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ASYMPTOTICALLY EFFICIENT SELECTION
OF THE ORDER OF THE MODEL
FOR ESTIMATING PARAMETERS OF A LINEAR PROCESS

BY RITEI SHIBATA

Tokyo Institute of Technology

Let {x,} be a linear stationary process of the form x, + 2 ¢;coo@®%,—; =
e,, where {e,} is a sequence of i.i.d. normal random variables with mean 0 and
variance o2. Given observations x,, - - - , x,, least squares estimates @(k) of
a@ =(ay, a,, - - - ), and 62 of o2 are obtained if the kth order autoregressive
model is assumed. By using a(k), we can also estimate coefficients of the best
predictor based on k successive realizations. An asymptotic lower bound is
obtained for the mean squared error of the estimated predictor when k is
selected from the data. If k is selected so as to minimize S,(k) = (n + 2k)oZ,
then the bound is attained in the limit. The key assumption is that the order of
the autoregression of {x,} is infinite.

1. Introduction. Methods of estimating parameters of time series have been
developed by Hannan (1969), Box and Jenkins (1970), Parzen (1974), Anderson

(1977) and others. These methods are based on the assumption that the data come

from an autoregressive or moving average or autoregressive moving average pro-
cess of known order, but it would be rare that such assumption can be justified. A
more reasonable assumption would be that the data belong to a linear stationary
process as defined in Section 2, that is, an infinite order autoregressive process. The
estimation of parameters and spectral density of these processes has been investi-
gated by Parzen (1974, 1975), Berk (1974), Huzii (1977), Shibata (1977) and
Bhansali (1978). In these papers, the estimates of parameters are the least squares
estimates obtained by fitting a kth order autoregressive model, where unestimated
parameters are set at 0.

In Section 2, we will show that the above estimation is also that of coefficients of
the best predictor based on k past observations. We can then obtain a predictor by
using the estimated coefficients if the parameters are unknown. In order to reduce
the mean squared error, we have to select the order k of the model.

Several selection methods have been proposed for finite autoregressive or autore-
gressive moving average process, for example, the final prediction error (FPE)
method proposed by Akaike (1970), Akaike’s information criterion (AIC) method
(Akaike (1973a, b, 1974)) and the criterion autoregressive transfer function (CAT)
method proposed by Parzen (1974). Although some properties of these methods
have been investigated by Akaike (1937a), Shibata (1976), Gersch and Sharpe
(1973), Tong (1975) and others, the statistical optimality has not been made so
clear.
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In Section 3, we obtain, assuming an infinite order autoregressive process, an
asymptotic lower bound for the mean squared error of prediction when the order
of the model is selected from the data. Furthermore an asymptotically efficient
selection is proposed in Section 4, which attains the lower bound in the limit. It is
verified that if FPE or AIC method is applied to our process they are also
asymptotically efficient.

2. Estimation of parameters for prediction. Consider a Gaussian process {Xx,};
2.1) x+ax,_+---=¢, t=---,-1,01,---,
where a,, a,, - - - are real numbers and { - - - , e_;, ey, ;, - - - } is a sequence of
independent, normally distributed random variables with means 0 and variances
> 0.

Assume the associated power series

A(z) =1+ az + az2* + - - -

converges and is not zero for |z| < 1. The process {x,} is stationary and has the
moving average representation
(2.2) x,=e+be_,+ -,
where B(z) = 1/A(z2) =1+ bz + byz> + - - - .

Let us denote the autocovariance by r, = E(x,x,,,) and the k X k covariance
matrix by

R(k)=(r,;,1 <i,j<k),

j,
where r;; = r,_j.
V= {a; a = (al’ Ay * )’ llallg < °°}
is the vector space with norm
1
lallg = (21<i,j<ooaiajrli—jl)2'
Consider the projection
a(h, k)’ = (0, Y 0, a,,(h, k)’ R ah+k—l(h’ k), 09 c e )

of the parameter a’ = (a,, a,, * - * ) on the h + k — 1 dimensional subspace

V(h’ k) = {a; a = (0’ -0, 0, Qpy Xppys * ° ° s Oppp—1s 0,--- )}
of V. Then the best predictor of x,, , from {x,_, .., - -, x,} is given by

