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CONVERGENCE OF THE MONTE CARLO
EXPECTATION MAXIMIZATION FOR CURVED
EXPONENTIAL FAMILIES

BY GERSENDE FORT AND ERIC MOULINES
LMC-IMAG and ENST

The Monte Carlo expectation maximization (MCEM) algorithm is a
versatile tool for inference in incomplete data models, especially when
used in combination with Markov chain Monte Carlo simulation methods.
In this contribution, the almost-sure convergence of the MCEM algorithm
is established. It is shown, using uniform versions of ergodic theorems
for Markov chains, that MCEM converges under weak conditions on the
simulation kernel. Practical illustrations are presented, using a hybrid random
walk Metropolis Hastings sampler and an independence sampler. The rate of
convergence is studied, showing the impact of the simulation schedule on the
fluctuation of the parameter estimate at the convergence. A novel averaging
procedure is then proposed to reduce the simulation variance and increase the
rate of convergence.

Introduction. Many problems in computational statistics reduce to the maxi-
mization of a criterion

(1) g0) = /xh(z; O u(dz), h(-;0) >0, p-as.,

on a feasible set ®, when g cannot be computed in closed form. In the terminology
of the missing data problem, g is the incomplete data likelihood, that is, the
likelihood of the observations for the value of the parameter 6, z € X is the
missing data vector and % is the complete data likelihood with respect to (w.r.t.)
the reference measure ., that is, 4 is the likelihood of the observations and of the
missing data.

The expectation maximization (EM) algorithm [Dempster, Laird and Rubin
(1977)] is a popular iterative procedure for maximizing g. The E step of the
algorithm requires the computation of the expectation of the complete log-
likelihood w.r.t. the posterior distribution of the missing data. In many situations,
this step is intractable. To solve this problem, many approximations of the EM
algorithm, which use simulations as an intermediate step, have been proposed [see,
e.g., Tanner (1996); Celeux and Diebolt (1992); Delyon, Lavielle and Moulines
(1999)]. Perhaps the most popular algorithm for this purpose is the Monte Carlo
EM (MCEM) initially proposed by Wei and Tanner (1990) and later used and
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studied by many authors [see Sherman, Ho and Dalal (1999) and references
therein].

The basic principle behind this algorithm is to replace the expectation step
by a blending of Monte Carlo integration procedure with Markov Chain Monte
Carlo (MCMC) sampling techniques such as the Gibbs or the Metropolis Hastings
algorithm. The MCEM algorithm has been successfully applied in many different
settings, including nonlinear time-series models [Chan and Ledolter (1995)],
generalized linear mixed models with missing data [Chan and Kuk (1997)], full-
information item factor models [Meng and Schilling (1996)], genetic models [Guo
and Thompson (1991)] and blind deconvolution [Cappé, Doucet, Lavielle and
Moulines (1999)].

Analysis of the convergence of the MCEM algorithm was first formally
addressed by Biscarat (1994) as a specific example of a random iterative algorithm.
The conditions in Biscarat (1994) were later weakened by Chan and Ledolter
(1995). The assumptions in these works are, however, rather restrictive, because
they involve a uniform law of large numbers, that is, uniform convergence in
probability of the Monte Carlo expectation to the corresponding sample average
over 6 in a compact subset of the feasible set ®. This assumption fails to be
verified when Monte Carlo integration is carried out along a single run MCMC
algorithm in the simulation step. It can, however, be verified under reasonable
assumptions when Monte Carlo integration is done using independent chains,
as shown by Sherman, Ho and Dalal [(1999), Theorem 2]. [The difficulty when
moving from single run to multiple runs was overlooked by Chan and Ledolter
(1995).] Convergence of random iterative algorithms was also considered by
Shapiro and Wardi (1996), Pierre-Loti-Viaud (1995) and Brandiere (1998), also
under restrictive assumptions.

Sherman, Ho and Dalal (1999) addressed a different class of results. They
focused on the missing data problem, for which g(6) is the incomplete data
likelihood, depending on the sample size, say N (the dependence on this parameter
is implicit in our work; all the results we obtain are conditional to N). They
assumed that the Monte Carlo integration was carried out by means of independent
chains and that the number of independent chains, the number of iterations for each
chain at each step and the number of iterations of the algorithm are functions of N.
Under these assumptions, they derived the rate of convergence of the Monte Carlo
estimator obtained as N — 00.

The purpose of this paper is to complement the results above by providing
a convergence analysis of the MCEM algorithm which remains valid under
assumptions that are verified for a wide class of MCMC simulation techniques,
including both single run and multiple run chains. The proof of convergence is
rather different from the schemes used before, avoiding any form of uniform law
of large numbers. An averaging technique to improve the rate of convergence is
also presented that is based on a modification of the averaging techniques [Polyak
(1990)].
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This paper is organized as follows. In Section 1, we present the MCEM
algorithm and define the stable MCEM algorithm which guarantees the almost-
sure (a.s.) boundedness of the random recursion. In Section 2, we study the
convergence of stable MCEM for curved exponential families when the simulation
step is based on MCMC techniques by assuming a uniform ergodic behavior of
the MCMC kernels. In Section 3, the rate of convergence is derived and how
this rate can be improved, with a very small computational overhead, by using an
averaging approach, is shown. Section 4 is devoted to an application. The proofs
are postponed to Sections 5-7.

1. The Monte Carlo expectation maximization algorithm. In this contribu-
tion, we use the terminology of the missing data problem. Let ® C R/, let X € R¢
be endowed with the Borel o-field, let i be a o-finite Borel measure on X and
let {h(z;0),0 € O} be a family of positive p-integrable functions. Any iteration
of EM may be formally decomposed into two steps. At iteration n + 1, the E step
consists of evaluating

Q0. 6,) = /xlogh(z; 0)p(z: 0)u(d2),
where

p(z;0):=h(z;0)/g(6),
so that

mg(dz) := p(z; ) u(dz)

is a probability distribution which may be interpreted as the posterior distribution
of the missing data. In the M step, the new value of the parameter 6,1 is set
as the maximum over © of 0 — Q(0,6,), 0,41 := argmaxygece Q(¢,0,). It is
assumed for simplicity that this maximum exists and is unique [see Wu (1983)
for details]. The key property of EM is that increasing @ (6, 6,,) forces an increase
of g, the function to maximize. It is known that under regularity assumptions, EM
instances {6, } converge to the set of the stationary points of g [Wu (1983)]. In some
situations, the E step is intractable and to deal with these cases, Wei and Tanner
(1990) proposed to replace the expectation by a Monte Carlo integration, leading
to the so-called Monte Carlo EM. The MCMC approach consists of sampling
an X-valued Markov chain {Z;’} j from a Markov kernel Py,, with stationary
distribution 7, and initial distribution A (assumed to be constant over iterations).
In the E step we compute
My
Qu(0.60,) :=my ' Y logh(Z":0),  my €Ly,
j=1

whereas the M step remains unchanged. A difficulty when dealing with the random
sequence {6, } is to guarantee the stability (a.s. boundedness). To avoid unnecessary
technical conditions, we present a simple modification of the iterative scheme by
adapting the algorithm presented by Chen, Guo and Gao (1988).
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The stable MCEM algorithm. A new sequence {6} is obtained by truncating
the original recursion: whenever argmaxgece @,(¢, 6;) is outside a specific set,
it is reinitialized at a point ;. In the technique proposed by Chen, Guo and Gao
(1988), the truncation bounds are random functions of the recursion index n. The
advantage of this approach (compared to projection) is that the truncation does not
modify the set of stationary points of the original recursion. More formally, let
{K,,} be a sequence of compact subsets such that, for any n > 0,

) Kn C Knr1.  O=[] K.

n>0

Set po := 0 and choose 0(’) € Ko. The stable MCEM algorithm is defined as
follows:

if argmax @,(¢,6,) € Kp,, 0, =argmax@,(,6,) and p,41 := py,
$c® $€®
3) , / /
if arin(ljax Qn(9,6)) ¢ Kp,, 0,1 :=0and pyt1:=pp+ 1.
s

Note that p, counts the number of reinitializations. It is shown in the sequel that,
under appropriate assumptions, { p, } is a.s. finite, meaning that along any trajectory
of the algorithm, the number of reinitialization is finite.

2. Convergence of the MCEM algorithm for a curved exponential family.

2.1. Model assumptions. We further restrict our attention to the case where
the complete data likelihood # is from the class of curved exponential densities.
We consider the following assumptions which are satisfied in many scenarios.

MI. ® C R/, X € R and p is a o -finite positive Borel measure on X.

Denote by (-;-) the scalar product, denote by |-| the Euclidean norm and
denote by V the differentiation operator. Let¢p: ® — R, ¥ :® — R7 and §: X —
SCRY. Define L:8x®—Randh:X x ® — RT\ {0}:

L(s;0):=¢(0)+ (s; ¥ (0)), h(z; 0) := exp (L(S(2); ).
M2. Assume that:

(a) ¢, ¥ are continuous on ® and S is continuous on X;;

(b) forall @ € ©, S(8) := 1y (S) is finite and continuous on O;

(C)A there exists a continuous function : 8 — ®, such that for all s € §,
L(s;0(s)) =supyce L(s;0);

(d) g is positive, finite and continuous on ® and, for any M > 0, the level
set {0 € ®, g(0) > M} is compact.
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Let £ be the set of stationary points of the EM algorithm. With the notation
above, £ is given by

4 L:={0€0, 60506)=0).

As shown by Wu [(1983), Theorem 2], under M1 and M2, if ® is open, and
¢ and i are differentiable on ®, then g is differentiable on ® and L = {# € O,
Vg(0) = 0}. Hence, the set of fixed points of EM coincides with the set of
stationary points of g.

