its Borel transform
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o (a,v;y) is concretely written down by elementary functions. Here the Voros
coefficient means, by definition,

(32) /OO (Sodd — 7]5_1) d:L‘

—4da

(see also [V]), where Soqq designates the odd part of a solution S of the Riccati
equation associated with (3.1), that is,
) 7772<1 o 727(v+1))

2 R J— J— —_—
(3.3) S°+ = 1 + . +n 2

As we see in Theorem 3.1 below, the concrete form of ¢p(a,v;y) enables us
to find the singularity structure of Borel-transformed WKB solutions of (3.1)
through the relation

(34) V() = (exp(9(er, i) o5 (),
where 9 (z,n) (resp., 1/)5_00)(:17,7])) designates the WKB solution of (3.1) that is
normalized at the simple turning point © = —4« (resp., at infinity); that is,
(3.5) Yi(z,m) = . eXP(/x Sodd dﬂ?)
\% Sodd —4da
and
() (g, ) = " pS_id (S = nS_1)d
(3.6) i (@) = exp nS—1dx+ [ (Soad —1S-1)dz).
Sodd —dor o0

An important property of wioo) (z,7) is that it is Borel-summable on the condition
that

the path of integration from oo to z in the right-hand side of (3.6)

(37) never touches a Stokes curve of (3.1).

See [Ko4] for the proof of the Borel summability of wsroo)(x,n). See also [DDP1]
and [DP] for the corresponding result for the Weber equation. Thus (3.4) implies
that the computation of the alien derivative of v, (z,7n) is reduced to that of
expd(a,v;n). In order to compute the latter one, we first recall the concrete
form of ¢p(a,v;y) and then employ the alien calculus (see [P], [Sa]) to obtain
the required result.

Now, the result in [KoT] tells us the following:

o5, 7;y)
1 1
(3.8) _1 (%) COSh(ﬂ)
2y \exp(y/a) — 1 o
« 1 . Yy
— ? —+ ZSIHh(;).
A straightforward computation shows that
1 /1
(3.9) oB(a,v;y) = %(6 +v+72) +O(y) mneary=0
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and that

op(a,v;y)

B (exp(Qmm'v) + exp(—2mm"y)> 1 L o)
N dmmi Y — 2mmia

(3.10)

near y = 2mmic (m : a nonzero integer).

Thus ¢5(«,7;y) is seen to be a single-valued analytic function with simple poles
located at y = 2mmia (m #0). The computation of the alien derivative A¢ of
such a series, that is, a series whose Borel transform is single valued and has only
simple poles, is exceptionally simple:
(3.11) Ap=>" Ayommiad

m>1
with

(3.12) Ay gmmic® = exp(2mmivy) + exp(—2mmivy)
: y=2mmiaP =

2m

(see [P], [Sa]). Hence, by using the alien calculus, we find

2 ; -2 ;
(3.13) Ayommia(exp®) exp(2mmiy) + exp(—2mmivy) exp

2m

(see [P], [CNP], [Sa]). For the convenience of the description of several formulae
below, we introduce

x x
4
(3.14) y4(z) = S_1 dx:/ \/ Tt adm.
—4da —4da 4z

Then, on the condition that (3.7) is satisfied, we find

(3.15) A(exp(—y (@)m)e™ (z,m)) =0.

Hence we conclude that

Ayzfy_*_ (z)+2mmic (eXp(_y+ (m)n)¢+ (37, 77))

= Ay y, (@) 2mmia (exD(—y (@)m) exp(@(a, 13m0 (2,m))
_ exp(2mmiy) + exp(—2mmivy)

(3.16) -

% (exp(—yo (2)n) exp(d(a, v ) (1))
- CDEITI) DI (o s ()

holds if x is chosen so that condition (3.7) may be satisfied.
Summing up the obtained results, we find the following.

2m

THEOREM 3.1
Let ¥y (x,n) denote the WKB solution of the Whittaker equation which is nor-
malized at the simple turning point x = —4a as in (3.5). Then its Borel transform
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Yy p(x,y) is singular at
(3.17) y=—yi(x) +2mmia (m=0,£1,£2,...),

where y4 (x) is the function given by (3.14), and its alien derivative there, that
i8, Ay—_y, (@)+2mmia¥s (T,n), satisfies the relation (3.18) for x which can be
connected with a point at infinity by a path that is contained in the interior of a
Stokes region of the Whittaker equation:

(Ay:7’y+ (z)+2m'n’iad}+)B (1‘, y)
(3.18)
_exp(2mmiy) 4 exp(—2mmiy)

2m

Yy p(z,y —2mmia).

4, Structure of WKB solutions of the co-Whittaker equation

As Theorems 2.1, 2.2, and 2.7 show, the WKB-theoretic canonical form of an
MPPT equation for a # 0 is the co-Whittaker equation
01 alam) | ela)\) -
(41) (@_77 <Z+T+n ?) @/1(95777,04(@777)a0(a)) =0,
where a(a,n) satisfies the condition (B.3) and ¢(a) is Q2(0,a). Hence the study
of the singularity structure of Borel-transformed WKB solutions of an MPPT
equation for a # 0 is reduced to the study of the corresponding objects of the
oo-Whittaker equation. Thus the analysis of the co-Whittaker equation is our
next target, and by relating (4.1) with the Whittaker equation
d? /1 « o5 C

(4.2) (@— (Z+;+n F) Y(z,m50,¢) =0,
we achieve the target. A crucial idea in achieving it is the use of micrqdifferential
operators, which becomes possible thanks to the estimate (B.3) of {ag )} (see also
(B.32.k.5)).

In what follows, to avoid technical complexities, we assume the following
condition:

(4.3) (aQO

W) (0,0) # 0.

This is a natural strengthening of the assumption (2.1); actually, by using the
Taylor expansion of Qq(%,a), one immediately sees that the assumption (4.3)
together with (2.2) entails (2.1). It is also clear from (2.18) that (4.3) entails

(4.4) al #£0,
and hence we find, by using (2.6),

dap(a)
4.5 — 0.
(45) da la=0 7

Therefore, we may employ g as an independent variable in substitution for a;
thus we regard a;(a) (j > 1) as functions of ag in what follows.
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Now, in order to relate the Borel-transformed WKB solution ¥ of the Whit-
taker equation (3.1) and the Borel-transformed WKB solution Yp of the co-
Whittaker equation, we rewrite a WKB solution 4 (x,7; a(ap, ), c(ag)) of (4.1)
in the following manner:

75(35777;04(%777)70(040))
(4.6)

(3 e o Ty

n! Oagy

Y (2, m; o, C)>

>0 e=c(ao)’

where ¥ (z,n; o, ¢) designates a WKB solution of (4.2) with
(4.7) a= .

Then the estimate (B.3) that the ay’s satisfy enables us to apply the Borel
transformation to (4.6); we then find

7 o 0
(4.8) Yp(r,y) = <A(0103 oy’ M)wB(x’y’ao’C)) .
where
2 i _ (a1(0/0y) =t + ae(0/0y) 2 +--- )™ O
(4.9) A(ao, 5 8%) = 2 o

is a well-defined microdifferential operator on
(4.10) {(y, 03m,0) € T*C?;|ag| < b0, n # 0}

for some positive constant dg. In what follows we identify 1 and 6, respectively,
with the symbol 0(9/0y) and the symbol o(0/0ay); using these symbols, we
may write

o (0417771 +a2n72+...)n9n -
(4.11) A= z;; p .

