
The Annals of Statistics
1996, Vol. 24, No. 1, 307]335

EMPIRICAL PROCESS OF RESIDUALS FOR
HIGH-DIMENSIONAL LINEAR MODELS1

BY ENNO MAMMEN

Ruprecht-Karls-Universitat Heidelberg¨
We give a stochastic expansion for the empirical distribution function

F̂ of residuals in a p-dimensional linear model. This expansion holds forn
ˆp increasing with n. It shows that, for high-dimensional linear models, Fn

ˆstrongly depends on the chosen estimator u of the parameter u of the
ˆlinear model. In particular, if one uses an ML-estimator u which isML

ˆmotivated by a wrongly specified error distribution function G, then F isn
biased toward G. For p2rn ª `, this bias effect is of larger order than the
stochastic fluctuations of the empirical process. Hence, the statistical
analysis may just reproduce the assumptions imposed.

1. Introduction. In many statistical applications the results of a statis-
tical analysis may be strongly influenced by the model assumptions imposed.
Sometimes this influence is only a trivial matter. However, there exist
examples where this effect is hidden in a more complex structure and may
not be noticed in a statistical analysis. This paper gives an example of the
latter case.

For high-dimensional linear models with i.i.d. errors, we consider the
problem of estimating the error distribution. We show that the empirical
distribution of residuals depends strongly on the used estimator for the
parameter of the linear model. In particular, if one uses an ML-estimator
based on the likelihood with incorrectly specified error distribution G, the
empirical distribution of residuals is shifted toward G. For high-dimensional
linear models this bias effect can be of larger order than the stochastic
fluctuations of the empirical distribution. In particular, then the true error
distribution may be rejected with high probability by goodness-of-fit tests.

These features are not apparent in an asymptotic analysis where the
dimension p of the linear model is fixed. For p fixed, the asymptotics of the
empirical process of residuals is well understood. A first asymptotic treat-

Ž .ment was given in Koul 1969 . General independent errors are treated in
Ž . Ž .Koul 1984 . An overview can be found in Koul 1992 . In this paper we use an

asymptotic approach where p may increase as the sample size n ª `. This
approach is appropriate for many applications in which p is not small
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compared with the number of observations. For high-dimensional linear
models this approach can offer explanations which cannot be obtained by
asymptotics for fixed dimension p. An asymptotic approach with fixed p is
misleading because the high dimensionality of the model gets lost asymptoti-
cally. Asymptotics with increasing p are also proposed for linear models in

Ž . Ž . Ž . ŽHuber 1981 , Shorack 1982 , Bickel and Freedman 1983 , Portnoy 1984,
. Ž . Ž .1985, 1986 , Welsh 1989 and Mammen 1989, 1993 and for log-linear

Ž . Ž . Ž .models in Haberman 1977a, b , Ehm 1986 , Portnoy 1988 and Sauermann
Ž .1989 . Consistency of bootstrap and asymptotic normality are studied in Mo
Ž .1991, 1992 for minimum contrast estimators of parameters with increasing

Ž .dimension. In Kreiss 1988, 1991 autoregressive processes of infinite order
are approximated by autoregressive processes with increasing order. There
too, asymptotic results are given for the empirical distribution of residuals in
this model.

Section 2 contains our results on empirical processes of residuals in
high-dimensional linear models. Some applications of these results are dis-
cussed in Section 3. In Section 5 it is shown that, under reasonable assump-
tions, M-estimators fulfil the conditions used in Section 2. This section has
been included because the asymptotic description of estimators in models
with increasing dimension is rather different from the case of fixed dimen-
sion. The proofs are given in Sections 4, 6 and 7.

2. Empirical distribution of residuals. In this paper we consider a
linear model

2.1 Y s X Tu q « , i s 1, . . . , n ,Ž . i i i

with i.i.d. errors « , . . . , « . The design variables X g R p are assumed to be1 n i
ˆnonrandom. We study how the empirical distribution function F of residualsn

TˆŽ .« s Y y X u , i s 1, . . . , n,î i i

n1
F̂ t s I « F tŽ . Ž .ˆÝn in is1

works as an estimator of the error distribution function F. In particular, we
ˆare interested in seeing how the asymptotic behaviour of F depends on then

ˆchoice of the estimator u of the parameter u .
ˆ ˆAn asymptotic description of F can be based on the comparison of F withn n

˜the empirical distribution function F of the error variablesn

n
y1F̃ t s n I « F t .Ž . Ž .Ýn i

is1

Ž . Ž . wThis has been done in Koul 1969, 1970, 1984, 1992 and Loynes 1980 see
Ž . xalso Shorack and Wellner 1986 , Section 4.6 . The comparison is based on the
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following expansions for t g R p:

n
1r2 y1 T ˜n n I Y y X t F t y F tŽ .Ž .Ý i i n

is1
n

y1r2 Ts n I « F t q X t y u y I « F tŽ . Ž .Ž .Ý i i i
is1

n
y1r2 Ts n F t q X t y u y F t q o 1Ž . Ž . Ž .Ž .Ý i P

is1

2.2Ž .

n
y1r2 Ts n f t X t y u q o 1 .Ž . Ž . Ž .Ý i P

is1

Ž .The main step consists in showing that 2.2 holds uniformly in t over
ˆw Ž . xcompact sets under the norming A1 , see below . The application of t s u

yields

n
y1r2 Tˆ ˜ ˆ'2.3 n F t y F t s n f t X u y u q o 1 .Ž . Ž . Ž . Ž . Ž .Ž .Ž . Ýn n i P

is1

Ž . 3 wThe expansion 2.3 even holds if p rn ª 0 under reasonable conditions
ˆ Ž .xon u , see Ioannides 1987 . However, in general, this expansion does not hold

2 Ž .unless p rn converges to 0. This has been shown in Portnoy 1986 , where
ˆ ˆthe finite-dimensional distribution of F was determined for M-estimators u .n

Ž .In particular, this implies that 2.2 does not hold uniformly for the case of
2 ˆp rn ª `. For the asymptotic treatment of F under this condition, a newn

mathematical approach is necessary.
ˆ 2In this paper we discuss the asymptotic behaviour of F for p rn ª `. Wen

ˆconsider estimators u admitting a linear approximation u q
Ž n T .y1 n Ž .Ý X X Ý X x « for some function x . Without loss of generality weis1 i i is1 i i
assume

n
TA1 X X s I .Ž . Ý i i p

is1

'Ž .Assumption A1 corresponds to the n -norming in the special case of a
'Ž .shift model p s 1, X ' 1r n . We assume the design to be roughly bal-i
Ž 5 5 2anced in the following sense note that the X ’s are the diagonal elementsi

5 5 .of the hat matrix, where denotes the Euclidean norm :

p25 5A2 sup X s O .Ž . i ž /n1FiFn

We allow p2rn to increase at the following rate:

p2
1r5A3 s o n .Ž . Ž .

n
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ˆFurthermore, we assume that the linear approximation of u has the
following accuracy:

2n p
û y u y X x « s OŽ . (Ý i i P ž /A4 nŽ . is1

holds for a function x with Ex « s 0.Ž .i

Ž . Ž .In view of A3 , condition A4 does not imply that the Euclidean norm
ˆbetween u and its linear approximation converges to 0. The following condi-

tion ensures that the expectations Y are estimated consistently.i

p 2Ž . 5 5 Ž .'A5 There exists a b s b g R with b s O p rn such thatn

p 3r2T Tˆsup X u y X u q b s O log n .Ž . Ž .(i i P ž /n1FiFn

ˆ Ž . Ž .The asymptotic bias of u is represented by b. Due to A2 and A3 ,
Ž .condition A5 implies the consistency of the linear fit, that is,
Tˆ T Tˆ T< < Ž . < Ž . <sup X u y X u s o 1 . Typically, sup X u y X u q b is of the1F iF n i i P 1F iF n i i

Ž .'order prn log n see Section 5 . We shortly motivate this order: In a ‘‘firstŽ .
ˆapproximation’’ u behaves like a p-dimensional Gaussian random variable

2Ž . Ž .with covariance Ex « I . Because of A2 one expects an ‘‘asymptotic’’1 p
Tˆ 'variance of order prn for X u . The additional factor log n is the price to bei

paid for the uniformity in i.
We use the following regularity conditions on x and the error density f.

Ž .A6 The error density f is twice differentiable with bounded second deriva-
tive and is strictly positive.

Ž . Ž Ž ..A7 The function x is differentiable with bounded derivative; E exp tx «1
< < Ž .exists for t small enough; Ex « s 0.1

We need one further condition describing how the exact location of the « ’si
ˆlying near a fixed point t interacts with the value of u .