M3. Assume either that:

(a) the set g(L£) is compact or
(a") for all compact sets K C 0O, g(L£ N K) is finite.

Note that under M2(d), g(L£) is compact iff £ is compact.

EXAMPLE (Poisson count with random effect). For the purpose of illustration,
we consider the estimation of a location parameter in a model of Poisson counts.
This model is adapted from Zeger (1988) [see also Chan and Ledolter (1995)].
Conditional on the latent variables Zy, Zi, ..., Z4, the counts Yq,...,Y,; are
independent and Poisson variables with intensity exp(6é + Zi), where 0 is the
unknown translation parameter to estimate in the maximum likelihood sense.
{Z} is a stationary autoregressive process of order 1, Zy = aZ;_1 + o0&, where
{er} isi.i.d. standard Gaussian noise and the coefficients |a| < 1, o > 0 are known.

Set z := (20, ...,24), a R¢"1-valued vector. The complete likelihood may be
written as

d d
(5) h(z; 0) = exp<9 > Yi—exp(®) ) exp(zk)>,

k=1 k=1

the dominating measure w is absolutely continuous w.r.t. the Lebesgue measure
on X :=R9*! and the density is given up to an irrelevant normalization factor by

d d
(6) exp( > Yz —Q2o%)! ( > (ak —aze-)’ + (1= a)zzg)).

k=1 k=1

Here © :=R, ¢(0) :=0Y¢_, ¥, ¥(6) := —e’ and S(z) := Y¢_,e% € 8 :=
R* \ {0}. Assumption M2(a) is trivially verified. Observe that for y > 0, z € R,
6 € R, we have y — ¢?T% < —yz 4+ y(In(y) — 1), so that

d d
7N h(z:0) < exp( > Yi(log(Ye) —1) = ) Ykzk) Vze R 0 eR.
k=1 k=1

We easily deduce from (7) that supy.r g(f) < oo. Equation (7) also implies
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that g is uniformly bounded on ® and is continuous. Since limg_, _ g(0) =
limg_, 10 g(0) = 0, then the level sets are compact and M2(d) is verified. As g is
continuous, M2(b) is trivially checked using similar arguments. M2(c) is verified
with

d
é(s) = log< Z Yk) — log(s).

k=1

Finally, 6 — g(0) and its derivatives are analytic on ® and analytic functions
have only a finite number of zeros in any compact set. Whereas £ = {# € ©®,
Vg(0) = 0}, then for all compact X C ®, £ N K is finite and M3(a’) is verified.

2.2. Monte Carlo approximation. Let {JK,} be a sequence of compact sets
satisfying (2). Given 6, € Ko and a probability measure A on X, the stable MCEM
sequence {6, } is then defined as [see (3)]

) if0(Sy) € Kp,, 0, :=0(5,) and pyi1 = py,
if0(S) ¢ Kp,, 0,1 :=00and pyii = py+1,

where

my
Spi=my ' Y Sz,
j=1

{Z;’} is sampled from a Markov kernel Py, with invariant distribution 7y, and
Zy ~ ). To go further, we need to control the L”-norm of the fluctuations of the
Monte Carlo approximation of S(6,) by S,

M4. There exist p > 2 and A, a probability measure on X, such that for any
compact set X C O,
p
} oo,

sup sup Z |AP9]‘(S) — 1 (S)| < o0,
Qexnzlkzl

D AS(®k) — 7a(S))

sup supn_”/zE)\,g |:
k=1

feX n>1

where E, ¢ is the expectation of the canonical Markov chain {®,} with
transition kernel Py and initial distribution A.

We now state practical conditions upon which M4 is verified. The simplest case
is when the kernel Py is uniformly ergodic. [See Meyn and Tweedie (1993) for
relevant definitions on Markov chains.] Let P be a Markov kernel on X.

PROPOSITION 1. Let P be a -irreducible aperiodic Markov transition
kernel on X.. Assume that the whole state space is v, -small with minorizing
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constant ¢ > 0. Then P possesses a unique invariant probability measure . In
addition, for any p > 2 and any bounded Borel function g : X — RY,

> 1Pkg(r) — (o)l <2(suplgl)(1 - (1=)' /")~ Vrex.
k=1 X

andforalln>1,x € X,
p

Ee| Y {g(®i) —7m(2)}

k=1

)
<67C, (sup|g|p)(1 +2{1—-(1 - 8)1/m}_1)p+lnp/2,
X

where C), is Rosenthal’s constant [see Hall and Heyde (1980), Theorem 2.12].

The proof is given in Section 6.

Using this result, assumption M4 is verified provided that supy |S| < oo,
Py is for all 6 € © uniformly ergodic, that is, X is v,,,-small with minorizing
constant &g, and for all 8 in a compact subset of ©, (a) gg is bounded away from
zero and (b) my is bounded. This condition is often verified when X is compact
and the kernel depends continuously on 6 (see Section 4 for an illustration). To
deal with noncompact state space, the following proposition (proved in Section 6)
provides convenient sufficient conditions based on the Foster—Lyapunov drift
criterion (10).

PROPOSITION 2. Let P be a W-irreducible aperiodic transition kernel on X
and let C be an accessible petite set. Assume that there exist some constants
0 < p <1, b < oo and a Borel norm-like function V : XX — [1, 00), bounded on C
such that

(10) PV <pV +blc.

Let p > 2. Choose M > sup-V VvV b/(1 — pY/PYP. Then the set {V < M} is
v -small with minorizing constant ¢ > 0 and for any Borel function g : X — R,
lg| < VP it holds that for all x € X, n > 1,

[e.e]
Y 1PFg(x) —m(g)l < Ce lm+ HMVPATIVIP(x)
k=1
and
P
< Ce PV 4 DHPTFIM2AT2PV (x)nP/?,

E|Y {g(®) —m(g)}

k=1

where A = ((1 — p)Y/? — (b/M)'/P) and C is a constant which depends only
on p.
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Hence, if the kernel P depends on a parameter 6, all the quantities appearing
in Proposition 2 may depend on 6 and the condition M4 is verified if, for any
compact subset K C ©, (a) supyey po < 1, supyey bs < 00, supyc s My < 00
and supy. g mg < 00, (b) infpex €9 > 0 and (c) there exists a measure of
probability A on X such that supg 4 A(Vp) < oo.

Finally, we need to assume that the number of simulations at each iteration
increases at a given rate {m,}. The rate of increase depends on the control of the
fluctuation of the Monte Carlo sum. More precisely:

MS5. {m,} is a sequence of integers such that 3_, m,” /2

by M4.

< 00, where p is given

EXAMPLE [Poisson count with random effect (continued)]. To impute the
missing values, we use the hybrid sampler random scan symmetric random
walk Metropolis Hastings (henceforth denoted RSM). At each iteration, a single
component of the missing data vector z drawn at random is updated using a
one-dimensional random walk Metropolis Hastings algorithm, with a proposal
distribution that has a positive, continuous and symmetric density g w.r.t. the
Lebesgue measure on R. This sampler was studied by Fort, Moulines, Roberts
and Rosenthal (2003). The key findings are summarized here:

e For any 0 € ©, the RSM kernel Py is Lebesgue-irreducible and aperiodic. In
addition, for any compact sets C C Rt and K C ©, there exist a constant
¢ > 0 and a probability measure v on R4+ guch that Ped +1(z, ) > ¢ev(-) for all
feXK,zeC.

e Choose 0 < s < 1 such that s(1 — $)1/5=1 < (2d — 2)~! and set Vy(z) :=
79 (z)~*. Then, for any compact KX C O,

. PyVy(2)
limsup sup <1
lz|—>+o00 gk Vo(2)

Consequently, by applying Proposition 2, it is proved that assumption M4 holds
with any real p > 2 and any probability measure A such that for any compact set
K C O, supyex A(Vpg) < o0.

2.3. Almost-sure convergence. We now state the main results of our contri-
bution. Under assumptions M1 and M2, any iteration of the EM algorithm can
be written as 6,41 =0 o S(6,) =: T(6,), where T:® — © is continuous. Wu
[(1983), Theorem 1] proved that (a) {g(6,)} converges to g(6*) for some 6* in
the set £ of the fixed points of 7" and (b) the limit points of {6, } are in £. Under
assumptions M1-M4, we obtain a similar result for the stable MCEM algorithm.
The convergence results hold almost surely w.r.t. IP, the probability on the canoni-
cal space associated to the trajectories of stable MCEM, started at 6, given A, the
initial distribution of the Markov chains, and {.K, }, the sequence of compact sets
(see Section 5.2 for a precise definition of P). Denote by CI(A) the closure of the
set A.



1228 G. FORT AND E. MOULINES

THEOREM 3. Assume M1-M5. Let {K,} be a sequence of compact sets
satisfying (2), let 6 € Ko and let ) be given as in M4. Consider the stable MCEM
random sequence {0} defined by (8). Then:

(i) (a) lim, p, < oo w.p.1 and limsup, |0, | < co w.p.1;
(b) {g(6))} converges w.p.1 to a connected component of g(L), where L
is given by (4).
(i) If, in addition, g(L N C1({0,})) has an empty interior, then {g(6),)}
converges w.p.1 to g* and {0, } converges to the set Lo+ :={0 € L, g(0) = g*}.

The proof is given in Section 5.

REMARK 4. Using Sard’s theorem [Brocker (1975)], it is known that
g({Vg =0}) has an empty interior as soon as the function g is /-times differen-
tiable (where [ is the dimension of the parameter space). Hence, Theorem 3(ii)
applies under very weak regularity assumptions.