In parallel with the above treatment of Borel-transformed WKB solutions with
the use of a microdifferential operator relevant to the parameter «, the Borel
transform Vp(y) of the exponential of the Voros coefficient of the co-Whittaker
equation can be expressed in terms of the corresponding function of the Whittaker
equation in the following manner:

(4.12) Ve(y) = (‘A(O‘Ov 9/0y,0/0a0)((exp ¢(w, ¢, 77))3)) |C:C(a0)'
REMARK 4.1

Although the target variable is ay, not , we can use the same reasoning as in Sec-
tion 2 to see the concrete expression of the operator A as an integro-differential
operator; the right-hand sides of (4.8) and (4.12) should be understood as a mul-
tivalued analytic function acted upon by an integro-differential operator deter-
mined by the microdifferential operator A. While the estimate (B.3) guarantees
the existence of a common domain of definition of the operator as a tends to
zero, the quantity ag(a) tends to zero as a tends to zero. On the other hand,
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(3.17) means that a fixed singular point of ¥4 p(z,y) (“fixed” with respect to
y=—y+(x)) is located at y = —y(x) + 2mmia. Thus each individual fixed sin-
gular point of 1/~)+, B(z,y) is contained, for sufficiently small a, in the domain of
definition of the integro-differential operator in question. Hence, in what follows,
we do not worry about the existence of a sufficiently large domain of definition of
the integro-differential operator; if necessary, we assume that a (or, equivalently,
ap) is sufficiently close to zero.

Using the results obtained in Section 3 for the Whittaker equation, we obtain
the following.

THEOREM 4.1
Let 1/~)+(a:,77) and ¢(a(a),v(a);n) denote, respectively,

1 z ~
(4.13) ————exp / Sodq dr
V Soda ( —4ao(a) )

and
oo ~ ~
(414) / (Sodd - ’175,1) dﬁ,
—4ag(a)
where Soad designates the odd part of a solution S of the Riccati equation
w45 L1 ale) | ,n(a)+1(a)
4.1 2L 22 Y 2 \%) T R%
(4.15) S+dx 77(4+ x n x2 )
with
(4.16) +(@)? +(a) = c(a).

Then the Borel transform z/NJ+7B(:E,y) of z/NJJr(gc,n) and the Borel transform Vg of
the exponentiated Voros coefficient V = exp(¢(a(a),v(a);n)) satisfy the following
relations:
(Ayzfg,pr (z)+2m7ria0’(/~)+)B(x7y)

_exp(2mmiy(ap)) + exp(—2mmiy(ao))

4.1
(4.17) 2m
X exp(mem‘(al +agn - )) : g/NJ+7B(x,y — 2mmicay),
(Ay:2mﬂ'io¢0 V)B(y)
(4.18) _ exp(2mmiy(ao)) + exp(—2mmivy(ap))
2m
x rexp(—2mmi(ay + agn ™' +--+)) : Va(y — 2mmiag),
where m=1,2,3,..., and yy(x) denotes

z T+ 4ag
4.1 —— dx.
(4.19) [ N g
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Proof

For notational convenience, let B~!p denote the inverse Borel transform of p.
(This is just to avoid the use of the sign Ap when p is the Borel transform of a
formal series x, although Ap is sometimes used to mean Ay in references in alien
calculus.) Then it follows from (4.8) and the definition of the alien derivative
that we obtain

(Ay:7y+ (z)+2mmicg 1;-1—)3 (JJ, y)

- a 9
= <Ay——y+ (-”E)-‘r?mwiaoB ! (A(Olo, 8_y7 87.40)

(4.20)
< alepand) ) (@)

B

c=c(a)

a 0
= (A(Oém @_y7 (970[0) ((Ay:—y+(m)+2m‘ﬂ'iaow+)B(x’ Y, 20, C)) (1'7 y)> c=c(ap)

Then it follows from Theorem 3.1 that the rightmost term of (4.20) coincides
with

0 0 \rexp(2mmiy) + exp(—2mmiy)
(.A(am oy’ 8(10) [ 2m
(4.21)

x Yy g(z,y — 2mmiap; ao,c)})

c=c(a)

To relate this function with TZJ_;,_, B(x,y—2mmiag), we use the technique of [AKT4];
we introduce the following coordinate transformation from (y,ag) to (g, &o):

(4.22)

Yy =1y — 2mmiayg,
dozao.

Correspondingly, 77 = 0(9/87) and 0 = ¢(9/day) are related with n and 6 in the
following manner:

(4.23) = )
6 = —2mmiij + 6.

Using the (g, &g)-variable, we then find

o 0 .
(A(ao, oy 87%>w+,3(x,y — 2m7rza0,a07c)>

c=c(ap)

_{. Z (a7~ + a2 + - )"(0 — 2mif)"
: — :

1 . _ " n! ~ .
(4.24) = (: E E(am Ybaoi 2 +) E WHk(—men)l:
n>0 ' k+l=n
k,1>0
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X 1/1+,B($7 gv dOa C))

c=c(&o)
1 ) -1 l
= (: Z ﬁ(—Qmm(al +agi )
>0
1 ~ 1 ~_2 k Gk .~
X —(« + a +--)%0% x, ;a,c)
I;)k!( 1] 2] )70" 2 p(z, 3 G, ) .

= <: exp(—2m7ri(a1 it )) :

0 0 .
X A<0407 a5 aﬁ&o>¢+,B(%y;ao,C))

c=c(&o)

= rexp(—2mmi(ay + aon " +-+1)) Uy p(x,y — 2mmiag).
Combining (4.20), (4.21), and (4.24), we obtain (4.17). The proof of (4.18) can
be given in exactly the same manner. |
5. Analytic properties of Borel-transformed WKB solutions

of an MPPT equation for a # 0

In Section 4 we have seen that the Borel transform ¢ g of a WKB solution of the
oo-Whittaker equation

(5.1) (d—2 - 772(3 + @ +n*%))w(ﬂcm;a(am)m(a)) =0

dz? 4
can be represented in the form
(52) (A(Oéo, a/aya a/aOZO)wO,B(‘ra Y; &, C)) |c:c(ao)’

where A is a microdifferential operator and 1y g is a Borel-transformed WKB
solution ¢y of the Whittaker equation
d? o/l g 5 C

(5.3) (@—77 (Z‘F?‘H? ﬁ) Yo(w,n; a0,¢) =0,
where o and ¢ are complex numbers. We note that we have changed the notation
(1,1) used in Section 4 to (¢, 1)) for the convenience of the presentation in this
section. On the other hand, Theorem 2.2 shows that the study of a WKB solution
Y1 (Z,a,m) of an MPPT equation for a # 0 can be reduced to that of a WKB
solution ¢4 of the co-Whittaker equation in that they are related as in (5.4) with
the infinite series z(Z,a,n) and «(a,n) constructed in Theorem 2.1:

L Ox(&,a,n)\ ~1/2 _ -
G4y duan = (LS @ am), 00, G2(0,0))
Furthermore, as is noted in Remark 2.2, the growth-order condition (B.4) that
{zk(Z,a)}x>0 satisfies has enabled us to rewrite (5.4) as the following microdif-
ferential relation between ¢} p and ¥ p:

(55) 1;+,B(JU,U,, y) =X¢+,B(l’ay)7
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where

(5.6) X = (g—i(x a))1/2 (1 + %)_1/2 exp(r(z,a,n)§) :

with the notation in Section 2 (see (2.58)). In view of the concrete expression
(2.60) of X as an integro-differential operator, we find by Theorem 4.1 that the
singularities of 14 p(z,a,y) are confined to

(5.7) y=—y4(z,a)+ 2mmicg(a) (m=0,£1,+£2,...)

in a sufficiently small neighborhood of the origin (z,a,y) = (0,0,0), where

4
(5.8) (x,a) / \|————— s ao
4o (a)

Then it follows from the comparison of the degree zero part of (2.8) that the
corresponding point is expressed in (Z,a,y)-coordinates as
(5.9) y=—y+(Z,a)+ 2mmicp(a),

where

0(Z,a
(5.10) (Z,a) / \/ —
Zo(a) z

with Zo(a) in (2.30) (i.e., the simple turning point of the MPPT equation in
question). Since the alien derivative of ¢4 g at the point is given by (4.17), the
application of the operator X entails the following.