Ž .A8 For a sequence k ª ` we define T as the finite grid T sn n, C n, C
y1 y1r2 w x y1 y1r2k n Z l yC, C . It is assumed that for all t g k n Z theren n

ˆ ˆŽ . Ž . Ž .exists a random variable u t with the following two properties: i u t
Ž . � < T <depends only on the random set I t s i: « y X b y ti i

2Ž . 4 Ž . w'G prn log n and the values of the « ’s with index i in I t b isŽ . i

Ž .x Ž .the asymptotic bias introduced in A5 ; ii for all C ) 0, it holds
T ˆ ˆ y1r2� < Ž Ž . . < 4 Ž .thatsup X u t y u : 1 F i F n, t g T s o n .i n, C P

ˆŽ .Condition A8 is our main key for starting the asymptotic expansion of F .n
ˆ ˆ ˆŽ . Ž .In the asymptotic treatment of F , property ii allows us to replace u by u tn

ˆ Ž . Ž .in the definition of F t . In the next step we condition on I t and on then
ˆŽ . Ž .values of « for i g I t . Then we use the fact that, conditionally, u t is fixedi

w Ž .xnow see i .
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Now we are ready to state our main result.

Ž . Ž .THEOREM 1. Assume A1 ] A8 . For the empirical distribution function of
ˆresiduals F , the following expansion holds:n

ˆ ˜'sup n F t y F t y D t s o 1 for every 0 - C - `.Ž . Ž . Ž . Ž .Ž .n n P
< <t FC

Here
Xn 1 f tŽ .y1r2 T y1r2 2ˆD t s f t n X u y u q pn f t x t q Ex « .Ž . Ž . Ž . Ž . Ž .Ž .Ý i 12 f tŽ .is1

ˆStatistical applications of the stochastic expansion of F given in thisn
theorem are discussed in the next section. Let us now briefly consider the
situation where a scale estimator s is used additionally. The stochasticˆ
nature of the errors may then be judged by the empirical distribution

ˆ y1 TˆŽ .function F of the standardized residuals s Y y X u , i s 1, . . . , n. TheˆS, n i i
ˆasymptotic behaviour of F is stated in the following corollary.S, n

Ž . Ž .COROLLARY 1. Assume A1 ] A8 . Furthermore, suppose that the scale
Ž y1r4.estimator s has the following accuracy: s y s s o n for a s ) 0. Thenˆ ˆ P

the following expansion holds for the empirical distribution function of stan-
ˆdardized residuals F :S, n

ˆ ˜'sup n F t y F s t y D s t s o 1 for every 0 - C - `,Ž . Ž . Ž . Ž .Ž .S , n n S P
< <t FC

Ž . Ž . Ž .Ž .where D u s D u q uf u s y s rs .ˆS

ˆ3. Discussion of the stochastic expansion of F . In this section wen
apply the result of the previous section to the case of u being estimated by an

ˆML-estimator u . For the error distribution function F we consider theML
following parametric families:

� X XFF s G: g rg s ycc for a c ) 0, where g s G is thec

4density corresponding to G .

In this model the ML-estimator is an M-estimator with M-function c :
n

T Tˆ ˆX c Y y X u y X u s 0.Ý ž /i i i i i ML
is1

ˆFrom the asymptotics with p fixed, one expects that u has a linearML
n Ž . Ž . Ž . XŽ .stochastic expansion Ý X x « with x t s c t rE c « . The validity ofis1 i i F i

this stochastic expansion will be studied in Section 5. We consider two cases:

Ž .Case 1. The model FF holds i.e., F g FF .c c

Ž .Case 2. The parametric model FF is misspecified i.e., F f FF .c c
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In the following discussion we will argue that, in high-dimensional models,
typically goodness-of-fit tests for models FF based on the empirical distribu-c

ˆ ˆtion of residuals F break down. A modification of F which works will ben n
Ž .proposed. Furthermore, we will show that under misspecification Case 2 the

ˆestimate F is strongly biased toward the parametric error model FF .n c

In the discussion of this section we assume that p2rn ª `. Furthermore,
5 y 1 n 5 Ž y 1r2 .for simplicity let us assume that n Ý X s o n . Thenis 1 i

y1 n T ˆ y1 y1r2Ž . Ž . w Ž .xn Ý X u y u s o pn because of A4 and, because n sis1 i P
Ž y1 .o pn , the stochastic fluctuations of the empirical distribution function of

ˆ ˆŽresiduals F are of smaller order than the bias see the expansion of F inn n
.Theorem 1 , that is,

X1 f tŽ .y1 2 y1F̂ t s F t q pn f t x t q E x « q o pn .Ž . Ž . Ž . Ž . Ž . Ž .n F 1 Pž /2 f tŽ .

Ž . wŽ X .XŽ .xCASE 1 F g FF . For regular densities f , one has E f rf « sc F
wŽ X .2Ž .xyE f rf « . Using this equality we obtain, from the formula of Theo-F

rem 1,

ˆ y1 y1F t s F t q pn d t q o pn ,Ž . Ž . Ž . Ž .n P

Ž . XŽ . � wŽ X .2Ž .x4where d t s yf t r 2 E f rf « . Typically, the distance betweenF
Ž . y1 Ž . Ž y1 .F t q pn d t and the model FF is of order O pn and not of orderc

Ž y1 .o pn . This difference will force most goodness-of-fit tests to reject the true
model FF with high probability.c

ŽHowever, this does not hold for the Gaussian errors where the ML-estima-
. Ž Ž .. Ž . Ž .tor is the least squares estimator . Note that F tr 1 q d s F t y d tw t q

Ž .o d , where F and w are the distribution function and density, respectively,
Ž . y1 Ž .of a standard normal law. For Gaussian F we obtain F t q pn d t s

1 y1 y1 ˆŽ Ž .. Ž .F tr 1 y pn q o pn , that is, in this case F is biased toward an2

normal distribution with smaller variance. For normal errors we can avoid
Ž y1 .y1r2this bias effect by using scaled residuals « 1 y pn . This modificationî

Ž .y1 n 2corresponds to the use of the unbiased variance estimator n y p Ý «̂is1 i
instead of the empirical variance ny1Ýn « 2.ˆis1 i

ˆFor other estimators of u we suggest the following modification of F :n

1 y1F̂ is the empirical distribution function of « q pn x « ,Ž .ˆ ˆMOD, n i i2

1 F i F n.

Typically, the function x is not known. For instance, in the case of
XŽ .M-estimators, E c « may be unknown. We suggest estimating this quan-F i

tity and substituting it, in the definition of x , by its estimate.
1 y1ˆ ˆ' < Ž . Ž Ž .. < Ž .It can be shown that sup n F t y F t y pn x t s o 1< t < F C MOD, n n P2

for any C ) 0. This proves the following corollary.
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Ž . Ž .COROLLARY 2. Assume A1 ] A8 . For the modified empirical distribution
ˆfunction of residuals F the following expansion holds:MOD, n

ˆ ˜'sup n F t y F t y D t s o 1 for every 0 - C - `,Ž . Ž . Ž . Ž .Ž .MOD, n n MOD P
< <t FC

where
Xn f tŽ .y1r2 T y1r2 2ˆD t s f t n X u y u q pn f t x t q Ex «Ž . Ž . Ž . Ž . Ž .Ž .ÝMOD i 1 f tŽ .is1

1
Xy1r2 2s D t q pn f t Ex « .Ž . Ž . Ž .12

In the case where F g FF and the ML-estimator is used, one obtainsc

Xf tŽ .
2x t q Ex « s 0,Ž . Ž .1 f tŽ .

y1r2 n Tˆ ˜ ˆ' Ž Ž . Ž .. Ž . Ž . Ž .which implies n F t y F t s n f t Ý X u y u q o 1 , thatMOD, n n is1 i P
ˆ wis, after such a modification of F we are back to the fixed p asymptotics seen

ˆŽ .x2.3 . Hence, we suggest basing goodness-of-fit tests on F .M O D , n

Ž .CASE 2 Model misspecification; F f FF . For i s 1 and i s 2, let Gc i
denote the element of FF whose density g fulfils gXrg s ycy1c for c sc i i i i 1
Ž 2 . Ž X. Ž 2 . Ž X .E c r 2 E c and c s E c r E c . We show that the empirical dis-F F 2 F F

ˆtribution function of residuals F is strongly biased toward G g FF . Further-n 1 c
ˆmore, F is biased toward G g FF . Again, we apply the formulas ofMOD, n 2 c

