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VALID ASYMPTOTIC EXPANSIONS FOR THE MAXIMUM
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We establish the validity of an Edgeworth expansion to the distribution
of the maximum likelihood estimator of the parameter of a stationary,
Gaussian, strongly dependent process. The result covers ARFIMA-type
models, including fractional Gaussian noise. The method of proof consists
of three main ingredients: (i) verification of a suitably modified version of
Durbin’s general conditions for the validity of the Edgeworth expansion to
the joint density of the log-likelihood derivatives; (ii) appeal to a simple
result of Skovgaard to obtain from this an Edgeworth expansion for the joint
distribution of the log-likelihood derivatives; (iii) appeal to and extension
of arguments of Bhattacharya and Ghosh to accomplish the passage from
the result on the log-likelihood derivatives to the result for the maximum
likelihood estimators. We develop and make extensive use of a uniform
version of a theorem of Dahlhaus on products of Toeplitz matrices; the
extension of Dahlhaus’ result is of interest in its own right. A small numerical
study of the efficacy of the Edgeworth expansion is presented for the case of
fractional Gaussian noise.

1. Introduction. We consider a parametric stationary Gaussian process model
for the time series {X;, t € Z} with autocovariance function yg(«#) and spectral
density fy(A), where 6 € ® C R™. For simplicity we assume the process is mean
zero. The extension of our results to the case in which an unknown mean needs to
be replaced by the sample mean, as suggested by Dahlhaus (1989), is done else-
where. The most popular time series model in practice is the ARMA(j, /) model
[Box and Jenkins (1976), Section 3.4], defined as ®(B)X; = W(B)eg;, where B is
the backshift operator BX; = X;_1,

J
dw)=1+) du',
r=1
I
Yw) =1+ W'
r=1
and &, ~ NI1D(O, 0*52). This model is stationary and invertible, provided that the
roots of the polynomials @ and W lie outside the unit circle.
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The ARMA(}j, [) process is short memory in the sense that the autocovariance
v (1) decays to zero at a geometric rate, that is, is of order o~ with p € (0, 1),
as u — oo. Stemming from Hurst (1951), a literature has developed on models
in which the autocovariance function decays more slowly and are therefore more
suitable for describing long-range dependence. As discussed by Brockwell and
Davis [(1991), Section 13.2], an intermediate memory process is a process for
which yy(u) is of order lu|2=1 with d € (—%,0) as u — oo [yp(u) decays
hyperbolically but is still absolutely summable], whereas a long memory process
is a process for which yp (u) is of order |u|2d—1 with d € (0, %) as u — oo [yo(u)
decays hyperbolically and is not absolutely summable]. The most well-known
model for intermediate and long memory processes is the fractionally integrated
ARMA model ARFIMA(j, d,[) introduced by Hosking (1981) and by Granger
and Joyeux (1980) and defined by

(1) ®(B)(1 — B)X, = W(B)e,

where ® and W are as above, d € (—%, %), and (1 — B)? is defined by the
binomial formula. This process satisfies the condition that yy(u) be of order
P Vasu — oo.

Very slow decay in the autocovariance function leading to nonsummability
corresponds to a pole at the origin in the spectral density function. Accordingly,
Robinson (1995) and others have used the terms “strongly dependent process” or
“long memory process” to refer to a process with spectral density satisfying

) fo) ~ AP Ap(0)  asr— 0,

with 0 < a(8) < 1 and Ag(x) slowly varying at O in the sense that A°Ag (1) is
bounded for every § > 0. The ARFIMA(j, d, ) process with d > 0 satisfies this
condition with a () = 2d.

This paper concerns asymptotic theory for the maximum likelihood estima-
tor (MLE) én of the parameter 6 based on the observations (X1, ..., X,) for sta-
tionary Gaussian time series models behaving according to (2). Dahlhaus (1989)
established consistency and asymptotic normality of the MLE, drawing on corre-
sponding results by Fox and Taqqu (1986) for Whittle’s (1953) approximate MLE.
Here we take the theory further by demonstrating the validity of an Edgeworth ex-
pansion for the distribution of the MLE. Denote by 6y the true value of 6, by M (6)
the inverse of the limit of n~! times the expected information matrix, and by ¢ )
the multivariate normal density with mean zero and covariance matrix M (6). We
show, under suitable technical conditions, that

Prg, (v/n (6, — 60) < 1)

3) ' s
= /0 [1 +> n‘“‘”/zqn,r,eo(u)}¢M(eo> ) du + o(n~ =21,

r=3
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where s is an integer defining the order of the expansion and g, ,g,(u) are
polynomials in u. The form of the expansion and the order of the approximation
error are the same as in the i.i.d. case. The coefficients of g, ,g,(u) are O(1)
and are determined by n~! times the cumulants of the log-likelihood derivatives,
which in our case, in contrast with the i.i.d. case, depend on n. We arrive at
the result (3) by proving a similar Edgeworth expansion for the log-likelihood
derivatives (LLDs) and using the argument of Bhattacharya and Ghosh (1978) to
proceed from the expansion for the LLDs to that for the MLE.

This result provides the basis for more accurate calculations of p-values and
confidence intervals based on the MLE than are obtainable using the normal
approximation. In addition, the result provides theoretical support for Bartlett-
corrected likelihood ratio tests, for hypotheses of the form Hy: 9 = ©©, where
¥ is a subvector of 6, as described, for example, in Barndorff-Nielsen and Cox
[(1994), Sections 4.4 and 6.5]. According to Barndorff-Nielsen and Hall (1988),
if the LLDs and the MLE admit an Edgeworth expansion as above with s = 6,
the error rate of the Bartlett-corrected likelihood ratio test is O(n~2). Bartlett
correction of likelihood ratio tests in the context of the ARFIMA model is
discussed in detail in Lieberman, Rousseau and Zucker (2000).

There is a vast literature on Edgeworth and related expansions for i.i.d. and
weakly dependent processes. Bhattacharya and Rao (1976) give a comprehensive
account of Edgeworth expansion in the i.i.d. case. Taniguchi (1984, 1986, 1988,
1991) addresses asymptotic expansions in the ARMA setting. Lahiri (1993) and
Gotze and Hipp (1994) outline the present state of affairs in regard to Edgeworth
expansions in the setting of weakly dependent processes. For strongly dependent
processes, however, we are not aware of any work to date, except perhaps for
Dahlhaus (1988), on higher order asymptotic theory. Thus, the results presented
here constitute a significant advance.

The plan of the paper is as follows. Section 2 presents the basic assumptions and
some preliminaries. Section 3 presents a uniform version, needed for our work, of
Dahlhaus’ (1989) Theorem 5.1 on the limit of the trace of a product of Toeplitz
matrices. This result is of interest in its own right. Section 4 provides background
on Edgeworth expansions. Section 5 presents the main results. Section 6 presents
specific details for the case of ARFIMA processes, including a numerical study.
Section 7 presents the proofs of the results.

