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RATES OF CONVERGENCE OF POSTERIOR DISTRIBUTIONS

BY X1AOTONG SHEN! AND LARRY WASSERMAN?

Ohio State University and Carnegie Mellon University

We compute the rate at which the posterior distribution concentrates
around the true parameter value. The spaces we work in are quite gen-
eral and include infinite dimensional cases. The rates are driven by two
quantities: the size of the space, as measured by bracketing entropy, and
the degree to which the prior concentrates in a small ball around the true
parameter. We consider two examples.

1. Introduction. Nonparametric Bayesian methods have become quite
popular lately, largely because of advances in computing; see Dey, Mueller
and Sinha (1998) for a recent account. Because of their growing popularity, it
is important to understand the properties of these methods.

There are now many results about the asymptotic properties of posterior
distributions in infinite dimensional parameter spaces. For example, see Bar-
ron, Schervish and Wasserman (1999), Cox (1993), Diaconis and Freedman
(1986, 1993, 1995, 1997a, b, 1998), Doob (1948), Freedman (1963, 1999),
Ghosal, Ghosh and Ramamoorthi (1997, 1999a, b), Schwartz (1965), Shen
(1995), Wasserman (1998) and Zhao (1993, 1998). However, there are few
general results about rates of convergence. This paper provides such results.
Specifically, let p(Y|n) be a density for the random variable Y where n € Q)
is an unknown parameter and let 7= be a prior for . We bound the posterior
probability w(A¢|Y") where A, is a shrinking neighborhood of the true pa-
rameter value 6 and Y" = (Y4,..., Y,) are the data. We write the posterior
probability as

Y,
Jag Tia B3 ()
Y, ’
ST By dm(n)

then we separately upper bound the numerator and lower bound the denomi-
nator of (1.1).

In Section 2 we introduce some notation. In Section 3 we lower bound the
denominator of (1.1). In Section 4 we combine the lower bounds on the denom-
inator with upper bounds on the numerator and give some general results

on rates of convergence. Section 5 is devoted to an example involving non-
parametric regression. Section 6 treats the problem of estimating infinitely

(1.1) m(AS|Y") =
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688 X. SHEN AND L. WASSERMAN

many normal means. Related literature on this problem includes Diaconis
and Freedman (1997a), Freedman (1999), Zhao (1993, 1998) and Cox (1993).
In Section 7 we discuss the results. Some technical lemmas are contained in
the appendix.

We would like to mention that after submitting the first version of this pa-
per, we received a report by Ghosal, Ghosh and Van der Vaart (1998) based on
their independent work on the same topic. Their paper has many interesting
results, and inevitably, there is some overlap.

2. Notation. The data Y" = (Y,,...,Y,) are assumed to be i.i.d. and
take values in a sample space 2 with o-field 4. In our examples, % is a
subset of #* and # is the Borel o-field. The model is {P,;m € Q} where
each P, is a probability on (%/, #) with density p(y|n) with respect to a
common, dominating, o-finite measure A. Assume that the parameter space
Q is endowed with an appropriate o-field and let 7 be a prior distribution on
this o-field. Because the distributions { P, ; n € (1} are dominated by a common
o-finite measure, Bayes’ theorem applies so the posterior may be written as
in (1.1). Our goal is to study the behavior of w(A$|Y") when A, is a small
shrinking neighborhood, of the true parameter value 6.

Let £(n,Y) =log p(Y|n) and let

K(6,m) = Ey[€(0,Y) —£(n,Y)] and V(6,n) = Vary[t(n,Y) - £(6, Y)]

be the Kullback-Leibler divergence (sometimes called Kullback-Leibler pseudo-
distance) and the variance of the log-likelihood ratio based on a single obser-
vation Y, respectively. The sample Kullback-Leibler divergence is defined as
1 &,  p¥,0)
K,(0,n7)=—) log ——+-=.
(Om = 218 57,y
We will use the Kullback-Leibler divergence to bound the denominator of (1.1).
We shall use two other distances: Hellinger distance, defined by

ho.m) = | [(072(510) = P25l PdA)]

and the p, distance [Wong and Shen (1995)], defined by
1 p(y|0)>“ ]
L(0,m) == —— ) —1|dP
Pa(0, M) af[(p(yh]) o(¥)

where a € (0, 1]. The main use of the p, distance is to bound the denominator
of (1.1). However, the p, metric gives a.s. bounds while Kullback-Leibler gives
bounds in probability. Corresponding to the different distances we also define
the following neighborhoods:

S(t) = {m; max[K (0, n), V(0,n)] < ¢},
S, (t) ={m; p.(0,m) <t}
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It is convenient to express the posterior probability as
m,(A,Y")

2.1 AY") = 2~ __~<
2.1 A = @Y

where
m,(B.Y") = [ exp{~nK, (0, m)}dm(n).