Ž . Ž . XŽ .Theorem 1 and Corollary 1 with x t s c t rE c « . This yieldsF 1
X X2E x « f t g tŽ . Ž . Ž .F 1 1y1 y1F̂ t s F t q pn f t y q o pn ,Ž . Ž . Ž . Ž .n P2 f t g tŽ . Ž .1

X Xf t g tŽ . Ž .2y1 2 y1F̂ t s F t q pn E x « f t y q o pn .Ž . Ž . Ž . Ž . Ž .MOD, n F 1 Pf t g tŽ . Ž .2

Now, for d small enough, under reasonable conditions on F and G , i s 1, 2,i
X Xf t g tŽ . Ž .i

sup F t q d f t y y G t - sup F t y G t .Ž . Ž . Ž . Ž . Ž .i if t g tŽ . Ž .t ti

This implies

ˆsup F t y G t - sup F t y G t ,Ž . Ž . Ž . Ž .n 1 1
t t

ˆsup F t y G t - sup F t y G t ,Ž . Ž . Ž . Ž .MOD, n 2 2
t t

for n large enough with probability tending to 1. The differences between the
ˆright- and left-hand sides of these inequalities are of order prn. Therefore, Fn

ˆand F are strongly biased toward the parametric error model. UnderMOD, n
Ž 2 .our assumptions p rn ª ` this bias effect is of a larger order than the
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ˆ ˆstochastic fluctuations of F and F . In particular, the least squaresn MOD, n
residuals tend to look more like normally distributed variables than they
should. This effect has also been called supernormality, and, heuristically, it
may also be explained by the fact that every residual is a sum of independent
variables. M-estimators with bounded c-function produce estimates of the
error distribution with heavy tails. Qualitatively, this effect follows from the
smaller influence of outlying observations Y on the value of the parametrici

ˆestimator u .c

The following simulations show this bias effect: 100 data sets of 50
13Ž .observations have been generated with a normal distribution F s N 0,1 4

1 3 1 3Ž . Ž .and with a normal mixture distribution F s N y , 1 q N , 1 . Inde-2 2 2 2 2

pendent standard normal pseudorandom variables have been chosen as
design variables X with p s 5. In all 100 runs of the simulation the samei j
design variables have been used. For both data sets, residuals have been

ˆ ˆcalculated using the least squares estimator u and the M-estimator u withLS c

Ž X . Ž .c s yf rf . Here f is the density of F . This provides four sets of 50002 2 2 2
residuals. Kernel density estimates using these four sets are plotted in
Figures 1]4. The bandwidth is 0.75. The kernel is the biweight function. In
each figure, plots of the densities of F and F have been added.1 2

We have used a bimodal F and we have plotted densities instead of2
distribution functions. This may help to interpret the figures. The plotted
kernel estimates are Monte Carlo estimates of the density of the expectation

Ž .of the empirical distribution of residuals based on 50 observations .
Figures 1 and 4 show that there is no strong bias effect if ML-estimates are

used, which correspond to the true model. However, under model misspecifi-
cation, strong bias effects appear. This is shown in Figures 2 and 3. In both
cases the kernel estimates lie between the true and the ‘‘assumed’’ densities,
that is, there are bias effects toward the assumed model. This is in accor-
dance with the theory presented above. Note also that there is no large
difference between the kernel estimates in Figures 2 and 3. This means that
the bias effect is so large here that it does not have a large effect when
interchanging the true and the assumed model.

4. Proof of Theorem 1. The main idea of the proof is as follows. For
ˆconsiderations on the value of F at a fixed point t, we subdivide the errorn

variables « into two groups:i

« : i f I t ‘‘error variables with values lying near to t ’’;� 4Ž .i

« : i g I t ‘‘error variables with values lying far away from t .’’� 4Ž .i

ˆ ˆw Ž . Ž . x Ž .The set I t is defined in assumption A8 . First, we replace u by u t in the
ˆ Ž . Ž .Ž .definition of F t . Because of assumption A8 ii this only leads to asymptot-n

ˆ Ž .ically negligible changes of F t .n
Ž̂ . Ž . �The random variable u t depends on I t and the second group « :i

Ž .4 Ž . � Ž .4i g I t only. In the next step we condition on I t and « : i g I t .i
Ž̂ .Conditionally, u t is fixed and nonrandom. Using exponential inequalities

ˆ Ž .we show that F t is asymptotically equivalent to its conditional expectation.n
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wFIG. 1. Density of the expectation of the empirical distribution of residuals short dashes, error
13 ˆŽ . x Ž .distribution F s N 0, , least squares estimator u , density of F solid line and density of1 LS 14

Ž .F long dashes .2

ˆ Ž .The conditional expectation of F t consists of a sum of smooth functionsn
Ž .instead of indicator functions . These functions can be treated by Taylor
expansions. A more technical summary of the proof can be found after

Ž .equation 4.5 .
Ž . �Note that A8 remains valid with k replaced by max k rr: r g N,n n

4 Ž .k rr F log n . This would make the grid T smaller. Thenn n, C

4.1 k s O log n .Ž . Ž .Ž .n

2Ž .'With g s prn log n and for a sequence l with l ª ` and l sŽ .n n n n
Ž Ž ..O log n , define the event A asn

2ng pnT ˆ ˆA s sup X u y u y b F , u y u y X x « F l ,Ž .Ž . (Ýn i i i n½ 2 n1FiFn is1

T y1 y1r2ˆ ˆsup X u t y u F l n .Ž .Ž .i n 51FiFn , tgTn , C
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wFIG. 2. Density of the expectation of the empirical distribution of residuals short dashes, error
13 XˆŽ . Ž .x Ž .distribution F s N 0, , M-estimator u with c s yf rf , density of F solid line and1 c 2 2 14

Ž .density of F long dashes .2

For l ª ` slowly enough, we obtainn

4.2 P A ª 1.Ž . Ž .n

Ž . TWe set t s t t s t q X b,i i i

T Tˆ ˆt q X u t y u , if X u t y u y b F g ,Ž . Ž .Ž . Ž .i i nˆ ˆt s t t sŽ .i i ½ t t , elsewhere,Ž .i

tys ty t s t t y g ,Ž . Ž .i i i n

tqs tq t s t t q g .Ž . Ž .i i i n

T ˆŽ . Ž Ž . .ˆNote that it holds on A for n large enough that t s t q X u t y u .n i i
ˆ ˜By the monotonicity of F and F , it is sufficient for the proof of the theoremn n

to show that

ˆ ˜'4.3 sup n F t y F t y D t s o 1 .Ž . Ž . Ž . Ž . Ž .Ž .n n P
tgTn , C
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wFIG. 3. Density of the expectation of the empirical distribution of residuals short dashes, error
1 3 1 3 ˆŽ . Ž . x Ž .distribution F s N y , 1 q N , 1 , least squares estimator u , density of F solid line ,2 LS 12 2 2 2

Ž .and density of F long dashes .2

ˆtr nŽ . Ž . Ž .ˆFor F t s 1rn Ý I « F t we obtain, on A ,n is1 i i n

trˆ ˆ'sup n F t y F tŽ . Ž .n n
tgTn , C

tr y1 y1r2 tr y1 y1r2ˆ ˆ'F sup n F t q l n y F t y l n .Ž . Ž .n n n n
tgTn , C

Because of

y1 y1r2 y1 y1r2˜ ˜' 'sup n F q D t q l n y n F q D t y l n s o 1 ,Ž .Ž . Ž .Ž . Ž .n n n n P
tgR

Ž .for 4.3 it suffices to prove

trˆ ˜'4.4 sup n F t y F t y D t s o 1 .Ž . Ž . Ž . Ž . Ž .Ž .n n P
tgTn , C

We set

trˆ ˜'n F t y F t y D t s S t q S t q S t ,Ž . Ž . Ž . Ž . Ž . Ž .Ž .n n 1 2 3
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wFIG. 4. Density of the expectation of the empirical distribution of residuals short dashes, error
1 3 1 3 XˆŽ . Ž . Ž .x Ždistribution F s N y , 1 q N , 1 , M-estimator u with c s yf rf , density of F solid2 c 2 2 12 2 2 2

. Ž .line and density of F long dashes .2

with
n

y1r2 y yS t s n I « F t y I « F t y F t y F t ,Ž . Ž . Ž .Ž . Ž .Ž .Ý1 i i i i
is1

n n D tŽ .niy1r2 y y1r2 yˆ ˆS t sn I « F t yI « F t yn F t yF t ,Ž . Ž . Ž .Ž . Ž .Ž .Ý Ý2 i i i i i iG tŽ .niis1 is1

