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ASYMPTOTICS OF SOME ESTIMATORS AND
SEQUENTIAL RESIDUAL EMPIRICALS

IN NONLINEAR TIME SERIES1

BY HIRA L. KOUL

Michigan State University

This paper establishes the asymptotic uniform linearity of M- and
R-scores in a family of nonlinear time series and regression models. It also
gives an asymptotic expansion of the standardized sequential residual
empirical process in these models. These results are, in turn, used to
obtain the asymptotic normality of certain classes of M-, R- and minimum
distance estimators of the underlying parameters. The classes of estima-
tors considered include analogs of Hodges]Lehmann, Huber and LAD
Ž .least absolute deviation estimators. Some applications to the change
point and testing of the goodness-of-fit problems in threshold and ampli-
tude-dependent exponential autoregression models are also given. The
paper thus offers a unified functional approach to some aspects of robust
inference for a large class of nonlinear time series models.

1. Introduction. This paper establishes asymptotic uniform linearity of
M- and R- scores and an asymptotic expansion of the standardized randomly
weighted sequential residual empirical process in a family of nonlinear time
series and regression models. These results are then used to derive the
large-sample distributions of certain classes of M-, R- and minimum distance
Ž .M.D. estimators in these models. Section 2 gives some applications of these
results to the estimation, goodness-of-fit testing and the change point prob-
lems in some threshold and amplitude-dependent exponential autoregression
Ž .EXPAR models.

More precisely, let m n p n q G 1 be fixed integers, n G m be an integer,
V be an open subset of the m-dimensional Euclidean space R m, R s R1, t9

p 5 5denote the transpose of a p = 1 vector t g R and t its Euclidean norm.
Ž . � 4Let F be a distribution function d.f. on R; « , i s 1, 2, . . . be independenti

Ž . Ž . �and identically distributed i.i.d. F random variables r.v.’s ; Z , i sni
41, 2, . . . , n be q-dimensional observable independent r.v.’s taking values in

q � 4 Ž .R , independent of « ; and Y [ X , . . . , X 9 be an observable r.v.,i 0 0 1yp
� 4 � 4independent of both « , i s 1, 2, . . . and Z , i s 1, 2, . . . , n ; and let FF [i ni n1

� 4 � 4s-field Y ; Z , FF [ s-field Y ; « , 1 F j - i; Z , 1 F k F i , 2 F i F n.0 n1 ni 0 j nk
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In a pth-order nonlinear time series model considered here, one observes
� 4an array of the process X , i s 1, 2, . . . , n satisfying the relationni

1.1 X s h u , Y , Z q « , i s 1, 2, . . . , n ,Ž . Ž .ni n , iy1 ni i

Ž .for some u g V, where Y [ Y , Y [ X , . . . , X 9, and h is an0 0 n, iy1 n, iy1 n, iyp
known function from V = R p = R q to R that is measurable in the last p q q

Ž . Ž .coordinates so that h t [ h t, Y , Z is FF -measurable, t g V, 1 Fni n, iy1 ni ni
� 4i F n. The r.v.’s Z may represent regression or trend variables in theseni

models.
Ž .The above models include classes of nonlinear regression NLR models

Ž . Ž .and nonlinear autoregression NLAR models. In NLR models, h u, y, z s
Ž . Ž . Ž . Ž .g u, z , and in NLAR models, h u, y, z ' H u, y , where g H is a known

q Ž p. Ž .function from V = R V = R to R that is measurable in the last q p
� 4coordinates. In NLR models, Z represent the known design variables thatni

Ž . Ž .can be either random or nonrandom. Upon choosing h u, y, z ' H u, y q
Ž . Ž .g u, z in 1.1 , one obtains a class of models where autoregression and

regression is present in an additive and nonlinear fashion, rather an impor-
tant class of models in statistics and econometrics. A class of submodels this
paper shall focus on in some detail is the family of NLAR models where
X ' X satisfiesni i

1.2 X s H u , Y q « , i s 0, " 1, " 2, . . . ,Ž . Ž .i iy1 i

� 4where « , i s 0, " 1, " 2, . . . are i.i.d. F.i
Ž . Ž .Jennrich 1969 and Wu 1981 study the asymptotics of the least squares

Ž . Ž .estimator LSE in NLR models. Hannan 1971 contains a similar study
when the errors are generated by a stationary time series. See the mono-

Ž .graph by Seber and Wild 1989 and references therein for more on NLR
Ž .models. Tong 1983, 1990 discuss numerous useful examples of NLAR mod-

els and the asymptotics of the LSE in some of these models.
Ž .Hwang and Basawa 1993 study the local asymptotic normality of a

Ž . � 4variant of the model 1.1 , where Z ' Z , with Z being i.i.d. r.v.’s, notni i i
� 4necessarily observable, and where X are assumed to be stationary. Theyi

Ž .also discuss the asymptotics of some likelihood based tests in 1.1 and of the
Ž .one-step MLE for a class of NLAR models 1.2 .

The two examples we shall focus on in some detail are a self-exciting
w Ž .xthreshold first-order autoregression SETAR 2; 1, 1 and EXPAR models. The

Ž .former is obtained from 1.2 upon taking
2q y1.3 m s 2, p s 1 and H u , y ' u y q u y , y g R, u g 0, 1 ,Ž . Ž . Ž .1 2

while the choice of

m s 3, p s 1 and H u , y s u q u exp yu y2 y ,Ž . � 4Ž .1 2 31.4Ž .
y g R, u g y1, 1 = R = 0, ` ,Ž . Ž .

Ž . q � 4 y qin 1.2 gives the latter model. Here, x [ max 0, x , x [ x y x, x g R. A
Ž .general class of SETAR and EXPAR models of Tong 1990 are also included

Ž .in 1.2 .
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To proceed further, fix a u g V and let P n denote the probability distribu-u

Ž . Ž .tion of Y , X , . . . , X under 1.1 when u is the true parameter value.0 n1 nn
About h we shall assume the following:

˙ p q mŽ .h1 There exists a vector of functions h from V = R = R to R suchn
˙ ˙Ž . Ž .that h t [ h t, Y , Z is FF -measurable, t g V, 1 F i F n, and satis-ni n n, iy1 ni ni

fies the following: ; a ) 0, k - `, s g V,

˙h t y h s y t y s 9h sŽ . Ž . Ž . Ž .ni ni ninlim sup P sup ) a s 0.u 5 5ž /t y sy1r2n 5 51FiFn , tys Fkn

Note that there is no loss of generality in assuming the FF -measurabilityni
˙ Ž . Ž .of h in h1 . Also, the differentiability of h t, y, z in t, for all y and z, aloneni

Ž .need not imply h1 . An example that illustrates this point is when m s 1 s p
Ž . 2and h t, y, z ' t y. This h, even though differentiable in t, does not satisfy

Ž . � y1r2 < < 4h1 unless max n X ; 1 F i F n tends to 0 in probability. The aboveiy1
Ž . Ž . Ž .examples 1.3 and 1.4 are shown to satisfy h1 in Section 2 provided the

errors have finite variance and positive Lebesgue density.
We now define various processes and scores that are useful for inference in

these models. From now on the dependence of X , h , etc., on n will not beni ni
exhibited, for convenience. Thus, we shall write X for X and so on. Let ci ni

Ž .and w be bounded nondecreasing real-valued functions on R and 0, 1 ,
Ž . � Ž . 4respectively; R denote the rank of X y h t among X y h t , 1 F j F n ,it i i j j

1 F i F n, t g V; and G be a d.f. on R. Define

y1r2 ˙M t [ n h t c X y h t ,Ž . Ž . Ž .Ž .Ý i i i
i

y1r2 ˙Z u , t [ n h t I R F nu ,Ž . Ž . Ž .Ý i it
i

y1r2 ˙Z u , t [ Z u , t y n h t u , 0 F u F 1,Ž . Ž . Ž .Ý i
i

1 y1r2 ˙S t [ w u Z du, t s n h t w R r n q 1 ,Ž . Ž . Ž . Ž . Ž .Ž .ÝH i it
0 i

1 2K t [ Z u , t dG u , t g V .Ž . Ž . Ž .H
0

Here, and in the sequel, the index i in the summation and the maximum
varies from 1 to n, unless specified otherwise. The M-, R- and M.D.-estima-
tors of u to be considered are, respectively,