Fpon = EQppplX—prr s = 5 %)
= —2iichri—1 G(h K)Xppp_ s
The vector a(h, k) is specified by the equations
Sh<y<hri—1 -k k) = =1,

i=hh+1,---,h+k—-1
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Given observations x,, - - - , x,, an estimate of a(h, k) is a solution
aCh, kY = (0,- - -, 0,8,(h, k), " -+, Bpyp_y(h, k), 0, - )
of a set of equations
(23) 2h<j<h+k—1 f[i—j|éj(h’ k)= -7,
i=hh+1,---,h+k-1,
where n > h + k and
= 2l<t<n—l xtxt+1/ (n - I)’ I=01---,n-1
From (2.3), the well-known Yule-Walker equations, 4(h, k) may be also thought of
as an estimate of the parameter
=0, ,0,a, 0510 "),
when a finite order autoregressive model
(24) Xeen FopXp + o oy 1 X g1 = B
was fitted to the observations x,, - - - , x,. Here {¢,} is a sequence of i.i.d. random
variables with means 0 and finite variances. Consequently an estimate d(h, k) of
the coefficients of the predictor based on k observations is also that of the
parameters obtained by fitting the model (2.4). When & = 1, 4(1, k) is a common
estimate of a obtained by the kth order autoregressive model fitting, which is
originally an estimate of the one-step ahead predictor based on k past realizations.
The goodness of d(h, k) is evaluated by the mean squared error of prediction as
defined below. By using d(hk, k), we obtain an A-step ahead predictor

_ Vean = ~2icich+k—1 a(hs k)Y, p—
from a realization {y,_;,,* - *,»,}, which is independent of {x,} but has the
same probabilistic structure.
The mean squared error of y,, , is

(2-5) Ey(ﬁtﬂx - )’t+h)2
= lla(h, k) — a|% + o*
= |la(h, k) — a(h, K)||% + lla(h, k) — a(h, o)|%
+||a(h, ©) — a|k + o*

where E” denotes the expectation with respect to {y,}, and a(h, o) is the
projection of a on the subspace

V(h, 0) ={a;a’ =(0,- -+ ,0,ap, a1, * * )}
(see Akaike (1970), Shibata (1976, 1977) and Bhansali (1978)).

If » and k are fixed, then the nonzero first k-coordinates of n'/%(@(h, k) —
a(h, k)) are asymptotically normally distributed with mean 0 and covariance
(k) = o*(h, k)R(k)™" where o*(h, k) = ry — ||a(h, k)|/%. It is seen that S(k)~' is
identical to the Fisher information matrix of fitted model (2.4) assumed Gaussian
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with parameters a = a(h, k) and Ee? = o*(h, k). Then G(h, k) has a high efficiency
if the model (2.4) is a close approximation to the process (2.1), as was shown by
Huzii (1977).

The first term of the right-hand side of (2.5) signifies the variance normalized by
R(k)™! of the estimate. The second term is the bias of the estimate and the
remaining terms are the prediction errors independent of »# and k. If k is fixed, the
first term converges to zero with order of magnitude 1/n, but the second term is
independent of n and not zero unless {x,} is an autoregressive process with the
order lower than h + k — 1. Therefore, we have to select k so as to balance the
first and second terms for each .

3. Asymptotic efficiency of a selection of the order of the model. For simplicity
we consider only the case A =1 and denote a(l, k) as a(k) = (a,(k),

ayk), - -+ ,a[k),0,---). Clearly a = a(l, ). Suppose that the order k is
selected from a given range 1 < k < K (K, < n). Given x,, - - -, x,, the sample
autocovariance vector and the matrix are defined by

F(kY = (Fip F200* * * 5 Frco)
and

R(k) = (A 1 < I, m < k),
Fim = ZK,<t<n-1 Xe41-1%41-m/ N 0</,,m<K,
where N = n — K,,.

If the kth order model is applied, the least squares estimate

a(ky = (ay(k), ax(k), - - -, 4(k))
of the regression parameters of the model is a solution of the equation
R(k)a(k) = —F(k).
Since d(k) is asymptotically equivalent to d(l, k), for the convenience of evalua-
tions, d(k) will be used as an estimate of a(k), k = 1,- - - , K,, which are some-
times regarded as K,-dimensional or infinite dimensional random vectors with
undefined entries 0.
Define
Cat ke = %r1 + @)X, + - - o +a(K)x, g
and

2 _ 2
Sk = EK,<t<n—l et+1,k/N’
Then an estimate of

2 = 1 e o 2
O = mlnc,,-~-,ckE(xt+l + cx, + + X p1-k)

is given by

(3.1 6 = Sk cicn—1 (er + ay(K)x, + - - +‘3k(k)xx+1—k)2/N-
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The norm
a4 = (/A2
is defined for any positive definite matrix A and the norm of A itself is defined by
4]l = supyqy<ill4ell,
where ||a| is the Euclidean norm of the vector a.
Assumptions.
(A.1) {x,} is a stationary Gaussian process which satisfies the equation (2.1) and
21cj<wl ] < 00
(A.2) A(z) is nonzero for |z| < 1.
(A.3) {K,} is a sequence of positive integers such that X, — o0 and X,,/n
as n— oo.
(A.4) {x,} is not degenerate to a finite order autoregressive process.