Ž . Ž y q. Ž . Ž q. Ž y. Ž .where D t s I t - « F t and G t s F t y F t s ED t ,ni i i i ni i i ni

n D tŽ .niy1r2 y yˆS t s n F t y F t q F t y F t y D t .Ž . Ž . Ž .Ž . Ž .Ž .Ž .Ž .Ý3 i i iG tŽ .niis1

After these preliminaries let us briefly describe the following steps of the
proof. We will show

4.5 sup S t s o 1 for j s 1, 2, 3.Ž . Ž . Ž .j P
tgTn , C

Ž .This implies the theorem. The crucial step here is to show 4.5 for j s 2. For
Ž . Ž .this case we condition on I t and the values of « for i g I t . Then we usei
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ˆŽ . Ž . Ž .ˆassumption A8 , which says that, conditionally, u t and t is fixed. Usingi
Ž . Ž . Ž .ˆexponential inequalities, we obtain for i f I t that asymptotically I « F ti i

Ž y. Ž Ž .ˆy I « F t can be replaced by its conditional expectations F t yi i i
Ž y.. Ž . Ž .F t rG t . The proof of 4.5 for j s 3 is based on Taylor expansions ofi ni
Ž . Ž y.ˆF t y F t .i i

wIn the proofs, we make use of the Bernstein inequality repeatedly see
Ž . Ž .x < <Hoeffding 1963 or Pollard 1984 : For independent Z , . . . , Z with Z F M,1 n i

n Ž .EZ s 0 and Ý Var Z F g0 it holds thati is1 i

h 2

< <P Z q ??? qZ G h F 2 exp y .Ž .1 n ž /2V q 2 Mhr3

Ž .Step 1. Proof of 4.5 for j s 1. This can easily be seen by applying the
y1r2w Ž y. Ž . Ž Ž y. Ž ..xBernstein inequality with Z s n I « F t y I « F t y F t y F ti i i i i

wand the fact that the number aT is of polynomial order aT sn, C n, C
Ž Ž . 1r2 . Ž .xO log n n , see 4.1 . The quantity aT denotes the number of elementsn, C

of T .n, C
Ž .Step 2. Proof of 4.5 for j s 2. We obtain, for 0 - h F 1,

P sup S t G h F P S t G hŽ . Ž .Ž .Ý2 2ž /
tgT tgTn , C n , C

s E P S t G h I t , « for i g I t .Ž . Ž . Ž .Ž .Ý 2 i
tgTn , C

Ž . nNote that S t s Ý Z with2 js1 j

D tŽ .n jy1r2 y yˆ ˆZ s n I « F t y I « F t y F t y F t .Ž . Ž .Ž . Ž .ž /j j j j j j jG tŽ .n j

< < Ž . Ž .ˆBecause t y t F g for j s 1, . . . , n, we have Z s 0 for j g I t . For j f I tj j n j
w Ž . Ž .xthe conditional expectation of Z given I t and the values of « for i g I tj i

Ž .y1is zero and the conditional variance of Z is bounded by 4n . We apply thej
Ž .Bernstein inequality to the conditional probability with Z for j f I t . Thej

w Ž .x Ž . n Ž . X Ž .number of Z ’s j f I t is n y aI t s Ý D t . For C ) 2 sup f t ,j is1 ni t g R

this provides

P sup S t G hŽ .2ž /
tgTn , C

2h
F E 2 exp y q o 1Ž .Ý y1 y1r2ž /2n n y aI t r4 q n 2hr3Ž .Ž .tgTn , C

h 2

F 2 exp yÝ X y1r2ž /Cg r2 q n 2hr3ntgTn , C

q 2 P ny1 n y aI t G CXg q o 1Ž . Ž .Ž .Ž .n

n
Xy1s 2 P n D t G Cg q o 1 s o 1 .Ž . Ž . Ž .Ý Ý ni nž /

tgT is1n , C
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The latter equality follows from one further application of the Bernstein
Ž .inequality see also the proof in Step 1 .

Ž .Step 3. Proof of 4.5 for j s 3. We set

S t s S t q S t q S t ,Ž . Ž . Ž . Ž .3 31 32 33

where

n D t y G tŽ . Ž .ni niy1r2 yS t s n F t y F t ,Ž . Ž . Ž .Ž .Ý31 i iG tŽ .niis1
n

y1r2 TS t s n F t y F t y f t X b ,Ž . Ž . Ž . Ž . Ž .Ý32 i i
is1

n nD tŽ .niy1r2 y1r2 T ˆˆS t s n F t y F t y f t n X u y u y bŽ . Ž . Ž . Ž .Ž .Ž .Ý Ý33 i i iG tŽ .niis1 is1

X1 f tŽ .y1r2 2y f t pn x t q Ex « .Ž . Ž . Ž .i2 f tŽ .

We have to show that

4.6 sup S t s o 1 for j s 1, 2, 3.Ž . Ž . Ž .3 j P
tgTnC

ŽFor j s 1 this follows by application of the Bernstein inequality see also the
. Ž .y1Ž Ž . Ž y..remarks at the end of Step 2 . Note that G t F t y F t is bounded byni i i

Ž . Ž . n Ž .21. For j s 2, one uses a Taylor expansion of F t y F t and Ý t y t si is1 i
n Ž T .2 5 5 2 Ž 2 y1. Ž .Ý X b s b s O p n . It remains to show 4.6 for j s 3. This willis1 i

be done in the Steps 3a]3c.
Step 3a. Proof of

n D t 1Ž . 2ni Xy1r2 ˆ ˆ ˆsup n F t y F t y f t t y t y f t t y tŽ . Ž . Ž .Ž . Ž . Ž .Ý i i i i i i i iG t 2Ž .tgT niis1n , C

s o 1 .Ž .P

X ˆThis holds because, with t between t and t , this term is equal toi i i

n1 D tŽ . 3ni Y Xy1r2 ˆsup n f t t y tŽ . Ž .Ý i i i6 G tŽ .tgT niis1n , C

n1 D tŽ .niYy1r2 3F sup n g sup f t supŽ . Ýn6 G tŽ .tgT tgR tgT niis1n , C n , C

n n
y1r2 2s O n g sup D t y G t q sup G tŽ . Ž . Ž .Ž . Ý Ýn ni ni ni½ 5

tgT tgTis1 is1n , C n , C

s o g 2 q O n1r2g 3 .Ž . Ž .P n n
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For the proof of the latter inequality the Bernstein inequality can be used
again. Step 3a is now complete because n1r2g 3 ª 0 under our conditions.n

Step 3b. Proof of

n D tŽ .ni4.7Ž . y1r2 ˆsup n f t t y tŽ . Ž .Ý i i iG tŽ .tgT niis1n , C

n
y1r2 T y1r2ˆyf t n X u y u y b y pn f t x t s o 1 .Ž . Ž . Ž . Ž .Ž .Ý i P

is1

T ˆŽ Ž . . Ž .ˆSince the probability of t y t s X u t y u y b for 1 F i F n tends to 1,i i i
Ž .it sufficends to 1, it suffices for 4.7 to show

n
y1r2 T ˆ4.8 sup n f t y f t X u y u y b s o 1 ,Ž . Ž . Ž . Ž .Ž .Ž .Ý i i P

tgT is1n , C

n D tŽ .niy1r2 T ˆ ˆ4.9 sup n f t X u t y u s o 1 ,Ž . Ž . Ž . Ž .Ž .Ý Ž .i i PG tŽ .tgT niis1n , C

n D t y G tŽ . Ž .ni niy1r2 T ˆsup n f t X u y u y bŽ . Ž .Ž .Ý i iG tŽ .tgT niis1n , C
4.10Ž .

y1r2ypn f t x t s o 1 .Ž . Ž . Ž .P

Ž .For the proof of 4.8 note that

n
y1r2 T ˆn f t y f t X u y u y bŽ . Ž . Ž .Ž .Ý i i

is1

n n
y1r2 TF n f t y f t X X x «Ž . Ž . Ž .Ž .Ý Ýi i j j

is1 js1

n n
y1r2 ˆq n f t y f t X ? u y u y b y X x «Ž . Ž . Ž .Ž .Ý Ýi i j j

is1 js1

2n p
y1r2s O n f t y f t X 1 q ,Ž . Ž .Ž . (ÝP i i ž /nž /is1

Ž . Ž . Ž .where, in the latter equality, assumptions A1 , A4 and A7 have been
w Ž . Ž . T n Ž . Ž5 5.applied. Assumptions A1 and A7 imply c Ý X x « s O c forn js1 j j P n

p xsequences c of vectors in R .n
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However,
n n

y1r2 y1r2 Tn f t y f t X F sup n f t y f t X eŽ . Ž . Ž . Ž .Ž . Ž .Ý Ýi i i i
5 5e s1is1 is1