ˆ ˆ ˆu [ argmin M t , u [ argmin S t , u [ argmin K t .Ž . Ž . Ž .M t R t md t

ˆThe name R-estimator for u is borrowed from linear regression with knownR
design where its analogue is a measurable function of the residual ranks
only. But here S is a measurable function of observations and the residual

ˆranks; strictly speaking, u is thus not a rank estimator in the same sense asR
in the linear regression setup.
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Analogues of the above estimators and their asymptotic distribution theory
Ž .in linear regression and autoregression LRAR models appear in Jureckovaˇ ´

Ž . Ž . Ž . Ž .1971 , Huber 1981 , Bustos 1982 , Koul 1992 and Koul and Ossiander
Ž .1994 , among others. Asymptotically efficient estimators at various error
distributions can be obtained from these classes of estimators in these
models. Well-known examples of M-estimators are obtained by choosing
Ž . Ž < < . Ž . Ž < < . Ž . Ž .c x ' xI x F k q c sgn x I x ) k , k a constant, or c x ' sgn x ,

Ž . Ž .thereby giving the Huber k and the least absolute deviation LAD estima-
tors, respectively. A useful example of an R-estimator is obtained by choosing
Ž .w u ' u, thereby giving the Hodges]Lehmann type estimator which is

known to be asymptotically efficient at the logistic errors in LRAR models. An
Ž .interesting example of an M.D.-estimator is obtained upon taking G u ' u.

Ž . Ž .Koul 1992 and Koul and Ossiander 1994 observed that this estimator is
Ž .asymptotically more efficient than the Hodges]Lehmann type LAD estima-

Ž .tor in an LRAR model with double exponential logistic errors. It was also
ˆ� 4noted that a large class of estimators u are asymptotically more efficientmd

than the least squares estimator at heavy tail distributions in these models.
In view of these desirable properties, it is only natural to investigate the

large-sample distributions of the above three classes of estimators for the
Ž . Ž .class of models given in 1.1 and h1 . One of the goals of this paper is to do

precisely that. We shall now state additional assumptions and the results to
5 5 � < Ž . < 4that effect. In what follows, g [ sup g x ; x g R for any g: R to R;`

� 5 5 4 Ž . w Ž .xN [ t g V; t F b , 0 - b - `; o 1 O 1 stands for a sequence of r.v.’sb p p
Ž . n. nthat converges to 0 is bounded in probability under P , E stands foru u

expectation under P n ?, and all limits are taken as n ª `, unless specifiedu

otherwise. With u g V fixed throughout, consider the following assumptions.

Ž .F F has a uniformly continuous density f which is positive a.e.

y1 ˙ ˙ XŽ . Ž . Ž . Ž .h2 n Ý h u h u s S q o 1 , where S is a positive-definite matrix.i i i u p u

y1r2 ˙h3 n max h u s o 1 .Ž . Ž . Ž .i p
i

2y1 n y1r2˙ ˙h4 n E h u q n t y h u s o 1 , t g V .Ž . Ž . Ž . Ž .Ý u i i
i

y1r2 y1r2˙ ˙h5 n h u q n t y h u s O 1 , t g V .Ž . Ž . Ž . Ž .Ý i i p
i

Ž .h6 For every a ) 0, there exists a d ) 0 and an N - `, such that

n y1r2 y1r2 y1r2˙ ˙P sup n h u q n t y h u q n s F a G 1 y a ,Ž . Ž .Ýu i iž /
5 5tys Fd i

for all n ) N.
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�̇ Ž .4REMARK 1.1. If the underlying process and h are such that h u doesi
not depend on n and is stationary and ergodic, then the distribution of Y0

Ž . Ž .will depend on u and the following hold: conditions h2 and h3 are implied
by

2˙h 1 E h u - `,Ž . Ž .s u 1

Ž .while h4 is equal to

2y1r2˙ ˙h 2 E h u q n t y h u s o 1 , t g V ,Ž . Ž . Ž . Ž .s u 1 1

Ž .and assumption h5 is implied by

1r2 y1r2˙ ˙h 3 n E h u q n t y h u s O 1 , t g V ,Ž . Ž . Ž . Ž .s u 1 1

where E denotes the expectation under the stationary distribution.u

Ž .Tong 1990 contains various sufficient conditions for a nonlinear autore-
gression model to be stationary and ergodic. Some of these are discussed in

Ž . Ž .Section 2 for examples 1.3 and 1.4 mentioned above.

We shall now state a lemma which is basic to the proof of the asymptotic
uniform linearity of the above scores. Let

y1r2 ˙V y , t [ n h t I X y h t F y ,Ž . Ž . Ž .Ž .Ý i i i
i

y1r2 ˙ ˙ y1r2d t [ h u q n t y h u , h t [ h u q n t ,Ž . Ž . Ž . Ž . Ž .ni i i ni i

1 F i F n ,1.5Ž .
y1r2 ˙n y , t [ n h t F y q d t ,Ž . Ž . Ž .Ž .Ý ni ni

i

W y , t [ V y , u q ny1r2 t y n y , t , y g R, t g V .Ž . Ž .Ž .

Ž . Ž . Ž .LEMMA 1.1. Suppose 1.1 and h1 ] h6 hold. Then, for every y at which
F is continuous and for every 0 - b - `,

1.6 sup W y , t y W y , 0 s o 1 .Ž . Ž . Ž . Ž .p
tgNb

Ž .If, in addition, F holds, then, for every 0 - b - `,

1.7 sup W y , t y W y , 0 s o 1Ž . Ž . Ž . Ž .p

and

y1r2sup V y , u q n t y V y , u y S t f yŽ . Ž .Ž . u

y1r2 y1r2˙ ˙yn h u q n t y h u F y s o 1 ,Ž . Ž . Ž . Ž .Ý i i p
i

1.8Ž .

Ž . Ž . Ž .where the supremum in 1.7 and 1.8 is over y, t g R = N .b
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Ž . Ž . Ž . Ž . Ž .The result 1.8 directly follows from 1.7 and F . Proofs of 1.6 and 1.7
appear in Section 3, soon after Lemma 3.2. To state other results, we also
need

C [ c : R to R, nondecreasing right continuous,½
c dF s 0, c ` y c y` F 1 ,Ž . Ž .H 5

w xF [ w : 0, 1 to R, nondecreasing right continuous, w 1 y w 0 F 1 .� 4Ž . Ž .
We are now ready to state the asymptotic uniform linearity result of the
M-scores.

Ž . Ž . Ž . Ž .THEOREM 1.1. In addition to 1.1 , assume that F and h1 ] h6 hold.
Then, for every 0 - b - `,

y1r21.9 sup M u q n t y M u y S t f dc s o 1 .Ž . Ž . Ž . Ž .Hu p
cgC , tgNb

Ž . Ž . Ž .The result 1.9 follows from 1.8 , the fact that HF dc s c ` for all c g C
and that

y1r2 ˙ ˙M t y M s s n h t y h s c `Ž . Ž . Ž . Ž . Ž .Ý i i
i

y V y , t y V y , s dc y ,Ž . Ž . Ž .H
uniformly in t, s in V and c g C, with probability 1.

ˆŽ .To use 1.9 in establishing the asymptotic normality of u , one must firstM
1r2 ˆ5 Ž .5 Ž . 5 Ž .5 Ž .ensure that n u y u s O 1 . In view of the fact that M u s O 1 , aM p p

sufficient condition for this is as follows:

Ž . ŽB1 For every « ) 0, 0 - a - `, there exists an N and a k depending on«

.« and a such that

n y1r2P inf M u q n t G a G 1 y « , ; n ) N .Ž .u «ž /
5 5t )k

Ž . Ž .A condition that, in turn, implies B1 is given by M1 below.