In many instances, the set /£ is made up of isolated points and, under suitable
conditions, the previous convergence results imply pointwise convergence to some
stationary point of g. Depending on the values of the Hessian of g, these limiting
points are either local maxima, local minima or saddle points. A question of
interest is to state conditions upon which the stationary points coincide only with
local maxima. To that goal, we formulate some additional regularity assumptions:
M6. (a) © is open;

(b) for any s € 4, 6 — L(s; ) is twice continuously differentiable on ®;
(c) 0+ S(0) is twice continuously differentiable on ®;

(d) 6 — g(0) is continuously differentiable on ®;

(e) 4 is open and the convex hull of S (R?) is included in §;

®) s+~ é(s) is twice continuously differentiable on 4.

M7. The stationary points of g are isolated. For every stationary point 6* of g, the
matrices —VGZL(S(G*); 0*) and

/x VoL(S(2); 0%)' Vo L(S(2); 6*) p(z; 6" (dz)
are positive definite.

It was shown by Delyon, Lavielle and Moulines (1999) that under M6 and M7,
the matrix
VT (0%) = [VZL(s*; 0917 (VFL(s*; 0%) — V2 1ogg(6%)),  s*:=5(6%),

is diagonalizable with positive real eigenvalues. If 6* is a stable fixed point of T,
then the modulus of all the eigenvalues of VT (6*) is strictly less than 1 and
0* is a proper maximizer of g. If 6* is hyperbolic (resp. unstable), then it is a



CONVERGENCE OF THE MCEM ALGORITHM 1229

saddle point of g (resp. a local minimum of g). Recall finally that if the stationary
points of g are isolated (i.e., under M7), convergence to hyperbolic and unstable
points (i.e., convergence to saddle points and local minima of g) never occurs w.p.1
for the MCEM sequence, as shown in Brandiere (1998).

EXAMPLE [Poisson count with random effects (continued)]. Assumption M6
is readily verified. Note that

d
Viogg(®) =3 Vi~ L,..5@p@on@

and a stationary point 6* solves the equation

d *
> V=" [ s@p07an,
k=1

that is,

d
> Yi=e"50%).
k=1
Since g is analytic (see Section 2.1), any compact subset of ® contains only
a finite number of stationary points of g. For a stationary point 6*, note that
—VQZL(S(G*); 6*) = " §(6*) and

f VoL(S(2); %) VoL(S(2); 6%)p(z: 6*)1(dz)

= / (S@) — §6) p(z: 6)(d2).
so that M7 holds.

3. Rate of convergence and averaging. We now study the rate of conver-
gence of {6, } (given {K,}, 6, € Ko and 1) to a local maximum 6* of g. Rate of
convergence is useful to understand how we should ideally tune the number of
simulations m,, as a function of the iteration index. It also allows us to derive an
accelerated version of the algorithm based on averaging.

Define G(s) := S o 6(s). The mapping G gives another way to consider an
iteration of the EM algorithm, not directly in the parameter space ®, but in the
space of the complete data sufficient statistics 8. If 6* is a fixed point of T,
that is, 0* = T' (%) =0 o S(6*), then s* := §(6*) is a fixed point of G, that is,
s* = G(s*) = S 0 O(s*). In addition, VT (6*) = VO (s*)VS(H*) and VG (s*) =
VS(6*)VO(s*). Hence VG(s*) has the same eigenvalues as VT (6*), counting
multiplicities together with (¢ — /) additional eigenvalues equal to zero. The
stability properties can thus be directly translated in terms of the stability of s*:
when 0* is stable, then s* is stable and vice versa.
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3.1. Rate of convergence. We begin by informally discussing the results. Let
6* be a fixed point of T and let s* := S(6*). There are a priori multiple possible
limiting points, so we need to restrict our attention to the set of trajectories that
converges to a given limiting point s*. For large enough n, we may decompose the
recursion as

Sp—5* = (G(Su—1) — G(™) + 85 — G(Sp—1) =T(Sp1 — s*) + &0 + 1,

where I' := VG({*) and~ {en} is a martingale difference sequence w.r.t. the
filtration %, := o (Sp, ..., Su),

en =Sy —EISulFaci )5 _yeizgp 721, 8>0, 8:=0.

The remainder term 7, can be expressed as 1, := r],(,l) + n,(,z), where forn > 1,

M = (S0 = GGa-D)y5, | eiz)
(11)
+ (E[Snlfn—l] - G(Sn—l))ﬂ{‘§n71_3*|§3}v

N = (G(Su1) = G(s™) = TSt — %))
(12)
=Y Ru1G )Sne1i =) (Sno1,j — 57,
i,j
and R,, is defined componentwise as
1 32G(s* +1(S, — s*
R,,(i,j)::/ (1 -G +1E=57)
0

ds; 95

It is convenient to decompose the error S’n — s* as a sum of a linear term u,, that
obeys a linear difference equation driven by the martingale difference ¢,

(13) n =T pp—1+ é&n, n>1and puo:=0,
and a remainder term
(14) Pn =8y —5* —pn,  n>0,

which will be shown to be negligible along the trajectories converging to s*. We
stress that, because there are possibly several convergence points, the remainder
term p, as defined above will be small only along trajectories that converge to s*.

As shown in the previous section, under the stated assumptions, S, may
converge only to stable points of G (hyperbolic points and unstable points are
avoided w.p.1), which are associated with a local maximum of the incomplete
likelihood g. Hence, we may assume that s* is stable, which implies that all the
eigenvalues of I' have modulus less than 1 and, thus, that there exist y < 1 and
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a constant C < oo such that for all k, || < Cy¥, where |- | is any matrix norm.
This implies that the linear control model (13) is stable and that

n
MUn = Z 1-‘kgn—k-
k=0

In many situations, y is very close to 1, which explains why the EM algorithm is
sometimes slow to converge [see Jamshidian and Jennrich (1997)]. Most often, y is
unknown. It can, however, be estimated using, for example, the Louis information
principle [see Delyon, Lavielle and Moulines (1999)], but this generally involves
a significant computational overhead. By construction, the driving error {g,} is a
martingale increment. Observe that if we assume that, for all n, |S‘n_ 1 —s*<é
for some deterministic s* and §, then there exists a deterministic compact X C ©
such that for all n, 6, € K. From this remark and M4, it may be asserted that the
L?-norm of the martingale ¢, is inversely proportional to ,/m,, the square root of
the number of simulations at step n. Hence,

n
k. —1)2
Mn:OuJ(Z)/” kmk />.

k=0

We say that X,, = Opr (o), where o, # O if oen_an is bounded in L?. A more
explicit expression for the rate of u, can be obtained by using the following
lemma, from Pdlya and Szegd [(1976), Result 178, page 39]:

LEMMA 5. Let {a,} and {b,}, b, # 0, be two sequences such that
(i) the power series f(x):= Y ;2 a,x" has a radius of convergence r and
(i) limp— o0 bp/bpy1 =t q with |q| < r. Define c, = Y j_ogakbp—k. Then
lim,_, Cnb;1 = f(q).

Hence, provided that lim, my1/m, < y_z, the linear term w,, = Op»p (m,fl/z).
The constraint lim, my,1/m, < y‘Z is always satisfied when {m,} is subexpo-
nential. When limsup y>"m,, = oo, the constraint is no longer satisfied and the
rate is strictly lower than m,, 12 of course, this analysis makes sense only if we
can prove that j,, is the leading term of the error S, — s*, that is, p, is negligible
W.L.t. i, along the trajectories of S, that converge to s*. More specifically, we have
to show that (see Lemma 14, Section 7)

(15) Pl tim, §,=s4) = 0W~p~1(m;1/2)-
We say that X, = owpi(a,) [resp. X, = Owpi(ay)], where a, # 0 if
lim,, an_l | Xn| =0 w.p.1 (resp. an_l | X,,| is bounded w.p.1).

The discussion above is summarized in the following theorem.
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THEOREM 6. Assume M1-M7. Let s* be a stable fixed point of the map G.

Let y < 1 be the modulus of the largest eigenvalue of VG(s*). Assume
that 1 < lim,my41/m, < y_z. Then w, = OLp(m,Tl/z) and pn]llimnin:s* =

Ow.p.1 (m,fl/z), where u, and p, are given by (13) and (14).

Theorem 6 shows that, under weak conditions on the sequence {m,}, along any
trajectory converging to a stable fixed point s*, the error ) — 6* (or equivalently
S, — s*) is asymptotically given by fu,,. In addition, the L?-norm of u, decreases
as the square root of the number of simulations at step 7.

To compare the rate of convergence of the MCEM algorithm with other
stochastic versions of the EM algorithm, such as the stochastic approximation
EM (SAEM), it is worthwhile to compute the rate as a function of the number
of simulations rather than as a function of the number of iterations. For a generic
sequence {X,}, define the interpolated sequence X ,(,i) = X¢(n), Where ¢ is defined
as the largest integer such that

¢ (n) o (n)+1

ka <n< Z my.
k=0 k=0

The subscript n for the interpolated sequence 0,’,(i) refers to the total number of
simulations, while for the original sequence {0}, it coincides with the number
of iterations. Assume first that the number of simulations is increasing at a
polynomial rate, that is, m, := n® so that ¢(n) ~ [(1 + a)n]"/1T¥  On the
simulation time scale, u\ = Oy, (n=%/@0+a)) and p) = Ow.p.1 (n=¢/CUFaDy,
Hence the rate of convergence is always smaller than n~1/2, which is the rate of
the SAEM algorithm [Delyon, Lavielle and Moulines (1999), Theorem 7]. It is
interesting to note that the rate is improved by choosing large values of «, whereas
small values of « can lead to rather inefficient estimates. In practice, this means
that it is better to increase the number of simulations rapidly when the algorithm is
approaching convergence, giving thus a theoretical background to well established
practice. Assume now that m,, := m", m > 1. This choice is advocated in Chan
and Ledolter (1995) and in several earlier works on the subject. We get similarly
that ug,i) = Orr (n_l/z) and p,(,i) = ow.p.l(n_l/z) whenever 1 <m < y‘z
case, the rate of convergence is n~!/2

: in this
, provided that m is small enough.