1r2n
2TF sup X e sup f t y f tŽ . Ž .Ž .Ý i i

5 5 1FiFne s1 is1

s sup f t y f t .Ž . Ž .i
1FiFn

Ž . < < < T < Ž 3r2 y1.Now claim 4.8 follows from sup t y t s X b s O p n and fromt g T i in , C

the assumption that f has a bounded derivative.
Ž .Claim 4.9 can be shown using

n D tŽ .niT y1r2 y1ˆ ˆsup X u t y u s o n and sup n s O 1 .Ž . Ž . Ž .Ž . Ýi P PG tŽ .tgT tgT niis1n , C n , C

Ž .To complete Step 3b, it remains to show 4.10 .
Ž .Proof of 4.10 . We remark first that

n D t y G tŽ . Ž .ni niy1r2sup n f tŽ .Ý iG tŽ .tgT niis1n , C
4.11Ž .

n
T ˆ= X u y u y b y X x « s o 1 .Ž . Ž .Ýi j j Pž /ž /js1

Ž . Ž . Ž .To prove 4.11 it suffices, in view of A3 and A4 , to show
n D t y G tŽ . Ž .ni niy1r2 1r4 y1r44.12 sup n f t X s o p n .Ž . Ž . Ž .Ý i i PG tŽ .tgT niis1n , C

Ž .For 4.12 one proves
y1r2n n D t y G tŽ . Ž .ni ni2 y1r2sup 1 q X n f t XŽ .Ý Ýi j i i jG tŽ .4.13 1FjFp , tgTŽ . niis1 is1n , C

y1r2y1r4 y1r4s o p n log n .Ž .Ž .P

This can be seen by application of the Bernstein inequality.
Ž . Ž .Claim 4.10 follows now from 4.11 and

D t y G tŽ . Ž .ni niy1r2 T4.14 sup n f t X X x « s o 1Ž . Ž . Ž . Ž .Ž .Ý i i j j PG tŽ .tgT nii/jn , C

and

n D t y G tŽ . Ž .ni ni 2y1r2 y1r25 5sup n f t X x « y pn f t x tŽ . Ž . Ž . Ž .Ý i i iG tŽ .4.15Ž . tgT niis1n , C

s o 1 .Ž .P
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Ž . Ž .It remains to show 4.14 and 4.15 .
Ž .Proof of 4.14 . Set

D t y G tŽ . Ž .ni niy1r2 TZ t s n f t X X x « .Ž . Ž . Ž .Ž .Ý i i j jG tŽ .nii/j

Ž .We apply now the following bound of Whittle 1960 . For quadratic forms
Z s Ý a j z with independent mean-zero random variablesi / 1 i j i j
j , . . . , j , z , . . . , z , it holds for k G 1 that1 n 1 n

kn
1rk 1rk2 k 3k 2 2 k 2 k'EZ F 2 C k C 2k a E j E z ,Ž . Ž . Ž . Ž .Ž . Ž .Ý i j i i

i , js1

k r2 'Ž . Ž . ŽŽ . . Ž .where C k s 2 r p G k q 1 r2 G is the gamma function . We apply
Ž .this inequality with k equal to the integer part of log n . For a constant b ,1

3k logŽn. logŽn.Ž . Ž .'Stirling’s formula provides 2 C k C 2k F b log n . Furthermore,Ž . 1
with some constants b and b we have2 3

n n n
2 2T T T T 5 5X X s X X X y X X X F X s p ,Ž .Ý Ý Ý Ýi j i j j i i i j

i/j is1 js1 js1

2 k
D t y G tŽ . Ž .ni ni logŽn. 1y2 logŽn.sup E F b g ,2 nž /G tŽ .tgT nin , C

Ž .2 k 2 log nlogŽn.Ex « F b log n .Ž . Ž .j 3

Ž . w < < Ž < <.xThe latter inequality follows from assumption A7 and x - exp x be-
cause

2 k2 k 2 k2k tx « 2kŽ .j2 kEx « F E F E exp tx « .Ž . Ž .Ž .j jž / ž /< < < <t 2k t

With the aid of these bounds we arrive at

Ž .log np Ž .2 k 3 log n 1y2 logŽn.EZ t F b b b log n gŽ . Ž .1 2 3 nž /n
1r2p Ž . Ž .log n 2ylog ns b b b log nŽ . Ž .1 2 3ž /n

s O nyd log logŽn. ,Ž .

Ž Ž . 1r2 . w Ž .xwith a constant d ) 0. Using this and aT s O log n n see 4.1 onen, C
Ž .can show 4.14 by means of the Tchebycheff inequality.
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Ž . Ž .Proof of 4.15 . Equation 4.15 follows from
n

2y1r2 5 54.16 sup n f t X x « s o 1 ,Ž . Ž . Ž . Ž .Ý i i i P
tgT is1n , C

n D tŽ .ni 2y1r2 5 54.17 sup n X f t x « y x t s o 1 ,Ž . Ž . Ž . Ž . Ž .Ž .Ý i i i i PG tŽ .tgT niis1n , C

n D t y G tŽ . Ž .ni ni 2y1r2 5 54.18 sup n X f t x t s o 1 ,Ž . Ž . Ž . Ž .Ý i i i PG tŽ .tgT niis1n , C

n
2y1r2 5 54.19 sup n X f t x t y f t x t s o 1 .Ž . Ž . Ž . Ž . Ž . Ž .Ý i i i

tgT is1n , C

Ž . Ž .Equations 4.16 ] 4.19 can be shown by methods similar to those used above.
The proof of the theorem is now completed by the following step.
Step 3c. Proof of

n D tŽ . 2ni X Xy1r2 y1r2 2ˆsup n f t t y t y pn f t Ex «Ž . Ž . Ž .Ž .Ý i i i iG tŽ .4.20Ž . tgT niis1n , C

s o 1 .Ž .P

n Ž .Set U s Ý X x « . We first showis1 i i

n D tŽ . 22ni Xy1r2 Tˆ4.21 sup n f t t y t y X U s o 1 .Ž . Ž . Ž .Ž . Ž .Ý i i i i PG tŽ .tgT niis1n , C

Ž . Ž . < XŽ . < Ž . Ž .By assumptions A5 and A8 and sup f t s O 1 , for 4.21 it suffices tot g R

show
n D tŽ . 2 2niy1r2 T Tsup n X V y X U s o 1 ,Ž .Ž . Ž .Ý i i PG tŽ .tgT niis1n , C

ˆ T 2 T 2 T TŽ . <Ž . Ž . < < Ž . < < Žwhere V s u t y u y b. Using X V y X U s X V y U X V qi i i i
. < 5r2 y3r2 Ž .U , the Cauchy]Schwarz inequality and p n s o 1 , this follows from

n 3r2D t pŽ . 2niy1r2 T4.22 sup n X V y U s oŽ . Ž .Ž .Ý i P ž /G t nŽ .tgT niis1n , C

and
n D tŽ . 2niy1r2 T y1r24.23 sup n X V q U s O pn .Ž . Ž . Ž .Ž .Ý i PG tŽ .tgT niis1n , C

Ž .Proof of 4.22 . A simple upper bound for the left-hand side is
ny1 2y1r2 Tinf G t n X V y U .Ž . Ž .Ž .Ýn , i i

tgT , 1FiFnn , C is1

Ž 3r2 . Ž .This bound is of the order o p rn because of A4 .P
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Ž . Ž . Ž .Proof of 4.23 . Claim 4.23 follows from 4.22 and

n D tŽ . 2niy1r2 T y1r24.24 sup n X U s O pn .Ž . Ž .Ž .Ý i PG tŽ .tgT niis1n , C

Ž . n Ž T .2 5 5 2 Ž .Claim 4.24 can be shown using Ý X U s U s O p andis1 i P

4.25 sup r t s o 1 ,Ž . Ž . Ž .P
tgTn , C

where

n D t y G tŽ . Ž . 2ni niy1r2 Tr t s n X U .Ž . Ž .Ý iG tŽ .niis1

Ž Ž .. Ž 3r2 y3r2 .A lengthy calculation gives sup Var r t s O p n andt g Tn , C

< Ž . < Ž . Ž Ž . 1r2 . Ž .sup Er t s o 1 . Because aT s O log n n this implies 4.25 .t g T n, Cn , C

We now show

n D tŽ . 2ni X Xy1r2 T y1r2 2sup n f t X U y pn f t Ex «Ž . Ž . Ž .Ž .Ý i 1G tŽ .4.26Ž . tgT niis1n , C

s o 1 .Ž .P

Ž .This completes the proof of 4.20 .
Ž . Ž .Proof of 4.26 . This follows from 4.25 and

2n
2y1r2 T y1r2 2E n X U y pn Ex « s o 1 . IŽ . Ž .Ž .Ý i 1

is1

5. M-estimators in high-dimensional linear models. In this section
we show that M-estimators fulfil the conditions of Section 2 under reasonable
assumptions. We start with the special case of the least squares estimator
ˆ Ž . Ž .u . We assume A1 , A2 and the following:LS

y28r5X 2 1r5A3 p rn s o n log n ;Ž . Ž .Ž .