1250

Under assumptions (A.1) and (A.2), the spectral density of {x,} is bounded and
bounded away from zero and the norms of the covariance matrices are

0<rg=[RMI < IR < - <[IR] < oo,

where R = (r;_;, 1 <i,j < ) is the infinite dimensional covariance matrix with
the norm

n1/2
IRl = sup"all(1(21<i<oo(21<j<oorijaj) ) .
By Wiener’s theorem (Zygmund (1959, page 245)), the coefficients b, by, - + - of
the moving average (2.2) are absolutely convergent. Then we have

Zocjcollil < 0.
We need the following lemmas for obtaining the asymptotic behaviour of
a(k) — a(k) = — R(K) "2 g <icn—1 Xi(K)ers 1,1/ N)s
where
X, (kY = (X ** s Xpp1-i)
LemMa 3.1.  If {x,} is a Gaussian stationary process, then for any 1 < k < K,,,
NEIIZK,,<r<n—l Xt(k)(er+l,k - ex+|)/N||2
< klla = a(R)PIRI(E - socjcaolrl + IIRI),

wherer_,=r,(j=12--")

Proor. Putting §,, = a,,(k) — a,,, we have
(32) E||2x.<r<n—1 Xt(k)(er+l,k - ez+1)||2

2
= 21<1<k21:,<z,, r2<n—l{(21<m<oo TimOm)

2
+rt,tzzl<m,,mz<uo 8m,rr|—m|, t,—my 8mz + (21<m<oo rtl——I, rz—msm) }'
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Since a(k) is the projection on g, the first summand of the right-hand side of 3.2
vanishes. We obtain the desired result from the evaluations;

2 1<y, ma<co O ey =y 1y mOm] < IR IS
and
2k <ncn-1(Z1<meolnt, -mn) < IRIZIISIE.
LEMMA 3.2. Assume (A.1) and (A.2). Then
E(N|Z g <icn-1X,(K)e, o1/ Nlagyt — ko?)’ = 2ka* + O(1/N)K2.
Proor. First we evaluate
(33) 2:,,---,:.E(x:,+1—1, C O Xk 1-1841 " e,‘“).

From the Gaussian property, each summand of (3.3) is the sum of the products of
moments of the pairs. Let p and 7 be permutations on (1, 2, 3, 4). We evaluate (3.3)
by dividing into the following cases.

@ 2:,,..-,:.E(xz.+1—1,e:,,(.,+1) t E(x,‘“_,‘e,’«)“).
Since f; + 1 — [, <t,, + 1 for some i, all terms of (i) are zero.
(i) 2:,, oot B (X 4 -1, %1, +1 —1)E(etp(,)+ 161,05, + I)E(xt,+ 1=+ 1

E(x, 11-18,,+0- I (0(1), p(2)) = (1, 2) or (2, 1), all terms of (ii) are zero.
Otherwise, as the same evaluations follow, we may consider the p such that
e(1) =1, p(2) = 3, p(3) = 4 and p(4) = 2. For such p, (ii) is rewritten

6
o 2’1» vty Ty, 'z-lz8’1':b’a—13—'4b'4"4—'2

where §,, is Kronecker’s delta, by =1 and b, = 0 for i < 0. By simple
evaluation, the above is bounded by

1/2
N0620<i<oo|bi|(2—oo<i<oori2 : 20<i<oobi2) .
(ii") The same evaluation holds even when ¢,, - - - , ¢, are arbitrarily permutated
in summands of (ii).

@) =, ... r.E(xz,(,,+ 1= Lyt o+ 1— lp(z)E(xz,(,,+ 1= Ly Xt 0+ 1— ,“‘))E(e,'me,ﬂ))E(e,,me,'w),
where p(1) < p(2), p(3) < p(4), 7(1) < 7(2) and 7(3) < 7(4).
If p(i) = 7(i), i = 1, - -, 4, then (iii) reduces to N%%, o ey WHETE
p(1) < p(2) and p(3) < p(4). It is bounded by No*S _ _,_,r?, otherwise.