COROLLARY 1.1. In addition to the assumptions of Theorem 1.1, assume
that Hf dc ) 0 and

Ž . Ž y1r2 . m 5 5M1 e9M u q n re is monotonic in r g R, ; e g R , e s 1, n G 1,
a.s.

Then, ; c g C,
y1

1r2 ˆ1.10 n u y u s dc S M u q o 1Ž . Ž . Ž .Ž . HM u p½ 5
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and

1.11 1r2 y1Ž . ˆn u y u « N 0, S n c , F ,Ž .Ž .Ž .M q u

Ž . 2 Ž .2where n c , F [ Hc dFr Hf dc .

1r2 ˆŽ . 5 Ž .5 Ž .REMARK 1.2. As mentioned above, M1 implies n u y u s O 1 .M p
Ž . Ž . Ž .This and 1.9 together then imply 1.10 in a routine fashion. The claim 1.11

Ž .follows from 1.10 and the CLT for martingales as given in Corollary 3.1 in
Ž .Hall and Heyde 1980 .

Ž .The assumption M1 is, for example, always satisfied by those models
Ž . Ž .where h of 1.1 or H of 1.2 is linear in parameters and nonlinear in the

Ž .remaining arguments. Tong 1990 contains numerous examples of these
types of nonlinear time series models. It is a useful condition when c is not

Ž .differentiable as is the case for the Huber k and the least absolute deviation
estimators.

�̇ 4If c is twice differentiable and h are differentiable and satisfy certaini
additional integrability conditions, then using standard arguments a la`

Ž . Ž .Cramer, one can verify B1 directly. See, for example, Tjøstheim 1986 in´
connection with the maximum likelihood and the least squares estimators in

Ž .nonlinear times series models of the type 1.2 . Obviously, this method does
not work if c is not differentiable.

The following corollary gives an analogue of Corollary 1.1 for the least
Ž .absolute deviation estimator under weaker conditions. Its proof uses 1.6 and

a routine argument.

Ž . Ž . Ž . Ž .COROLLARY 1.2. Assume 1.1 and h1 ] h6 hold. In addition, if M1
Ž . Ž .with c x ' sgn x holds and if the d. f. F has density f in an open neigh-

borhood of 0 such that f is positive and continuous at 0, then
1r2 ˆ y1 2Ž . Ž Ž ..n u y u « N 0, S r4 f 0 .lad u

To state analogous results for R- and M.D.-scores and estimators, we need
to define

y1 y1˙ ˙w [ n w ir n q 1 , h* u [ n h u ,Ž . Ž . Ž .Ž .Ý Ý i
i i

y1r2ˆ ˙ ˙Z u [ n h u y h* u I F « F u y u ,Ž . Ž . Ž . Ž .Ž .Ž .Ý i i
i

q u [ f Fy1 u , 0 F u F 1,Ž . Ž .Ž .
y1r2ˆ ˙ ˙S [ n h u y h* u w F « y w .Ž . Ž . Ž .Ž .Ž .Ý i i

i
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Ž . Ž . Ž . Ž . Ž .THEOREM 1.2. In addition to 1.1 , F , h1 and h3 ] h6 , assume that

y1 ˙ ˙ ˙ ˙h7 n h u y h* u h u y h* u 9 s G q o 1Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ý i i u p
i

for some positive-definite matrix G . Then, for every 0 - b - `,u

y1r2 ˆ1.12 sup Z u , u q n t y Z u y G t q u s o 1 ,Ž . Ž . Ž . Ž . Ž .u p
0FuF1, tgNb

y1r2 1r2˙sup S u q n t y n h* u wŽ . Ž .
wgF , tgNb1.13Ž .

ˆyS q G t f dw F s o 1Ž . Ž .Hu p

and

y1r2 ˆ1.14 sup K r q n t y K t s o 1 ,Ž . Ž . Ž .Ž . p
GgF , tgNb

ˆ 1 ˆ 2 qŽ . 5 Ž . Ž . 5 Ž .where K s [ H Z u q G q u s dG u , s g R .0 u

Ž . Ž . Ž .REMARK 1.3. Note that 1.14 follows from 1.12 trivially, while 1.13
˙Ž . Ž . Ž . Ž Ž . . Ž .follows from 1.12 and the fact that S t ' h* u w y HZ u n q 1 rn, t dw u .

Ž .The result 1.13 gives the asymptotic uniform linearity of the S-score, while
Ž .1.14 gives the asymptotic uniform quadraticity of the dispersion K. The

Ž . Ž .proof of 1.12 uses 1.7 in a crucial way and appears in Section 3.

Ž .COROLLARY 1.3. a In addition to the assumptions of Theorem 1.2, assume
that

Ž . Ž y1r2 . m 5 5S1 e9S u q n re is monotonic in r g R, e g R , e s 1, n G 1, a.s.,

and that

w1 w ' 0 for all sufficiently large n G 1.Ž .
Then

y1
1r2 ˆ ˆ1.15 n u y u s f dw F G S q o 1Ž . Ž . Ž .Ž . HR u p½ 5

and

1.16 1r2 y1Ž . ˆn u y u « N 0, G m w , F ,Ž .Ž .Ž .R q u

Ž . 2Ž . � Ž .42where m w, F [ Hw u dur Hf dw F .

Ž .COROLLARY 1.4. a In addition to the assumptions of Theorem 1.2, assume
Žw x .that, for some 0 - g g L 0, 1 , G ,2

Ž . 1 Ž y1r2 . Ž . Ž . mK1 H e9Z u, u q n re g u dG u is monotonic in r g R, ; e g R ,0
5 5e s 1, n G 1, a.s.



H. L. KOUL388

Then

1
y1

11r2 2 1r2ˆ ˆŽ . Ž . Ž . Ž . Ž . Ž .1.17 n u y u s q dG G n Z u q u dG u q o 1H Hmd u p½ 5
0 0

and

1r2 ˆ y11.18 n u y u « N 0, G m G , F ,Ž . Ž .Ž .Ž .md q u

where

2
1 1 1 2w xm G , F [ u n v y uv q u q v dG u dG v q dG .Ž . Ž . Ž . Ž . Ž .H H Hž /0 0 0

Ž . Ž . 1r2REMARK 1.4. Assumptions S1 and K1 ensure the n -consistency of
the R- and M.D.-estimators, respectively. They may be replaced by any other

Ž .assumptions that will imply an analogue of B1 for R- and M.D.-scores. In
Ž . Ž . Ž . Ž . Ž . Ž .any case, 1.13 and 1.14 together with S1 and K1 yield 1.15 and 1.17

Ž . Ž .in a routine fashion, while 1.16 and 1.18 follow from these results and the
Ž .CLT for martingales as given in Corollary 3.1 in Hall and Heyde 1980 . See,

Ž .for example, Koul 1992 , Sections 5.4 and 7.4, for the type of argument
needed.

Ž . Ž . Ž .Akin to M1 , conditions S1 and K1 are always satisfied by those models
Ž . Ž .where h of 1.1 or H of 1.2 is linear in parameters and nonlinear in the

remaining arguments. See Section 2 for illustrations.