Ž X. Ž Ž .. < <A4 « has a finite Laplace transform: E exp t« - ` for t small enough,i i
Ž .and E « s 0.i

The next theorem states that, under these assumptions, least squares
Žestimates fulfil the conditions of Theorem 1. In this case we have no

.asymptotic bias; b s 0.

Ž . Ž . Ž X. Ž X.THEOREM 2. Assume A1 , A2 , A3 and A4 . Then

T Tˆ< < '5.1 sup X u y X u s O prn log n .Ž . Ž .ž /i LS i P
1FiFn
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Furthermore, there exists a sequence k ª ` such thatn

T y1r2ˆ ˆsup X u t y u : 1 F i F n , t g T s o nŽ . Ž .Ž .½ 5i LS LS n , C P5.2Ž .
for every 0 - C - q`.

ˆ Ž .Here u t is defined asLS

2< < 'u q X « q X E « « y t - prn log n ;Ž . Ž .Ý Ýi i i i i
Ž . Ž .igI t ifI t

Ž .T and I t are defined as in Theorem 1; in particular, because b s 0, wen, C
2Ž . � < < Ž . 4'have I t s i: « y t G prn log n now.Ž .i

ˆNow we come to the case of arbitrary M-estimators u defined to be ac

solution of an M-equation
n

Tˆ5.3 X c Y y X u s 0.Ž . Ý ž /i i i c
is1

Ž . Ž .We now assume A1 , A2 and the following:

A3Y p2rn s o nydq1r14 for a d ) 0;Ž . Ž .

Ž Y .A4 c is a bounded function with three bounded derivatives and with
Ž Ž ..E c « s 0.i

The next theorem states that under these assumptions M-estimators fulfil
the conditions of Theorem 1.

Ž . Ž . Ž Y . Ž Y . Ž .THEOREM 3. Assume A1 , A2 , A3 and A4 . Set x x s
X ˆ pŽ . Ž . Ž .c x rEc « . Then there exist a solution u of 5.3 and a b s b g R1 c n

25 5 Ž .'fulfilling b s O p rn and

T Tˆ '5.4 sup X u y X u q b s O prn log n ,Ž . Ž . Ž .ž /i c i P
1FiFn

n
2ˆ '5.5 u y X x « s O p rn .Ž . Ž .Ý ž /c i i P

is1

Ž . y1 y1r25.6 Furthermore, there exists a k ª ` and, for all t g k n Z, theren n
ˆ TŽ . Ž . � < <exists a random variable u t that depends only on I t s i: « y X b y t Gc i i

2Ž . 4 Ž .' prn log n and « , i g I t , withŽ . i

T y1r2ˆ ˆsup X u t y u : 1 F i F n , t g T s o nŽ . Ž .½ 5ž /i c c n , C P

for every 0 - C - q`.

Ž .This generalizes a result of Portnoy 1986 , where the finite-dimensional
ˆ ˆdistribution of F was determined for M-estimators u under more restrictiven c

assumptions on the function c and the design vectors X , . . . , X .1 n
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Ž .6. Proof of Theorem 2. For the proof of 5.1 note first that
n

T TˆX u y u s X X « .Ž . Ýi LS i j j
js1

ŽŽ . Ž ..1r2Set r s nrp log n . For C ) 0 the Markov inequality gives

T ˆ 'P X u y u ) C prn log nŽ .Ž .ž /i LS

T ˆ 'F E exp r X u y u y C prn log nŽ .Ž .ž /i LS

n
yC TF n E exp r X X « .Ž .Ł ž /i j j

js1

TŽ . < Ž . < Ž . Ž .'Now, by A2 , sup r X X s O prn log n s o 1 . Hence, with aŽ .1F i, jF n i j
uniform constant CX, we obtain the following bound for the above expression:

n
2XyC 2 TF n 1 q Cr X XŽ .Ł i jž /

js1

n
2XyC 2 TF n exp Cr X XŽ .Ý i jž /

js1

F nyCqCX

.

With C chosen large enough, this and the corresponding inequality for lower
Ž .tail probabilities show 5.1 to hold.

Ž .For the proof of 5.2 note first that
n

T Tˆ ˆ < <X u t y u s X X « y E « « y t - g I « y t - g ,Ž . Ž . Ž .Ž . Ž .Ýi LS LS i j j j j n j n
js1

2Ž .'where, as in the latter proof, g s prn log n . The upper and lower tailsŽ .n
of the distribution of this expression can be bounded using the Bernstein

Ž . Ž . Ž 3 .inequality see Section 4 with M s O g prn , V s O g prn and h sn n
Ž . Ž .'O V log n . For the proof of 5.2 note that the supremum in

T ˆ ˆ� < Ž Ž . . < 4sup X u t y u : 1 F i F n, t g T is taken over an index set thati LS LS n, C
grows polynomially in n. I

Ž . Ž .7. Proof of Theorem 3. Claims 5.4 and 5.5 are immediate conse-
Ž . Ž .quences of results in Mammen 1989 . In particular, 5.4 follows from

Ž . Ž .Theorem 1 and Lemma 2 in Mammen 1989 . For the proof of 5.5 one can
ˆ ˆ wŽ . xuse the stochastic expansion u of u given in Mammen 1989 , Theorem 1 .1 c

Ž . Ž . Ž . < Ž . <It remains to show 5.6 . We choose u t for t g T with u t y t - gi n, C i i n
such that

T < <E c « y X b « y t - g s c u t .Ž .Ž .Ž .Ž .i i i i n i

2 TŽ . Ž .'As in the proof of Thn s prn log n and t s t t s t q X b.Ž . i i i
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ˆ Ž .We will show that for every t g T there exists a solution u t of then, C c

Ž .following equation which fulfils 5.6 :

T Tˆ ˆX c « y X u t y u q X c u t y X u t y u y b s 0.Ž . Ž . Ž .Ý Ýž / ž /i i i c i i i c
Ž . Ž .igI t ifI t

ˆŽ . Ž . Ž .To verify 5.6 we approximate u t by a variable t t given by an explicitˆc c

Ž .formula. The variable t t is defined asĉ

n
y1ˆ < <t t s u q A y X c « y c u t I « y t - gŽ . Ž .Ž . Ž .ˆ ˜ ˜Ž . Ž .Ýc c i i i i n

is1

n
X XT < <y X X c « y c u t I « y t - g X x « ,Ž . Ž .Ž . Ž .˜ ˜Ž . Ž .Ý i i i i i n k k

i , ks1

n T XŽ . Twhere A is the matrix A s Ý X X Ec « and « s « y X b. Note that˜ ˜is1 i i i i i i
« y t s « y t .ĩ i i

We show, for C ) 0,

7r2T 5r4 y5r4ˆ7.1 sup X u y t t s O p n log n ,Ž . Ž . Ž .ˆ Ž .ž /i c c P
1FiFn , tgTn , C

y1r2ˆ7.2 sup u t y t t s o p .Ž . Ž . Ž . Ž .ˆc c P
tgTn , C

5r4 y5r4Ž .7r2 Ž y1r2 . 5 5 Ž 1r2 y1r2 .Now p n log n s o n and sup X s O p n .1F iF n i
Ž . Ž . Ž .Consequently, 7.1 and 7.2 imply 5.6 .

˜ y1Ž .Proof of 7.1 . It suffices to show the following, with X s A X :j j

n
T˜ < <sup X X c « y c u t I « y t - gŽ .Ž . Ž .˜ ˜Ž .Ýj i i i i n

1FjFn , tgT is17.3Ž . n , C

7r25r4 y5r4s O p n log n ;Ž .Ž .P

n
T T˜sup X X X XŽ .Ýj i i k

1FjFn , tgT i , ks1n , C

X X< <= E c « « y t - g y c u tŽ .Ž . Ž .˜ ˜Ž .i i n i
7.4Ž .