THEOREM 5.1

Let 1y (&,a,m) be a WKB solution of a generic (i.e.,a #0) MPPT equation that
is normalized as in (2.32). Then for each positive integer m, the relation (5.11)
holds for sufficiently small a (#0):

(Ay:7y+(i,a)+2m7ria0(a)1;+)3(j§’ a, y)
_exp(2mmiy(a)) + exp(—2mmiy(a))

(5.11) o
x :exp(—2mmi(ai(a) + as(a)n™ +-++)): 1214_73 (Z,a,y — 2mmiag(a)),
where
Qo(#,a)
5.12 (Z,a) p= x,
(512) =/ P
(5.13) ¥(a)® +7(a) = Q2(0,a),
and
(5.14) aj(a)= — ¢ §,_1(3.a)di
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with f(a) being the closed curve in Figure 2.2 and with Sy, designating the degree
k part of Soqd, the odd part of S which satisfies

s dS 5
(5.15) 5% 4 i *Q(Z,a).

Appendices

A. Convergence of the top-order part of the transformation which
brings an MPPT equation to its canonical form
In Appendices A and B, we give estimates of the transformation

(A1) w(@,am) =Yy af) (@)a'n 7,

k=0 j=0
which appears in Section 2 and which brings an MPPT equation

(A.2) (dd—; —nQ(QO(‘%’a) +77*1Q1(?’a) +n7? QQ;’ a))>1§(£,n) =0

T T

to its canonical form

a2 1 : _
(A.3) (@—n2(1+a(z il +1 QV;Z)DW%H):O
with
(A4) ala,n) =YY aaln7*.
k=0;=0

Here we assume that Qj (j =0,1,2) are holomorphic in a neighborhood of (Z,a) =
(0,0) and satisfy

(A.5) 0(0,0) =0,
(A6) 200,00 £0,
(A7) +(a) = O(0,a).

We also obtain the estimates of a(a,n) in the course of the estimation of z(Z, a, 7).
The series x(Z,a,n) and «a(a,n) are constructed so that they satisfy (2.8),
that is,

(A 8) Qo(gaa) +7771 Ql(;aa) +n72Q2(iiva)
_ (%)2(3 N a(t;n) +777273(3621)) 3 %nfz{x;j}'

For simplicity, we use the following notation. For multi-indices & = (k1, ...,
kyu) and A= (A1,...,,) in Njj with No ={0,1,2,...}, we define

173
(A.9) A =D N,
j=1
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(A.10) N = ﬁ/\j!,
o 3
(A.11) C(\) ::EC(AJ), CN) = omn e

For (\;,kj)-dependent (j=1,2,..., ) quantities piz and o, we also use the
following notation:

B u
X A
(A.12) pp = H Y,
j=1
" 1 for p =0,
A.13 <=
(A13) Z 7 St [y 0, for p>1.
&=t K >1
In what follows, :I:fcj ) or functions related to it such as d:zc,(cj ) /dZ, and so on,

typically stand for pi. We also use the notation Z\*:\I,Fl pé to mean imposing the
constraint on A; in exactly the same way as in (A.13). We denote the supremum
of a function f(%) on {Z € C;|Z| <r} by

(A.14) £y = Sup £ (@)]-

As in Section 2, we introduce z(Z,a,n) given by
(A.15) 2(%,a,m) ==& 'x(%,a,n).

The purpose of Appendix A is to confirm (2.5) and (2.6) for k =0, that is,
to prove Proposition A.1. As we see in Appendix B, the convergence of the series
2o(Z,a) and ap(a) plays a central role in our subsequent discussions.

PROPOSITION A1

Let

(A.16) xo(Z,a) = Z a:((Jj) (&)a? and  apla) = Z a(()j)aj
3=0 §=0

be the top-order part (with respect to n=1) of the transformation and the coeffi-
cient of the canonical form constructed in Section 2, respectively. Then xo(Z,a)
and ag(a) converge in a neighborhood of (Z,a) = (0,0).

Proof _ _
To begin, we briefly recall how to construct xéj ) and a((f ),
Comparing the coefficients of 7" in (A.8), we have

(A.17) M:(5$0)2(1+@0_@)_

& \9z/ \4' =z
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Further, by comparing the coefficients of a” in (A.17), we find

s 6 (S (2 ),
0

where Q;ﬂj) denotes the Taylor coefficient (with respect to a) of Qx at a =0 (cf.
(2.17)). Our choice of xéo) and a(()o) are as follows:

0 0 g ~(0)(Z/)
(A.19) ol =0, xgmz):/ 2 OTdy
0

It follows from (A.6) that xéo) thus chosen is holomorphic in a neighborhood of
zero and satisfies

(A.20) 20(0) =0,
dxéo)
(A.21) (0) £0.

©)

By a similar procedure, we determine z;’ and a(] )

succesively in the follow-
ing way. First, comparing the coefficients of a/ in (A.17), we have

<)
o (7)= di  di

Jit+j2+is=j

. (1) Js )
* (_1)N
X (50”‘32 + Z O;(EO) Z Z TZO)

N . 2z 122
Ji+iz=js “0  p=min{l,j5}|X|,=j} (zo)

(A.22)

Here and in what follows, d, , designates Kronecker’s delta (i.e., is equal to 1 for
p=q and equal to 0 if p # ¢). By multiplying (A.22) by 22(0)(d9:(0)/d:i)’2
taking w = xéo)(i) as a new independent variable, we can rewrite (A.22) as

(A.23) wdi ) 4 200) =200 (w).

Here the explicit form of ®)(w) is given by

. d (J1) d (42)
@(J)(w) == Z Yo %o Z a(]l

J1ti2+iz=j Ji+iz=Js
1<js<j—1

) ey
x Z Z (o)zO

Z
pn=min{1,j5} || =45 (0 )"

(A.24)
* ./ ,uz
Sy s e
J1+is=j p=min{1,55}|X|,=44
(J1) 5,.(j2) o) _
w * dxzg dxo (0) (dxo ) 2 5(5)
12 dw o dw TP lag) @

Ji1+Jj2=j
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We then define agj ) by

(A.25) al =30 (0).
With this choice of a(()j), we solve (A.23) to obtain
. w UG () — @)
(A.26) 29 (w) = 2/ VD) — gy
0 w

In view of the definition of a(()j ), we find that xéj )(w) is holomorphic in some
neighborhood of {w € C;|w| < r} for some r > 0.

To verify the convergence of the series xo(Z,a) and ag(a), we use the majo-
rant series method; that is, we construct a majorant series A(a) =3_;5, AW gl
of 2o(#,a) and ag(a). Hence our task is to find a sequence {A)} ;54 of complex
numbers such that they satisfy the relation (A.27.5) for every j > 0:

|O[éj)| < AW

V)

(A.27.) 25”1l < A,
dz9) . )
IS H[r]’HZ((J])H[T] <4z

To begin, we choose A©®) and A(M) so that they satisfy, respectively, (A.27.0) and
(A.27.1). To define AY) (j>2), we introduce an auxiliary constant C' so that
the following relations may be satisfied:

(A.28) 1G5y < €7+,

ey
) (r)’ ‘( dz ) [r]
Since Qo(w,a) is holomorphic at (w,a) = (0,0) and (dz(()o)/d:i)(O), z(()o)(()) #0,

we can find such a constant C by taking r (> 0) sufficiently small. Using this
constant C, we recursively define AY) by the following:

A= ¥ &;‘1(”) S 46D
L r L
Ny Sitiaie

Js
<3y ()

p=min{1,55} |X|, =4}

£ 3 A6 i 3 (%)“Ad)

i4ib=i p=min{1,35} x|, =3}

N E) i < C

w5

(A.30)

Z* A1) AG2) 40+ A(o).
P "

By using induction on j, we prove that AU) satisfies (A.27.5).
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Let us now suppose that AU) satisfies (A.27.5) for 0 <j <m — 1. Then by
using (A.24), (A.28), (A.29), and (A.30), we find