2. Preliminaries.

2.1. Background and assumptions. Basic background and notation have been
presented in the Introduction. The data vector is represented by x = (X1, ..., X,)'.
The basic model assumption is that x is multivariate normal with mean zero and
covariance matrix T, (f9) = [¥o(j — k)]1<j k<n, Where

@) = [ fo0ae dr.
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We impose the following assumptions on the parameter space ® and the spectral
density fp. The integer s appearing in Assumption II determines the order of the
Edgeworth expansion.

ASSUMPTIONS. I. The parameter space ® is an open subset of R™.

II.

III.

Iv.

VL

VIL

For some positive integer s, fp(A) is s + 1 times continuously differentiable
with respect to 0, and all derivatives are continuous in (%,6), A # 0. In
addition, fj (x)~! is continuous in (A, ) for all A and 6.

The derivatives (9/0X) fo M)~ and (92 / 912) fo (M)~ are continuous
in (A, 80) for A #£ 0. In addition, there exist «(0) € (0, 1) and ¢ (0, ) < o0

such that
3 \k |
R )\’ -
‘(8)) fo(A)

fork=0,1,2andall § > 0.

With «(0) as in Assumption III, there exist c2 (6, §) < 0o, ¢3(8, §) < oo such
that, for every & > 0, the following hold over A € (0, ):

@ [foW)] < ca(0, 8)|A|7¥O—2;

(b) forall (j1,..., jr), kK <s+ 1, with duplication among the j; allowed,

’ ¥ fo(r)~!
96, - -- 90,

<ci(8, 8)a[ Ok

<306, 8) A",

For any compact subset ©®* of ® there exists a constant C(0*, §) < oo such
that the constants c1(6, §), c2(8, 6) and c3(6, §) in Assumptions III and IV
are bounded by C(®*, §) for all 6 € ®*.

(a) There exists a function €2 (1) that is integrable over (0, ) and a constant
c4(0) < oo such that for all (ji, ..., jr), k <s -+ 1, with duplication among
the j; allowed,

o fo(n)

—— ([ <cs(B)Q (A
’aejl...aejk <cs(O)R0)

for A € (0, 7). For any compact subset ®* of ©, there exists a constant
C(®*) < 0o such that ¢4(0) < C(®*) for all § € ©F,
(b) When computing derivatives of the form

¥y (u)

“aA . an 0 k< la
96y - -- 90, =0T

the derivatives may be taken inside the integral sign of (4).
The function «(0) is continuous in 6.
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In addition to the foregoing assumptions, we need one further assumption,
presented formally in Section 2.3 as Assumption VIII, to the effect that the limiting
covariance matrix of the vector of LLDs is positive definite.

Assumption I is a standard background assumption and is made in Bhattacharya
and Ghosh’s (1978) paper on Edgeworth expansions for MLEs in the i.i.d. setting.
Assumptions II-IV are adapted from Dahlhaus (1989). Assumptions III and IV
are needed to make use of Dahlhaus’ Theorem 5.1 on the limiting behavior
of the trace of products of Toeplitz matrices. Assumption III corresponds to
Dahlhaus’ Assumption (A7). Assumption IV(a) corresponds to the relation (2)
presented in the Introduction, while Assumption IV(b) is a extension of Dahlhaus’
Assumption (A3) to derivatives of order k = 3,...,s + 1. Assumption V on
uniform bounding constants over compacts in Assumptions III and IV corresponds
to Dahlhaus’ Assumption (A8) and is needed for the uniform in 6 version of
Dahlhaus’ Theorem 5.1 that we require for our work. Assumption VI is needed
to allow interchange of a limit over 6 and an integral over A in integrals involving
derivatives of the spectral density and to suitably bound the cumulants of the LLDs.
In particular, Assumption VI(b) is needed to allow problem-free calculation of the
LLDs. Assumption VII corresponds to Dahlhaus’ Assumption (A9) and is used in
the proof of the uniform version of Dahlhaus’ theorem.

As discussed in Section 6, Assumptions I-VII all hold for ARFIMA processes
for all s. Thus, provided Assumption VIII stated in Section 2.3 also holds, for an
ARFIMA process the error term in the Edgeworth expansion can be made of any
desired order by taking sufficiently many terms in the expansion.

2.2. General outline of development. Our ultimate goal is to establish an
Edgeworth expansion for the distribution of the MLE. In Section 2.3, we develop
expressions for the log-likelihood derivatives (LLDs), their first and second
moments and the limiting form of these moments. The expressions for the
moments of the LLDs involve traces of products of Toeplitz matrices, the limiting
behavior of which has been treated by Dahlhaus [(1989), Theorem 5.1]. Theorem 2
of Section 3 provides a uniform version of Dahlhaus’ theorem which is needed for
our work. After a review of Edgeworth expansion theory in Section 4, we present
our main results, given in Section 5, Theorems 3 and 4. Theorem 3 presents an
Edgeworth expansion for the vector of LLDs. The validity of Edgeworth expansion
for the density is proved by verifying a suitably modified version of the conditions
of Durbin’s (1980) Theorem 1. The expansion for the distribution function is
then obtained using Skovgaard’s (1986) Corollary 3.3. Theorem 4 presents an
Edgeworth expansion for the distribution of the MLE. This result is obtained from
Theorem 3 on the LLDs using the argument of Bhattacharya and Ghosh (1978).

The following definition will be used throughout:

T, (h) = Uﬂ ei(j_k)fh(s)dé} .
- 1<j,k<n
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2.3. Log-likelihood derivatives. The log-likelihood for our model is
1 1
L) = —g log 2 — 3 logdet T, (fi) = 3.x'T, ' (fo)x.

Let L, = dL/d6,, L,y = 3*°L/36, 86;, L.s = 9°L /36, 30, 36; and so on. For a
given set of subscripts v = (ry---ry), let A, = Eg[L,(0)] and [, = L,(0) — A,.
When |v| =1, A, = 0. Explicit expressions for the A,’s for derivatives of up
to order four are given by Lieberman, Rousseau and Zucker (2000). In general,
the L, take the form

) L,=x'B,(0)x — F,(9).

Here

R A ) RN [ g N -
Bm»fﬂﬁfﬁg—;@Jlnpmmmnn<m,

where the a;’s are constants and the gy ;’s are derivatives of the spectral density
with respect to 0. Since Tn_l( fo) is symmetric, the B,’s are also symmetric. The
F,(0) take the following form (with a; and gy ; being of the same nature as,
though not identical to, those appearing in the expression for B,):

by Pk
©) @)=Y acu| [T77 G Tteo) |

k=1 j=1

The expected LLDs are of the same form as (6). Under Assumptions II-IV and
VI(b), it follows from Theorem 5.1 of Dahlhaus (1989) that

1 Pk 1 7 Pk (A
@ Jim [ [T Gonep | =5 [7 [T
j=1

n—oon - j=1 fG()\)

This result was proved by Taniguchi (1983) for ARMA processes and extended by
Dahlhaus to strongly dependent processes. It will be used extensively in our work.
It follows from (7) that A, = O(n) for |[v| > 2 as in the i.i.d. case.