Next, we shall give an asymptotic expansion of the sequential residual
empirical process. We, in fact, prove a somewhat general result of broader

� 4applicability from which this will follow. To that effect, let g , 1 F i F n beni
an array of r.v.’s, with g being FF -measurable and independent of « ,ni ni i

w x1 F i F n. Define, for y g R, t g V, u g 0, 1 ,

w xnu
y1r2T y , t, u [ n g I « F y q h t y h u ,Ž . Ž . Ž .Ž .Ýg ni i i i

is1

w xnu
y1r2T̃ y , t, u [ n g I « F y q h t y h uŽ . Ž . Ž .Ž .Ýg ni i i i

is1

1.19Ž .

yF y q h t y h u ,Ž . Ž .Ž .i i

w x Ž . Ž .where x ' the greatest integer in x. Write T y, t and so on for T y, t, 1g g
and so on. Also, all probability statements in the following theorem are

� 4understood to be under the joint distribution of Y , X , g , 1 F i F n . We0 i ni
have the following result.
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Ž . Ž . Ž . Ž . Ž .THEOREM 1.3. a In addition to 1.1 , F and h1 ] h3 , assume the
following:

1r2
y1 2g1 n g s g q o 1 , g a positive r .v.Ž . Ž .Ý ni pž /

i

y1r2 < <g2 n max g s o 1 .Ž . Ž .ni p
i

g3 ny1 Eg 2 s O 1 .Ž . Ž .Ý ni
i

˜� Ž . 4Then the process T y, u , y g R is eventually tight, and, for every 0 - b - `,g

y1r2˜ ˜1.20 sup T y , u q n t y T y , u s o 1Ž . Ž . Ž .Ž .g g p
y , t

and

y1r2 y1 ˙1.21 sup T y , u q n t y T y , u y t9n g h u f y s o 1 ,Ž . Ž . Ž . Ž . Ž .Ž . Ýg g ni i p
y , t i

Ž .where the supremum is over y, t g R = N .b
Ž . Ž . Ž . Ž . Ž .b In addition to 1.1 , F , h1 and h3 , assume that the following hold:

g4 ny1 Eg 4 s O 1 .Ž . Ž .Ý ni
i

2y1 4 ˙g5 n Eg h u s O 1 .Ž . Ž . Ž .Ý ni i
i

24 y1r2g6 Eg h u q n s y h u s O 1 , s g V .Ž . Ž . Ž . Ž .Ý ni i i
i

Then, for every 0 - b - `,

y1r2˜ ˜1.22 sup T y , u q n t, u y T y , u , u s o 1Ž . Ž . Ž .Ž .g g p
y , t , u

and

y1r2sup T y , u q n t, u y T y , u , uŽ .Ž .g g
y , t , u

1.23Ž .
w xnu

y1 ˙yt9n g h u f y s o 1 ,Ž . Ž . Ž .Ý ni i p
is1

Ž . w xwhere now the supremum is over y, t, u g R = N = 0, 1 .b
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A proof of the above theorem also appears in Section 3. Now let
w xnu

y1F y , t, u [ n I X y h t F y ,Ž . Ž .Ž .Ýn i i
is1

w xnu
y1n y , t, u [ n F y q h t y h u ,Ž . Ž . Ž .Ž .Ý i i

is1

1r2W y , t, u [ n F y , t, u y n y , t, u , y g R, t g V 0 F u F 1.Ž . Ž . Ž .n

Upon choosing g ' 1 in Theorem 1.3, one obtains an analogous result forni
F . Because of its importance we state it as a separate result, though at then

Ž . Ž .cost of some repetition. Note that in this case g1 ] g4 are trivially satisfied
Ž . Ž .while g5 and g6 are, respectively, equal to

2y1 n ˙h3* n E h u s O 1 ,Ž . Ž . Ž .Ý u i
i

2n y1r2h8 E h u q n s y h u s O 1 , s g V .Ž . Ž . Ž . Ž .Ý u i i p
i

We are now ready to state the following corollary.

Ž . Ž . Ž . Ž . Ž .COROLLARY 1.5. a Assume that 1.1 , F , h1 and h3 hold. Then,
; 0 - b - `,

y1r21.24 sup W y , u q n t y W y , u s o 1 .Ž . Ž . Ž .Ž . p
y , t

If, in addition,
y1 ˙h9 n h u s O 1 ,Ž . Ž . Ž .Ý i p

i

then, ; 0 - b - `,

1r2 y1r2sup n F y , u q n t y F y , uŽ .Ž .n n
y , t

y1 ˙yt9n h u f y s o 1 ,Ž . Ž . Ž .Ý i p
i

1.25Ž .

Ž . Ž .where the supremum here and in 1.24 is over y, t g R = N .b
Ž . Ž . Ž . Ž . Ž . Ž .b Assume that 1.1 , F , h1 , h3* and h8 hold. Then ; 0 - b - `,

y1r21.26 sup W y , u q n t, u y W y , u , u s o 1Ž . Ž . Ž .Ž . p
y , t , u

and

1r2 y1r2sup n F y , u q n t, u y F y , u , uŽ .Ž .n n
y , t , u

1.27Ž .
w xnu

y1 ˙yt9n h u f y s o 1 ,Ž . Ž . Ž .Ý i p
is1

Ž . w xwhere now the supremum is over y, t, u g R = N = 0, 1 .b
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Ž .From 1.25 we readily obtain the following corollary.

Ž . Ž . Ž . Ž . Ž .COROLLARY 1.6. In addition to 1.1 , F , h1 , h3 and h9 , assume that
ˆthere exists an estimator u such that

1r2 ˆ1.28 n u y u s O 1 .Ž . Ž .Ž . p

Then

1r2 ˆsup n F y , u y F y , uŽ .Ž .n n
ygR

1r2 y1ˆ ˙yn u y u 9n h u f y s o 1 .Ž . Ž . Ž .Ž . Ý i p
i

1.29Ž .

Perhaps it is worth mentioning that the underlying time series need not be
stationary for the validity of all of the above results. The next section
discusses some applications of these results to estimation, goodness-of-fit
testing and the change point problems in SETAR and EXPAR models. The
procedures discussed for the change point problem are similar to those

Ž .discussed in Bai 1994 for ARMA models.

Ž . Ž .2. Applications. In what follows, Hj and so on stand for hj and so on,
Ž . Ž . Ž q.with h replaced by H and 1.1 replaced by 1.2 . Also, F stands for

Ž .condition F , where now the density f is assumed to be positive everywhere.
This condition is needed to ensure the stationarity and ergodicity of the
processes considered here. To begin with, we shall focus on the:

( ) ( ) ( ) Ž . Ž .SETAR 2; 1, 1 model of 1.2 and 1.3 . Here u s u , u 9, H t ' t9W ,1 2 i i
q y ˙Ž . Ž . Ž . Ž . Ž .where W ' X , X 9. Hence, H t ' W , and H1 and H4 ] H6 arei iy1 iy1 i i

trivially satisfied. Moreover, with R denoting the rank of « y rny1r2e9Wi re i i
� y1r2 4among « y rn e9W , 1 F j F n ,j j

e9M u q ny1r2 re ' ny1r2 e9W c « y rny1r2e9W ,Ž . Ž .Ý i i i
i

e9S u q ny1r2 re ' ny1r2 e9W w R r n q 1 ,Ž . Ž .Ž .Ý i i re
i

1 y1r2 y1r2e9Z u , u q n re g u dG u ' yn e9 W y W t R rn ,Ž . Ž . Ž . Ž .Ž .ÝH i i re
0 i

Ž . u Ž .where t u ' H g dG. Consequently, c nondecreasing implies M1 , while0
Ž . Ž .S1 and K1 follow from w being nondecreasing and Theorem 2.7E, of Hajek´
Ž .1969 .

Ž .From Tong 1990 , page 130, and Chan, Petruccelli, Tong and Woolford
Ž . 2 Ž q. Ž .1985 , it follows that if E« - ` and F hold, then the SETAR 2; 1, 1

Ž . Ž . 2process specified at 1.2 and 1.3 is stationary and ergodic, and E X - `.u 0
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Ž . Ž . Ž .Hence, by the ergodic theorem, h2 , h3 and h7 hold with
2q q q yE X 0 Var X ym mŽ . Ž .u 0 u 0 0 0

S ' , G ' ,u u q y y2y ym m Var XŽ .0 0 u 00 E XŽ .u 0

q Ž q. y Ž y.where m [ E X , m [ E X . We summarize the above discussion in0 u 0 0 u 0
the following corollary.