< < < <= I « y t - g y E I « y t - g c «Ž .˜ ˜Ž . Ž .i n i n k

5r2 43r2 y3r2 5r2 y2s O p n log n q p n log n ;Ž . Ž .Ž .P

n
XT T˜ < <sup X X X X E c « « y t - gŽ .˜ ˜Ž .Ž .Ýj i i k i i n

1FjFn , tgT i , ks1n , C

X < <yc u t E I « y t - g c «Ž . Ž .Ž . ˜Ž .i i n k
7.5Ž .

9r23r2 y3r2s O p n log n ;Ž .Ž .P
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n
X XT T˜ < <sup X X X X c « y E c « « y t - gŽ . Ž .˜ ˜ ˜Ž .Ž .Ýj i i k i i i n

1FjFn , tgT i , ks1n , C

= < <I « y t - g c «Ž .˜Ž .i n k
7.6Ž .

5r2 43r2 y3r2 5r2 y2s O p n log n q p n log n .Ž . Ž .Ž .P

Ž . Ž .Claims 7.3 and 7.5 can be proved by application of the Bernstein
Ž . Ž .inequality. For upper estimates of the quadratic forms in 7.4 and 7.6 , one

Ž . Ž .can proceed as in the proof of 3.16 in Mammen 1989 : one applies the
Markov inequality and uses the bounds for the Laplace transform of quadratic

Ž .forms given in Mammen 1989 .
Ž .Proof of 7.2 . Set

T w x T w xG t s X c « y X t y u q X c u t y X t y u y b .Ž . Ž .Ž . Ž .Ý Ýt i i i i i i
Ž . Ž .igI t ifI t

ˆ Ž . Ž . Ž . Ž . Ž .Then u t is a solution of G t s 0. We give 7.7 ] 7.9 see below . Equationc t
Ž . 5 Ž Ž ..5 Ž y1r2 . Ž .7.7 implies that G t t s o p . Equation 7.8 shows that theˆt c P

X Ž Ž .. Ž .matrix G t t is nondegenerate. Furthermore, in 7.9 we give bounds forˆt c
YŽ . Ž .the norm of the trilinear form G u in a neighborhood of t t . Theˆt c

Ž .Newton]Kantorowitsch theorem see below implies that under these condi-
ˆ Ž . Ž . Ž .tions there exists a solution u t of G t s 0 fulfilling 7.2 ;c t

Tsup X c « y X t t y uŽ .ˆŽ .Ý i i i c
tgT Ž .igI tn , C

Tq X c u t y X t t y u y bŽ . Ž .ˆŽ .Ý i i i c
Ž .ifI t

7.7Ž .

s o py1r2 ,Ž .P

XT Tsup X X c « y X t t y uŽ .ˆŽ .Ý i i i i c
tgT Ž .igI tn , C

X XT Tq X X c u t y X t t y u y b y I Ec «Ž . Ž . Ž .ˆŽ .Ý i i i i c p 1
Ž .ifI t

7.8Ž .

s o 1Ž .P

and

YT T T T w xsup X e X f X g c « y X t y u˜Ž . Ž . Ž . Ž .Ý i i i i i
t , t , e , f , g Ž .˜ igI t

YT T T T w xq X e X f X g c u t y X t y uŽ . ˜Ž . Ž . Ž . Ž .Ý i i i i i
Ž .ifI t

7.9Ž .

s o 1 ; d ) 0.Ž .P

Ž . 5 Ž .5The supremum in 7.9 runs over all t in T , over all t with t y t t F d˜ ˜ ˆn, C c

5 5 5 5 5 5and over all vectors e, f and g with unit norm e s 1, f s 1 and g s 1.
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We now cite a version of the Newton]Kantorowitsch theorem that will be
w Ž .xused here Kantorowitsch and Akilow 1964 .

NEWTON]KANTOROWITSCH THEOREM. For a point x g R p and a constant0
r ) 0, assume that a function G: R p ª R p has two continuous derivatives for

5 5 Ž XŽ ..y1x with x y x F r. Furthermore, assume that G s G x exists and that0 0
5 Ž .5for some constants l, h ) 0 the following inequalities hold: GG x F h,0

Y 1 '5 Ž .5 5 5 wŽ . xGG x F l for x y x F r, h s l ? h F , r s 1 y 1 y 2h rh h F r.0 02
Ž . U 5 U 5Then the equation G x s 0 has a solution x with x y x F r .0 0

This theorem will be applied with G s G , for t g T . Equationst n, C
Ž . Ž .7.7 ] 7.9 show that the assumptions are fulfilled with r, l and h indepen-

Ž .dent of t g T . This proves 7.3 .n, C
Ž . Ž . Ž .Now we come to the proof of 7.7 ] 7.9 . Claim 7.9 can be shown using the

Cauchy]Schwarz inequality and the assumption that c Y is bounded. For the
Ž . Ž .proof of 7.7 and 7.8 we use the following two lemmas.

LEMMA 1. For every triangular area of independent random variables
< <10Z , . . . , Z with sup E Z - q` and EZ s 0, one hasn, 1 n, n 1F iF n, nG1 n, i n, i

n
T 3r5 y1r2l X X Z s O p n ,Ž .Ýamax i i n , i Pž /

is1

Ž .where l B denotes the maximal absolute eigenvalue of a matrix B.amax

LEMMA 2. For t g T we consider triangular areas of random variablesn, C
Ž . Ž .Z t , . . . , Z t that are uniformly bounded, that is,n, 1 n, n

sup Z t - q` a.s. .Ž . Ž .n , i
1FiFn , nG1, tgTn , C

Ž . n T Ž < <For t g T we define the matrix B s B t s Ý X X I « y t -˜n, C n is1 i i i
. Ž .g Z t . Then, for every « ) 0, it holds thatn n, i

sup l B s O p5r8ny1r2 n« .Ž . Ž .amax P
tgTn , C

PROOF OF LEMMA 1. It suffices to show

E trace D10 s O p6 ny5 ,Ž . Ž .
where D s Ýn X X TZ . This follows from the evaluation ofis1 i i n, i

n
10 T T TE trace D s E X X X X ??? X X Z ??? Z . IŽ . Ý Ž . Ž . Ž .i i i i i i n , i n , i1 2 2 3 10 1 1 10

i , . . . , i s11 10

PROOF OF LEMMA 2. It holds that
n

T T T< < < <sup e Be F sup Z t sup e X X I « y t - g e ,Ž . ˜Ž .Ýn , i i i i nž /e, t 1FiFn , nG1, tgT e , t is1n , C
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where the supremum sup runs over all vectors e in R p with unit norme, t
5 5e s 1 and all t in T . Therefore, without loss of generality, we can assumen, C
that Z ' 1, for 1 F i F n, n G 1.n, i

For every even integer J and for every t g T we shown, C

J2J 5r8 y1r27.10 E trace B s O log n p n p ,Ž . Ž . Ž .ž /
n T Ž < < .where B s Ý X X I , I s I « y t - g . With J large enough this im-˜is1 i i i i i n

plies the statement of Lemma 2 because the number of elements of T hasn, C
polynomial growth. I

Ž .Proof of 7.10 . It holds that

trace B J s X T X X T X ??? X T X I ??? I .Ž . Ý Ž . Ž . Ž .i i i i i i i i1 2 2 3 J 1 1 J
i , . . . , i1 J

� 4 JNow we divide the summation region 1, . . . , n into pairwise disjoint
regions I such that every region I is defined by specifying for each pair j / jX

Ž .X Xif i s i holds for all i s i , . . . , i in I or if i / i holds for all i in I.j j 1 J j j
Ž .Consider now such a region I of i s i , . . . , i . Denote the number of1 J
� 4different indices in I by R, that is, R s a i , . . . , i for i g I. We denote the1 J
� 4 � 4different indices by k , . . . , k , that is, k , . . . , k s i , . . . , i . To every1 R 1 R 1 J

Žregion I one can associate a pseudograph GG with R nodes and J edges. InI
contrast to a graph, a pseudograph may contain loops or pairs of vertices
connected by more than one eresponds to an index k . There exists an edger

Ž . Ž . Ž . Ž .from node k to node k if k , k s i , i or k , k s i , i for a jr s r s j jq1 s r j jq1
Ž . w Ž .with 0 F j F J y 1 where we set i s i . Indices i , i with i s i0 J j jq1 j jq1

xwould correspond to a loop. The pseudographs are connected. First we treat
only sets I with pseudographs GG fulfilling the following:I

For each node there exist at least four edges arriving7.11Ž .
from another node.