We denote by Z,(0) the vector consisting of the LLDs L, (0) up to order
s — 1 that are linearly independent as functions of 6 and denote the dimension
of this vector by d. We let Y,(0) denote the corresponding vector of centered
log-likelihood derivatives [, (6). We let v(i) denote the series of indices v cor-
responding to the ith component of Z,(0). We define W, (9) = Y, (9)/+/n and
D, (0) = Eg[W,,(0)W,,(6)']. Because Y, (0) is a vector of central quadratic forms
in Gaussian variables plus a vector of nonrandom quantities we have [see Anderson
(1984) or Johnson, Kotz and Balakrishnan (1997)] D, (0)(i, j) = 2tr(1§i Bj)/n,

where B; = Byi)Tu(fo). By (7), D, (0)(i, j) converges to the matrix

1 b (@)

bj Pk pi o)
o1 P T gg,r()\) gG,s ()“)
®) D(Q)(I»J)—n g;“k‘ﬁ /_,,El fo(h) E Jo(A) @
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Thus W), is O, (1), as in the i.i.d. case.
In addition to Assumptions I-VII, we make the following assumption:

VIII. The matrix D(0) is positive definite.

Assumption VIII is needed to apply Durbin’s (1980) theorem. If D(0) is
singular, then there exists an index i such that the ith column of D(6) is a linear
combination of the other columns; that is, there exists («q, ..., «g) such that, for

all A £ 0,
(l) )i (])()\‘)

b; Pk
q® 8o,r*) ) 8o,r\ M)
©) 2|1 f(k) =) Z =56

r=1 JFi =1 r=1

Now observe that

1oarfy! R [pk 89,11

N / ai o%J

206y, ---06,, ° ,; El fo
with the same ay’s as in the definition of B,,. We thus see that (9) is equivalent
to the existence of a linear combination between the derivatives of fg_l(k) with
the same linear combination coefficients. For any fy(}), therefore, it can be easily
verified whether positive definiteness holds or not. Note though that unlike the
i.i.d. case, in general singularity of D(6) does not imply singularity of D, (9) for
finite n. In other words, for finite n, collinearity of derivatives of fe_l(k) does
not necessarily imply collinearity of the LLDs. For a weak dependence setting,
Taniguchi (1991) proved the validity of an Edgeworth expansion to the distribution
of the MLE with an error rate of o(n~!). For the class of models he considered,
the D, () matrix converges to D(0) at a n~! rate, and so he concluded that if
the LLDs are asymptotically collinear, some of them may be dropped without
affecting the order of the error of the expansion [Taniguchi (1991), page 78]. This
argument does not carry over in general for higher order expansions. We conclude
that under Assumption VIII the Edgeworth expansions in our paper are valid to
o(n~0~2/2) whereas if the assumption is violated, the expansions are generally
still valid to at least o(n~"). We show in Section 6 that positive definiteness holds
for the ARFIMA (0, d, 0) model.

3. A result on products of Toeplitz matrices. In Theorems 1 and 2 below
we present uniform versions of Fox and Taqqu’s (1987) Theorem 1.a and
Dahlhaus’ (1989) Theorem 5.1, which both deal with the limiting behavior of the
trace of the product of certain Toeplitz matrices. Theorem 2 is the key result for our
purposes, with Theorem 1 being the main building block in its proof. Theorems 1
and 2 are also of independent interest; the behavior of such quantities is a topic
of longstanding interest going back to Grenander and Szeg6 (1958). Theorem 2
is used repeatedly in the proofs of Theorems 3 and 4. Assumptions II-VII ensure
that in each application of Theorem 2, the conditions of Theorem 2 are satisfied.
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THEOREM 1. Let fy1,..., fo,p and go 1, ..., go,p be symmetric real-valued
functions defined on [—m, ], continuous on {A:|\| > t}, Vt > 0. Suppose that
VO e®, ¢ >0, such thatVé > 0,3 My > 0 for which

(10) sup | fori (W< Mg|A|7*@=° 0 i=1,...,p,
|0"—0|<e

(11) sup |gor i (M < Mp|a| PO i=1,...,p,
|0"—0|<e

for all & > 0, where a(8) < 1 and B(0) < 1. Also suppose that ¥Vt >0, I M, g
such that

sup
|6/ —8]<e; || >t

<M

dfe/,i(?»)‘
di

and

dge i (L) ‘
sup — | =
0/—6|<e:|r|>t ] dA

Assume further that p(a(6) 4+ B(0)) < 1 for all 6. Then for all 6 and ¢,

Ml,97 i:1,...,p.

: 1 i
nll>nolo /sup ; tr |: 1_[ Tn(fe/,i)Tn (gO/,i):|
|60'—0|<e i=1
(12)
et [T T
~ @0 [ T frigori G da| =0.
=1
Consequently, for any compact subset ©* of ©,
1 p
Jim sup | tr [ ]jl Tu(for )Ty (89/,i):|
(13) 1=
=0.

T P
~ @0 [ ] fosrgon G
=1

THEOREM 2. Let ®* be a compact subset of ©. Let p be a positive integer
and let a(0) and B(0) be continuous functions on O* with range in (0, 1) satisfying
B(O) —a(0) < 1/(2p). Suppose that fy j(A), j < p, are symmetric nonnegative
functions and that gg j (1), j < p, are symmetric real-valued functions satisfying
the following conditions:

A. The fq j(A)’s satisfy the conditions stated for fo(A) (with s = 1) in
Assumptions 11, Il and TV (a) of Section 2.1 over X € (0,7) and 0 € ®F, with
bounding constants cy, co and c3 that may depend on § but do not depend on 6.