3.2. The averaging procedure. The preceding discussion evidences that the
performance depends critically on the choice of the schedule, which is of course
a serious practical drawback. Recently, a data-driven procedure was proposed
by Booth and Hobert (1999). This procedure requires evaluation of the variance
of S',, — G(S‘n_l) which is a challenging problem when MCMC is used to sample
the missing data.
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We consider here an alternative procedure adapted from a technique developed
by Polyak (1990) to improve the rate of convergence for stochastic approximation
procedures. To motivate the construction, recall that

n
Sp=s5"+8n  Bpi=) I" e+
k=0

Each value of S, may be seen as an estimator of s* affected by a noise term.
The stable MCEM algorithm estimates s* by S, which is an inefficient estimation
strategy. By analogy with the regression problem, an estimator of s* with reduced
variance can be obtained by averaging and weighting the successive estimates S,
of s*. Because the regression noise &, is both correlated and heteroscedastic, the
best unbiased linear estimator of s* would require us to know (or estimate) both
the correlation and the variance of E,, which is a difficult task. For simplicity, we
consider the weighted average

n n
(16) h :=Mn_12mj5‘j and M, :=ij,
j=0 j=0

where S, is weighted by m,, which is a rough estimate of the inverse of the
variance of E,. X,, may thus be seen as a weighted least-squares estimate of s*,
where the weights are (roughly) proportional to the inverse of the noise variance.

Using the decomposition above, ¥, — s* may be written as X,, — s* = i, + pp,
where

n n—k

fn =M, ! Z(ij+krf)sk,
k=0 \ j=0

17

n
ﬁn = Mn_l kapk-
k=0

Under M4, E[|e,|P|F,] < 21’Cm,7p/2, where C, given by M4, does not depend
on the simulation schedule. Then the martingale form of Rosenthal’s inequality
implies that

n n—k 4 2\ 1/2
litnlle < c<p><<Zm;I<ij+kw) )
k=0 j=0

n 5 n—k ) ry\ 1/p
(T (S]] ot
k=0 =0

where C(p) is a constant depending only on p. A more explicit expression for
the rate of i, can be obtained from the following lemma (the proof of which is
postponed to Section 7).
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LEMMA 7. Let 0 <y < 1 and {m,} be a positive sequence such that
1 <lim, myq1/m, =:m < y~2. Define for some positive integer r,

n ) —1/r n ) n—k ) r\ 1/r
6= () (Zm () )

k=0 k=0 j=0
Then lim,, ,Er) =: B,(m; y), where

By (m;y) = ((1 —my)™"

r—1 1/r
% |:1 + (mr/Z _ 1) Z<;>(_1)r—l(ml—r/2yl—r _ 1)—1})
=0
ifmy #1,

1/r
By iy = ((1 -y Y 4+ 1>’y’”/2) :

Hence, provided that lim,, m, 1 /m, =:m < y‘z, this shows that

lim M, (| fin | L
(18)

n 1/p
5C(p)£2(m,y)—I—C(p)ch(m,y)lir{n(Zmlf/Z) Mn—l/Z.
k=0

If m =1 [this happens, e.g., for polynomial schedules m, « n* or subgeo-

p/2 p/2
k

metrical schedules m, o exp(n®), o < 1], then }}_,m ~ nmy'~ and

lim, 3"} 171,1:/2)1/1’M,1_1/2 = 0. Hence,

lim M, 2| il < C(p)Ba(1, ¥),

If 1 < m, then Lemma 5 implies that lim, (3_}_,, ;71,‘?/2)1/1’7M,,_1/2 =(m—1)12x
(mP/? — 1)~1/P_Hence,

lim M, *llinllLr < C(p)Ba(m, y) + C(p)By(m, y)(m — 1! 2m?? — 1)~ /7.
This discussion shows that the L?-norm of the term j1,, decreases as M, 1/ 2, the
inverse of the square root of the total number of simulations up to iteration n.
In addition, m +— B,(m, y) increases on [1,2) \ {y '} and the minimum is
B.y)=0—y)y hwhenm=y~ !, Baly Ly) =0 +n2A-y)?>
B (1, y). This implies that the upper bound in (18) is minimal for m = 1 and that
the upper bound for the error term is minimum when lim,, m,, 41 /m, = 1.
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The term fi, is the leading term in X, — s* provided that, along any
trajectories that converge to s*, p, is negligible w.r.t. fi,,, that is, p, L, 5,5 =
Owp.1(My /%), By (37) and (38), pullyy, 5 _iv = Owp1(1)OLr(nM; ). Hence,
pn 1s negligible compared to u, whenever the simulation schedule checks the
condition nM,, 172 _ o(1). For example, for geometrical schedules, this condition
is always checked, whereas for polynomial schedules m, o n*, one has to choose
o> 1.

The discussion above is summarized in the following theorem.

THEOREM 8. Assume M1-M7. Let s* be a stable fixed point of the map G
and denote T := VG (s*). Let y < 1 be the modulus of the largest eigenvalue
of VG(s*). Let M,, i, and p, be given by (16) and (17). Assume that
() 1 <lim,m,q1/m, <y~ and (ii) nMn_l/2 =o(1). Then ji, = OLp(Mn_l/Z)

- —1/2
and pn:[]'llmn S‘n:S* = prl(Mn / )

Theorem 8 shows that under weak conditions on the sequence {mn} along
any trajectory converging to a stable fixed point s*, the error X, — s* behaves
asymptotically as fi,; thus the estimator 6, := 9(2,,) (or equivalently X,) has a
rate proportional to M,, ', that is, a rate inversely proportional to the square root

of the total number of simulations up to iteration n. Expressed on the simulation

time scale, the previous result shows that the L”-norm of the leading term ,uﬁ,) is

proportional to n~1/2.

Hence, the averaging procedure improves the rate of convergence. In addition,
the discussion above evidences that when averaging is used, use of geometrical
schedules is not recommended. It is better to choose m, in such a way that

. -1/2
lim, myy1/m, =1 and nM,
my grows polynomially.

= o(1), which is verified, for example, if

EXAMPLE [Poisson count with random effects (continued)]. A plot of N =
100 observations Yi, ..., Y100, obtained with yue = 2, a = 0.4 and 02 =1 is
given in Figure 1. To implement stable MCEM, the compact sets {K,} are chosen
as a ball of radius (n + 1) centered at ;. The Monte Carlo approximations are
computed by use of the hybrid sampler described in Section 2.2. The proposal
distribution for each component is a standard Gaussian variable on R (the mean
acceptance rate is &~ 40%). The chains are initialized in a compact ball of radius
r = 11 according to a concatenation rule: if the last sample Z, ~at iteration n
is in this ball, then it is the starting point of the following chain, that is,
zoth = Z,,; otherwise, we set zoth = rZy, /1Zy, |. The simulation schedule
increases polynomially, m, := 1000 + n2. In Figure 2, we plot three paths of
stable MCEM started, respectively, at 6y = log(N Iy ~2.41, 0y = —2 and
0y = 4. After 0, 3 and 2 reinitializations, respectively, convergence to the point
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100 observations from the Poisson count data model.

0* ~ 1.88 may be observed. In Figure 3, we plot a stable MCEM path started
from 6}, = log(N ! 3 ¥}) and its averaged counterpart [i.e., the sequence 6, given
by 6, := 6(,)]. Observe that the variation of the averaged path decreases more
rapidly than the variation of the stable MCEM path, which illustrates the discussion

in Section 3.2.

-2

0 100

200

300 400 500 600 700

F1G. 2. Stable MCEM sequences for different initial values and m;,, = [n2]. The paths all converge
to 0* = 1.88 after a finite number of reinitializations.
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-— - Stable MCEM
—— Averaging

23 T T T T T T

2.05

1.8 . ! . 1 | | 1 |
0 100 200 300 400 500 600 700 800 900

F1G. 3. Stable MCEM sequence with and without averaging both started from 96 = 2.41;

polynomial schedule my, = [nz].

4. An application to product diffusion modeling. We illustrate the previous
results by considering the Bass product diffusion model which consists in
predicting market penetration of new products and services. Sherman, Ho and
Dalal (1999) proved convergence in the case where the missing data were obtained
(at each step) from m independent runs of a Gibbs sampler. These authors
assumed uniform geometric ergodicity in the total variation distance and uniform
convergence in L? [Assumptions (C5) and (C6)] which seemed difficult to directly
verify in practice.

The observations y := {(t1,n1), ..., (fg,ng)} are the cumulative numbers n
of adopters at a set of increasing instants 7;. We set 7o = ng := 0. It is assumed
that the n;’s are realizations of a process N (¢) at time ¢; and the 7;’s are selected
independently of the adoption process. N (¢) is a pure birth Markov process with
stationary transition probabilities and population adoption rate

A(t):=(Mmx — N@®))(0+sN®)),

where M is the population size (M is known and constant over time), 7 is the
proportion of potential adopters, o > 0 is the innovator coefficient and ¢ > 0 is the
imitator coefficient. For all 0 <i <ng — 1, A(#;) has to be positive. In addition, for
the expected number of adopters not to exceed the number of eventual adopters,
we require ¢ + ¢ng < 1. Hence (o, ¢, ) € T, where

T:={(0,¢,m) € (0,1] x[0,1] x [ng/M, 1], 0 <o+ cng <1}.

