Continued fractional
measure of irrationality

Jaroslav Hanél, Tapani Matala-aho, and Simona Pulcerova

Abstract This new concept of continued fractional measure of irrationality for the real
number a is introduced with the help of the classical measure of irrationality. Some rela-
tionships between this new and the classical measures are included.

1. Introduction

Following Erdés [4], we call C(a) = inf{I(y);y = [a1c1,a2¢2,...],c, € ZT} the
continued fractional measure of irrationality for the number a while a = [ay, a2,

..] is its continued fractional expansion and I(x) is the measure of irrationality
of the number . In some sense the continued fractional measure of irrational-
ity better characterizes the nature of the number a, mainly in the direction of
the approximation of its partial continued fractions in average. We prove the
following theorem.

THEOREM 1.1

Let K > 2 and a1 > 1 be integers, and define a continued fraction a = [a1,as,...]
with an1=ak +n! for eachn=1,2,.... Then C(a) =1I(a) =K +1.

In the same spirit, Erdés [4] defined the irrational sequences and proved that the
sequence{22"}2°_ | is irrational (see also [9]). Later Hancl, Nair, and Sustek [7]
defined in a similar way the expressible set of the sequence. More information
about this can be found in [8], [10], [11], and [12]. Davenport and Roth [3]
proved that if limsup,,_,. (v/logn/n)logloggq, = oo and a,, € Z* for every n €
Z*, then the number a is transcendental (see also [1]). Matala-aho and Merila
[16] found some measures of irrationality for the Ramanujan-type g-continued
fractions. As an application of their work, let us mention the results concerning
the Ramanujan-Selberg continued fractions (see [18]) and the Eisenstein con-
tinued fractions (see [5]). Certain hypergeometric functions in connection with
the measure of irrationality and continued fractions were studied in Shiokawa
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[17]. Further, Komatsu [15] published some results concerning the Hurwitz and
Tasoev’s continued fractions. By using the monodromy principle for hypergeo-
metric functions, Huttner and Matala-aho [14] obtained measures of irrationality
for certain Gauss continued fractions (see also Hata and Huttner [13]), while
Bundschuh [2] worked with the special continued fractions containing a finite
number of arithmetic progressions and found some estimations of the measures
of irrationality for them. Throughout the whole article we consider a = [a1, as, . . .]
to be the continued fraction expansion such that a,, € Z™ for each n € Z*.

The nth partial fraction is equal to p, /¢, = [a1,a2,...,a,]. The continued
fraction expansion of the number « is infinite, so a is an irrational number. The
measure of irrationality of the number a we define as

I(a) = —liminflog, |a— (pn/qn)|
n—oo

since we know that the best approximations are directly in its partial fractions.
We also use the well-known inequality for the approximation of the nth partial
fraction

1 Pn 1
Bt <l < Fo
which follows, for example, from Hardy and Wright [6, (10.7.5)]. The notation [z]
means the integral part of the real number z. Denote Z* to be the set of all

positive integers. For convenience, set log, 0 =0.

<

2. Mainresults

THEOREM 2.1
We have

C’(a) — 2limsupnﬂoo(1/n) log, log, an +1.

COROLLARY 2.1
We have

I(a) > 21imsupnﬂm(1/n) log, logs, an +1.

COROLLARY 2.2
Let limsup,,_,,(1/n)logylogy an, = 00. Then C(a)=I(a) = oo, and thus a is a
Liouville number.

THEOREM 2.2
Let K be a real number with K > 1. Assume that
(2.1) 1< Ry = liminfal/%" <limsupal/X" = Ry,

n—oo n— 00

where Ry and Ry are real numbers; Ry can also be infinity. Then
log, R2

2.2 K+1<I(a)<
(22) IREIDE

(K —1)+2.
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EXAMPLE 2.1
Let R1, Ro, and K be the real numbers with K >1 and 0 < Ry < Ry. Set

Ay = [2(2R1| sin(loglogn)|+2R2(1—|sin(loglogn) \))K”]

for each n € Z+. Then liminf, . ar/ X = 2281 limsup,, . al/ K" = 2282 and
I(a) =K + 1.
EXAMPLE 2.2

Let Ry, Ro, and K be the real numbers with K > 1 and 0 < Ry < Ry. Set

a :2(R1(1+(—1)“"gl°g"])+R2(1+(—1)”“"gl"g"]))K”
for each n € Z+. Then liminf, .. ay/% =22R1 lim SUD,, o0 ar/ K" = 22R2 and
I(a) = (Ra/R1)(K — 1) +2.

REMARK 1
Examples 2.1 and 2.2 demonstrate in some sense that we cannot substantially
improve upper and lower bounds for the measure of irrationality in Theorem 2.2.