B. The gp, j’s are continuous at all ). # 0 and for each § > 0 there exists c*(5)

such that |go. j(M)| < c*(8)IA|7PO=2 for all 6 € ©*.
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Then

lim sup

N=>Pgee* | N

14
—tr [ l_[ T, (fe,j)_lTn(ge,j)}}
(14) -

- / H(fe,j@))‘lge,j(mdx -
- =1

4. Background on Edgeworth expansions. We now briefly review Edge-
worth expansion theory; for further details, see Barndorff-Nielsen and Cox (1989).
Let &, be a random p-vector with cumulants O(n), mean nu, and covariance
matrix nK, (assumed positive definite). Let ¢k, denote the N (0, K,) density.
Then the (r — 2)-order formal Edgeworth expansion of the density of U, =

\/ﬁ(n_lén — W) is given by
(15) ar—2.n(u) = ¢k, (W)r—2 0 (1),
with

T
Tron@) =1+ n"U"22P,; @),
j=3
where P,j(u,0) is the generalized Edgeworth polynomial of order j as defined
by Durbin [(1980), Equation (31)]. The putative error rate of the expansion is
O(n—(‘[—Z)/Z)'

Chambers (1967) discusses computation of I';r_5 , (u); Barndorff-Nielsen and
Cox [(1989), Equation (6.22)] give the expression for T — 2 = 2. The expression
involves normalized cumulants of &,, which may be replaced by asymptotic
approximations without affecting the error rate. Estimating the cumulants does
not affect the error rate of the order 1 expansion, but degrades the error rate of
the order 2 expansion to O(n~!). In (3) we use an equivalent formulation of the
the Edgeworth expansion which is built around the limiting values p and K of
un and K, respectively.

For maximum likelihood estimators (MLEs), Peers and Igbal [(1985),
page 554] give a expansion of the cumulant generating function with an er-
ror of O(n=3/?), which yields the first four cumulants of the MLE up to order
O(n~3/?) in terms of the cumulants of the log-likelihood derivatives (LLDs). In
our setting the LLDs are quadratic forms in the multivariate normal variate x
[see (5)], whose cumulants are given in Anderson (1984). Alternatively, the cumu-
lants of the MLE may be computed by a bootstrap procedure [cf. Rocke (1989)].

5. Main Edgeworth expansion results. Our main results are that the LLD
vector admits a valid Edgeworth expansion of any order and that the MLE admits
a valid Edgeworth expansion of order s — 2, where s is as indicated in the
assumptions set forth in Section 2. We begin with a formal statement of the LLD
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result. Recall that, with Z,, denoting the vector of LLDs, W,, and D,, are defined
by W, =n"12(Z, — E4[Z,]) and D, (9) = Eo[W, W/].

THEOREM 3. Let G,(u,0) be the true density of W,, and let Gﬁf_z) (u,0) be
its (t —2)-order formal Edgeworth expansion (as defined in the preceding section),
where T is any integer equal to or greater than 3. Then, under Assumptions 1-V1II,
the following results hold:

(a) We have
Gn(’fh 0) - G;‘[—Z) (I/t, 9) = ()(n_(t_z)/z)

uniformly over u and 0 in any compact subset ©* of ©.
(b) For any T = 10 taken in part (a),

Prg(W, € C) :/ G D, 0)du+ o(n~=™2/2H vy,
C
uniformly over all Borel sets C and 0 belonging to a compact subset ®* of ©.

It is emphasized that the LLD expansions are valid for t as large as we please.
We now pass from the LLD result to the MLE result. This type of passage has
been discussed in a number of papers, most notably Chibisov (1973), Bhattacharya
and Ghosh (1978), Skovgaard (1981) and Taniguchi (1991). We follow the
approach of Bhattcharya and Ghosh (BG). The general idea of the argument
is as follows. The MLE is the solution to the likelihood equations L, (é) =0,
ri =1,...,m. We expand L, (6) in a Taylor series as follows [cf. BG’s
Equation (1.27)]:

1 1
_Lrl (0) = _Lr1 (90)
n n

16 1 s—1 1 m m
( ) + - ) Z Z Lrl,,.,,rq(QO)(erl _00,7‘1)"'(9”(1 _Qoarq)
n q=2 q: ro=1 rg=1
+ Ry, (0),

with

K N

|Rn,r (0)] < —110 — 6pl|° max sup |Ly(O)],
n I=s+1 16/ —g9 ) <[16—6

where K is a constant. The expansion then is inverted to obtain an expansion for
the MLE 6, in terms of the LLDs, from which we develop a formal Edgeworth
expansion for the MLE from the Edgeworth expansion for the LLDs. The claim
is that the formal expansion for the MLEs thus obtained is a valid expansion. BG
provide a rigorous proof of this claim for the i.i.d. setting. We adapt BG’s argument
to our case. A formal statement of our result follows.
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THEOREM 4. Let I:I,fs_z) (u,0) be the (s — 2)-order formal Edgeworth
expansion for the density of the MLE of 0 (defined as described in the preceding
section). Let ®* be a compact subset of ®. Then, under Assumptions I-VIII,

(a) there exists a sequence of statistics én and a constant dy = do(O*) such
that for any 6 > 0,

ein(g Prgo(||§,, — Ol < don~"**3 9, solves the likelihood equations)
heO*

—1—o(n= 6272,

(b) any estimator én satisfying the statement in (a) above admits the Edge-
worth expansion

(17)  Prg,((vn(6s — 60)) €C) = / HS ™D (u,0)du + o(n= =272
C
uniformly over ®* and every class B of Borel sets satisfying the condition

sup sup [ duoyw)du=0(e) ase |0,
0e0* CeB J (B0
where M (0) is the inverse of the limiting normalized expected information matrix
limnﬁoo[n_lkrlrz(e)], dm) is the N(0, M(0)) density, and (dC)® denotes the
g-neighborhood of the boundary of C.

The uniform version of Dahlhaus given in our Theorem 2 leads to the uniform
in 6 result in Theorem 3. More important, the uniform version is critically
necessary to enable us to handle the remainder term in the Taylor expansion (16)
of the first-order log-likelihood derivatives.

6. Applications to the ARFIMA model. We illustrate our main results with
the ARFIMA(/, d, ) model. For this general model we shall give two examples:
one in which all assumptions are satisfied and one in which Assumption VIII does
not hold. The spectral density function of {X;} is as follows [Brockwell and Davis
(1991), Equation (13.2.18)]:

iAy|2
ol [W(e™)] Y

)L —
o) = © (D) 1

where 6 = (O’ d; ®y,...,0;;Vy,...,¥)). Clearly,

N o2 |W())?
27 |D ()2

A—0,

foh) ~

and so the condition implied by (2) is satisfied for 0 < d < 5. The derivatives of
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fo(X) up to order 4 are available on request from the authors. It is very easy to
see that Assumptions I-VII hold for this model. For the ARFIMA(O, d, 0) model
with 082 = 1, the inverse spectral density derivatives are (d/dd®) fd_l(k) =
c“()»)fd_l()») with c(A) = 2log|1 — e*|, a > 1, and so it is clear that Assump-
tion VIII is also satisfied.

We have conducted a small simulation experiment investigating the perfor-
mance of the Edgeworth expansions in the Gaussian ARFIMA(O, d,0) model
with a unit variance. The results are summarized in Table 1. We wrote a
MATHEMATICA program to calculate the MLE in this model (details are avail-
able at http://iew3.technion.ac.il/Home/Users/offer]l.phtml).