Our purpose is to compute the maximum likelihood estimator for ¢ := (g, ¢, ) or,
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equivalently, the maximum likelihood estimator for 6 = («, 8, y) := ¢ () defined
as

[ —s
(o, ¢, m):=| cMm -9 |,
oMn

1/2(=B +~ B> —4ay)

é‘_l(a’ 137 y) = —u
2y MY (=B + VB2 —day)™!

so that ¢ : T — ©® :=¢(Y) is continuous. Hence, we want to maximize on ® the
incomplete data likelihood g given by

d nj—l
2(0) :=1‘[( I1 Akw))

Jj=1 \k=n;_4

x > (exp(—ki(Q)(tj—tj—l)) [1 {Kk(Q)—Ki(G)}_1>,

k:"j_l
ki

i=n;_|

where 1;(0) := ai® + Bi + y. Computation and maximization of g are not
tractable [see Dalal and Weerahandi (1995)]. We thus implement the stable MCEM
algorithm and solve a missing data problem, where missing data are individual
adoption times. We write g(6) := [y h(z; 6)u(dz), where [see Sherman, Ho and
Dalal (1999), Equation (11)]

7= (Zlv"'vznd)v Z0:=O’ x:: [O’ td]ndv

ng—1

h(z;60) := [ % (0) exp(—2i (0)(zit1 — 20)) exp(—hny () (ta — 2n,))
i=0

and p is absolutely continuous w.r.t. the Lebesgue measure on R"<:

d—1
//L(dZ) = 1]'0<Zl < <Zny 1_[1 :[I‘an =t <an+l ]]'an <tq dz‘
]:
Define ¥ (0) := 6 and
ng—1 ng ng
¢ 0) =y, (Ot + Z In Ak (6), S(z) .= [Z(Zk — Dzy; Z 2k 0},
k=0 k=1 k=1

so that logh(z; 0) = ¢(0) + (S(2);0). M2(a) is readily verified and, as g is
continuous on ®, M2(b) follows from an application of the Lebesgue theorem. It
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is trivial to verify that for all 0 € ®, s € 4§, —VGZL(S; ) is positive definite. Then,

for all s € 4, the function 8 +— L(s; ) is strictly concave on ® and s — 0 (s) is
well defined on 4. By applying the implicit function theorem, 6 is also continuous.
M2(c) is thus verified. ¥ — go¢ () is a positive and continuous function on Y and
lim, .9 g 0 ¢(0, ¢, m) =0 for any (g, ), showing that the level sets {g 0 { > M},
M > 0, are compact subsets of Y. As ¢ is continuous, the level sets {g > M}
are compact subsets of ® and M2(d) holds. Finally, £ is a closed subset of the
bounded set ® which proves M3(a).

To impute the missing values z, we use a Metropolis Hastings independent
sampler (IS) with proposal distribution ¢ du which is chosen as the product of
d distributions of the order statistics of (n; — ng_1) independent random variables
uniformly distributed on [#;_1, #], 1 <k <d, that is,

d ng—ng_1 |
(T — tg—1)" "1
q(z)p(dz) = l_[ y ]]'0<Zl<"'<an
ie (e —ng-p)!
d—1
X l_[ :[I‘an =t <an+l:ﬂ'znd§td dz‘
j=1

Recall that for a homogeneous Poisson process of rate A, the conditional
distributions of the arrivals in a given interval given the number of arrivals is i.i.d.
uniform over that interval so that the choice of the proposal is well matched to the
target density. With these definitions, the IS kernel, Py, is Lebesgue-irreducible and
aperiodic. It is easily seen that the target density p(z; 0) is uniformly bounded for 6
in a compact set KX C ©. Thus, there exists some minorizing constant 0 < ¢ < 1
such that ep(z; 0) < g (z) for all 0 € K, z € X. Hence, for z € X, any measurable
set A,

Po(z, A) = /A wp(2.2)q(Z)(d7) = ¢ /A (s 0)u(dz) = emg(A),

where ag(z,7) is the acceptance ratio. The condition M4 follows from Proposi-
tion 1, with any p > 2 and any probability measure A on X.

Simulations 1. We generate d := 30 observations at time ¢; := 0.25j by
choosing M := 2000, (o, ¢;, ) := (0.03,0.0004, 0.5), that is, (o, B, yr) =
(—0.0004, 0.37, 30). The corresponding cumulative numbers n ; appear as stars in
Figure 4 (we have n; = 651). The parameter space ® is covered by the increasing
sequence of compact sets

Kn:=¢({(0,5), 0.0003/2" <p<1,0<¢ <1,
0<o+g¢ng <1} x[ng/M,1]), n>0.

The initial distribution A of the Markov chains coincides with the proposal
distribution of the independent sampler g d « described above.
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Cumulative numbers observed at time tj= 0.25j, j =1,...,30, and estimated means of

Two paths of stable MCEM started, respectively, at 0(’) = (=5 x 1077,0.0321,
0.3260) (path 1) and 9(/) = (=4 x 1072, —0.24, 450) (path 2) are run for 300
iterations. The number of simulations at each iteration increases polynomially,
m, = 20+n'2. After four and zero reinitializations, respectively, and a small num-
ber of iterations, the convergence of both paths to 6* ~ (—0.00027, 0.2965, 37.41)
can be observed. In Figure 5, we plot the stable MCEM sequences {y;,} that both

10

10

10

10

10

10°

10°

107

Path 1

0: 100 200 300 0 100 200 300

Path 2

37.5

37.45

37.4

0

37.35
5 10 0 100 200 300

FI1G. 5. Stable MCEM sequences for different initial values and m; = (n'2]. The paths converge
to y* = 37.41 after a finite number of reinitializations.
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F1G. 6. MCEM sequence and averaged MCEM sequence for different polynomial schedules. The
10 initial values are omitted.

converge to y* = 37.41. In the lower left-hand corner, the first 10 values are drawn,
showing (a) the four reinitializations on path 1 and (b) for both paths, the rapid
move toward a neighborhood of the limiting value y*. The two paths are drawn in
the right subplots (from iteration 9 to 300), showing the convergence to the same
limiting point y* and a similar variation of the paths.

We then observed the performance of stable MCEM and the averaged coun-
terpart for two polynomial schedules, m, ~ n'2 and m, ~ n?. The procedures,
run for 300 iterations, start from 9(/) = (=5 x 1077,0.0321, 0.3260). In Figure 6,
we plot the sequences {y;,} and {y,} obtained by the stable MCEM algorithm
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and the averaging procedure, respectively (the first 10 values are discarded). In
all cases, convergence to y* = 37.41 can be observed. Contrary to the varia-
tion of the averaged stable MCEM path, the variation of stable MCEM paths
depends on the simulation schedule. Observe that averaging smooths out the
trajectory and improves the rate of convergence. The same conclusions can be
drawn from the sequences {«;}, {8}, {®,} and { B}, the plots of which are omit-
ted.

Dalal and Weerahandi (1992) derived approximations of mean and variance of
the Poisson process N (¢). The estimates of the mean functions E[N (¢;)] computed
from the true value of the parameter 6, (resp. the stable MCEM estimate 6*)
appear as x marks (resp. squares) on Figure 4. The dotted curves interpolate points
that correspond to £2 estimated standard errors from the estimates of the mean
E[N())].

Simulations 2. Consider now prediction of the number of wireless telecommu-
nication services in the United States. The Cellular Telecommunications Industry
Association performed semiannual surveys, collected in June and December, from
January 1985 to June 2001 (the data are available on the web site www.wow-
com.com/industry/stats/surveys/). In Figure 7, the 34 observations collected at
times 1,2, ...,34 appear as stars. We assume that this count follows a pure birth
Markov model (our results suggest it is a good approximation). Since the same
person may subscribe to different wireless services, the (true) population size M is
unknown. As discussed in Sherman, Ho and Dalal (1999) M and 7 enter the model
through the product M, so any value M > ng is convenient. As ng ~ 9 x 107, we
set M = 10°.

16 X 10
A
GD
14+
Jal
12 8
E*
O%
A
10 2*
o
A*
L =}
8 o*
O
6 g%*
4 QQ
v
.
2 zgg
0 WWWWX . . . .
0 5 10 15 20 25 30 35 40

F1G. 7. Cumulative numbers and estimated means of the count process.
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FIG. 8. Stable MCEM sequence with averaging: {&y,} (upper left), {Bu} (upper right), {7} (lower
left).

Our estimate is computed from the 29 values collected from January 1985
to December 1998 and the last values are used to cross-validate the result. The
estimate is computed as the limiting value of a path {6,,} of the averaged procedure
run for 260 iterations with m, ~ n? and started at 9(/) =(-5x 1073, 0.0341,
0.3465). The paths of {&,}, {8.} and {},} are plotted in Figure 8. The limiting
value is 0* = (—6.27 x 10710, 1.60 x 107!, 1.77 x 10°), that is, (0*, ¢*, 7*) =
(6.9 x 1074,6.27 x 10719,0.26). The fitted values (resp. the predicted values) of
the mean function E[N(¢;)] for j € [1,29] (resp. j € [30, 37]) appear as down
triangles in Figure 7 (resp. up triangles). Sherman, Ho and Dalal (1999) provided
an estimate 0* of 6, based on the first 23 values collected from January 1985 to
December 1995. They obtained (o*, ¢*, 7*) = (4.3 x 1074, 1.06 x 10719,0.19),
that is, 6* = (—=1.06 x 107°,0.20, 8.17 x 10°). Their fitted values (resp. their
predicted values) of the mean function E[N (z;)] for j € [1, 23] (resp. j € [24, 37])
are represented as diamonds in Figure 7 (resp. squares). In both cases, the
extrapolated values track the observed data well.