S|\ < H 0 0 }: )
[ H[]—j+.ZZ dw Al dw )~ lag |
1+j2+jz=m J1+I2=73

1<js<m—1

73 ~
* A _
<5 ST Nl

p=min{1,55} |X|, =44

* i1 0)\ —
+ > ] Z S 1= )

Jitiz=m n= mln{lﬁjz}P\\M =j4

|w] * deéjl)
+ 4 Z dw

Jitje=m

(dfl—?)l\\;||@ém><w>||[r]

A1) AG2) AGD
S - D Dl
greasimi ity

dl‘éjz)
dw

[r] [r]

0
+ 128

(A.31)

Ja
<X S

p=min{1,55} |X|,=j}
AU J2

> >3 (5)

Jitis=m p=min{1,j5} x|, =4}

r « AU AG2) A0
- - 4y omt3l
1Y T ot

Jitje=m
A(m)

4
To deduce (A.27.m) from (A.31), we use the following.

LEMMA A.2

Let v(w) be a holomorphic function on D, ={w;|w| <r}. We consider the fol-
lowing differential equation for u(w):

du
Y w
where « is a constant. Then there exist a constant a and a holomorphic function
u(w) on D, which vanishes at w =0, so that (A.32) and the following inequalities

(A.32) M w) + 20 = 20(w),
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are satisfied:

(A.33) laf < vl
(A.34) lullp < 4ol
du U 4
A. H— A < Sl
(4.35) dw 1) lw ) — rHU”[ ]
Proof
By setting w to be zero in (A.32), we find
(A.36) a=v(0),
and then we define
w 7 —
(A.37) u(w) = 2/ v —a s
0 w

Then we easily see that u(w) is a holomorphic solution of (A.32) on D, which
vanishes at w = 0. For this choice of @ and u(w), (A.33) is clearly satisfied, and
the first inequality of (A.35) is an immediate consequence of the Schwarz lemma
because u(w) satisfies (A.38) as a solution of (A.32):

du
(A.38) o, < 20l + 2lel < 4ol
Since u(0) =0, we also find the following:

Y du du

A.39 T<H/—~d~ <H_ < 4[o]|.
(A.9) i <[ | Gt aa] <52, <4l
We thus obtain the second inequality of (A.35) by using the Schwarz lemma
again. (I

By applying Lemma A.2 to aém) and xém), we obtain (A.27.m). Thus the induc-

tion proceeds. This means that we have confirmed that
(A.40) Afa) =Y AW/
Jj=0
is a majorant series of ag(a) and zo(#,a). Hence what we should show is the
convergence of the series (A.40). The required convergence follows from the

implicit function theorem by the following reasoning. First, by comparing the
coefficients of a’, we observe that A(a) satisfies the equation

1 1
— A0) 1) (A2 _ (A0))2 _ A(0)
A=A 4 AVa+ — (42 = (A)?)(A- 4 )(1—(A—A(0))C/r)

(A4 (A=A (g —1A<0>>c/r )

1 A© (Ca)?
(A=A 4 yo3 .
+ r( ) +4c r 1—Ca
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Therefore if we define Z(a, A) by
Z(a, A) := (A—A© — AWyg)

1 2 2 0 !
(A.42) - Z A - U -4 ()
. 1
- (A—A(o))(l — (A= AO)C/r B 1)
1 2 A© (Ca)2
S A AT e

then we find that A(a) is a solution of Z(a, A) = 0. Since = is holomorphic in a
neighborhood of (a, A) = (0, A)) and satisfies

(A.43) 2(0, A@) =0, (S—Z) (0,A®) =10,

it follows from the implicit function theorem that Z(a, A) =0 has a unique holo-
morphic solution satisfying A(0) = A(®) near (a, A) = (0, A®). Hence A(a) is
convergent. This implies the convergence of the series ag(a) and z¢(Z,a). O

B. Estimation of the transformation which brings an MPPT equation

to its canonical form
The purpose of this section is to prove (2.5), (2.6), and (2.7), that is, to prove
the following.

THEOREM B.1

Let

(B.1) 2(&,a,m) =Y wx(Eam
k=0

be the transformation that brings an MPPT equation (2.33) to the canonical form
(2.35) with

(B.2) aan) = arlam ™.

k=0
Then x and « satisfy the following conditions for some positive constants ro and
Ao N

(i) =z and oy, (k=0,1,2,...) are holomorphic, respectively, on {(Z,a);|Z| <
ro, lal <ro} and {a;|al <ro};
(ii) the following inequalities hold for k=1,2,...:

(B.3) sup |ag(a)| < k1AL,
la|<ro
(B.4) sup  |xp(%,a)] < KIAE,
|Z];]a|<ro
(B.5) sup 3_2{1@(@7@)’ < klAk.
z

|Z],la|<ro
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In order to prove Theorem B.1, we use the following lemmas frequently.

LEMMA B.2
Forl,pe N={1,2,3,...} with u<lI, the following inequality holds:
(B.6) SN <A (- 1)L,
‘S‘lu:l
Proof

We verify (B.6) by induction on g > 1. For the case p =1, (B.6) is trivial. For
=2, we have

: ADe!
S bl =0-1(2+ Y (1—1)!)

[X2=l A1t+Aa=l
A1,A22>2

-2

9 )\(}\,1)...3
:(1*1)!(”1—12(l—2)(l—3)~"<l—A+1))

A=2

§2(l—1)!(1+§:—i>

<41 -1
If we assume that (B.6) holds for  — 1 > 1, then we obtain

)PV N Vi B NS VI RRED WY

A=l U+A,=l At Ay =
U>p—1,2,>1

< > AT = a2

VX, =l
UZp—1,0,>1

(B.8)

_ —2 /

=4 STy

U4 =l—p+2
U>1,0,>1

<4 Yl —p+ 1) 0

LEMMA B.3

For A= (\q,.. S Au) €N with No = {0,1,2,...}, the following inequality holds
for C(X) given by (A.11):

(B.9) Y cny<c).
M=t
Proof
We first prove (B.9) for the case p = 2:
3 \2 1 1 3 1
. — < — .
(B.10) (32) > 120t 12 202 (14102

A1+Aa=l
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Since
> 1 w2
B.11 _+t T
(B.11) Z A+1)2 67
A=0
we have
Z (1+2)2
W, D20+ 1)
S (LA
WS ML et
! 1 2 ! 1
(B12) =) ot > e Y
= (A1 +1) el M+1D(A+1) ot (A2+1)
oo ! l
1 1 1/2 1 1/2
<2 2 — S —
= AZ_O eI QZ_O O+ 1)2) (AZ_O Dot 1)2)
- — -
> 1 o2
4y — ==
= Z A+1)2 3

A=0
Then (B.10) immediately follows from this. Since (B.9) is trivial for the case
u=1, we obtain (B.9) for x> 2 by the succesive use of (B.10). O

Proof of Theorem B.1
We rewrite (A.8) as (2.10); that is,

@0(j7 a) + 7]_1(21(537 a)

ma - () ()

B _ dz~(a) _rdz\2v(a) 1 _ 1~
2 _ 22 A7 SENTRY) ) L -2,
+7n ( Rg(x,a)—i—de . +m<da~3) 2 57 {z;2}z.