The likelihood was maximized by a line search on the interval [—0.49, 0.49]
with a grid of 0.001. The true d values were taken to be 0.1, 0.2, 0.3, 0.4 and the
sample sizes were set to n = 20, 40. The simulation consisted of 3,000 replications.
The cumulants in the Edgeworth expansions were calculated empirically. We
compared the empirical cumulative distribution function of the MLE d, evaluated
at various cutpoints, with the classical asymptotic normal approximation, the
normal approximation with centering and scaling based on the finite sample mean
and standard deviation of d (“corrected normal approximation”), the first order
Edgeworth expansion (Edgl), and the second-order Edgeworth expansion (Edg2).
The cutpoints chosen were percentiles of the asymptotic normal approximation.
A few patterns emerge. Generally speaking, the classical normal approximation
is the poorest, the corrected normal approximation somewhat better, and the
Edgeworth expansions better still, with Edg2 usually the best. All approximations
improve with n, supporting the theoretical asymptotic tendencies established in
the paper. The Edgeworth expansions generally behave better at the center of the
distribution, and deteriorate towards the far tail. This phenomenon is in line with
the behavior of the expansions in the i.i.d. case, see Barndorff-Nielsen and Cox
[(1989), Chapter 5]. Overall, the Edgeworth expansions are appealing because of
their practical computability and superiority to the normal approximation.

Next, the ARFIMA(1,d, 1) model is very important in applied work. The
following argument covers in fact the more general ARFIMA(1,d,[) setup as
well, with [ > 1. Denote by L3 4(0) the third order LLD with respect to the
AR(1) parameter. While L3 4(9) is not zero for fixed n, the third-order derivative
of the inverse spectral density wrt the AR(1) parameter vanishes. This means
that in the D (f) matrix, the column corresponding to the asymptotic covariance
between any normalized LLD and the normalized L3 4(0) is identically zero.
The matrix D, (f), however, does not have a zero column. Hence in this case,
Assumption VIII does not hold and we cannot simply discard the problematic
L3 4(9) from the error analysis. Nevertheless, it is still possible to establish an
o(n~1) error rate for the distribution of the MLE. To do so, we must show that the
term involving L3 4(0) in the stochastic expansion of the MLE can be absorbed
into the remainder without affecting the o(n™') error rate. Following equations
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(3.2.19) and (3.2.30) of Taniguchi (1990), it will be sufficient to show that there is
a constant ¢ such that

(18) Pro, (155 (0) [13.4(0)] > c1pn) = 0(n™ "),

where [1(;)(0) is a normalized score wrt the ith component in the parameter
vector, I3 4(9) is the normalized L3 4(6), both with ,/n-normalization, and p, is
a sequence satisfying p, — 0, and p,/n — oo. It is clear from the proof of
Dahlhaus [(1989), Theorem 5.1] and Fox and Taqqu (1987) that the cumulants
of L3 4(0) are O(n'/?t%) v§ > 0. Further, the moments of l1(;) of all orders
are O(1). Thus, the condition in (18) follows immediatelly from the Markov and
Cauchy—Schwarz inequalities. We remark that the o(n~!) error rate is compatible
with the rate achieved by Taniguchi (1991) in the short memory, uniparameter
context.

7. Proofs.

7.1. Proof of Theorem 1. It suffices to prove (12); the assertion (13) then
follows from the fact that any compact set ®* can be covered by a finite union
of e-balls. The (j, k)th element of the Toeplitz matrix 7, ( fp) is

(Tu(fo)) jk = f U= £,0) d.

—TT

So,

1 p
L,= " trl_[ T (fo,)Tn (80,1

— n—1
l Z Z LU= piGa=7)y2 .. pil2p—=in)y2p
n . Uy
1=0 ]2]7:0
X fo,(y1)8o, (¥2) -+ 8o,(y2p)dy1 -+ dyap,

where U, = [—7, 7]*P. We may rewrite the last expression as

1
:—/ Pa(y) Qs (») dy,
n Ju,

with
n—1
— i(j1—J2))1 l(]z 32 ... LiGep—iDy2yp
(19) Py(y) = e e
J1=0 ]2]7—0
and

Qo(y) = fo, y1)86, (y2) -+ 80, (¥2p)-
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Following Fox and Taqqu [(1987), page 237], we partition U, into three disjoint
sets E;, F; and G, satisfying

E,=U,N(WUU,)°",

Ft=UthC,
G=U,NW,
where
U=I[-t,11"", 0<t<m,
- sl
W:UWi, Wi={ye}R2P;|yi|S Yi+1 }’ =1,....,2p— 1,
i=1
and
(1]
W2p={ye]R2p:|y2p|§7}_

As Uy =E; U F; UG and E;, F;, G are disjoint, the sufficient conditions for
Theorem 1 to hold are

_ 1
lim  sup — Py (y) Qo (y)dy
00 g _gl<e | JE N
(20) »
_(271.)2]7—1/ l_[ fe/’j(z)ge/’j(z)dz =0,
t<|z|<m j=1
o 1
(21) lim limsup sup —Pu(y) Qo (y)dy =0
=0 n—oo |9/—g|<e/ Fr
and
_ 1
(22) lim  sup — Py (y) Qo (y)dy =0.

=00 19/_gl<e /G N

Instead of conditions (21) and (22), it will be sufficient to prove

o 1
(23) lim limsup  sup =[P, (y) Qo (y)dy =0
=0 n—so00 |9/—f|<e /U,
and
1
24 lim  su —|P, / dy=0.
(24) Jim le,_gﬁ)@ i nl n(¥) Qo (V)] dy
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See Fox and Taqqu [(1987), pages 236-237]. To establish (23) and (24), we recall
that under (10) and (11),

sup Qo (V)]
(25) |6'—6|<e;lyi|=t>0

2 — — — — — —
< My" |yt 74Oy POy PO < M
say. From Fox and Taqqu [(1987), page 237],

|Py(0)] < 4Py (01 — y2)hn (32 — 1) -+ Bn(y2p — ¥1),

where
min(|z + 27|71, n), —2r <z<-m,
hn(z) = | min(|z|~1, n), -7 <z<m,
min(lz—an_l,n), T <z<2mw.

Therefore, the left-hand side of (23) is less than or equal to

- i
(4M)?” Tim lim sup / (31— Y2 (2 — ¥1) - (y2p — ¥1)
t—0 U n

n—oo

(26) Xyt =¥ Oy PO 3y |TPO P dyy - dy,
1
= (4Mjp)*P lim lim sup / — (0 dy,
=0 n—soo JU N

say. Note that the last expression does not depend on 6’. Condition (26) is
verified by an immediate application of Proposition 6.2.a of Fox and Taqqu
[(1987), page 227]. Similarly, condition (24) is verified upon an application of
Proposition 6.1.a of Fox and Taqqu [(1987), page 226], and noting that their set V
is equal to Wy.