Ž . Ž . Ž .COROLLARY 2.1. Assume that in the SETAR 2; 1, 1 model 1.2 and 1.3 ,
Ž q. 2F holds and that E« - `. Then the following hold:

1r2 ˆ y1n u y u « N 0, S n c , F for every c g C ,Ž .Ž .Ž .M 2 u

1r2 ˆ y1n u y u « N 0, G m w , F for every w g F ,Ž .Ž .Ž .R 2 u2.1Ž .
1r2 ˆ y1n u y u « N 0, G r G , F for every G g F .Ž .Ž .Ž .md 2 u

Since n , m and r functionals also appear in LRAR models, the above
statement about the efficiency comparisons also holds for the above

Ž .SETAR 2; 1, 1 model.
Next, consider the problem of testing the goodness-of-fit hypothesis H :0

F ' F against the alternatives H : F / F , where F is a known d.f. on R,0 1 0 0
Ž q.assumed to satisfy F . The Kolmogorov test would reject H for large0 0

1r2 ˆ ˆ ˆ ˆ5 5 Ž . Ž .values of D [ n F y F , where now F ? ' F ?, u , with u an estima-`n n 0 n n
Ž . Ž .tor of u satisfying 1.28 . Then from the above discussion and 1.29 we

readily obtain that
1r2 ˆD s W q n u y u 9m f q o 1 ,Ž .Ž .n 0 p`

Ž . 1r2w Ž . Ž .xwhere W ? ' n F ?, u y F ? }the empirical of the i.i.d. r.v.’s}and m [n 0
Ž q y.m , m 9.0 0

Ž . Ž .On the other hand, recall, say, from Koul 1992 , Section 7.2, that in AR p
5 5 Ž .models the analogous test satisfies D s W q o 1 , provided the mean of`n p

F is 0. Thus, unlike in the AR models, even if F has zero mean, the D -test0 0 n
Ž . Ž .is not asymptotically distribution free A.D.F. in general in the SETAR 2; 1, 1

model.
Next, let F , F be two d.f.’s with F / F . Consider the change point1 2 1 2

problem where one wishes to test HU : « , « , . . . , « are i.i.d. F, F not0 1 2 n
necessarily known, against the alternative H : « , « , . . . , « are i.i.d. F and1 1 2 j 1
« , « , . . . , « are i.i.d. F , for some 1 F j - n. To describe a test procedurejq1 jq2 n 2

ˆ � 4for this problem, let u be an estimator of u based on X ; 0 F i F n andi
ˆ ˆŽ .satisfying 1.28 . Also, let F , F denote the residual empiricals based onnu n1yu

ˆw x w x w xthe first nu residuals X y u9W , 1 F i F nu , and the last n y nu resid-i i
ˆ w x w xuals X y u9W , nu q 1 F i F n, respectively, u g 0, 1 . Thei i

Kolmogorov]Smirnov type test of this hypothesis is based on DD [n
< Ž . <sup DD y, u , wherey, u n

1r2 ˆ ˆw x w xDD y , u [ nu rn 1 y nu rn n F y y F y ,� 4Ž . Ž . Ž .Ž . Ž . � 4n nu n1yu

w xy g R, u g 0, 1 .
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Ž . Ž . Ž .Now, for the sake of brevity, write W y, u for W y, u, u of 1.23 . From
Ž . 2 U Ž q.1.27 , assuming that E« - ` and the common F of H satisfies F , we0
readily obtain that uniformly in y and u, under HU,0

w xnu
1r2 y1ˆDD y , u s 1 y u W y , u q n u y u 9n W f yŽ . Ž . Ž . Ž .Ž . Ýn i

is1

n
1r2 y1ˆy u W y , 1 y W y , u q n u y u 9n W f yŽ . Ž . Ž .Ž . Ý i

w xis1q nu

q o 1 .Ž .p

From the ergodic theorem it follows that, under HU,0

w xnu n
y1 y1sup n W y um ª 0, sup n W y 1 y u m ª 0, a.s.Ž .Ý Ýi i

u uis1 w xis1q nu

Hence, one readily obtains that, under HU,0

DD s sup W y , u y uW y , 1 q o 1 .Ž . Ž . Ž .n p
y , u

Ž . � < Ž . <Thus, it follows, from Bickel and Wichura 1971 , that DD « sup G s, u ,n
Ž . w x24 w x2s, u g 0, 1 , where G is a continuous Gaussian process on 0, 1 with

� Ž . Ž .4 Ž . Ž .Cov G s, u , G t, u s s n t y st ? u n v y uv . Consequently, the test
based on DD is A.D.F. for HU against H . Clearly, a similar conclusion can ben 0 1

U � Ž . w x4obtained for any other test of H based on DD y, u ; y g R, u g 0, 1 ,0 n
n G 1.

The results of the previous section are general enough to allow one to
Ž .obtain similar conclusions in the SETAR 2; p, p model where, for known

Ž .d, r , 1 F d F p, r g R,
p p

H u , Y s a X I X F r q b X I X ) r ,Ž . Ž . Ž .Ý Ýiy1 j iyj iyd j iyj iyd
js1 js1

Ž .with u [ a , a , . . . , a , b , b , . . . , b 9. This is a version of the model in1 2 p 1 2 p
Ž . Ž . � p < < p < <4 Ž q.Tong 1990 , 3.25 , page 107. Under max Ý a ,Ý b - 1, F andjs1 j js1 j 0

< <E « - `, this model is strictly stationary and geometrically ergodic.
( ) Ž .Next, consider the SETAR 2; 1, 1 q regression model obtained from 1.1

� 4upon choosing m s 3, p s 1 s q Z to be known constants andni
Ž . q y Ž .2h u, y, z s u y q u y q u z, y, z g R, u g 0, 1 = R. The observations1 2 3

are no longer stationary now, but Theorems 1.1 to 1.3 can still be applied.
˙ XŽ . Ž .Note that here h u ' W , Z 9. Supposei i ni

2q qX 0 X ZŽ .iy1 iy1 ni
X 2y1 y1 y y˙ ˙n h u h u s n s S q o 1 ,Ž . Ž . Ž .Ý Ý 0 X X ZŽ .i i u piy1 iy1 ni

i i q y 2X Z X Z Ziy1 ni iy1 ni ni

y1r2 < < y1r2 < <n max X s o 1 and n max Z s o 1 .Ž . Ž .iy1 p ni
i i



H. L. KOUL394

Ž . Ž . Ž . Ž . Ž .Then conditions h1 ] h9 are satisfied as are M1 , S1 and K1 so that all
Ž .the results of the previous section are applicable under F . It is perhaps

worth mentioning that even in this relatively simple model these results are
new.

( ) ( ) 2Next, consider the EXPAR model of 1.2 and 1.4 . Assume E« - `
Ž q. Ž .and F . Then it follows from Tong 1990 , page 130, that this model is

2 k Ž 2 .stationary and ergodic, and E X - `. Because x exp ya x is a smoothu 0
Ž . Ž .function of a with all derivatives bounded in x, for all k G 0, H 1 ] H 3 ,s s

Ž . Ž .H6 and H9 are easily verified here with

Xiy1

2˙ X exp yu XŽ .H u ' ,Ž . iy1 3 iy1i
3 2yu X exp yu XŽ .2 iy1 3 iy1

y1 ˙ ˙plim n H u s E H u s n , say.Ž . Ž .Ý i u 1
i

Ž .Moreover, by stationarity, the left-hand side of H8 is bounded above by

2 2 2 2 2 y1r2 28 s E X q E X exp yu X s exp y2 s n XŽ . Ž .½ 1 u 0 u 0 3 0 2 3 0

22 y1r2 2qu n 1 y exp ys n X� 4Ž . 52 3 0

2 2 2 2 2 2 4ª 8 s E X q E X exp yu X s q u s X s O 1 .Ž .� 4Ž .1 u 0 u 0 3 0 2 2 3 0

Thus, all asymptotic uniform linearity results of the previous section are
valid.