Here Ry(Z,a) is the function given by (2.11); that is,

(B.14) Ry(Z,a) = M

The choice (A.7) of y(a) guarantees that Ry (#,a) is holomorphic in a neighbor-
hood of (Z,a) = (0,0). By comparing the coefficients of =% (k > 1), we obtain

0r1Q1 (%, a)

X!
dzy, dxy o 2 x (=1)zz
Y D V- VD Dl

20 ; Iy
k1+katkz=k ki +kh=ks v=min{1,k5} |R|, =k}
Tdrgdr, I * dxy, dxy -
B.15 _—— = E L2 5L oR
B15) +5% @ "1 i az  Onefel®a)

k1+tko=k
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ENCED YN SR S

ki+ko=k—2 v=min{1,k2} |R|,=k2

k3
B del dzk2 1 * v 2R
i) Y i a7 2 Y. D (DD

ko1 +hot kg —=k—2 v=min{1,ks} |&|,=ks 0

T d3xy, rdroy\ 1 da:,.6 dxg
2 D dz3 ( dz ) Z Z ( dz )
ki+ko=k—2 v=min{1,k2} |R|,=k2

3. dekl dzmk2 dxg\ —2
MDY di?  dz? (%)
k1+kotks=k—2

<3S et

v=min{1l,ks} |k|,=ks

Further, by comparing the coefficients of a/ in (B.15) and taking w = .73(()0) () as
a new independent variable, we have

day’ () doi” N2 (0) 5 0)
where q),(cj) is
(B.17) o) = o) + o) + o))
and <I>,(§J2 (i=1,2,3) are defined as
(j2)
) dz;?

e =-2 ) > Wt

ki+ko=k—2j1+j2+js+ja=j

k2
D DR S I Eab LRI D S
v=min{1,k2} |R],=k2 |>\\u_j4

(g2) 4,(ds)
-3 Z Z 7(]1)%%
dr dzr

ki+kot+ks=k—2j1+j2+jz+jatis=j

k3
N SR D S o
v=min{1,k3} |R|v=F3 ‘Alll_]5

+

N | &
Q.
UlF

ki1+ko=k—2j1+j2+j3=3
k2

oy —v—1) U2 % ey
(B.18) x> (—U”((C;—j) ) > 2 dd;

v=min{1l,k2} ‘Rll’:k2|5\|u:j3
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2,.(71) 52,.(52)
5 Z Z d J:kll d xk;
dz? dz?

ki+kotks=k—2j1+i2+js+ia=J

=]

k3

< 3 ()"

v=min{1l,k3}

x>y =k

|Rlo=k3 |\, =ja

+ 62 B (w),

ki+ko=k j1+j2=J

Fithatha=hlita+la=j K4k =ks 1+, HE =l
1<kz<k—1

(B.19)
K

S S C ) (e LN S Y

v=min{1,k}} ||, =kb I:\‘V:lé

B Z* Z dxéh)dxt()jz)a(ja)
= di dz &
ki1+ko=k j1+j2+733+ja=J

k2 )
3N (C)rhH STy 2D

v=lii+ia=ia IRl =k |X], =33

(J1) (72)
() _ drg™ drg™  (Ga), —11(j
(I)kj,?) - A dz akJB (ZO )(j4)
Jitij2+js+ja=j
Js<j—1

_f Z dx(()jl)dac,({jz)
2 &~ dz dz
Jit+j2=J
Jj2<j—1

dx](cjl) dx;qu) ) o
(B.20) — Z Z djl d; 04(()]3)(,20 1)
k1+k2:kj1+j2{i'<j;+j4:j
=73
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B Z da?éjl) dl‘ép) a(()jS)

L= dE  dZ
J1tj2tistja=j
1<5s
k N ~
v —v—1\(j} (N
DD INCIZEESIED DD I
v=1j{+j5=ja |Elo =k ||, =34

Here we denote the coefficients of a/ of 25" and (dzo/dZ)™", respectively, by
(25°)9) and ((dxo/dz)~")).
The above decomposition of <I>§€J) into three parts CIDECJE (i=1,2,3) is made so

that we may dominate each term in <I>,(Cj 2 by constants of the uniform form
(B.21) MY,

where ¢; and M ,gj ) are described with notation to be given later in the following
manner:

(B.22) c1 = 0do/A,

(B23) Co = 50,

(B.24) cs=B/C,

(B.25) MY = k(A= HEC(§)CI 50 M.

We also note that q)gj } is regarded to be zero as a convention. As we discussed in

the proof of Theorem 2.1, a,(j ) and x,(f ) are determined by
, 1
(B.26) af’ = (:57(0)) "o (0),
) wo /g0 —2 ) n (i) s 0\ -
(B.27) a:,(j) :/0 o ((d—%> 25 )fbgj (w) — ag > dw.
We now estimate the growth order of x,(j ) and a,(j ), as j and k tend to infinity,

by using the induction on the double index (j, k) appropriately ordered. Since we
proved in Appendix A that .- méj )(:E)aj and )5, a(()j )aJ are convergent near
the origin, we can find constants Cp, B, and p such that the relations (B.28) ~
(B.31) hold:

dzl® dzl®O -1

B.28 (0) (0) 0 ‘ 0 H ON=1)1 - < (0
B28) et - 156 e | | (Faz) Ly 167 e < o)

~ di' -1 d:L-O —1

|2 (w)]l{, (@) [T],Iw;:‘r;‘gp’(%) ’,
(B.29)

sup |(ZO)_1|7 sup |ap| < Co,
|lw|<r,|al<p la|<p
dx(()j)

(B-30) 12511

di H[r]’|a8j)|’”Qg])H[T]v||R(2J)||[r]a|’7(j)| < CyC(j) B,
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man [((3)7)

o 1z )Pl < CEC() B?

We now try to show that the dominance relation (B.32.k.j) (k> 1,7 >0)
holds for some constants A,C, and §y which satisfy (B.33) and (B.34 )
Ba2kd) 1ol o | 5 [,k < M(as=r G Cay
for any e that satisfies (B.35):

(B.33) 1<VAs, 0<dy<1,
(B.34) 0<B<C(C,
(B.35) 0<e< g

We note that (B.32.1.0) is validated by (B.33) if we choose A sufficiently large.
Now we confirm (B.32.k.5) for every (k,j) (k>1,j > 0) by using the follow-
ing induction procedure.

[I] We first confirm (B.32.n.m) by assuming that (B.32.n’.m’) (0<m/,1<
n' <n—1) and (B.32.n.m') (0 <m’ <m — 1) are all validated, and then

[II] we confirm (B.32.1n.0) by assuming that (B.32.n".0) (0 <n/ <n—1) are
validated.

As we know that (B.32.1.0) is valid for a sufficiently large A, these confirmations
suffice for our purpose. To attain this goal, we first note that application of
Lemma A.2 to (B.16) entails the following relations:

d
(B.37) H zy H

v) <@ 3
e = 2 (Coc) oo
From (B.26) we also find

(B.38) 0] < CoCO)|DF -

Thus it suffices for us to estimate <I>](€j ) under the appropriate induction hypoth-
esis.

Let us first consider the case [I]; we assume that (B.32.n'.m’) (0 <m/;1<
n’ <n-—1) and (B.32.n.m’) (0 < m’ <m — 1) have been validated, and we try to

prove the following estimates:
(B.39.1) 08| < e M{™
for i =1,2,3. Here ¢; and M™ are given by (B.22) ~ (B.25) with M in (B.25)

being a constant independent of n,m,dg, C, A.
Before embarking on the estimation, we note the following.
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LEMMA B.4
Suppose that (B.S’Q.k.j) holds. Then we find

dzlij) k—k—1
B.40 H : < e(k+ 1)1 AP 10() Y5y,
( ) dw2 [r—e] dw l[r—e 6( + ) () 0

(J)

(B.41) H = - < 2k + 2)1 AP F2C()Ci 5,
Proof

Let € denote ke/(k +1). Then (B.32.k.j) entails
sup |2 ()] < KAYETEC() 08

lw|<r—é&
1
= klAF ek i
(B.42) kA (1+ k) C ()76

< ekl APk C(5)CP 60,

where e = exp(1). On the other hand, Cauchy’s formula tells us that

Az (w) 1 D@

|6 —w|=(k+1)~1e

In view of the definition of &, we find that w that appears in the above contour
integral satisfies (B.44) for w with |w|<r —e:

@] < | — w| + |w]

(B.44) <(k+1)let+r—ce

=r—c.
Hence (B.42) shows (B.40) for dz,(cj)/dw. The estimation of deg)/de and
d3m,(€] ) /dw? can be done in exactly the same manner. O
REMARK B.1

For a holomorphic function f(Z) of & and a change of variables & = Z(w), the
following relations hold for the differentiation of f(Z) with respect to the two
variables z and w:

df

(B45) (@) = (S2) I f(aw)),
®a0) o) = () g e + 5 () G et
Ban) L aw) = (C) L) + L (E) L )
F(w)\ 1 d? Z(w)\ —2 -
Jr%(ddiu)) %(ddiu)) %f(x(w))
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Since (dZ/dw)~1 satisfy (B.29), we obtain the following estimate from Cauchy’s

k Z(w)\ ! _ —1
Jau () T =2 1)

<kle ki,

inequality:

(B.48) .