Next, for R(k)™" = (r', 1 < I, m < k), the following identity holds

rlm = 21<p<k ap_z(P - l)ap—m(p - 1)/0p2—l



SELECTION OF THE ORDER OF THE MODEL 153
where 62 = rg, ay(p) =1 and a(p) =0 for p > 0 and i < 0. As was shown in
Lemma 4 of Berk (1974),

2i<i<kla(p)l, k=1,2,--:
are bounded uniformly in p. Then there exists C > 0 such that
i<t mekl?™| < Ck.
Combining this result and evaluations (i) ~ (iii), we obtain
E|2 k crcn—1 XK€l ey
= N%*S, 211 1<k r"”’”""zp(.)lp(z,’ Lo T OV )k?
= N2%*(k? + 2k) + O(N)K?,

where the summation 2, extends over all permutations such that p(1) < p(2) and
0(3) < p(4). Noting

EllzK.<l<n—l X:(k)ez+1||2R(k)“ = Nko?,
we have
E(IZk cran—1 XK)e,siliay~t — Nko?)’ = 2N%o* + O(N)K2
The proof is complete.
LemMa 3.3.  Under assumptions (A.1) ~ (A.3), it holds that
plim, . (max, ¢, | R(K) — R(K)])) = 0
and
plim, ,,(max, ¢ < [IR(K) ™ = R(K)7') =0,
where p-lim means the limit in probability.
ProOF. It is easy to verify that
ma‘xl<k<l(,,”ﬁ(k) - R(k)”2 < zl<i,j<li,(fij - rij)z
and
S1<iy<x E(F,; — 1)’ < const K2/N.

The first assertion of the lemma follows from Assumption (A.3), and the last
assertion is proved in the same way as in the proof of Lemma 3 of Berk (1974).

PROPOSITION 3.1. Let {k,} be a sequence of integers such that 1 < k, < K, and
(34) lim, , k, = .

n—o0'"'n
Assume (A.1) ~ (A.3). Then
p'hmnaw(N/kn)"é(kn) - a(kn)uat = 02'
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PrOOF. (3.4) implies that
lim, ,lla — a(k,)| = 0.

Applying Lemmas 3.1 ~ 3.3 and Chebyshev’s inequality, we have the desired
result.

As was seen in (2.5), the relation
lla(k) — aliz = lla(k) — a(k)|% + lla(k) — allk
holds, which implies the following corollary, where
L,(k) = ko®/N + ||a(k) — a|/%-
COROLLARY 3.1.

p-hmn—wo(”é(kn) - a”%(/Ln(kn)) =1

Corollary 3.1 shows that the behaviour of ||d(k,) — a||% is asymptotically equal
to that of L,(k,). The first term of L, (k) corresponds to the variance of d(k) and
the second term to the bias.

DeriNiTION 3.1, {kY} is a sequence of positive integers which attain the
minimum of L,(k) for each n;

L,(ky) = min1<k<1<, L,(k).

Here, if K, - o0 and K,,/N — 0 as n — oo, then L,(K,) converges to zero. Thus
L,(k}) also converges to zero and k} diverges to infinity as n — oo.

THEOREM 3.1. Assume (A.1) ~ (A.4). Then for any sequence {k,} such that
1 <k, <K, and for any € > 0,

lim, ,,P(lla(k,) — alz/Ly(k}) > 1 - ¢) = 1.

PrOOF. We can choose a divergent sequence of integers {k**}, 1 < k** < K,
such that L,(k,)/L,(k}¥)—> o as n— oo for any k, < k}**. If k, < k**, then
lld(k,) — all%/ L,(k}) diverges in probability, for ||d(k,) — a||%/ L,(k,) is bounded
in probability. Otherwise the result is clear from Corollary 3.1.

Corollary 3.1 shows that the sequence {k}} asymptotically minimizes ||d(k) —
a|k. However, as {k}} is a function of the parameters o and a, k* must be
estimated from observations. In the remainder of this section, we extend Theorem
3.1 to the case where k, is a random variable depending on the observations
Xp ot X,

LeMMA 3.4 (A strong version of Lemma 3.2). Assume (A.1) ~ (A.2). Then
E(N||2K.<,<,,_l X(k)e, o1/ Nk — k02)4 = (48k + 12k%)0® + O(1/N)k*.

PROOF. As in the proof of Lemma 3.2, we have
E|IZ g <icn—1 X(K)e s 1l = N®(k* + 12k + 44k? + 48k) + O(N?)k*
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and
E|Zk cicn—1 X{K)e 1l Riy~! = N3S(k> + 6k* + 8k) + O(N?)K>.

The lemma follows from the evaluations that
E||21g,<r<n-1 Xt(k)er+l"4R(k)" = N2%*(k* + 2k) + O(N)k2

and
EI|2K,<t<n—l X,(k)e, ., |||3z(k)" = No’k.