5. Proof of Theorem 3. Let 7:0® — ® be a point-to-point map. Let £ be
a nonempty subset of ®. A positive function W defined on ® is said to be a
Lyapunov function relative to (7', £) when (i) forallu e ®, Wo T (1) — W(u) >0
and (ii) for any compact set K C O \ L, inf,cx{W o T(u) — W)} > 0. In
the literature, convergence of random iterative maps {F,} that approximate a
deterministic iterative map 7 having a Lyapunov function W is addressed under
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the assumption that, for all compact set JC,

lim sup |W o F,(u) — Wo T(u)| =0.
T yex

Applied to the present problem, this condition is often not checked when MCMC
algorithms are used to perform Monte Carlo integration. In this section, we show
how this condition can be replaced by the weaker condition

h;?l [Wo Fy(u,) —WoT(uy,)l,,ex =0.
5.1. Deterministic results.

PROPOSITION 9. Let © CR!, let X be a compact subset of ® and let L C ©
be such that £ N K is compact. Let W be a continuous Lyapunov function
relative to (T, L). Assume that there exists a JK-valued sequence {u,} such
that lim, |W (up+1) — W o T(u,)| = 0. Then {W (u,)} converges to a connected
component of W(LNK). If W(LNK) has an empty interior, {W (u,)} converges
to w* and {u,} converges to the set Lyx N K, where Ly := {0 € L, W(0) = w*}.

PROOF. Define the compact set D := W(L N K). Let Dy be the o neigh-
borhood of the closed set D in R, D, :={x e R, d(x, D) < a}. Where, as D is
compact, D = (-0 Dy Let @ > 0. Since Dy, is a finite union of disjoint bounded
open intervals, there exist n,, > 0 and two increasing real-valued sequences {a,, (k)}
and {by(k)}, 1 <k < ng, such that

(19) Do= |J (aalh),ba(k)).

kell,...ng}
WD, /2) is an open neighborhood of £ N K, and we define

(20) Eo = inf {(WoT(u)— W)} and py:=¢eq A«
{(ueK\W~1(Dy2)}

Since K \ w1 (Dy/2) is a compact subset of R4, ¢, and pq are both positive. We
define 1,41 := W(uy4+1) — W o T (uy). Then

21 Wny1) = Wup) =WoT uy) — Wup) + nny1

and there exists Ny, > 0, such that for anyn > N,,

(22) 1] < Pa/2.

By (20) and (21),

23) (n=Nyandu, € K\W ' (Dap2)) = Wtns1) — W) = pa/2.

Define &} := min{l < k < ng, limsup, W(u,) < by(k)} and I(x) := (aq(k});
by (k})). Equation (23) shows that {W (u,)} is infinitely often (i.0.) in Dy /2 C Dy,
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and since D, is a finite union of intervals, {W (u,)} is i.o. in an interval of (19);
thus, limsup, W (u,) € I (a). Let p > N, such that W(u,) € I(a). We prove by
induction that for all n > p, W(u,) € I («). By definition, W (u ) € I (). Assume
now that for p <k <n, W(uy) € I (a).

o If W(u,) € Dy)2, we have W (u,) > aq(k}) + /2. Thus,
W(upy1) = Wup) +npg1 > aa(k;) +a/2—pu/2 = aa(k§)~

o If W(u,) € Dy \ Dy/2, then under (20), W o T (u,) — W(u,) > py, and (21)
and (22) imply that W (1) > ao (k%) + pe/2 > aa (k2.

Hence, the set of the limit points { of {W(u,)} is nonempty and included in the
interval I (). Let 0 < oy < ap. By definition, Dy, C Dy, ; thus I(ay) C I (a2)
and 4 C I(a1) NI (a2). Let {«;,} be a decreasing sequence such that lim, o, = 0.
Then 4 C N, I(ay). {I(xy)} is a decreasing sequence of intervals, [, I (o)
is an interval and (), I (&) C W(L N K). Hence, {W(u,)} converges to this
interval which concludes the first part of the proof. The last part is a consequence
of (21). O

It is proved in Proposition 10 that the compactness assumption of the sequence
{un} can be replaced by a recurrence condition, provided that there exists a
Lyapunov function that controls excursion outside the compact sets of ®. In
Proposition 11, we propose a stabilization procedure that ensures this recurrence
property for sequences {u,} defined by inhomogeneous maps, u,,+1 = Fy, (uy).

PROPOSITION 10. Let ® C Rl, T:©® - O and L C O. Assume the
following:

Al. There exists a continuous Lyapunov function W for (T, L) such that (a) for
all M > 0, the level set {6 € ®, W(0) > M} is compact and (b) ©® =J,,~1{0 € O,
W () > n}. -

A2. W(L) is compact or A2" W (L N K) is finite for all compact sets K C ©.

A3. There exists a ©®-valued sequence {u,} such that (a) {u,} is infinitely often
in a compact subset § C © and (b) for any compact set X C O, lim,, |W (1, 41) —
WoTuu)lly,ex =0.

Then {u,} is in a compact subset of ©.
PROOF (under assumption A2). Let « > 0. Under Al1(b) and A2, there exists
M > 0 such that
GUL, C{0e®, WO) > M},
where L, is the o neighborhood of «£. Define

24 = inf WoT(0)— W@ d pi—enl
9 ¢ {06®,W(01)I13M_1}\£a{ oT(0) (0)} an P eN
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By assumption, ¢ > 0 and p > 0. Define 1,41 := W(up4+1) — W o T (uy).
Under A3, there exists N such that

(25) (nZNandune{GeG),W(G)ZM—1}) =  |nat1l < p/2.
Note that
(26) Wups1) — W) =WoT(up) — Wup) + 1.

Since {u,} is infinitely often in the compact set §, there exists p > N such that
W(up) > M — 1. We show by induction that for all n > p, W(u,) > M — 1. The
property holds for n = p. Assume it holds for p <k <n.

o Ifu,ec{fe®, W(O)> M}, then (24)—(26) imply that W (u,+1) > W(u,) —
p/2>M—-1/2>M — 1.

e lfu,e{fe®, WO)>M —1}\ Ly, then (24)-(26) imply that W (i, 1) >
Wun) +e—p/22Wu,) =M —1.

Hence for any g > n, u, is in the compactset {§ € ®, W) > M —1}. 0
PROOF (under assumption A2’). By assumption, there exists M such that

G C{0e®, WO)=M}. As W(LN{O, W) > M — 1}) is finite, there exist
a>0and M —1<M"”" <M < M, such that

LoN{e®, WOH>M"YCc{0e®, WEO)>M')}.
Define

g = inf (WoT@®)—W(@®)} and p:=eAM —M").
{00, W(O)=M"N\Ly

It may be proved that for all large ¢, u,, is in the compact set {# € ©, W(0) > M"}.
The proof is along the same lines as the previous one and is omitted for brevity.
O

Let {F,}:® — © be a family of point-to-point maps. Choose a sequence of
compact subsets {,,,} of ® such that for any n > 0,

Kn G Kng1, 0= K.

n>0
Let ug € Ky. Set pg := 0 and for n > 0,
27 if Fy(up) € Kp,, Up1:= Fy(uy) and pyi1 := py;
if Fyy(up) ¢ Kp,, Upt1:=upand py41:=p, + 1.

PROPOSITION 11. Let ® C R/, and let T and {F,} be point-to-point maps
onto O. Let {u,} be the sequence given by (27). Assume (a) Al and A2 hold,
(b) forall u € Ko, lim, |W o F, — W o T|(u) =0 and (c) for any compact subset
K €0, lim, |Wo F,(u,) — W o T(u,)|ly,ex =0. Then limsup, p, < oo and
{u,} is a compact sequence.

The proof is along the same lines as Proposition 10 and is omitted for brevity.
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5.2. Proof of Theorem 3. Given 4, 6; and the sequence of compact sets { K},
the process {6, } is defined on the canonical space of the inhomogeneous Markov

chain {(S’n, pn)}. We denote by P (resp. E) the probability (resp. the expectation)
of this canonical Markov chain (the dependence upon A, 90 and {K,} is omitted).
We apply Propositions 9 and 11 with the EM map 7 := =6 o § and the random
sequence of maps {F,}, F,,(0) := argmaxgece @, (¢, ).

PROOF OF (i)(a). We check the conditions of Proposition 11. It is well known
that the incomplete data likelihood g is a natural Lyapunov function relative to
the EM map T and to the set £ of the fixed points of 7. Under M1-M3, the
conditions Al and A2 are verified with W = g. Let ¢ > 0 and let X C © be
compact. We prove that >, ]l{|gan(9,;)_goT(9r/l)|19’,quZg} is finite w.p.1. By the
second Borel-Cantelli lemma, the convergence of the series is implied by the
convergence of Y-, P(|g o F,(6,) — g o T(6,)|1g cxc = €|Fn—1) W.p.1, where
Fn = G(S'k, k < n). By assumption, S(K) is a compact subset of §. For § > 0,
define the compact S(K,8) :={s € R4, inf,ex |t — s| < 8}. Then there exists
n(e, 8) such that for any x, y € S(X, §),

lx —yl=n(d) = I[gobf(x)—gob(y)|=e.