Consider, for example, the goodness-of-fit problem of testing H : F ' F0 0
ˆversus the alternatives H : F / F , where F is as above. Then, with D , u1 0 0 n

Ž .and f having the same meaning as in the SETAR example, from 1.29 we0
readily obtain that

1r2 ˆD s W q n u y u 9n f q o 1 .Ž .Ž .n 0 p`

Now, if additionally, F is such that the stationary distribution is symmetric0
around 0, then n s 0 and the D -test would be A.D.F., but not in general.n

Similarly, because of the fact

w xnu
y1 ˙ ˙sup n H u y E H u ª 0 a.s.,Ž . Ž .Ž .Ý i u 1

u is1

the conclusion obtained about the change point problem in the SETAR
example is also valid here with obvious modifications.

Now, consider the estimation of u when u is known. Then, using argu-3
Ž .ments similar to those in the above SETAR model, one can verify that M1 ,

Ž . Ž .S1 and K1 are also satisfied. Thus, here the asymptotic normality results
about M-, R- and M.D.-estimators of u and u are valid. For example, we1 2
have the following result.
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Ž . Ž .COROLLARY 2.2. Suppose that the EXPAR model 1.2 and 1.4 with a
2 Ž q.known u holds. In addition, suppose that E« - ` and F holds. Then the3

Ž .asymptotic normality conclusion of 2.1 hold here also with S su
˙ ˙ X XŽ . Ž .E H u H u , G s S y n n , whereu 11 11 u u 1 1

2 2X X exp yu XŽ .0 0 3 0
Ḣ u [ ,Ž .11 2 2 2 2X exp yu X X exp y2u XŽ . Ž .0 3 0 0 3 0

X0
n [ E .1 u 2X exp yu XŽ .0 3 0

Ž . Ž . Ž .Conditions M1 , S1 and K1 are not satisfied when estimating u . The3
difficulty in estimating u is similar to that of estimating a scale parameter.3
However, one can prove a Cramer type result for M-estimators when c is´

Ž . Ž .smooth. See Tjøstheim 1986 for the case c x ' x.

Ž . Ž .3. Proofs. An important tool needed for the proofs of 1.6 , 1.7 and
Ž . Ž .1.12 is a general result obtained in Koul and Ossiander 1994 . For the sake

Ž .of completeness, we restate it here. Let V, AA, P be a probability space. For
Ž .each integer n G 1, let h , j , g , 1 F i F n, be an array of trivariateni ni ni

Ž . � 4r.v.’s defined on V, AA such that h , 1 F i F n are i.i.d. r.v.’s with d.f. Fni
Ž . � 4and h is independent of g , j , 1 F i F n. Furthermore, let AA be anni ni ni ni

Ž .array of sub s-fields such that AA ; AA , 1 F i F n, n G 1; g , j is AA -ni niq1 n1 n1 n1
� Ž . 4measurable; the r.v.’s h , . . . , h ; g , j , 1 F i F j are AA -measurable,n1 n jy1 ni ni n j

2 F j F n; and h is independent of AA , 1 F j F n. Define, for an x g R,n j n j

n
y1V x [ n g I h F x q j ,Ž . Ž .Ýn ni ni ni

is1
n

U y1V x [ n g I h F x ,Ž . Ž .Ýn ni ni
is1

n
y1 <J x [ n E g I h F x q j AA� 4Ž . Ž .Ýn ni ni ni ni

is1

n
y1s n g F x q j ,Ž .Ý ni ni

is1

3.1Ž .

n
U y1J x [ n g F x ,Ž . Ž .Ýn ni

is1

U x [ n1r2 V x y J x ,Ž . Ž . Ž .Ž .n n n

UU x [ n1r2 V U x y JU x .Ž . Ž . Ž .Ž .n n n

The following lemma is obtained from Theorem 1.1 and Corollary 2.3 of Koul
Ž .and Ossiander 1994 .
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LEMMA 3.1. In addition to the above, assume that the following hold:
1r2n

y1 2A1 n g s g q o 1 , g a positive r .v.Ž . Ž .Ý ni pž /
is1

y1r2 < <A2 n max g s o 1 .Ž . Ž .ni p
1FiFn

< <A3 max j s o 1 .Ž . Ž .ni p
1FiFn

Then, for every y at which F is continuous,
U3.2 U y y U y s o 1 .Ž . Ž . Ž . Ž .n n p

Ž . � 4 � U4If, in addition, F holds, then the processes U and U are eventuallyn n
tight in the uniform metric and

5 U 53.3 U y U s o 1 .Ž . Ž .`n n p

Ž .Now recall the notation from 1.5 and let
y1r2 ˙ mŽ . Ž . Ž .w Ž . Ž .x3.4 W* y, t [ n h t I « F y y F y , y g R, t g R .Ý ni i

i

˙ ˙Let h , V , W and so on denote the jth component of h , V, W and so on,ni j j j ni
Ž .1 F i F n, 1 F j F m. Note that if in 3.1 we take

˙3.5 g ' h s , h ' « , j ' d s , AA ' FF ,Ž . Ž . Ž .ni ni j ni i ni ni ni ni

Ž . Ž . Ž . U Ž . Ž .then under 1.1 and h1 , U y and U y are, respectively, equal to W y, sn n j
U Ž . mand W y, 0 , for all y g R and s g R , 1 F j F m. We now state and provej

the following result.

Ž . Ž . Ž . Ž .LEMMA 3.2. Assume that 1.1 , F and h1 ] h6 hold. Then, ; 0 - b - `,

3.6 sup W y , t y W* y , t s o 1 .Ž . Ž . Ž . Ž .p
ygR , tgNb

Ž .PROOF. Fix a b g 0, ` . In this proof the indices i, t in sup and y ini, t
Ž .sup vary over 1 F i F n, t g N , y g R. Observe that by h1 , ; a ) 0,b

' n , 2 ; n ) n ,1 1

n y1r2 y1r2 y1r2˙P sup h u q n t y h u y n t9h u F ba nŽ . Ž . Ž .u i i iž /3.7Ž . i , t

G 1 y a .
Ž .Hence, from h3 , we readily obtain

3.8 sup d t s o 1 .Ž . Ž . Ž .ni p
i , t

Ž . Ž .This verifies A3 for the j of 3.5 .ni
y1 ˙2 1r2Ž . Ž . Ž Ž .. Ž .Next, by h2 and h4 , we readily obtain that n Ý h s s s u qi ni j j j

Ž . Ž .o 1 , s g V, 1 F j F m, where s u is the jth diagonal term of S , so thatp j j u

Ž . Ž .A1 is verified for the g of 3.5 for every s g V, 1 F j F m. Finally, becauseni
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for all s g V, 1 F j F m,

y1r2 y1r2 y1r2˙ ˙ ˙ ˙n max h s F n max h s y h u q n max h u ,Ž . Ž . Ž . Ž .ni j ni j i j i j
i i i

1r2
2y1r2 y1˙ ˙ ˙ ˙n max h s y h u F n h s y h u ,Ž . Ž . Ž . Ž .½ 5Ýni j i j ni j i jž /i i

Ž . Ž . Ž . Ž .A2 is implied by h3 and h4 for the g of 3.5 , for every s g V, 1 F j F m.ni
Ž .Hence 3.3 readily enables one to conclude that

3.9 sup W y , s y W* y , s s o 1 , s g V .Ž . Ž . Ž . Ž .p
y

Ž .To complete the proof of 3.6 , because of the compactness of N , it sufficesb
to show that ; a ) 0, ' d ) 0 and n - `, 2 ; s g N ,0 b

n3.10 P sup D y , t y D y , s ) a F a , n ) n ,Ž . Ž . Ž .u 0ž /
5 5ygR , tys Fd

Ž . Ž . Ž .where D y, t ' W y, t y W* y, t .
Ž . Ž Ž .. Ž Ž ..For the sake of brevity, let a y, t [ I « F y q d t y F y q d t ,i i ni ni