Using relations (B.45) ~ (B.47) and the estimate (B.48), we obtain the inequali-
ties

(B.49) | G|, _, <o sG], .
Hd:pQ [r—e] = C‘?Hdd—z;f(j(w)) [r—e]
(B.50)
+_C°Hd (#(w)) (r—e]’
Hdm3 [r—e] _CSH%]E(%(M)) [r—e]
(B.51) +sflchdd—u;f(az(w)) -
_ZCOH_f (#(w)) (r—e]’

Then the following estimates immediately follow from the inequalities (B.49) ~
(B.51) and Lemma B4 for k > 1:

(4)
dzk < Coe(k 4+ 1) AR~ =10 ()07 5y,

(B.52) H

[r—e]

(J)
<1Ch Mk +1—1)1Ake= 005, (1=1,2,3).

(B.53) H

[r—e]

For k =0, we have the following estimates from (B.30) by the same discussion of
Lemma B.4:

dZ(J) )
(B.54) H 0 - < e~ lO()BIC2,
(J)
(B.55) H p - <11 - 1)l e BICH (1=1,2,3).
REMARK B.2

Lemma B.4 explains the background reason for the asymmetry of the estimate of
|z§€j)| with respect to j and k; we dominate |x,(€j)| by C7*1 as j tends to infinity,
whereas we include a much worse factor k! to control their behavior as k tends
to infinity. As the estimate (B.64) below shows, the seemingly innocent term

(B.56)

(@)
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in (B.15) forces us to introduce the k!-factor for making the induction reasoning
run smoothly. This observation indicates that the singular perturbative character
of the problem in question originates mainly from the Schwarzian derivative
multiplied by 772 in (B.13).

Now we begin the estimation of <I>(m) (1=1,2,3).

(1) The estimation of <I>n’1 . First, we estimate @5:11). The background of
the expected form (B.39.1) is as follows. We observe that the sum of suffixes in
each term which are relevant to 7!, that is, the sum of kp’s, is n — 2. Hence, by
using (B.32.k.5), we encounter the factor A”~2 in the resulting estimate. Then
(B.33) may be used to rewrite it as

(B.57) A2 = A"ATE < AN AT

Thus we expect the extra factor A~! in our estimation. Let us concretely check
whether this argument really goes well. We estimate the first term of (B.18) for
n > 2: By using (B.30), (B.31), induction hypothesis (B.32), (B.52), and (B.54)
we have the estimate

l
l1 dzl(@lz)

() Phy
HQZ > (-

ki+ko=n—2101+l2+I3+la=m

ko -
1\ (.—v—1\(3) * (N
X Z (=1)" (29 ) ﬁz ~Z 2k (r—e]
v=min{1l,k2>} |Rlv=k2 ||, =1y
(B.58)
<2 Y Y CiC(h)B e(ky + 1)1 AR e C(1p) O
k14+ko=n—=211+l2+I3+l4=m
k2
< Y artlounBe Y S Ri(AsTY)RC()Cley.
v=min{1l,k>} [Rlv=k2 |X|,=l4

Here we applied (B.52) to dz,(clf)/di" for k1 > 1 by replacing dy of (B.52) with Cy
in order to estimate dz,(clf)/di (k1 >1) and dzOZQ)/d:Z‘ in the same form. Further,

by applying Lemma B.3 to the summation on [y,...,l4 and X and also by using
(B.34), we find

2 > ST RO B ek + 1)1AR TR (1) Ot
ki+ka=n—21l1+l2+I3+l4=m

k2
xS0 crtioBt Y Y R(AeTYRC() Ok
v=min{1l,k2} |%],=Fk2 |)\‘u—l4

(B.59)
< 2eCHC(m)C™me T A2

ko

<3 )t Y (Cod) Y AL

ki+ko=n—2 v=min{1,k2} |R|,=k2
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Then we obtain the following estimation from Lemma B.2:

2eCAC(m)C™e " AN 2

k2
X Z (/ﬂl + 1)' Z Co(SO Z k!
ki14+ko=n—2 v=min{1,k2} |& |, =k2

< 2eCHC(m)C™me T A2
x((nfl)!Jr S (b 1)k

k1+ko=n—2
1<ks
1/ v—1 I/+1)'
XZ Cosoy a1 B )
(B.60) \
< 2eCAC (m)C™ (Ae~1) e A2
* > 1
x((n—l)H— 3 k{!k2!00502(40050)”’1;>
ki +ko=n—1 v=1 :

<2eCyC(m)C™(Ae™ 1) e A2
X ((n — D)l Codpe@or 3 kgw@!)
ki 4-ko=n—1

< 2eCHC(m)C™ (A1) e A7 ((n — 1)1 + 4Cope 0% (n — 2)!1).
Consequently, since we can assume that Jg is sufficiently small as
(B.61) Codpetco% < 1,
we obtain the following inequality from (B.57):

dz(l2

D D

ki4+ko=n—2101+l2+I3+l4=m
k2

(B.62) ST D )T Crns LN S NP

v=min{1,k2} [Rlo=k2 |X|,=l4

[r—e]
< n!(As*l)”C(m)Cmé?A*126045-:(l + L).
- 0 "\n " n(n-1)
We find that similar estimates hold for other terms:

l l3)
0 Bk dz)
DY D
dr dx
k1+kot+ks=n—211+l2+I3+1l4+l5=m
k3

B63) x > (D)W TS W

v=min{1,k3} |&lv=Fk3 |X|, =I5

[r—e]
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< > > CSC(11)C (Iy)C (Is) AR T2 Bl glaHis
ki+kot+kz=n—211+l2+l3+1l4+1l5=m
e2(ky 4 1) (kg + 1)le~hr—k2=2

k3
x> (v+1)CETC(1s) B

v=min{1,k3}

x 3N RI(AsTYBC(N) sy

|Rlo=ks |X|, =I5

§e2CgA_2(Ae_l)"C(m)Cm( DAL

ki+ky=n
ks
. —v+1)!
+ Y kg!k;!k312(u+1)(0050)”4v—1(k3]++))
3.

ki +kh+ks=n v=1

<2CEAT2(AeTH"C(m)C™

x (4(n = 1)! 4 16(n — 2)!Coby > (4Cod)"* . 2 1)!)

v=1

“1\n m /4 32
< nl(Ae~Y)"C(m)C™ 82 A 1(5—1—”(71_1))03627

T d3x,(€ll)
9 Z Z dz;

ki+ko=n—211+l2+Ilz3=m

k2 2o —v—1) ) s z M
< 3 (—1)“((%) ) Y

v=min{1,k2} Rlo=k2 ||, =l3 [r—e]
< §C4Cl ARGl (kg + 2)le™h 2
_k1+;n72l1+l§3:m2 ’ (1) ( 1 )
k2
x Y artlo)BE Y S crRi(As )R C(A) Ok
v=min{l,k2} &l =k2 X[, =ls

(B.64)
2C3C (m)C™(Ae~ )" A2

l\DIOJ

x(n!—|— 3 k’l!k2!0350§:(4og(50)u—1%)

k}ll-‘rktgz’ﬂ v=1

2C3C(m)C™ (A1) A2 (n) + 4C280€* 0% (n — 1))

l\')IOO

<nl(de )y CmemsA (1+ )302 ,
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A2z 1)d2 (l2