We proceed to show (20). Let A; = {y;:t < |y1| <=}, t > 0. It is easily seen
that

1

m /[—ﬂ,n]Zp—l Pa (y) dy2 N 'dy2p =1

Thus,
p
@)~ / { [T s 0080, j<y1>} dyi
A[ ]:1

1 p
5, /U,, IAt[ H fG/,j()’l)gG/,j()’1):| P,(y)dy

j=l1

1
=—/ 14,00 (1. oo y) Pa(y) dy.
n Ju,
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The main term in (20) may thus be rewritten as

1
(27) An(G’)=—‘/ IE,Pn(}’)QG/()’)dy_/ IAtPn(}’)QO/()’h---»)’I)d)”-
nl|Ju, Ur

Let 7, = (2p — Dn™P with g € (0, 1), and let

28) Vi={yeUr:lyj—yj-1l<nP}, ji=2,....2p, V=V,
j=2

We can re-express (27) as
1
An(8) = ;\ fU (Lgavoa, + Igavoss + 1Eave) Pa(y) Qo () dy
—/U (Ug,nvna, + LEnvyena) P (y) Qo (Y1, ..., y1) dy
1
< ;{ /U TEovon 1 Qo () — Qo Ot YU Pa ()| dy
(29) + [ Isavasd Qe )IIP)Idy
+ /U Iz, nvel Qo )| Pa ()] dy
+/U Lo ow Qo1 - o YOI P dy

+f IA,mVC|Q0/(y1,~~~7y1)||Pn(y)|dy},

where A{ = {y;:|y1]| <t} and we have used the facts (E; V) NA; = (A;NE})U
(A;NVand (A; N Ef) = (A; N W). The first term of (29) involves

2p
000 (y)
100/ (») = Qo (Y1, ..., yDI=| Y (vj =y,
j=2 dy; y=(1,¢2,-.,¢2p)

where |c; — il < Iyi — yj| < Xieo vk — ye—1l Vj, j=2,...,2p. On V,
lyj —yj-1l <nPVj,j=2,...,2p. We thus have

sup 100/ (¥) — Qo (Y15, YD < 2p — DM, g1y,
|6'—0|<e;|y|>t

where M,vg > Ziiz [0 Qe (y)/0y;l. So, the first integral in (29) is bounded by

- N
(30) @p— it /U Ig,nvon, | Pa(y)]dy.
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Further, if we rearrange (19) as

n—1 n—1 n—1
P.(y) = ( Z el (yl_y2p)) ( Z eijz()’2—y1)) ( Z eij2p(y2p_y2p—l)>,

J1=0 j2=0 Jj2p=0
then it follows that

Pa(y)| = {[12‘11

=2

sinn(y; _)’j—l)/ZH
sin(y; — yj—1)/2

sinn(y; — yZp)/2’
sin(yr — y2p)/2 ||

Transforming: z; = y;/2and z; = (y; —y;j-1)/2, j =2,...,2p, (30) becomes

|

where Uy = (z € R¥:|Y)_ zj| < m/2.i = 1,....2p). Since il <n,
(31) is less than or equal to

sinnz; | (|sinn(za + -+ z22p)

sin(z + -+ +22p)

’

- 2%, el
6D @p- D= | IE,mva,{l'[
n Jo, i

Sian

7/2 |sinnz

_ 2p—1
32 29°0p— I)Mf,ennn< Ji dz) < Komu(c + logn)>",
0

sinz

where Ky and ¢ are constants not depending on n. Consequently, (32) tends to 0
asn — oo.
On the set E; NV N A{, |y1| € (t — n,, t). So, the second term in (29) is

1
- f Ig,cvos| QoI Pa(y) | dy
nJu,

2p

/
<KM,, / Igovoas []
U it

sinnz;

Sian

t
§2KMZ”9(c+logn)2p_1/ dzy,

I=1n

where M,”G is defined in (25), and so this term tends to 0 as n — oo.
The third and fifth terms in (29) are bounded by

1
(33) M, / 1Pl dy.
n ye

We shall prove in Lemma 1 that (33) tends to zero. It remains to deal with the fourth
term in (29). Using (25) and using the common bound M,”G of Qo (y1,...,¥1)
on A; and of Qg (y) on E;,

2p ag/
4 Ml,’e

n

1
—/ 1061, - DI PaO) | dy <
A,ﬂW

/ Luow fo(0) dy.
n Ux
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So the fourth term of (29) is less than or equal to

2p)4*r M|
0 / f)dy,
n U, NW,

for which, Proposition 6.1.a of Fox and Taqqu [(1987), page 226] can be readily
applied. We have thus completed the proof of Theorem 1.

LEMMA 1. Forall B € (0,1),

1
(34) lim - f Iye| Pa(y)] dy =0,
nJu,

n—oo

where V is defined by (28).

PROOF. Note that

1 { l@[ sin(n(y; — yj-1)/2) } sin(n(y1 — ¥2,)/2)

1
35 —Py(y) = : i '
(35) n o) nlis sin((y; = yj-1)/2) ] sin((y1 = ¥2p)/2)

For p =1, (27Tn)_1Pn(y) = F,(y1 — y2), the Fejér kernel of order n, and
for p > 1, 2nn)~'P,(y) is a generalization of it. The Fejér kernel behaves
asymptotically as a delta-Dirac function. The lemma essentially states that the
contribution to the integral in (34) outside the neighborhood of the diagonal
{yeUy:yi=yrs="---=y2p}is negligible.

Transform

X1 = Y1,
Xj=Yj—=Yj-1s j=2,...,2p,
and note that the Jacobian of the transformation is unity. Since V¢ = Ufi ) VJ-C,
(34) is less than or equal to
2p

122 sin(nx]-/Z)’
— Toe
(36) " j§:2/0n v (x){J |

sin(n ngxj/Z) dx
5| sin(x;/2) ’

sin(¥37 x;/2)

where U is a bounded set satisfying
[ 1 entdx= [ 1Pldy
Uxr Ur
and
Vi(x)= [x €Uy: x| > n=F).

Tedious albeit straightforward calculations show that (36) is omn*# logn), which
tendstozeroVB € (0,1). O
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7.2. Proof of Theorem 2. We trace quickly through Dahlhaus’ proof of his
Theorem 5.1, using his equation numbers. Consider first Dahlhaus’ Lemma 5.2
for fy, 6 € ®*. The key relations in the proof are (10), which does not involve fy,
and (11). Under our Assumptions III, IV(a) and V [i.e., the uniform versions
of Dahlhaus’ Assumptions (A2) and (A7)], (11) holds with a uniform bounding
constant K. Next, considering Dahlhaus’ Lemma 5.3 for a family of function
pairs f, g that obey the order bound conditions of the lemma with uniform
bounding constants, it is obvious from Dahlhaus’ proof that the conclusion of
the lemma holds with a uniform order bound. The remainder of Dahlhaus’
Theorem 5.1 uses only these two lemmas, Fox and Taqqu’s (1987) Theorem 1.a,
and some general linear algebra and analysis. The two lemmas are applied to
functions which, under our assumptions, obey the relevant order bound conditions
with uniform bounding constants, so that the conclusions of the lemmas hold with
uniform bounds as just argued. Our Theorem 1 gives the uniform version of the
Fox-Taqqu theorem.