COROLLARY 2.3
Let K be a real number with K > 1. Assume that 1 < lim,,_ o a}L/K < oo. Then
I(a)=K +1 and a is a transcendental number.

EXAMPLE 2.3

Let K be a real number such that K > 1. Set a,, = [25"] for each n € ZT. Then
I(a) =K +1.

3. Proofs

Theorem 1.1 is the immediate consequence of Theorem 2.1 and Corollary 2.3 as
follows. First, we have

n+1 n n
AT = (@l R el (14

an+1
UK n ki' 1/Kn+1
=a" T1(1+ 5)
k=1 k

n!\ /K™
)
an

which implies that

1/K2

n n+1
1§a%/K<a2 <--<al/X /K

0 1/K n+1
VK" < /BT < a) Fol/ KT

Hence 1 <lim,,_, s a}/K < 00.

Proof of Theorem 2.1
The proof falls into two cases.

(1) First we prove that C(a) > 2imsWPn—o(1/n)logzlogan 4 1 Suppose that
there exists the sequence {c,}22; of positive integers such that I(y) = I([aicq,
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asca,...]) < Qlimsup, o (1/n)logylogsan | 1 Set A, = ayc, for each n € Zt. So
there exist @ > 2 and sufficiently small ¢; such that

1(9) = I([A1, s, ]) = Q <@ + 4y < 2P (/) oma oman 4
(31) < 211msupnﬂoo(1/n) log, log, Ap, +1.

From this we obtain
(3.2) lim sup A111/(Q71+351)" = o0.

This implies that for infinitely many N,

1/(Q—-1438;)N+1 1/(Q—143681)7
(3.3) AN/_‘_1 ! >j:1851p NAj ( 1,

Otherwise, there exists ng such that for every n > ng,

_ n+1 -~ j - ,
A:/Jr(? 1+3681) < sup A}/(Q 14+381)7 _ sup A;/(Q 1+361)
j=12,....n j=1,2,....,n—1
_ J
=...= sup A}/(Q 1+361) ,
J=1,2,...;n0

a contradiction with (3.2). Now from (3.3) we obtain that for infinitely many N,

i (Q—1+381)N+?

1/(Q—1+4361)7

AN+1>(A sup Aj ! )
j=1,2,....N

_ i\ (Q—24351)((Q—1+361) N +(Q—1+4351) N 71 +--41)
2( sup A;/(Q 1+361))

j=1,2,..,.N
(3.4)

>

IT( s a0

N (@-1+35)* (Q—2+361)
( j=1,2,...,N )

k=1

)

) (Q—2+4361)

N
ZD(J(H Ay

k=1

where Dy is a positive real number that does not depend on n. Let [Aq, Ag,...,

Ay] = P, /Qp be the kth partial fraction of the number A = [Ay, Ag,...]. This
and (3.4) yield that for infinitely many N,
‘A— P_N < 1 1 1

< < ]
Qn |~ QRAN+1 ~ Q% Do ([0, Ap)(@-2430) — QT2

But this is the contradiction with (3.1), and C(a) > 2™ suPn—cc(1/n)l0g;logs an 4 |
follows.

(2) Now we prove that C(a) < 21msWPn—oc(1/n)logzlogan 4 1 To prove this,
we find for every sufficiently small positive real number d, the sequence {c,, }°2; of
positive integers such that I(y) = I([aic1,ascs, .. .]) < 2 5UWPr—oc(1/n)logs logs an 4
1+ 205. Set S = 2limsup, o (1/n)logylogsan 4 | From this we obtain that there
exists ng such that for each n > ng we have

an < 2(5—1+02)"
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Now we take the sequence {¢,,}52; of positive integers such that ¢y =cog=---=
cno = 1 and for every n > ng

(3.5) QS=148)" < g — g ¢, < 2(S—1462)"+1

where we set A, = anc, for each n € ZT. From (3.5) we obtain that there exists
a positive real number D which does not depend on n and such that for every
positive integer n

D, H 2(5—1+52)’“ < H Ap.
k=1 k=1

Hence

(3.6) Dy 2(S—1462)" 1/ (S=2+82) < H Ay
k=1

where D, is a suitable positive real constant which does not depend on n. Let
[A1, Ag, ..., Ax] = % be the kth partial fraction ofthe number A =[A4;, A,,...].
Inequalities (3.5) and (3.6) yield that for every sufficiently large positive integer n,

‘A P, 1 S 1 S 1
T 0. |02 = n S—2+465) = HS+202 "
Qnl = QR(Ant1+2) 7 Q28((1/Do) [T0, Ax)° 721 — Q2
From this and the fact that partialcontinued fractions are the best approxima-
tions we obtain that I(A) < .S+ 265. O