PROPOSITION 3.2. Assume (A.1) ~ (A4). Then
p-lim, , oo(max, x| 16(K) — allk/L,(k) = 1]) = 0.
ProoF. From Lemma 3.4 and Definition 3.1, there exists C > 0,

21<k<K,E{(”2K,<t<n—l Xt(k)ex+l/Nllz;z(k)_l - ""2/1\’)/14;.(15)}4
< 0%% chex {(48k + 12k% + CKk*/N)/ (NL,(K))*}
< 126°%, (oo {4k + K2/ (NL,(K))'} + CK,/N
< 60/k¥ + 602 ;. 4k (1/k%) + CK,/N.
Then the l‘eft-hand side of (3.5) converges to zero as n — oo, for k¥ diverges and
K, = o(N?2). Furthermore Lemma 3.1 implies that
2|<k<1g,}-"7[{"21(..<t<n-l X:(k)e;+1,k/N”R(k)"
(36) ~I1Z g, <ean1XdR) €1/ Nl ry'} / LK) |
< const K?/n.

Then the left-hand side of (3.6) converges to zero as n — oo. Accordingly from
Lemma 3.3 and the definition of d(k), we have

p-lim, . {max, < x (| 14(k) — a(k)|% — ko?/N|/L,(k))} = O.
The desired result follows from the identity
lla(k) — a(k)||% — ko®/N = |la(k) — al|% — L,(k).

THEOREM 3.2 (An extension of Theorem 3.1). Assume (A.1) ~ (A.4). Then for

any random variable k possibly depending on x,, - - - , x,, and for any ¢ > 0,
lim, o, P(I4(K) = alk/L,(k3) > 1 = ¢) = 1.
PrROOF. Applying Proposition 3.2, we have
p-lim,_, ,([14(k) — all/ L, (k) = 1,

and the theorem is clear from Definition 3.1.

The above theorem shows that the loss ||d(k) — a||% of the estimate d(k) is

asymptotically never below L (k*) in probability for any order selection k. We call
an order selection k asymptotically efficient if

p-lim,_, . (14(K) — alk/L,(k})) = 1.

(3.5)
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4. Asymptotlcally efficient selection of the order of the model. We propose an
order selection k which is asymptotically efficient. Let 62 be the sum of residuals
given by (3.1). Then k is defined as the k which m1mm1zes

S,(k) = (N + 2k)é&2, 1<k <K,

This order selection is a version of the final prediction error (FPE) method
proposed by Akaike (1970) (see Example 4.2), and has a close relation to G
method proposed by Mallows (1973). As will be seen later, small changes in S (k)
do not change the asymptotic efficiency.

The statistic S (k) can be rewritten as

(4.1)  S,(k) = NL,(k) + 2k(67 — 6®) + (ko® — N|d(k) — a(k)|%w)
+ No? + N(sz — o).
LemMMaA 4.1. Assume (A.1) ~ (A.4). Then
p-lim,_, max, ., < x (k|67 — 0%/ NL,(k)) = 0.
PrOOF. By the definition of 62,
(4.2) 68 — o®| < |6F — 5P| + |s¢ — of| + |0} — o7
= |la(k) — a(k)lkw + |5t — o2l + lla(k) — all%.
Proposition 3.2 and Lemma 3.3 imply that
max1<k<1€.{k"&(k) - a(k)”zﬁ(k)/NLn(k)}
converges to zero in probability as n — co. We have also
ke E(st - o)’ < const K,/ N.
Then
max; ¢x<k, ks — “lfl/NLn(k)
converges to zero in probability as n— o0. The desired result follows from
Assumption (A.3) and
lla(k) — allk/L,(k) < 1.
Lemma 4.1 and Proposition 3.2 show that compared with the first term NL,(k),
the second and third terms on the right-hand side of (4.1) are negligible uniformly

in 1 < k < K. Although the last two terms are not negligible, it is sufficient to
show that

N{(st — od) — (st — o&)} k=1---,K,

are uniformly negligible, as the behaviour of k is determined only by the dif-
ferences of S,(k).
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LEMMA 4.2. Assume (A.1) ~ (A.2). Then there exist constants C;, Cy, - - -, Cs
> 0 depending only on the autocorrelations ry, ry, - - - , and such that for any real
vectors 8’ = (83, 8y, + -, 8x) and 0’ = (g, My, * + -, Mg )

u 4
E(20<i,j<K, 87y = ri)m)
(4.3) < (CilI8IPI8] llmll [nf + C,II811*|n|*)/ N?
+ (G811l + C8 ¥ ImlPmP + Csl1811%16Fm|*)/ N3
where |8| = 2{20|8| and |n| = Z{o|n,|.
PROOF. 7;; is an unbiased estimate of r;; and the cross moment is
E(filflfizl'z) = rinjlriziz + 52(1’ 2)/N2’
where
$(a, B) = EK,<1¢, x,,<n-1("t,—i,, ta—Ja  tg — gy ta =i
i z,—j,)

for any 1 < a, B < 4 (see Berk (1974)). The higher moments of 7;; have been
calculated by Leonov and Shiryaev (1959). The third cross moment is

