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NOTE ON THE SIGN TEST IN THE PRESENCE OF TIES

By ALBRECHT IRLE AND KARL-HEINZ KLOSENER
University of Miinster

Correcting a result of Krauth we show that there does not exist a UMP
sign test for certain nonparametric hypotheses and treat the asymptotic proper-
ties of a one-sided sign test.

Krauth (1973) treated the following problem: Let Z,,- - - , Z, be i.i.d. random

variables,

n, = [{Z,:2Z,>0},n_ = |{Z,: k <O}, ny = {2 : Z, = 0}
and consider the problem of testing—based on (n,, nj))—the hypothesis
H : Prob(Z, > 0) = Prob(Z, < 0) against the alternative A4 : Prob(Z, > 0) >
Prob(Z, < 0).

Using the notations Prob(Z, > 0|H) = p,, Prob(Z, = 0|H) = p,, Prob(Z, <
O|H) = p_ and q,, qo, q_ for analogous probabilities under the alternative and
assuming that all these probabilities are greater than zero Krauth ((1973), Theorem
1) stated that a UMP test for testing H against 4 with a known constant p, = ¢, is
given by

(M ny +3n9 > k,(po)-

From this he concluded (Krauth (1973), Theorem 2) that an asymptotic UMP test
for testing H against A under the additional restriction p, = g, is given by

) T, = @n, +ng— n)(n = ng) "% > u,,
where u, denotes the a-fractile of the standard normal distribution 9U(0, 1).

We will show in the following that the first statement (thus also the proof of the
second statement) is not correct, and we treat the asymptotic properties of the test
defined by (2). Let us remark that the arguments of Krauth are obviously only
valid for the class of tests depending on n, —n_ only.

LEMMA. For fixed p, = q, a most powerful level a test @, , for testing 8y:p, =p_
= (1 — py)/2 against the simple alternative 6,:q, = q > q_ is given by

3) n, +no/m(q) > c,
where 1 < m(q) <2 andlim, ,, m(q)=1lim _, m(q)=2.

PROOF. An application of the Neyman-Pearson lemma and an obvious compu-
tation yields that ¢, , is-given by (3) with m(q) = (logq, —logq_)/(logp,
—logg_ ). It is easily seen that m(q) has the properties as stated above. []
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Now any most powerful level a test must be equal (as.) to ¢, , outside the set
{n, +ny/m(q) = ¢} and so depends on g for n > 2. Thus it follows that there
does not exist a UMP level a test for H against 4 with a known constant p, = g, if
n>2.

To treat the asymptotic properties of the sequence ¢* = (@¥),en Of tests defined
by (2) we introduce the following asymptotic alternative A( Do):

A(Po) = {(Byn),en:4(n) € (P4 32p4 ),c(n) = g(n) —p, = an™7 + o(n™%)
with a2 0}.
PROPOSITION. @* is an AUMP level a test for 6, against /f( Po) 1€,
4 limsup, , E,¢f S « )
and for any sequence of tests y satisfying (4)
) liminf, ., E, (¢} = %) 2 0.

Proor. Since L(T,|6,) - 9(0,1) (as stated e.g., in Putter (1955)) Eaép,, =
Prob, (T, > u,) > a, thus ¢* fulfills (4). Now consider a sequence in A(p,),
c(n) = an”i + o(n~?).

(i) a = 0. Set

S, = (2(ny +no/m(q(n))) — n)(n(1 = po))~%,
S, = (2(ny +no/2) — n)(n(1 — po)) " *.

From ¢(n) = o(n‘%) we obtain S, — S, >0 in (8,(n))-probability and by an appli-
cation of the central limit theorem S, — 7, — 0 in (6,,,)-probability. This yields

6) S, —T, -0 in (6,,,)-probability.
Furthermore L(S,|6,) — 9U(0, 1) implies

@) L(S,18,) — (0, 1).

Since @, ., is given by S‘;, the assertion (5) follows from (6) and (7) (see Witting
and Nolle (1970) page 56, page 58).

(ij) @ > 0. Since ¢} is the indicator of {aBT, > aBu,} with 8 = 2(1 —po)_zl, the
assertion (5) follows from the following easily verified statements

(3 L(apBT,|6,) — %(O’azﬂz)’

9) aBT, — log R, 4 — a*B>/2

in @)-probability. (R, ., denotes the likelihood ratio of the test g, ) (see
Witting and Nolle (1970) page 68). []

Let us finally remark that the test proposed by Putter (1955) for this problem is
shown to be UMP unbiased with respect to the class of all unbiased tests in

Schlittgen (1978).
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