Ž . Ž .Clearly, 7.11 implies R F Jr2. We choose now a cycle a closed path pp
which pays exactly one visit to every node in GG . The Cauchy]SchwarzI
inequality provides

X X X T X ??? X T X F S1r2S1r2 ,Ž .Ý Ž . Ž .i i i i i i 1 21 2 2 3 J 1
igI

where

2 2
T TS s X X and S s X X ,Ý Ł Ý Łž / ž /1 i i 2 i ijy1 j jy1 j

Ž . Ž .i , i gpp i , i fppigI igIjy1 j jy1 j

and where the notation i s i was used again. Using Ýn X X T s I,0 J is1 i i
n 5 5 2 < T < Ž . X

XÝ X s p and X X s O prn , for 1 F i, i F n, iteratively one canis1 i i i
show

RS s O p prn .Ž .Ž .1
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For an estimate of S note first that, after removing the edges of pp, the2
pseudograph may divide into L components with R , . . . , R nodes, where1 L
R q ??? qR s R. Because of R G 2, for 1 F m F L, it holds that L F Rr2.1 L m
By similar calculations as for S , we obtain1

L
Ž . R 2 Jy3 R2 Jy2 R R r2mS s O prn p prn s O prn p .Ž . Ž . Ž .Ž . Ž .Ł2 ž /ms1

These bounds give
JyRT T T 1qR r4X X X X ??? X X s O prn pŽ .Ž .Ý Ž . Ž . Ž .i i i i i i1 2 2 3 J 1

igI7.12Ž .
JyR 1qJr8s O prn p .Ž .Ž .

Ž .A simple calculation shows that equation 7.12 holds also for the case of
Ž .R s 1. Now we consider sets not fulfilling 7.11 . Then there exists a node

that is connected with other nodes by only two edges. This means that there
Ž . Ž . Ž . Ž .exist integers j 1 and j 2 with j 1 F j 2 such that we obtain for all i in I

Ž . Ž .that i s i if and only if j 1 F j F j 2 . For an i in I, considerj jŽ1.

Ž . Ž .j 2 yj 1 q1T TX X X XŽ .Ý r r r r
Ž .rfR i

Ž . Ž .j 2 yj 1Ž . Ž .j 2 yj 1 T Ts prn G y X X X X ,Ž . Ž .Ýn r r r r
Ž .rgR i

7.13Ž .

Ž . Ž . � 4where R i is the set R i s i , . . . , i , i , . . . , i ; G is a matrix with1 jŽ1.y1 jŽ2.q1 J n
uniformly absolutely bounded eigenvalues. Without loss of generality, one can

Ž .suppose G s I . Formula 7.13 can be plugged into S sn p
Ž T .Ž T . Ž T .Ý X X X X ??? X X repeatedly. Each application replaces S by aig I i i i i i i1 2 2 3 J 1

w Ž .xsum of 1 q aR i terms S that are of the same type as S. The first termNEW
Ž . jŽ2.y jŽ1.is multiplied by a factor F s prn . For the first term the old quanti-

Ž Ž . Ž . .ties J and R are replaced by J s J y j 2 y j 1 q 1 and R sNEW OLD NEW
Ž .JNE WyR NE W Ž .JOL DyR OL DR y 1. Note that F prn s prn . For the other termsOLD

Ž .JNE WyR NE Wwe obtain J s J and R s R y 1, that is, prn -NEW OLD NEW OLD
Ž .JOL DyR OL D Ž .prn . After repeated use of 7.13 we arrive at terms S fulfill-NEW

Ž .ing 7.11 or R s 1. This shows for S s S , J s J and R s RNEW OLD OLD OLD
Ž .that because of R F Jr2NEW

JyRT T T 1qR r4NE WX X X X ??? X X s O prn pŽ .Ž .Ý Ž . Ž . Ž .i i i i i i1 2 2 3 J 1
igI

JyR 1qJr8s O prn p .Ž .Ž .
Ž .JyR R ŽŽ .2 JŽ .Jr2 .Now the application of prn g s O log n prn , for 1 F R F J,n

Ž .yields 7.10 .
Ž . Ž .Next we prove 7.7 and 7.8 .

Ž . Ž < Ž . < < T w Ž . x <. Ž .Proof of 7.8 . Because sup u t y « , X t t y u s o 1ˆ1F iF n, t g T i i i c Pn , C

Ž . 5 n T Ž XŽ . XŽ ..5 Ž .and A1 , it suffices to show Ý X X c « y Ec « s o 1 . This fol-is1 i i i i P
lows from Lemmis follows from Lemma 1.
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Ž . Ž .Proof of 7.7 . The left-hand side of 7.7 is the norm of the following
expression:

T TX c « y X t t y u q X c u t y X t t y u y bŽ . Ž . Ž .ˆ ˆŽ . Ž .Ý Ýi i i c i i i c
Ž . Ž .igI t ifI t

n
T T ˆs X c « y X t t y u y c « y X u y uŽ .ˆŽ .Ý ž /i i i c i i c

is1

Tq X c u t y X t t y u y bŽ . Ž .ˆŽ .Ý i i i c
Ž .ifI t

Tyc « y X t t y uŽ .ˆŽ .i i c

s V t q ??? qV t ,Ž . Ž .1 9

where
n

XT ˆV t s X X Ec « u y t t ,Ž . Ž .Ž .˜ ˆÝ1 i i i c c
is1

n
X XT ˆV t s X X c « y Ec « u y t t ,Ž . Ž .Ž . Ž .˜ ˜ ˆÝ2 i i i i c c

is1
n

X XT T ˆ ˆV t s X X c « y X u y u y c « u y t t ,Ž . Ž .Ž .˜ ˆÝ ž /3 i i i i c i c c
is1

n 2
Y U T ˆV t s X c « X u y t t ,Ž . Ž . Ž .ˆÝ ž /4 i i i c c

is1

U T TˆŽ .for an « lying between « y X t t and « y X u ,ˆi i i c i i c

V t s X c u t y c « ,Ž . Ž . Ž .Ž . ˜Ý5 i i i
Ž .ifI t

X XV t s X c u t q d y c « q d� 4Ž . Ž . Ž .Ž . ˜Ý6 i i i i i
Ž .ifI t

X X Ty c u t y c « X t t y u y b ,� 4Ž . Ž .Ž .Ž . ˜ ˆŽ .i i i c

T Ž Ž . .for a d lying between 0 and X t t y u y b ,ˆi i c

X XT ˆV t s X X c u t y c « t t y u ,Ž . Ž . Ž .Ž .Ž . ˜ ˆÝ7 i i i i c c
Ž .ifI t

n
X XT ˆV t s X X c u t y c « u y u y b y X x « ,Ž . Ž . Ž .Ž .Ž . ˜Ý Ý8 i i i i c j j

Ž . js1ifI t

n
X XTV t s X X c u t y c « X x « .Ž . Ž . Ž .Ž .Ž . ˜Ý Ý9 i i i i j j

Ž . js1ifI t

Ž .By definition of t t it holds thatĉ

V t q V t q V t s 0.Ž . Ž . Ž .1 5 9
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It remains to show
y1r27.14 sup V t s o p for j / 1, 5, 9.Ž . Ž . Ž .j P

tgTn , C

Ž .This can be shown by calculations that we indicate briefly. For j s 2, 7.14
follows from Lemma 1 and

7r25r4 y3r4ˆ7.15 u y t t s O p n log n .Ž . Ž . Ž .ˆ Ž .c c P

Ž . Ž .Equation 7.15 is an immediate consequence of 7.1 . For j s 3 one applies
Ž . Ž . Ž . Ž . Ž . Ž .7.15 and 5.4 . For j s 4, 7.14 follows from 7.15 , 5.4 and A1 . For j s 6,
one applies Lemma 2 with

y1X X X X w xZ s c u t q d y c « q d y c u t y c « d g .Ž . Ž .Ž . Ž .Ž . Ž .˜ ˜Ž . Ž .n , i i i i i i i i n

Ž . Ž .Because of 7.15 and 5.4 , we have here
1r21r2 y1r2< <sup d s O p n log n .Ž .Ž .i P

1FiFn

Ž . Ž . Ž . Ž .For j s 7 and 8, one uses 7.15 for j s 7 or 5.5 for j s 8 , Lemma 2 and
X X 1r2 y1r2sup c u t y c « s O p n log n . IŽ . Ž .Ž .Ž . ˜ Ž .i i P

1FiFn , tgTn , C
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