E(;iljl e f"a.f:)
= riljl te ri;j;, + 2p rip(|)i,,(l)£2(p(2)’ p(3))/2N2 + £3(1’ 2’ 3)/N3’

where EP extends over all permutations on (1, 2, 3), and

£3(a’ B’ ‘Y)
= 2&.<t... Ig, L, <n— 1(2,, Tty =ncay 1608 io(8) tpny = Iptry foter =Jnta)
Xty =do vy ok BY=Jo(B)
it —i Tt igs 1=, st
+ r’a =i by _jyr'p —ig, Iy _jnrty —idy tg —jp)’
1<a B,y <4
Define

&= EK.<¢.. e, t4<n—l{(2p Tty = ity oy~ oy 6oy = lo3y ‘p(4)"'p(4>)
X (EP Ttoy=Jotty to@=Jo@ toy—Jod3y ’n(4)‘fp(4>)/ 16
*
+27 r(’ t

X Ttoty=incay tocty=Jn iy =Jncty o2y —J'r(2>)

o0 = io(y o~ o a3~ 1o3y 113 rd)

*%k
+ EP (r, 1= i1 o)y =Joy 02— i £y =) 13— i3 o) ~Jo3)

X tmju tyt _jn(4)) } >
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where 2% extends over all permutations p and 7 on (1, 2, 3, 4) such that p(1) <
p(2); p(3) < p(4), p(3) # 7(3) and p(4) # 7(4), and Z}* extends over all permuta-
tions such that p(i) #i (i = 1, - - - , 4). Then the fourth cross moment is

E(y, - Fig)
=l gt 2p ri,(l)i,,(l)ri,,(z)i,(z)gz(p(3), p(4))/4N2

+Zi<ica T B moss; 1<maa Py )/ N2 + £/ N2

Accordingly we have
E(H1<1<4 (fu, - "qi,))

(44) = Y[ ci<a 1)/ N?
+ (2, 71 0,0,53(0(2), p(3), p(4)))(1/N? — 1) /6N
+E/N* + (2, 1 it 0(3)s p(4))) /2N°.
Here,

@ |H1<1<4(20<i,,j,<1q,8i,’i,j,"7j,)| < (1811 Ml IRIDY,
To see this, we first have

124 i i it 1 <130 M) ey — i, = i 4ty 1= 131
= 12, s hicics)Z e, 1 = =i, Ty 13150
X (2 ia, iy 8:'," ty—ig, t,—i,si,)l
<NII8I8] [P(Z - wocicarDIRI-
Next,

1=, 0, i dv i sty by ,3(H 1<l<38i,"lj,)’ iy ty=i ty— ity ty—sT s =iz, 1y
=12, i hicicm)Z o, (2, 8-t 14-1)
x 2:.(21" 8 eyrin ity +j2)(2 10— 6, —j|)|
< P2, 258, [ I8P R

iy iy ty—iy t3—Js
'K N|I8IPI8] [1P(Z - cocical WDIR

For the other terms in §;(1, 2, 3), the same evaluations hold. Therefore (ii)
follows from Assumptions (A.1) and (A.2).
For the rest of the terms in (4.4), we also have
@) [Sociy i - o<k Micicadméd < NISIEnI(CNIBIP + C5l8P) for
some constants C, > 0 and C5 > 0.
(iv) I20<i,, i,,j,,j,<1g,(H1<1<281,"7j,)§2(1a 2) < N||8||2|"7|2||R||(||R|| + z—eo<i<eo|ril)‘

The conclusion then follows from the above evaluations (i) ~ (iv).
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LeMMA 4.3. Assume (A.1) ~ (A.2). If k} diverges to infinity, then
p-limn—)eo{maxl<k<lgl(a(k:) - a(k)),(;(Kn) - r(Kn))/Ln(k)l} = 0’
where a(k*) — a(k) is considered as K, -dimensional vector with undefined entries 0.