Hence,
P(1g o Fa(6;) — g o T(Op)|Lgjesc = &|Fu—1)
=P(1g00(Ss) — g0 0(SO)) g ex > €| Fut)
=P(Ig 0 0(S,) —g00(SO,) Lo ex = &, 1S — SO, |1 ex < 8| Fu—1)
+P(1g00(50) — 00O grex > &, 180 — SO Lorex > 8| Faz1)
<2P(|S, — SOy ex > a|Fuoi)
with o := 6 A (e, 8). Thus,
P(1g 0 Fa(6;) — g o T (0|1 exc > &|Fu—t)
<2a"PE[|S, — SONI”|Fa-1]loex

mp

D {S(@)) — 7 ()

<2a"Pm, "R g, |:
Jj=1

p
}19,;670

where p is given by M4. Then M4 implies that there exists a finite constant
C := C(X) such that

m
Ej.g/ [

D {S(@) — 7 ()
j=1

P
i|]10,’,e<]€ <Cml?

and, under M5, the proof is concluded. [
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PROOF OF (i)(b) AND (ii). We check the conditions of Proposition 9. It
remains to prove that for any compact set X C O,

lim|g(641) — 8 © T(6,)|Lg;ex =0, P-a.s.
We proceed as above and consider the a.s. convergence of the random series

(28) > P(1g011) — g o T Lgrex = | Fur).

By definition, either 6, | = F,,(6,) or 6, | =6 and p,11 = p, + 1. We have just
proved that the number of reinitializations is finite w.p.1, so that the series

ZI_P)“g(Q,/l_H) —4&0° T(Q,’,)I]le,gejc =&, 07/,+1 = 0(/)7 Pn+1=pn+ 1|~¢n—1)
n

is finite P-a.s. Then (28) is finite iff Y, P(Ig(6) ) — g o T(O))|1gex > &,
0,1 = Fn(0,)|Fn—1) is finite P-a.s., which was established above. [

6. Uniform Rosenthal’s inequality. Let f:X — [1,00) be a measurable
function. For some function g: X — R? (resp. for some signed measure v on X),
define

Isl

7 Lr:={g:X—>RI, |lgll < o0},

gl :=sup
X

lvilf:= sup [v(g)l.
{g.181=f}

PROPOSITION 12. Let (2, A, F,, {dn}, Py) be a canonical Markov chain
with invariant probability measure w on X.. Assume that there exist p > 2, some
measurable functions 1 < fy < Vy < Vop < V| < oo and some constants C; < 00,
i =0, 1, such that for any x € X,

D IP M (x, ) = ()l < CoVolx),

(29) "
DNIP G ) = Oy < CLVi).

Then for any Borel function g: X — R?, g € L 1,

p

n
Ee > {g(@1) —m (@)} <lgl}67C,CH(CiVix) +m(V)nP?, xeX,

k=1

where C, is Rosenthal’s constant.
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PROOF. Denote by g(x) := Z,Cc’io{Pkg(x) — m(g)} the unique solution (up
to a constant) of the Poisson equation § — Pg = g — m(g). Then g € Ly, and
&llvy < Coligll 5, Write

n n
D {8 (@) — ()} =) {8(Pr) — P&(Pr—1)} — P(P,) + P (Do),
k=1 k=1
where {g(®y) — Pg(Px—_1)} is an LP-martingale increment (w.r.t. the initial
distribution 8, ). By applying Minkowsky’s inequality and Rosenthal’s inequality
[Hall and Heyde (1980), Theorem 2.12], we get
n
> {g(@) — 7 ()}

= [Sen-reo

" p/2
<3r! {CpEx [( D El[|g(Pp) - P§(¢k—1)|2|‘ﬁ—1]) }

k=1

+ CpEy [ S 18(®0) — Pg?(cbk_l)v’}

k=1

+E[IPg(@)I"] + IPé'(X)I”},

where C), is Rosenthal’s constant and {¥,} is the natural filtration of the Markov
chain {®,,}. In addition,

n p/2
(ZEX[L@(%) — P§<<I>k_1>|2\fk_1])

k=1

n p/2 n
< (Z P|§|2<<I>k_1)> <nPP7I3" PGP (D).

k=1 k=1
p:|

n
<30 (Cp<np/2—1 £27) Y0 PP () + P10 + PP ) )
k=1

Hence,

> g (@) — ()}

k=1

<3771 C,mPP 27 + 1)

x (Z\Pﬂgwm —m(12g17)| +m(|§|p)>

k>1

< 6PCpnP/2<Z!P"|§IP(X) — 781" + n(|§|")>-
k>1
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Since g € Ly, m(|g|P) < ||§||€On(V0p) < 0o and by assumption,

o0

Yo IPMEIP ) —m(1217)] < 1215, CiVi().
k=0

This yields the desired result. [

PROOF OF PROPOSITION 1. When the state space is v,,-small, it is easily seen
that

YIP @) —xOllry =201 - (1 =)',
n
and the proof of (9) is a trivial application of Proposition 12. [

The following proposition gives sufficient conditions, based on nested drift
conditions, leading to the explicit bounds (29).

PROPOSITION 13. Let P be a yr-irreducible and aperiodic transition kernel
on a general state space X.. Let C C D be some accessible v,,-small sets. Assume
there exist some Borel functions f,V : X — [1, 00), f <V, some constants b < 0o
and 0 < a < 1 such that supp V < 0o and

PV(x) < V(x) — f(x) +blc(x),
fx)=b/(A—a), xeD".

Then P possesses an invariant probability measure 7w, w(f) < oo and for any
probability measure (A, ) on X x X,

(30) Y aP"g —uP"gl < llgl s (e™ My +a~ (A(V) + u(V))),
n=0

where

m—1
My:= sup Y {PXf(x)+ P*f(x)))
(x,x)eCxD [_1

m—1
+  sup (Z{P"f(x)+P"f(x’)}+a‘1{P’"V(x)+P’"V(x’)}>

(x,x)eCxD \ j_1
< 4q7! (bm + sup V),
D

with the convention that 22:1 P¥f(x)=0.
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PROOF. By Theorem 14.0.1 of Meyn and Tweedie (1993), there exists an
invariant probability measure m such that 7w (f) < oo. For simplicity, the proof
of (30) is restricted to the case m = 1. The proof of (30) is based on a coupling
technique which may be summarized as follows. Let A := (C x D)U (D x C) and
let R be the residual kernel defined as

R(x,):=(1—1px)e) " (P(x,") — elp(x)vi ().

We define a X x X x {0, 1}-valued process Z := {Q, A, Z, = (X,, X}, dy),
P, v .4} suchthat (a) Py v o(X, €)= P"(x,) and Py, o(X), € -) = P"(x', ) for
all (x, x") € X x X and (b) there exists a random time 7 and X, 17<, = X, 17<,.
Set Zp := (x,x’,0). Each time (Xy, X}, di) hits the set A x {0}, an ¢-biased coin
is tossed. If the coin comes up heads, then the coupling is successful: the next
value of Xz =X ,’( 11 is simulated from vy, diy+1 = 1, and the two components
remain forever coupled. Otherwise, the next values Xy and X;_ , are drawn
independently from the residual kernel R and dy+1 = 0. If (X, X ,’c dy) € A° x {0},
then the processes are updated independently from P.

Define the coupling time 7 := inf{n > 1, d, = 1} (with the convention that
infg = o0), Ty := inf{k > 0, (Xk,X,;) € A} and, for i > 1, T; := inf{k >
Ti—1, (X, X ,/() € A} as the successive hitting times on A. By definition of 7', we
have X, 17<, = X, 17<, and for any Borel function g € Ly,

> [ @ @n)iPee — Pey)l

n>0
3D _
<llgly Ex,u,o[ DX+ f(X;)}]
n=0
Define
A(f):=(—¢)
(32) Ty
X ( su)pA R(x,dy)R(x”dy/)Ey’y/’o[Z{f(Xn) + f(X;,)}:|.
x,x")e n=0

The first step in the proof consists of showing that

To
E0|: S X))+ f(X£,>}}
(33) n=0

<T@, )+ f@D) +a™ Lac e, xHV ) + V().
The case (x, x") € A is trivial. For (x, x") € A¢, under the stated assumptions,
Ex 0V (X1) + V(X))]
SV@+VE) = (@) + f&D) +b(Le () +1Le(x).



1252 G. FORT AND E. MOULINES

Since (x,x") € A, x € C (resp. x’ € C) implies that x’ € D (resp. x € D), so
that

f&) —ble(x) =af (x), fx) —ble(x)) = af (x).
Hence,
Er v olVIXD)+VEDI< V@) + V) —al(f(x)+ f(x)), (x,x") € A°,

and the proof of (33) follows from the so-called Dynkin formula [Meyn and
Tweedie (1993), Proposition 11.3.2]. Note that by (33), E, ,/ 0[7o] < oo, which
implies that P, , o(T < oo) =1 forall (x, x") € X x X. We now prove that

T-—1
Ex,x/,o[ S X + f(X,Q)}}
(34) n=0

To
< Ex,x/,0|: S X+ f(XZ)}} +e LA,

n=0

By the strong Markov property and by noting that Py v o(dr; =0) = (1 — e)/, for
J =0,