7.3. Proof of Theorem 3.

7.3.1. Preliminaries. We prove part (a) by verifying the assumptions in
Durbin’s (1980) general Theorem 1 on validity of the Edgeworth expansion in
a multivariate dependent data setting.

Durbin’s theorem presupposes the following background assumptions:

(1) D) =1lim,,_, o D, (0) exists for all 6.
(i) D, (@) and D(0) are positive definite.
(ii1) D(O) — D(6p) as 6 — 6.

Incidentally, condition (iii) is needed to make use of BG’s argument in the proof
of our Theorem 4; see their Assumption (A4).

Condition (i) holds for 8 € ®* by virtue of Dahlhaus’ theorem, as indicated
in Section 2.3. In regard to condition (ii), positive definiteness of D(6) is
postulated in our Assumption VIII, and positive definiteness of D,, for sufficiently
large n follows from the fact that the eigenvalues of a matrix are continuous
functions of the elements of the matrix [Horn and Johnson (1985), Appendix D].
Condition (iii) is a consequence of the continuous differentiability conditions of
our Assumption II together with Assumption V, which allows limits over 6 to be
passed under the integral sign in the expression (8) for D.

The remaining assumptions to be verified are Assumptions 2—4 stated on
page 324 of Durbin’s paper. We prove Assumption 3 in a modified form that is
shown in Section 7.3.3 to be sufficient. Let ¢, (w,0) = Eglexp(iw’Z,)] be the
characteristic function of Z,,. Assumptions 2 and 3 are stated in terms of ¢, (w, 0).
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7.3.2. Verification of Durbin’s assumptions.

DURBIN’S ASSUMPTION 2. If n is large enough, |¢,(w, 0)| is integrable
over R? and

/ |§0n(a)/«/ﬁ, 9)|da)=o(n_(f—2)/2)
{loll>81 )

for all §; > 0 uniformly for 6 € ®*, for any compact subset ®* of ©.

PROOF. From standard theory on quadratic forms in Gaussian variables
[Anderson (1984) and Johnson, Kotz and Balakrishnan (1997)] we obtain

. d
1
— Z a)j(Aj +x/Bv(j)x)

RV |
j=1

(37) 12

i 26 L.
=exp|— wiA; det[l,,— — a)-B} ,
(ﬁXJ: J J) \/512::1 J=

where A is a derivative of —% logdet T, ( fp) of order less than or equal to s — 1.
Let py, ..., p, be the eigenvalues of Z?Zl oy I§j. Then

n
= [T +407/m="*
(38) r=1
—1/4
:{1+—Zp3+(—) Zp3p3/+~-+<—) ]_[pf} .
n r=1 n r#£r! n r=1
Recalling that D, (0)(i, j) = 2tr(1§i f?j)/n, we see that
48, 4 (& . ?
(39) - 0 =—tr( a)<B<> =20'D,(0)w.
» ; r= J; B n

Further, the kth order term in (38) is given by
k
() zaim=(2) () - (2) mst.
n) 4 n = n)

where { denotes the set of indices such that no two indices are equal and § denotes
the set of indices with at least two indices equal. The first term on the right-hand
side, from (39), equals 2w’ D, (0)w)¥. The second term is bounded by

() (320)

r=1
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Now > pf = tr(Z;{:1 wj I§j)4 which, by Theorem 2, is no more than O (n|w|*),
with the bound uniform in 6. We thus find that the kth order term in (38) equals
(2w’ D, (0)w)* minus a term of magnitude no more than Oomn! ||a)||2k).

Now let n be half the smallest eigenvalue of D(0) over 6 € ®*, and let
k > 2(d + t — 2) be a fixed integer. Then for large enough n,

1\ K/4
l(p”(w/ﬁ’e)'dwf(—) /{” gy (0P do

/{||w||>slﬁ} 2nn

— n~®/DHE/2) () —k/4 / ] a1 de,
{loll>81}
and the integral on the right-hand side is finite. The desired conclusion follows.
O

DURBIN’S ASSUMPTION 3 (Modified version). (a) For any r = (rq, ..., rq),
with |r| < 7, the derivatives 9" log ¢, (w; 0) /0w exist for w in a neighborhood of
the origin.

(b) For r as above, the quantity n~'9/"1log ¢, (0; 0) /8" has a limit as n — oo.

(c) For any vector £ with ||£|| = 1, the quantity n~'d% ¢, (u&; 6) /d ™ has a limit
as n — oo and u — 0, with convergence uniform over &.

PROOF. (a) From (37),

d d
(40) log(pn(a);e):iZa)jAj—%logdet(ln—ZiZa)jéj).
j=1 j=1

The second term is the log of a polynomial function of @ and is therefore
infinitely differentiable in w provided the determinant does not vanish. The proof
of Assumption 2 shows that this proviso holds.

(b) We focus on the second term since the first term is easily dealt with.
Derivatives of the second term times 2/n take the form (up to sign)

I”l_1 tr (Q_léjlﬂ_léjz cee Q_léjm)

with Q@ =1 — 2i 27:1 w;jB;. Evaluation at = 0 yields n~'tr(B;, B}, --- B,,),
which has a limit as n — oo by virtue of Theorem 2.

(c) We again focus on the second term. For given &, the second term evaluated
at = ué& may be written as % logdet(/ — uG) where G = 2i Z?Zl &; Ej. For any
given integer m, the mth derivative of this quantity with respect to ., multiplied by
—2/n, is given by nlr(Q7IG---Q71G), where Q =1 — nG. But €, and hence
Q~!, commutes with G and so this quantity may be expressed as n~! tr(G" Q™).
Now

1 m N d 1 B R
—w(GM=00" ) sjl-~-sjm[;tr(le--~Bjm)]

jl’""jm:l
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The quantity in brackets has a limit as n — oo by Theorem 2, and thus so does
n~1tr(G™). Convergence is clearly uniform in £ since there are only finitely many
terms of the type in brackets and |§;| < 1 for all j (since [|§] = 1).