ProoOF. In Lemma 4.2, taking §, = 0, o = 1, w; = 0 and §; = a,(k;}) — a;(k) for
i=1,2,---,K, and noting

|8 < max(k, k¥)[181%,
we find that the right-hand side of (4.3) is dominated by some constant times
(max(k, k2))"/*||8]IN 2.
As the norm of R(K,)™! is bounded away from zero, it is sufficient to show that
(4.5) S 1<k, (max(k, k)28 11%N ~2L, (k) ~*
converges to zero as n — oo. Here
S 1<k (k2118 11%N ~2L, (k) ™)
< Sicrcie(k2VN 7L, (K)72) < K¥/2N 2L, (k372
< k*12ig—4
and
2 i<k, (K28 %N ~*Ly(k) ™)
< Zpecuar, (KN LK) ) < (Sigcrax, k)0
Then, (4.5) converges to zero as n — oo, and the proof is complete.
LeMMA 4.4. Assume (A.1) ~ (A.2). If k} diverges to infinity, then
p-lim, , ;max, ¢, <& [(a(k¥) — a(k))'(R(K,) — R(K,))(a(k}) + a(k))/L,(k)|= 0.

PrOOF. Put 1, =0 and u, = a(k}) + a(k) for i=1,2,---,K,. As in the
proof of Lemma 3.2, |n| and ||n|| are bounded. Applying Lemma 4.2 for this n and
8 defined in Lemma 4.3, we have the desired result by the same way as in Lemma
43.

PROPOSITION 4.1.  Assume (A.1) ~ (A2). If k} diverges to infinity, then
p'limnemmaxl<k<lg{|(sk,,‘ - 013;) - (Sk - °£)|/Ln(k)} = 0.
Proor. Using the identity
(s% — o) — (56 — o)
= 2(a(k}) — a(k))'(A(K,) — r(K,))

+ (a(k) — a(R)) (R(K,) — R(K,)(a(k?) + a(k))
and applying Lemmas 4.3 and 4.4, we obtain the result.
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THEOREM 4.1. (Asymptotic efficiency of k). Assume (A.1) ~ (A.4). Then
plim, . {14(k) — al%/L,(k})} = 1.
That is, k is an asymptotically efficient selection of the order of the model.
ProOF. Lemma 4.1 and Proposition 4.1 yield that for any ¢ > 0,
lim,_,q P(L,(K)/L,(k¥) < 1 +¢) =1,
because S,(k) < S,(k}). On the other hand, from the definition of kJ,
L,(K)/L,(k¥) > 1.
Then
p-lim, .o (L,(K)/ Ly(K})) = 1.

Applying Proposition 3.2, we complete the proof.
Put, for any ¢ > 0,

k2(e) = min{k; L,(K)/L,(k) < 1+ ¢, 1 < k <K,}
and
k*(e) = max{k; L,(k)/L,(k¥) <1+¢1<k<K,}.
Clearly
kx(e) <k < kex(e).

In the following corollary, the behaviour of k itself is obtained.
COROLLARY 4.1. For any ¢ > 0,

lim, ,, P(k*(e) < k < k*(e)) = 1.

ExaMPLE 4.1. As is well known (Box and Jenkins (1970)), if {x,'} is a finite
order moving average process, its parameters a;, a,, - - -, are exponentially de-
creasing. In such case, ||a(k) — a|% also decreases exponentially. Therefore k* ~
log n. Applying Corollary 4.1 we have, for any ¢ > 0,

lim,_, P(k > k* —¢) =1,
and
p-lim,,_m(kj/k,’,") =1
We now try to change S,(k) into
Sp(k) = (N + 8,(k) + 2k)é,

where §,(k) is a real-valued random or nonrandom function of k, 1 < k < K,
Then another selection k° is obtained, which minimizes Sy(k). The following
theorem gives a sufficient condition for k° to be asymptotically efficient.

THEOREM 4.2. Assume (A.1) ~ (A.4). If
(4.6) P‘limn—»eomax1<k<x,,|8n(k)|/N =0
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and
(4'7) p'limn—>oomaXI<k<K,|(8n(k) - an(k:))/NLn(k)l = 0’
then the selection k° is also asymptotically efficient.

PrROOF. By simple calculation we have
Sy (k) = S,(k) + 8,(k)o*(1 — 2k/N)
(4.8) +8,(k){ L,(k) + (ko® — |la(k) — a(k)|%)/N }
+8,(k)(si — o).
The third and fourth terms on the right-hand side of (4.8) are negligible uniformly

in k, compared with NL,(k), from (4.6) and the proof of Lemma 4.1. Then the
condition (4.7) assures that

max; <, |(Sy (k) — 7 (k¥)) — (S,(k) — S,(k}))|/NL,(k)
converges to zero in probability. Therefore
Sp(ke) < S(k),
implies that for any ¢ > 0,
P(L,(k¥)/L,(k°) > 1 —¢) = 1.