Ž . Ž .y g R, t g V, 1 F i F n, and write a y for a y, 0 . Theni i

y1r2 ˙ y1r2 ˙W y , t ' n h t a y , t , W* y , t ' n h t a yŽ . Ž . Ž . Ž . Ž . Ž .Ý Ýni i ni i
i i

and

y1r2 ˙ ˙D y , t y D y , s s n h t y h s a y , t y a yŽ . Ž . Ž . Ž . Ž . Ž .Ý ni ni i i
i

y1r2 ˙q n h s a y , t y a y , sŽ . Ž . Ž .Ý ni i i
i

s D y , s, t q D y , s, t , say, y g R, s, t g V .Ž . Ž .1 2

Ž . Ž .To prove 3.10 , it thus suffices to prove its analogue for D and D . But h61 2
< Ž . Ž . <obviously implies this for D because a y, t y a y F 1 for all i, y and t.1 i i
Ž .We proceed to prove an analogue of 3.10 for D . Let D denote the jth2 2 j

˙ q ˙y q yŽ . Ž . Ž .component of D . Write h s s h s y h s and D ' D y D ,2 ni j ni j ni j 2 j 2 j 2 j
" ˙ ˙"� Ž .4 � Ž .4where D correspond to the D with h s replaced by h s . Thus, by2 j 2 j ni j ni j

Ž . "the triangle inequality, it suffices to prove an analogue of 3.10 for D ,2 j
1 F j F m.

y1r2 ˙Ž 5 Ž .5 .Now fix an a ) 0, s g N and d ) 0. Let D [ n d h u q 2ba andb ni i

A [ sup d t y d s F D , 1 F i F n .Ž . Ž .n ni ni ni½ 5
5 5tgN , tys Fdb

Ž .From 3.7 , it follows that

3.11 P n A G 1 y a , n ) n .Ž . Ž .u n 1



H. L. KOUL398

Next, define, for y, a g R, 1 F j F m,
" y1r2 "˙DD y , s, a [ n h s I « F y q d s q aDŽ . Ž . Ž .Ž .Ý2 j ni j i ni ni

i

yF y q d s q aD .Ž .Ž .ni ni

Ž .By definition, d s q aD is FF -measurable, a g R, 1 F i F n. Moreover,ni ni ni
Ž . Ž .by h3 and 3.8 ,

max d s q aDŽ .ni ni
i

y1r2 ˙F max d s q max n d h u q 2baŽ . Ž .Ž .ni i
i i

3.12Ž .

s o 1 .Ž .p

Ž .The rest of the argument being the same as for 3.9 , one more application of
Ž . Ž . Ž .3.3 with j ' d s q aD , and the other entities as in 3.5 , yields thatni ni ni

" "3.13 sup DD y , s, a y DD y , s, 0 s o 1 , a g R, 1 F j F m.Ž . Ž . Ž . Ž .2 j 2 j p
y

˙"� Ž .4Now, using the nonnegativity of h s and the monotonicity of theni j
5 5indicator function and the d.f. F, we obtain, that on A , ; t g N , t y s F d ,n b

"D y , s, tŽ .2 j

" " " "F DD y , s, 1 y DD y , s, 0 q DD y , s, y1 y DD y , s, 0Ž . Ž . Ž . Ž .2 j 2 j 2 j 2 j

y1r2 "˙q n h s F y q d s q D y F y q d s y D .Ž . Ž . Ž .Ž . Ž .Ý ni j ni ni ni ni
i

Ž . q < <By F and the fact that x F x , x g R, the last term in this upper bound is
no larger than

y1 ˙ ˙5 52 f n h s d h u q 2ba ,Ž . Ž .Ý` Ž .ni j i
i

Ž . Ž .which, in view of h2 and h4 , can be made smaller than a with arbitrarily
large probability for sufficiently large n by the choice of d . This together with
Ž . Ž . Ž .3.11 and 3.13 completes the proof of an analogue of 3.10 for D , and2

Ž .hence of 3.6 . I

Ž . Ž . Ž . Ž .PROOF OF LEMMA 1.1. Rewrite W y, t y W y, 0 ' W y, t y W* y, t q
y1r2 ˙ ˙Ž . Ž . Ž . Ž . w Ž . Ž .x Ž .U y, t , where U y, t [ W* y, t y W y, 0 ' n Ý h t y h 0 a y .i ni ni i

Ž .Thus, in view of 3.6 , it suffices to prove

3.14 sup U y , t s o 1 .Ž . Ž . Ž .p
y , t

˙ ˙ qŽ . Ž .Fix a 1 F j F m and a t g N . Let g ' h t y h 0 . Write g s g yb ni ni j ni j ni ni
gy so that the jth component of U is rewritten as U ' Uq y Uy , whereni j j j

U " y , t s ny1r2 g "a y .Ž . Ž .Ýj ni i
i
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" Ž .Because g is FF -measurable, 1 F i F n, from h4 we obtainni ni

2" y1 "Var U y , t s n E g F y 1 y F yŽ . Ž . Ž .� 4 Ž .Ž . Ýj ni
i

F ny1 E g 2 s o 1 , y g R.Ž .� 4Ý ni
i

3.15Ž .

Next, fix an a ) 0, and let y` s y - y - ??? - y s ` be a partition of R0 1 r
w Ž . Ž .xsuch that F y y F y F a , i s 0, 1, . . . , r. Then, once again using thei iy1

monotonicity of the indicator and F, we obtain
" " y1r2 < <sup U y , t F 2 max U y , t q a n g .Ž . Ž . Ýj j k ni

0FkFry i

Ž . Ž .This, 3.15 , h5 and the arbitrariness of a enables one to conclude that

sup U y , t s o 1 , t g N .Ž . Ž .p b
y

To obtain the uniformity with respect to t, we need to show that an analogue
Ž . Ž . Ž .of 3.10 holds for U y, t -processes. But this is implied by h6 , because

y1r2 ˙ ˙U y , t y U y , s ' n h t y h s a y .Ž . Ž . Ž . Ž . Ž .Ý ni ni i
i

Ž . Ž .This completes the proof of 3.14 , and hence that of 1.7 of Lemma 1.1. The
Ž . Ž .proof of 1.6 uses 3.2 and is similar to the above proof. I

Ž . Ž .Our proof of 1.12 uses 1.7 and the tightness of the residual empirical
Ž .process in the uniform metric which follows from Theorem 1.3 a . Therefore,

we shall first prove Theorem 1.3. In the sequel all probability statements are
� 4understood to be under the joint distribution of Y , X , g , 1 F i F n when0 i ni

u is the true parameter.

Ž . Ž .PROOF OF THEOREM 1.3 a . The proof of Theorem 1.3 a follows from
Ž .Lemma 3.1 applied to g ' g , and the other entities as in 3.5 , and by anni ni

argument similar to the one used in the proof of Lemma 3.2. I

Ž .Our proof of Theorem 1.3 b is facilitated by the following two lemmas.
� 4 Ž . Ž .Recall the definitions of D from 3.11 and let u ' d s q aD , a g R,ni ni ni ni

5 5s F b.

Ž . Ž . Ž . Ž .LEMMA 3.3. Under F , h1 ] h3 and g1 , for some K - ` and for all
a ) 0,

y1r2lim sup P sup n g F y q u y F x q u F Ka s 1,Ž . Ž .Ý ni ni niž /
n x , y i

5 5a g R, s F b ,
� < Ž . Ž . < y1r2 4where the supremum is taken over the set x, y g R; F y y F x F n a .

� < Ž . Ž . < < Ž . Ž . <PROOF. Let u s max u , t [ sup f y y f x ; F y y F x Fn i ni n
y1r2 4 � < Ž . Ž . < < < 4 Ž . Ž . Ž .n a , v [ sup f z y f v ; z y v F u . From F and 3.12 , t s o 1 ,n n n
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Ž . Ž . Ž . Ž . y1r2 < <v s o 1 . Also, from h2 ] h4 and g1 , we obtain that n Ý g u sn p i ni ni
Ž .O 1 . Lemma 3.3 follows from these observations and the inequalityp

y1r2n g F y q u y F x q uŽ . Ž .Ý ni ni ni
i

y1r2 y1r2< < < <� 4F n g F y y F x q n g u t q 2v . IŽ . Ž .Ý Ýni ni ni n n
i i

� 4LEMMA 3.4. Let F be a continuous strictly increasing d. f., « be i.i.d. F,i
w 1r2 y1 x � 4a ) 0, n G 1, N [ N a and y be the partition of R such thatj

Ž . Ž .F y s jrN, 1 F j F N, y s y`, y s `. Then, under g4 ,j 0 Nq1

w xnu
y1r2 "Ž . Ž .3.16 sup n g I « F y y I « F y y 1rN s o 1 ,Ž .Ž . Ž .Ý ni i jq1 i j p

u , j is1

where the supremum is taken over 0 F u F 1, 0 F j F N q 1.