3.
HZ”C Z Z d;v2 dx2

k1+kot+ks=n—211+l2+I3+la=m

k3 dxo (a) * dx,({\)
py ()(V+1)(<dx) ) 22 |
v=min{1,k3} [Rlo=k3 |X|, =14 [r—e]
< > > 3CHC()C (1) AR TR Chitt
k1+ko+kz=n—211+l2+I3+la=m

ks
€ (ky+ 1) (kp + 1leM7R272 N (b4 1)CETC(13) B
v=min{1,k3}

(B.65)

X Z pRe e~Hkso(N)Clasy

|Rlv=ks |X|,=l4

<3e2CTA2(Ae™1)"C(m)C™

* 2 *
x (D07 Kkt 2CR8e ST Ky Iks! )
ki+kb=n ki+EkL+ks=n

(B e

<n! —1\n m ¢2
<nl(Ae™)"C(m)C™§; A o

(B.66) 162 RS™ (2)[|pr—e] < 60(Ae™H)2C(m)C™ 52 A C.
In the estimation of (B.64) and (B.65), we assumed that dy is sufficiently small as
(B.67) C25e1C8% < 1,

Since n>2 and A™! e < 1, we obtain (B.39.1).

In the above estimates the worst one appears in (B.64) since no factor that
weakens n! is contained. This is the reason why (B.3) ~ (B.5) must contain the
factor k!.

(2) The estimation of <I>£lm2). The appearance of the extra factor §p in the

)

estimate
(B.68) 1621Q5™ (2)|[jr—e) < Ae™1C(m)C™2Ce

is an immediate consequence of the assumption (B.33). To obtain this extra
factor in the estimation of other terms of <I>£L 2), we note that each term in the
summation contains two factors, each of whose suffix k is greater than or equal
to 1. It then follows from the induction hypothesis that we find the extra -

factor. Let us confirm the estimation of the most complicated term in <I>(m)

Since x(J ) ,(C) (k>1) and xé ),aéj ), respectively, satisfy the different types of

estlmatlon (B.32.k.5) and (B.30), we have to separate its summand depending
on its suffix. However, the procedure of its estimation is essentially the same as
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that of (B.58):

l l
dzt™) dz{?) v
‘ § : § k1 ko E § a( )
~ ~ ’
dr dz k1
ki+kotks=nli+lo+lz=m kllJrké:k‘g l/1+l/2+lg:lg
1<ka<n—1
K,
« § : (_1) 71/ 1 (l § § (A)
r—e]
v=min{1,k}} [l =k5 | X|, =14 [

dx klll ) da kl; )

" " d$(ll)d$(l2)
:HZ(Z dz da?+2z doi d];%)

li+l2+lz=m ki+ko+kz=n k+kz=n
k3
) l) *
< > (af Z )IRED SEEI D DD
Uyl =ls v=1|il,=ks K +kh=ks v=min{1,k}} |7l =k}
1<k,
250 1 %) *)
X (— 2
(—=1)"( DRI o
|)\\,_l/
< ) GC)C(l)
li+la2+l3=m
><( ST Otk ky) (AR 62
k1+ka+kz=n
+2 5 Bllek!(As*l)’“éo)
ks .
C Y (aemr s Y
l/+l/+l3—l3 Vzl‘f:il,,:kg
kg
D S I Sl
kY +ky=ks v=min{1,k5} |&|, =k}
1<k,

x CyHC(y)B Y RI(Ae Y Fr (V)T
N =1h

§(A5’1)”C’(m)CmC§< S kketsia2 Y mo)

ki+ko+ks=n k+ks=n

« (COZ Z Cqul ]51/

v=1 |H‘u—kd

K
(B.69) D DRI R S
ki +ky=ks v=min{1,k}} ||, =k}

1<Kk}



156 Kamimoto, Kawai, Koike, and Takei

g(Aa—l)"C(m)Cmcg( S klkl 2 Y k!60>

ki+ko+ks=n k+k3=n
> (400(50)V_1
x (c§k3!50 ; o ks !Codo
Y Ry y U 40050 )
K+ k) =ks v=1
<nl(Ae7H"C(m)C™d;

164, 8
CO ((7:)1) + E) ((Cg + 400(50)640060 + 1).

Similarly, we can estimate the other terms as follows:

D>

ki+ko=nli+lo=m

(B.70) SZO Z* Z /4;1!k‘g!(Ag—l)k1+kzC(ll)o(l2)0h+l2(sgcg

ki+ka=nli+lo=m

dx klll) d:r](f;)

[r—e]

213
<nl(Ae~H"C(m )Cm—éofo,
H Z* 3 dﬂ?éll)dx((JZZ)a(zg)
di dx ™

k1+ke=nli+la+Iz+la=m
ko
% Z Z (_1>y —v—1 (l ) Z Z é
V=114 +ly=ls IRl =k2 |X], =1}
B71) < Y Y GRCM)C(1)C(s) B Tk (A O,

ki+ko=nli+ls+ls+las=m

XZ > cytteuy)s Z > RIC(N)(Ae koY

v=111+l5=l4 [Rlv=k2 ||, =}

[r—e]

C4 4C060
<nl(Ae™H"C(m)C™ 82 .

Therefore we obtain (B.39. 2)

(3) The estimation of <I> ) To find the extra factor BC~! in the estimate
of each term in <I>fl 3), we ﬁrst note that the constant B is dominated by the
inverse of the radius of convergence of zg, ag, and so on (cf. (B.30)) and that the
constant C' is relevant to the radius of convergence of z,,, a,,, and so on. Hence
we obtain this factor thanks to the fact that each term in the summation in <I>£;'§)
contains a factor that originates from the coefficient of n°a’ (j > 1); for example,
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we find
l1 lz
H 3 day") darg” alla) (2 1))
dz  dz om0 [r—e]
li+l2+l3+l4=m
l3§’fﬂ*1
< > C5C(1)C(12)C(I3)C (1a)
i+l +I3+la=m
lgS’HL71
(B.72)

x Bhitltlaglpl(Ae=1ns,
| —1\n m B 3
<nl(Ae™H)"C(m)C 50600
because l; + s + 14, =m — I3 > 1 holds by the constraint of the range of indexes,
which is due to the fact that aﬁ;'”) is excluded in the summation. Similarly, we find
1 1
dl‘;ﬁl d$(2 (lS)

H > > di  di o (2 )™

ki+ka=nli+lo+iz+la=m
1<l3

[r—el

* d:cgll) d:cg;)
=l X (X

Li+la+l3+ly=m ki+ka=n
1<Is

jdr ) day? ot

3) (,—1y(la)
+2 dz dz 0 (ZO )

[r—e]

(B.73)
< > CiC)C(I)C(Is)C () (A )"

i+l +i3+l=m
1<l3

x( 3 cll+lzk1!k215§+2Bllclzn!50)3l3+l4
k1+ko=n

< nl(Ae=1"C(m )cm(socco(@m)

This time the condition [3 > 1 is due to the fact that a( ) vanishes.
By the same reasoning, we also find

[ S
2 drx dx

li+lo=m [r—e]
lggm—l
(B.74) g% S CoC(l) B Conl( A1) C 1) C15,
l1+lo=m
lggmfl
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a1 dxol2 ()

d;% dz 0
L1+l +lz3+1l4=m
1<0s

XZ Z ) —V—1)(z;) Z* Z Zéi)

v=11+l=l4 [Rlo=n|X|,=l}

[r—el

(B.75) < > CiC()C(I)C(ls) BT
ll+l241*l<3l+l4:m

xz Yo ortte)Bt Y Y RO (Ae ) Ctay

v=11014+15=ly ‘”‘V_”\/\L/—ll
B
< n!(Ag_l)”C(m)Cm50608640050.