The desired result follows from the definition of k} and Proposition 3.2.

lim

n—o0

ExAMPLE 4.2. S°(k) = (n + 2k)67 satisfies (4.5) and (4.6), so that the corre-
sponding k° is also asymptotically efficient. Another application of Theorem 4.2 to
S2(k) = {n(n + k)/(n — k)}62 or S2(k) = n exp(2k/n)éZ, gives the asymptotic
efficiency of the FPE or AIC method.

As was shown by the present author (1976) in connection with the FPE method,
applied to an autoregressive process with finite order k,, the asymptotic distribu-
tion of k is biased to higher order than k,. This means that the method is apt to
overestimate the order k,. The defect can be overcome by changing the term 2k in
S,(k) to akN® for some a > 2, B > 0, or k log N (Akaike (1970), Parzen (1974),
Schwarz (1978) and Bhansali and Downham (1977)) only at the cost of the
properties (4.6) and (4.7). But by such modification the method loses asymptotic
efficiency. We will exemplify the point. -

Let K be an order selection which attains the minimum of

Si(k) = (N + ak)éf, 1<k<K,
for @ > 0. Putting
L@(k) = (a — 1)ke®/N + |la — a(k)|%

by the same way as in Theorem 4.2 we can show that

prlim, _ L (k*®)/ LEO(E) = 1,

n—»00
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where k*® is an integer so as to minimize L(k). Thus we find
(49) p-lim, ,[a(k) — a|l%/ L,(k})
= p-lim,_, ,(NL,(k*®) — (a — 2)(K® — k*®)a?)/NL,(k*).

Here we may assume a > 1. Otherwise k¥ = K, and at least in the following
cases K@ is not asymptotically efficient unless

lim, ., L,(K,)/L,(k}) = 1.

Note that K is asymptotically equivalent to the CAT method proposed by Parzen
(1974). This can be shown by the same arguments as in Theorem 4.2.

CAsE 1. Parameters are decreasing as k to some power. Put simply
lla — a(k)|% = Ck™#
for some constants C, 8 > 0. Then k*® = m, or m, + 1, where

m, =[(CBN/ (@ = 1)02))"/“*"]

and [x] denotes the integral part of x. Thus, for any y > 0,
lim,_, L(a)([ k*("‘) ]) / Lf,"‘)( k,‘,"(“))

=(y?+y8)/(1+B).
This implies that

p-lim, (K@ /kr®) = 1
as in Corollary 4.1. Noting k*® = O(NL,(k*)) and (4.9), we have
p-lim, . [|6(K“) — all%/ L,(k})
= lim, ,, L,(k})/L,(k¥)
= (a = DYE*DA + g/ (a - 1))/ (1 + B).

This is equal to 1, that is, K attains the lower bound in the limit if and only if
a =2,

Case I1.  Parameters are exponentially decreasing (Example 4.1). If
lla — a(k)|z = Ce™#
for some constants C, 8 > 0, then k*® = m, or m, + 1, where
m, =[(1/B)log(CBN/ ((a« — 1)0?))].
Hence k}® = O(NL,(k¥)) and p-lim(K®/k*®) = 1. Accordingly we have
p-lim,, . [|4(K) — a||%/ L,(k})

= lm, . L, (k1) /L, (k)
=1.



SELECTION OF THE ORDER OF THE MODEL 163

That is, K@ always attains the lower bound in the limit as n — co.

The above discussion shows that the situation is different whether parameters are
decreasing as some power or exponentially. But the order of decreasing is usually
unknown a priori, so that the choice a = 2 is essential to our purpose. In other
words, S,(k) is an appropriate estimate of NL,(k) + No? which can be rewritten
as No? + ko®. If o} and o are simply replaced by 62, the use of S (k) might be
suggested. Still, taking account of the bias we must add k67 to S{P(k) in compensa-
tion for it. This compensation has played an important role in our analysis.

5. Remarks and generalizations. The reader might have an objection as to
assumption (A.4). We can replace it by the assumption that the order of the process
{x,} is finite and bounded away from a constant C, which goes to infinity as n.
Under this assumption &} also diverges to infinity and we can show the asymptotic
efficiency of k.

For h-step ahead prediction, the same results will be obtained if

S, 1(k) = (N + 2k)é; ,
is used instead of S,(k), where

R A . 2
6r i = Sk rn—t<icn—1 Xy ¥ @B K)x, + - - - +a (B K)X,_p_y42) /N
andN=n—-K,—h+ 1.
The assumption of normality of {e,} is posed only for the convenience of

evaluation of higher order moments. Thus the same results will hold true if the
moments of {x,} are close to that of a Gaussian process up to the sixteenth order.
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