Next, using the matrix norm relations given on page 1754 of Dahlhaus (1989),
we obtain

1 1
’— tr(G"Q™™) — — tr(Gm)‘
n n

1 1
Lo - Q_’”))‘ <li6m-am
n n

=% IG" (@™ = DHQ™"| < % G™ Q" — 111",
where | Q| denotes the Euclidean norm of Q (|Q| = tr(Q 0*)'/?) and || Q|| denotes
the spectral norm of Q (the square root of the largest eigenvalue of Q*Q), with
Q™ denoting the conjugate transpose of Q.
By an argument similar to that already given for tr(G™), we find that |G™
O (n) uniformly in &. As for |Q2" — |, we have

2=

m

m
Q" —11<)" ( - ) lul€1GE] < Mn' 2{(1 + |uh)™ — 1)
c=1
for some constant M, since, by previous arguments, |G¢|> =
Turning to ||§2_1 I, recall that 2 = I — 2iu H with

O (n) uniformly in &.

d
H=7Y &Bj
=1

where the &; are real numbers and the B j are real symmetric matrices. Let
1, ..., &, denote the eigenvalues of H, all of which are real. We have Q*Q =
I+ 4u2H2, which has eigenvalues 1 + 4M2§02, c=1,...,n. It follows that

17" = max (1+4u*c2)~" > < 1.
1<c<n
We thus find that
1 1
—tr(G"Q") — —tw(G™)| < K{(1 + )™ — 1}
n n
for a suitable constant K independent of £. Clearly, the right-hand side converges

to zero as i — 0. The desired conclusion follows. The result holds uniformly in 6
by virtue of the uniformity in Theorem 2. [J
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DURBIN’S ASSUMPTION 4. The cumulants of L, are O(n) uniformly in 6
over ©*,

PROOF. In view of (40), the Jth cumulant of L,, J > 1, is proportional to
tr(]_[le B;) and by Theorem 2 this term is O (n) uniformly in 6. L[]

We have thus completed the proof of part (a) of the theorem. Part (b) is an
immediate consequence of Skovgaard’s (1986) Corollary 3.3.

7.3.3. Justification that the modified Assumption 3 is sufficient. We trace
through Durbin’s proof, using his notation, and with (Dxx) denoting equation
number xx in Durbin’s paper.

1. Modified Assumption 3a makes Durbin’s i, (z, 8) well defined.

2. Up to (D33), no use is made of Assumption 3.

3. From the paragraph after (D33) up to (D35) Durbin is involved with bounding
o — B|. Observe that the quantity y, )( p,0) defined in the line below
(D34) is precisely the quantity referred to in our Assumption 3c. Thus,
the conclusion that there exist §; and N; independent of zg such that for
O<u<p<3d; and n > N; we have |x, r)(u 0) — X,Er)(0,9)| < r! ¢ follows
from our Assumption 3c. This takes us to (D36).

4. Durbin now proceeds to bound |3|. To get the conclusion |y, (z; 0)| < 83 p
(for p < 61, n > Np) what we need is for an (0, 6) to be bounded. This follows
from our Assumption 3b. This takes us to (D37).

5. From (D37) to (D39) we have a straightforward progression building on
previous results, with no further use of Assumption 3. The same is true of the
remainder of the argument dealing with the first integral on the right-hand side
of (D32).

6. The second integral on the right-hand side of (D32) is handled by Assumption 2
only.

7. The last displayed expression on page 327 is obtained as follows. The factor
exp —%Z’Dn (0)z) is replaced by exp(—%pz{A(Go) — %84}) by virtue of (D39).
In regard to nv,,(z//n,0), the argument is as follows: the line just below
(D36) gives

Yr (2,60) = Zx(”m, 9)”4.
Jj=3 J!

Replacing z by z/+4/n and p by p//n, we get

iy (2/+/n,60) = Zn U220, 0)

j=3

But we saw before that y;, (/) (0, ) are bounded, so the result follows.
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8. We are left to deal with the last integral on the right-hand side of (D32). To han-
dle this, Durbin needs the quantities '3/ log ¢, (0, 0)/dzj for j=3,...,rto
be uniformly bounded in 7. This follows from our Assumption 3b.

7.4. Proof of Theorem 4 (Sketch). BG’s proof goes through largely without
change; we focus on the points calling for special attention. Below ®** denotes a
compact subset of ® whose interior contains ®*. It follows from our Theorems 1
and 2 that all the error bounds mentioned below are uniform in 6.

In BG’s proof of their Theorem 2, their Q,, corresponds to the joint distribution
of our W,,. Application as in BG of the result of James (1955, 1958) and James
and Mayne (1962) requires only the condition, identical to Durbin’s Assumption 4
verified above, that the jth cumulant of our Y,,/n is O(n—7/*h). A new argument is
needed to obtain an analogue of BG’s (2.21), to the effect that the expected value
of a polynomial function of W, can be approximated adequately by the integral
of the function in question with respect to the approximate density G2 (in our
notation). Let § be an arbitrarily small positive number, and write
@41)  Eg[Wy]= Eg[W,ii I (IWull <0 )]+ Egp[Wai I (IWall > n®/)].

] 4

By a variation on Markov’s inequality, the second term is bounded in absolute
value by Eq[||W, |¥tm n—9m/k Because Y,; = /n Wy; has cumulants O (n), the
moment Eg()[lan||k+m] is O(1) and so the second term in (41) is O(n=%m/ky,
Since m may be taken arbitrarily large, this term may be neglected. Our Theorem 3
implies that the first term in (41) is equal to

(42) / ukG T2 (u, 00) du + o(n= T2y w5 0.
llul| <nd/k
Through simple manipulations using the elementary inequality
< ¢ -1 -2
[t ewrds < Momax(ct! e,
¢

where ¢ denotes the standard normal density, £ a nonnegative integer, and M, a
positive constant, it may be seen that the restriction on the integral in (42) may
be removed without affecting the error rate. This gives the desired result for a
power of a component of W,,. A similar argument, with the aid of the Cauchy—
Schwarz inequality, can be made to deal with a product of powers of several
components. Since GS,’)(u, o) is a valid asymptotic expansion to any order with
steps of O(n—1/2), we have obtained BG’s (2.21) with the required o(n=6-2/2)
error rate.

BG’s proof of their Theorem 3 is built around the Taylor expansion (16).
We need an analogue of BG’s formula (2.32), or Taniguchi’s (1990) Equa-
tions (3.2.24)—(3.2.28), from which the rest of BG’s proof carries through easily.
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Let § be a small positive constant. It will be sufficient to show that there is a con-
stant d; such that

(43) P9()(|n_1/21v (o) | > dlna) = 0(n_(s_2)/2),

where [, (6p) is a centered LLD, for any v satisfying 1 < |v| <s + 1. The left-
hand side of (43) is less than or equal to (dln‘s)_z”Ego(n_l/zlv(90))2’7, where
n is a positive integer. Since the LLDs have cumulants O (n), n~121,(6p) have
moments O(1). Setting n to satisfy 2né > (s — 2)/2, we obtain the desired result.
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