Tjt1
Ex,x’,0|: S X)) + f(X;l)}Jl{O}(deﬂ)}

n=0

T;
=(1- S)Ex,x’,O[Z{f(Xn) + (X))} (de1+1)}

n=0

To
+ Ex,xf,o[1{0}<drj+1>EijH,xf,+l,o{ S F(Xa) + f<X:,>}H,
I n=0

T] )
=- S)Ex,x’,0|: DX+ f(Xl,)}Jl{()}(deIH)} +A(NHA —¢),

n=0

with the convention 7_; + 1 = 0. By straightforward recursion,

Tjt1
Ex,x’,0|: S AfX) + f(X;,)}]l{O}(de+1)i|
(35) =

. To
<(1—g) ((1 - s)Ex,x/,o[ S + f(X;)}} 0+ l)A(f)>-

n=0
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Hence,

T—1
IEx,x/,0|: Z{f(Xn) + f(X;z)}:|

n=0

Ty
= Ex,x/,o{ Y AfX) + f(X,;)}ndTOH:l}

n=0

n=0

00 Tj+
+y Ex,x’,0|: D (F (X)) + f(X;,))]l{O}(de+1)]l{1}(de+1+1)i|
j=0

and (34) follows by noting that Py, X} o(dr;+1 = 1) = €. The proposition
VA

follows from (31)-(35).
The drift condition implies

m—1
sup ( Y {PEF) + PR+ {PV (x) + P'"V(x’)})

(x,x)eCxD \ =1

<2bm+ sup {V(x)+V(&)}
(x,x")eCxD

from which it is easily seen that My < 4a=V(bm + supp V). U

PROOF OF PROPOSITION 2. The first step is to prove that the level set
D :={V < M} is small. By assumption, sup,.pE,[tc] < co. Then for any
n > 0, there exists ng such that Py(occ >n) <n, x € D and n > ng. Then we
can define a distribution o = {w(n)} on Z, such that for x e D and 0 < < 1,
@) P"(x,C) =3, o, am)P"(x,C) > (1 —n). Whereas C is petite, there
exist some measure v on X and some distribution 8 = {8(n)} on Z such that
YaaxBmP"(x, A) = 1(1—n)v(A), which proves that D is petite. The smallness
property of D deduces from Theorem 5.5.7. of Meyn and Tweedie (1993). Note in
addition that, by definition, D D C. Define

fo=vlr, Vo:i=VP/1 - pl/P),
fi=Vy, Vi = V/{(1—p)(1 = pl/P)P},
bo:=b'/7/(1 = p'/P), ao:=1-=b"P/{(1 = p/") M/},

bii=b/{(1=p)(1=p"P)P),  ar:=1-b/{(1-p)M).

Itiseasily seenthat PV; <V; — fi+bilc,i =0,1,1 < fo <V < Vop =<V,
0<aj <1land f; > b;/(1 —a;) on D¢, i =0, 1. By applying Proposition 13, the
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inequalities (29) are verified and the constants C;, i =0, 1, are upper bounded by
(this upper bound is not optimal)

Co <567 m+ M7 (1= p'/P)((1 = p'/P) — (b/M)' /7)™
CL Vi) + (VD) <567 om+ M1 = p"/P)"P(1 = p— b/M)™ V ().

This yields the desired result. [J
7. Proofs of Lemmas 7 and 14.
7.1. Proof of Lemma 14.

LEMMA 14. Under the assumptions of Theorem 6, we have

(36) Pnll i, 5, —s#) = Owp 1 (my 1),

PROOF. The remainder term p, also follows a difference equation of the form

pn=Tpn_1+n,=H 1 +T)pp—1 +1n— 1+77(1)

since r;,(l) may be decomposed as n,(,z) = H, 1pp_1 + rn_1 with H,

Zlfzgq R, (i, ‘)(zluvnz + On, i), and r, 1= Zlgi,qu Rn(iaj)//vn,i//vn,j for n > 0.

Hence we have p,, := ,0,(11) + ,0(2) where

n—1
pil = l_[(Hk +T)po+ Z( [1H; +F))n,ﬁ”,

k=1 \ j=k

n—1 n—1
o .—Z( I1 (Hj+r)>rk.

k=0 \ j=k+1
-1/2 . —p/2
As py = Opr(my '7) and, by assumption, Y, m, "'~ < 0o, then w, = oy p.1(1)
and thus, p, ]llim,, § =5 = ow.p.1(1). Hence, |H,,|]llimn § =5 = Ow.p.1(1) and for any
y<y<l1,j<n, |]_[Z:J- (H; + F)lﬂlim,, S g = Oywp.1(y"). Along trajectories

converging to s*, the first term in ,0(1) is Oyw.p.1(1)Orr(p") since, by M4, pg € L?.

The first term in n( ) |

is only finitely often nonzero, and by M4, the second term in
n,(, ) is bounded and the bound is inversely proportional to m,. Thus, by choosing

y~! > lim, m,,1/m, and by applying Lemma 5,

(37) P\ s = Owpa (D OLr(my ).
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Similarly, as r, = Op»r (m;l),
(38) P L 5 _yr = Owp.1 (D OLo (m )
and the proof of (36) is complete. [

7.2. Proof of Lemma 7.

LEMMA 15. Let {a,} and {b,}, b, # 0, be two sequences such that:

(i) the power series f(x):=Y 2| anx" has a radius of convergence r and
(i) limy, 00 byy1/by =: q with |q| < r. Define ¢y := ) >, brax—n. Then
lim,, 00 cuby, ' = f(q).

PROOF. By assumption, for any K and & > 0, there exists N such that for all
n>N, |byik /by — qK | < e. In addition, ther@ exist some positive constants A, &
such that forall n, j > 0, b, /b, < A(q + &),

b, ! Z brag—n — quak

k>n k>0
n+K

< > 1bi/by — ¢ Mak—n + Y. bi/buak—n+ Y qrax.
k=n k>=n+K k>K

Let ¢ > 0. Then there exists K such that the last two sums are upper bounded by ¢.
Now for those constants K, € there exists N such that for n > N, the first sum is
less than ¢ and the proof is completed. [J

We now prove Lemma 7. We shall establish that for my # 1,

(1 =myy (timg")

59 r—1 ; _1
=1+m'’? Z<;>(—1)r"(ml‘r/zyl—r —1)! h}?lmf/z(zmiﬂ) '
=0 =0
If m > 1, then Lemma 5 implies that lim, mZ/z(ZZZO mlr(/z)—l —1—m 2 I
m=1, then lim, mZ/Z(ZZ:o mz/Z)—l = 0. In both cases, lim,m}/*x

o m;/ 2)_1 =1 —m~"/2, Thus Lemma 7 holds provided that (39) is estab-

lished.

First case. my <1.Define S, :=3 -, mjyj. Hence S, =y" 3 >, mjyj_"
and by applying Lemma 15, since m < y !, it holds that

(40) lirgnm,jly_”Sn =1 —-—my)~ .
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We write

£ (o)

n
—r/2 _
=3 m Py (S = )
k=0

n r—1
_ r
=kar/zy_krsl:+z<l)( D™ er+11 m Py 7S
k=0 1=0

k=0
2, 1 —
— Zmr/ (mk 1V kSk)r

r—1

r _ _ _ _ _ _
+m£/22(z><‘1>’ Ly et fmg) Ly DS,y
=0

~1
n n
X (m;/Z—l Z mi—’/zy(n—kﬂr—l)) ( Z mi—r/zyk(l—r)>

k=0 k=0

n
[—r/2 — -1 -
> ka r/ yk(l r)(mk 1)/ kSk)l‘
k=0
By use of the Cesaro lemma and (40),
-1

n n
lirgn(Zm;/z) Zmz/z(mk_ly_kSk)r ={1—-my)™".
k=0 k=0

In addition, forall/ € {0, ..., r—1}, (my)l "m'?>1, showing that >} Oml /2

y*U=") diverges to inﬁnity. Then applying again the Cesaro lemma and (40),

n =1y
. [—r/2 — [—r/2 — -1, - —

k=0 k=0
Finally, whereas [ < r, (my) ~'m™"/?> < 1 and Lemma 5 implies that
n
lirllnm:z/z_l Zmi—r/zy(n—k)(r—l) — (ym)l—rmr/Z(yl—rml—r/Z _ 1)—1.

k=0
Combining these limits gives (39).

Secqnd case. my > 1. Define S, := Z’}:o mjyj. Hence S, = y" Z?:omj X
y~=7) and by applying Lemma 5, since m~! < y, it holds that
(41) 1i£nm;1y—”sn =my(my — 1)~
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We write, with the convention S_; :=0,

1 n—k r

_r .

my (ijJrkVJ)
Jj=0

n

k=0

n
—r/2 _
=Y m Py RSy = Sk
k=0

n r—1 n
—r/2 r — —r/2 —
= (=) Y m Py ’”S/C_ﬁZ(z)(_UZSZ LY Py
k=0 =0 k=0

n
_ 2 — —(k—
= (=Y Y m P /m) om0
k=0

r—1
VDS <’l’ ) (=D)ly =ty )2
1=0

-1
n n
« ( Z mi—r/zy(r—l)(n—k)> ( Z mi—r/Zyk(l—r)>

k=0 k=0

n
112 k(- e
S m PyR D g g T gty D)
k=0

By use of the Cesaro Lemma and (41),
n -1 n
=y~ li,gn<2m2/2) o2y fm)" m 6D Sy
k=0 k=0
= -my)™".

In addition, for all / € {0,...,r — 1}, (my) (my?)~"/? > 1, showing that
> h—0 mi_r/ Zyk(l_’ ) diverges to infinity. Then, applying again the Cesaro lemma
and (41),

_ln

n
: I=1/2_ k(l—r) I=r/2  k(—r) 1, -1 _,—(k=1) l
11,{H<ka 14 ) > om "y (mp/myg—1)"" (m;_yy Sk—1)
k=0 k=0
. -1
=y (my —1)"".

—r/2

Finally, whereas (my)l (myz) > 1, Lemma 5 implies that

n
lir{nm;ﬂ_l Z mi—r/Zy(n—k)(r—l) = (ym) T P 2 1y
k=0

Combining these limits gives (39).
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