Proof of Theorem 2.2
From (2.1) we obtain that for every sufficiently small d5 there exists ng such that
for each n > ng we have

1< Ry —03<alE" <Ry +ds.
Hence
(37) 2K" log, (R1—03) S an, S 2K” logz(RQJr(Sg)'

It implies that there exists a positive real number D3 such that for all sufficiently
large positive integers n we have

(3.8) Dy 2l08(B1=0)/(K-DK" ! o H .
k=1

Now the proof falls into two cases.
(1) First we prove that I(a) > K + 1. From (3.7) we obtain

1
limsup — log, log, a,, > logy K.
n

n—oo

Then this and Corollary 2.1 imply that I(a) > K + 1.

(2) Now we prove that I(a) < (logy R2)/(logy R1)(K — 1) + 2. To prove this
we estimate the partial continued fractions of the number a. By the way, we
assume that Ry < oo since the case Ry = oo is trivial. From (3.7) and (3.8) we
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obtain that for every sufficiently large positive integer n we have
1 S 1
- qﬁ(anJrl + 2) - q727,4((1/D3) HZ:l ak)((K_l)10%2(R2+53))/1052(R1_53)

1
= (R =T Tog (3 7205)) o (53] 42

‘ Pn
q— 2
an

This and the fact that partial continued fractions are the best approximations
yield I(a) < (((K — 1)logy (R + 203))/logy(R1 — d3)) + 2. But this holds for all
sufficiently small d3. Thus I(a) < (log, Ra/log, R1)(K —1)+2 and (2.2) follows.

O

Corollaries 2.1 and 2.2 are immediate consequences of Theorem 2.1. Corollary 2.3
is an immediate consequence of Theorem 2.2. Example 2.3 is an immediate con-
sequence of Corollary 2.3.

Proof of Example 2.1

(1) First, we prove that I(a) > K + 1. From the fact that the sequence
{Isin(log, log, k)|}32,is dense in [0,1], we obtain liminf, . ay/™ = 22F1 and
limsup,,_, a}/Kn =22R2_ This and Theorem 2.2 yield I(a) > K 4+ 1.

(2) Let € be sufficiently small, and let n be sufficiently large. From the mean
value theorem we obtain that for every k,j € {[n/2],...,n,n+ 1},

|| sin(log, log, k)| — |sin(log, log, 5)|
(3.9 < |sin(log, log, k) — sin(log, log, 7)|
1 3
<,
Clogy ¢ logy n

where ¢ € [[n/2],n + 1]. The definition of the sequence {a}$2, and (3.9) yield
that for every k € {[n/2],...,n,n+ 1}

9(2R2+(2R1—2Rz) (| sin(log, log, n)|+(3/log, n))) K"k

= ‘(k — j) cos(log, log, ¢)

< ay

< 2(2R2+(2R172R2)(| sin(log, log, n)|—(3/logy 1)) K" .

—= i

hence
(310) Sfllfe)Kk S ay, S S’,(L1+€)Kk’
where

S = 22R2+(2R1 —2R5)|sin(log, log, n)|

Now we prove that I(a) < K + 1. To prove this we find the lower bound for
[15—; ax- Inequality (3.10) implies that

n n

oz T oz [T 80w 2o
k=1 k=[n/2] k=[n/2]
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This and (3.10) yield
‘ Pn 1 S 1

e= 1= 2 = n K—1)(1 1—2
q2(ng1 +2) q7214(Hk;:1 ak)(( )(1+¢€))/(1-2¢)

an

1
= q((K—l)(1+25))/(1—25)+2'

Proof of Example 2.2

(1) We have either ay = 22RK" op g, = 22R2K"  From this we obtain
liminf,, o ai/Kn =221 and lim SUD,, 00 ai/K = 22R2  This and Theorem 2.2
yield I(a) < Ro/Ri(K — 1) + 2.

(2) Now we prove that I(a) > (Ra/R1)(K — 1) + 2. Let s be a sufficiently
large positive integer and ¢ let be a sufficiently small positive real number. Set n+

1=22"""" Then an41 =22R2K""" and ap = 22R K" for all k= (n+1)/2,....n
From this we obtain

n (n—1)/2 n

H < H 22R2K’“ H 22R1K’“ < 2((2R1(1+5))/(K71))K”+1'

k=1 k=(n+1)/2
This yields
‘ Pnl o 1 < L < L
a——|< < < .

! 7 Ranta 2 (17—, ax) (R2(K-1))/(R1(14¢)) qg+(R2(K71))/(R1(1+25))

This implies that I(a) > Ry/Ry(K — 1) +2. g
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