Hence we obtain (B.39.3).
In conclusion, (b%m) satisfies the following inequality:
] B
(B.76) QU n!(Asfl)”c(m)cm(sO(Zo oo+ E)M.
By taking §p sufficiently small at first and then taking A and C sufficiently large,

we can assume that the following holds:

(B.77) 6r=1(CoC(0))° M (‘iﬁ 400+ g) <1

Since 0 < € < /3, from (B.36) ~ (B.38), (B.76), and (B.77) we obtain (B.32.k.j).
Thus the induction proceeds in the case [I], and it remains to consider the case [I];
we are to confirm (B.32.n.0) under the assumption (B.32.k.0) (1 <k <n—1).
But we can readily confirm this fact by the same estimation as in the case [I].
Actually <I>( 3 vanishes in this case, and the estimation is easier than before.
Therefore we obtain (B.32.k.j) for every k> 1 and j > 0. Then by fixing ¢ >0
and taking 7o and Ay in Theorem B.1 as min{r —e,C~1} and Ae~!, respectively,
we obtain Theorem B.1. g

C. Representation of the action of X" as an integro-differential operator

Using the results obtained in Appendix B, we now study how the microdifferential
operator X constructed in Theorems 1.6 and 2.6 acts upon multivalued analytic
functions. Although the situation where this operator appears is different from
the situation where its counterpart (also denoted by X') appeared in [AKT4],
their structures are essentially the same; the reasoning in [AKT4, Appendix C]
applies to our case almost word for word. But in order to make this article self-
contained, we describe the core part of the argument in this appendix. As the
following reasoning indicates, the operator X constructed in Theorem 1.6 and
that in Theorem 2.6 can be dealt with in exactly the same manner. In what
follows we discuss the operator & constructed in Theorem 2.6 for the sake of
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definiteness. It then follows from (2.58) that it has the following form:

dg\ 1/2 Ir\ —1/2

(C.1) X=: (£> (1 + £> exp(r(m,a,n)f) Y
where
(C2) r=r(,am) =3 iz ayn,

k>1
(03) Tk = Tk (g(x,a),a),
and g(x,a) is the inverse function of = x¢(Z,a) given in (2.52), that is,
(C.4) x= xo(g(ama),a).
Here z;, (k > 0) is the function given in (2.5) and £ stands for the symbol ¢(9/0x)

of the differential operator 9/dx. For the sake of convenience, we introduce 7“11 (x)

by

(C.5) (%)_1 (1+ g—;) :irl(a:,a)n*k.

Then the coefficients {hy}r>0 and {fi}1<i<k in the expansion (C.6) and (C.7)
can be explicitly expressed in terms of {r;} and {r};} as undermentioned in (C.8)
and (C.9):

dg\1/? or\~12 & k
(C.6) (52) (1+35) = wlzan ™,
(1) exp(r(z,ame) =1+ 3 n*€ file,a),
1<I<k
cg RO
C.8 v . .
hk = (7“8)1/2 Zle W Z A=k ﬁ (k > 1)7
and
1 *
(09) fl,k - l—' Z ’/‘5\.
[Xi=k

Hence it follows from the definition (C.1) of X that its total symbol o(X) is
written down as

0o k k'
(C.10) ank (hk + Z Zflhk—k'fz,k/)-
k=0

K=11=1
As the parameter a does not play an important role in the following discussion,
we omit a for the sake of simplicity.

Since 1 and r;i are given, respectively, by (C.3) and (C.5), Theorem B.1
and its proof tell us that there exist a neighborhood w; of (z,a) = (0,0) and a
constant Cy > 0 such that
(C.11) sup |ry| < KICE  (k=1,2,...),

w1
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(C.12) sup|ri| <EICE (k=1,2,..),
w1
and
(C.13) max{sup|r$|,sup|(r$)71|} < Cy.
wi wi

Then it follows from Lemma B.2 that the following holds:

k
(1/2))
sup|hk| < 01/22 i l/é Z ACk+
=1 A=

k
<Oy AT ke~ 1+ 1)1

(C.14) = ) o
4l71 -
< Gk ; (l —010)!
< C32erOo ik
for k> 1 and
(C.15) suplfiul < ETF R ymicy a<icny,

Using these estimates together with Proposition C.1 below, we obtain The-
orem 2.7. Although the following Proposition C.1 is the same as [AKT4, Propo-
sition C.1], we include it here for the convenience of the reader.

PROPOSITION C.1
For a domain U in Cgz, let Q denote

(C.16) Q={(z,y;§,m) € T*(U x Cy);n # 0},

and let P = P(x,0/0x,0/0y) be a microdifferential operator of order zero on €
with the total symbol

(C.17) o(P)=Y_ Pulz.n 'on~"
k=0
Here we assume that each Py(x,() is an entire function of ( and that the following

growth-order condition should hold: there exists a constant Coy > 0 such that, for
any compact subset K of U x C¢, we can find another constant My satisfying

(C.18) sup | Py(z,¢)| < Mgk!Ch
(z, Q)€K
for k=0,1,2,.... Then the action of P upon a (multivalued) analytic function

o(x,y) is represented in the form

Y

(C.19) Po(a,y) = / K2,y -y d/dz)d(z,y') dy,

0
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where K(x,y,d/dx) is a differential operator of infinite order that is defined on
{(z,y);x €U and |y| <1/Co} and yo is an arbitrarily chosen point that fizes the
action of (0/0y)~1 as an integral operator.

Although we omit the proof of Proposition C.1 and refer the reader to the proof of
[AKT4, Proposition C.1] for it, we describe below how the differential operator
K is expressed in terms of Py. Let a;x(x) denote the coefficient of ¢! in the
Taylor expansion of Py, i.e.,

(C.20) Pu(z,0) = ai(x)C!
1=0
Then we find
Poley) =33 (o) : () o)
(C.21) o

- /yo <§: Z al’k(x)m (ai)l> $x,y') dy’

—k—1

for some reference point gy, that fixes the action of : : upon ¢(z,y). Hence

the operator K should have the form

(C.22) Z(Zam k_:lerl 1))(@337)17

=0 k=0

and our task is to show that
yhH-1

(023) Zalk k?—|—l—1)

enjoys the following property.

For any compact subset K’ of U, any constant r that is smaller than
Cy ! and any positive constant e, there exists a constant M for which

(C.24) gl
sup er(w,y)| < M ——;
zeK',|y|<r (l_l)'
holds for [ =1,2,....
This fact can be confirmed by the assumption (C.18) (see [AKT4]).
In order to apply Proposition C.1 to the microdifferential operator X in
question, we rewrite the total symbol (C.10) of X in the following manner:

(i ) (14 Y fune)

1<I<k

(€29 = (S h ) (1 Y )
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=S "h I+ ST R ST fan e
§=0 1=1

3,k=0
— N 7)*m[hm+i< Z hjfl,Hk)(n*lg)l].
m=0 I=1 j+k=m

Thus, if we define P,,(z,¢) by

(C.26) Pm(xaC):hm"_Z( > hjfl,l+k>cla

=1 j+k=m

we find that the total symbol of X has the form (C.17). Then (C.14) and (C.15)
entail the following:

Bl < il +30( S0 g fraal I

=1 j+k=m,
J:k=>0

(C.27) < G2 eAComic
- 3/2 JHE+D! 1 ik
+Z( Z Co/ ¢ACo " 4l 1C(§+ +)|C|l_
=1 j+k=m

Then the application of Lemma B.2 shows that this is further dominated in the
following way:

Co/2 ety [mt + f: %( > )]

=1 j+k=m+1,
§20,k>1

b >0 l

(C.28)

_ G320 (1 n Z(ewom - 1)) (m+ 1)ICF.

Therefore Py, (z,() given by (C.26) is an entire function of ¢, and it satisfies the
growth-order condition (C.18). Hence Proposition C.1 entails the fact that the
operator X is represented as in (C.19) with a differential operator K of infinite
order. This completes the proof of Theorem 2.7. ]
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