Ž . qPROOF. We shall give the proof of 3.16 only for the case of g , the otherni
� 4case being exactly similar. Let FF [ s-field « ; 1 F j F i . Fix a 0 F j F N q 1,i j

and let

i
qV [ g I « F y y I « F y y 1rN , S [ V , 1 F i F n.Ž .Ž . Ž . Ýi ni i jq1 i j ni k

ks1

� 4Note that SS , FF ; 1 F i F n is a mean-zero martingale. By Doob’s andni iy1
w Ž . xRosenthal’s inequalities Hall and Heyde 1980 , pages 15 and 23 ,

4y4< < � 4P max SS ) a F a E SS ,ž /ni nn
i

2
4 2 4<� 4E SS F C E E V FF q EV , for some C - `.Ž .Ý Ýnn i iy1 i½ 5

i i

q < <But, because g F g , for all i,ni ni

4 4 2 < 2 y1r2 2EV F Eg , E V FF F g 1rN F n g ar 1 y a ,Ž . Ž .Ž .Ý Ýi ni i iy1 ni ni
i i

1 F i F n ,
2

22 4<E E V FF F ar 1 y a Eg .� 4Ž .Ž .Ý Ýi iy1 ni
i i

Observe that these bounds do not depend on j. Therefore,

P l.h.s. of 3.16 ) aŽ .Ž .
< < 1r2 y2 4 y1r2F N max P max SS ) a n F C a n N Eg s O n ,Ž . Ž .Ýni niž /

j i i

Ž .where C a is a constant depending on C and a , and where the last equality
Ž . Ž .follows from g4 and the definition of N. This proves 3.16 . I
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Ž . Ž . Ž . Ž .PROOF OF THEOREM 1.3 b . Since 1.23 follows from F and 1.22 , it
Ž .suffices to give the proof of 1.22 .

Ž . q y qŽ . yŽ .PROOF OF 1.22 . Write g ' g y g , and V y, t, u and V y, t, u forni ni ni
Ž .the difference inside the absolute value in the l.h.s. of 1.22 with g replacedni

by gq and gy , respectively. By the triangle inequality, it suffices to proveni ni
Ž . q y " Ž . Ž .1.22 for V and V . Since both g and d t are FF -measurable, by F ,ni ni ni
Ž . Ž .g4 , 3.8 and the dominated convergence theorem, we obtain that,

Ž . w x; y, t, u g R = N = 0, 1 ,b

n
" y1 2Ž . � Ž .4 Ž .3.17 Var V y, t, u F n Eg F y q d t y F y s o 1 .Ž . Ž .Ž .Ý ni ni

is1

Ž .Now, fix an a ) 0, an s g N and d ) 0. Let A be as in 3.11 . Define, forb n
Ž . w xa g R, y, t, u g R = N = 0, 1 ,b

U " a, y , t, uŽ .
w xnu

y1r2 "[ n g I « F y q d t q aD y I « F yŽ . Ž .Ž .Ý ni i ni ni i
is1

yF y q d t q aD q F y .Ž . Ž .Ž .ni ni

Arguing as in the proof of Lemma 3.2, we obtain that on the set A , ; t g N ,n b
5 5t y s F d ,

"V y , t, uŽ .
" "F sup U 1, y , s, u q sup U y1, y , s, uŽ . Ž .

y , u y , u

w xnu
y1r2 "q sup n g F y q d s q D y F y q d s y D ,Ž . Ž .Ž . Ž .Ý ni ni ni ni ni

y , u is1

w xy g R, u g 0, 1 .

Ž .But by F , the last term in the above bound is at the most equal to

y1 y1˙5 5 < <2 f d n g h u q 2n g ba ,Ž .Ý Ý` ni i niž /
i i

Ž . Ž .which, in view of g4 and g5 , can be made arbitrarily small by the choice of
Ž .d , with probability tending to 1 as n ª `. Thus, to finish the proof of 1.22 , it

suffices, in view of the compactness of N , to show thatb

"3.18 sup U a, y , s, u s o 1 , a g R, s g N .Ž . Ž . Ž .p b
y , u
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� 4Now let N and y be as in Lemma 3.4. Then, once again using thej
monotonicity of the indicator function and F, we obtain

"sup U a, y , s, uŽ .
y , u

"F sup U a, y , s, uŽ .j
j, u

n
y1r2 < <q sup n g F y q u y F y q uŽ . Ž .Ý ni jq1 ni j ni

j is1

y1r2 < <q sup F y y F y n gŽ . Ž . Ýjq1 j ni
j i

w xnu
y1r2 "q sup n g I « F y y I « F y y 1rN .Ž .Ž . Ž .Ý ni i jq1 i j

j, u is1

Ž .The last term in this upper bound is o 1 , by Lemma 3.4. The third term ofp
Ž . y1 < <this upper bound is at the most ar 1 y a n Ý g , for all n, while, byi ni

Lemma 3.3, the second term is at the most Ka , for all sufficiently large n,
with probability tending to 1.

Now consider the first term. Let

"z [ g I « F y q u y I « F y y F y q u q F y ,Ž . Ž .Ž . Ž .ni ni i j ni i j j ni j

1 F i F n ,
k

S [ z , 1 F k F n.Ýnk ni
is1

"Ž . y1r2 �Then U a, y , s, krn ' n S . Also, observe that for each n, S , FF ;j nk nk nk
41 F k F n is a mean-zero martingale array. Hence, as in the proof of Lemma

3.4, by Doob’s and Rosenthal’s inequalities, we obtain

"P sup U a, y , s, u ) aŽ .jž /
j, u

" y2 4 4F N max P max U a, y , s, krn ) a F Nn max E S ra ,� 4Ž .j nnž /
j 1FkFn j

2
4 42 <� 4E S F C E E z FF q E z .Ž .Ž .Ý Ýnn ni ni ni½ 5

i i

Ž .Because u is FF -measurable, we obtain, from F , thatni ni

2 < 2 < < 5 5 2 < <E z FF F g F y q u y F y F f g u ,Ž . Ž .Ž . `ni ni ni j ni j ni ni

1 F i F n , 0 F j F N q 1, a.s.,
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and, using the definitions of u and D ,ni ni

2
2 <E E z FFŽ .Ý ni ni

i

2
2 25 5F f E g d s q aDŽ .Ý` ni ni ni

i

22 4 2 2 2 y1 4 ˙5 5F 2 f n Eg d s q 2 a d n Eg h uŽ . Ž .Ý Ý` ni ni ni i½
i i

2 y1 4q4 ba n EgŽ . Ý ni 5
i

< < < < Ž .4 Ž . Ž .for all 0 F j F N q 1. Also, because z F g , Ý E z s O n , by g4 .ni ni i ni
Ž . Ž .From g4 ] g6 and the definition of N, it thus follows that there exists an n*

5 5and a constant B, depending on f , s, a and a , but not on n, such that`

" y1 y1r2P sup U a, y , s, u ) a F BNn F B ar 1 y a n , n ) n*,� 4Ž . Ž .jž /
j, u

Ž .thereby completing the proof of 1.22 . I

Ž . Ž . Ž .PROOF OF 1.12 OF THEOREM 1.2. The proof of 1.12 uses 1.7 and
representations similar to the ones used in AR models as in Koul and

Ž . Ž .Ossiander 1992 , Section 3. Use Corollary 1.3 a above to obtain the tight-
ness of the residual empirical process as and when needed. I
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