We will bound 7(A|Y™) by upper bounding the numerator m,(A, Y") and
lower bounding the denominator m,(Q, Y™).

Now we recall a result due to Wong and Shen (1995). Let & be a set of
density functions. A set of pairs of functions {(f?, fS-]), Jj=1...,N}isa
Hellinger u-bracketing of & if A(f ?, f 5]) <ufor j=1,..., N and, for every
pe Pthereisa je {l,..., N} such that f? <p=< fg-] a.e.-A. The bracketing
Hellinger metric entropy of &, denoted by Hg(u, &), is the logarithm of the
cardinality of the u-bracketing of & of smallest size. If £ = {p(:|n);n € Q}
then we also write H g(u, ) instead of Hp(u, #). For 6 > 0 define

Q(8) ={p(-In) € & h(6, n) < 25}
Then, Hg(u, (8)) is called the local bracketing entropy of 7.

THEOREM 1 [Wong and Shen (1995)]. Let Y,,...,Y, be i.id. from distri-
bution P, with density p,. There are positive constants c, a, ¢y, ¢y such that,
for any € > 0, if

V2e 2 ;
5 (u/a, Z)du < cy/ne

62/28
then
n
Pz; Sup p(Yl) Z eiclnsz S 46*827182
peAc ;1 pO(Yi)
where

A ={p;h(po, p) < &}.

The constants ¢ and c¢; may be chosen to be in (0, 1). In particular, we can take
c=(2/3)%?/512.

REMARK. As Wong and Shen note, the theorem is still true if Hg(u/a, )
is replaced with the local entropy Hg(u/a, 2 N{p;h(py, p) < 2¢&}).

Let p(-,-) be a metric (or pseudo-distance) on (). We say that the rate of
convergence of the posterioris ¢, > 0 if for every sequence K, — oo, m(AS|Y™)
tends to 0 in P, probability where A, = {n; p(8, n) < K¢, }. Note that in this
paper we are concerned with pointwise, rather than minimax rates.

We write a, ~ b, to mean that a¢,, = O(b,) and b, = O(a,). We write
a, > b, to mean that a, > cb, for some ¢ > 0, for all sufficiently large n.
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Similarly, we write a,, < b,, to mean a,, < ¢b,, for some ¢ > 0, for all sufficiently
large n.

3. Lower bounds on m,(Q,Y"). To bound the posterior, we need to
lower bound the denominator m, (€2, Y™). The first result controls the denom-
inator in probability.

LEMMA 1. Let ¢, be a sequence of positive numbers and let S, = S(t,).
Then,

2

nt,’

1
P? ( m,(Q,Y") < QW(Sn)e_Z”t" ) <

Consequently, if nt, — oo, then
m,(Q,Y") > %W(Sn)e%m”
except on a set of probability tending to 0.

PROOF. For any n we have, by Chebyshev’s inequality, that

n Kn(e’ n)_K(07 TI) > < pn Kn(07 n)_K(G’ 77) 2>
Py (S =) = P <( e ) J")

1
nt,’

<

Let

K,(6,m) — K(6,
W, = {(n,y”); "(OVIZ(G, nge LS t,l/z}.

Let W, (y") ={m;(n, y") e W, } and W, (n) = {y";(n, y") € W,}. Then,
m(Q,Y") = [ exp{-nK (6, n)}kdm(n)
> exp{=nK, (0 m)}dm(n)

—Js,nwe(vn
(Kn(07 77) — K(07 ’fi))}
V126, m)

- g e |70
S, NWe(Yn)

x exp{—nK (0, n)}dm(n)
> w(S, N W,(Y"))exp {—nt)/*t)/*} exp{—nt,}
= [7(S,) — m(S, N W,(Y"))]exp{-2nt,}.

By Fubini’s theorem,

E3n(S, 0 W,(Y") = [ [1(S, 0 W, (y")dm(n)dPj(y")

:/f}(sn)I(Wn)dW(n)dPZ(y”)
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= [ 1(S,)Py(W,,(n))dm(n)

<

1
S

where I(-) is the indicator function. So,
1
Pg ( mn(Q7 Yn) = éﬂ(sn)e_zntn )

=< PZ < [W(Sn) — 7T(Sn N Wn(Yn))]efzntn < %W(Sn)efz’”n )

= P! ( 7(S, "W, (Y")) = %W(Sn)>

2 n . 2
=< mEO(Sn NW,(Y")) < nt

This completes the proof. O

The next result controls the denominator almost surely using the p, metric.

LEMMA 2. Let t, be a sequence of positive numbers, let a € (0, 1] and let
S, =8,(t,). Then,
P} (m,(Q,Y") < %W(Sn)e’%t”) < 2e "%,

Moreover, if

nt, 1

o Z

logn «
for all large n then, with P4 probability one,

m,(Q,Y") > %Tr(Sn)e_Z"t”

for all large n.
PROOF. See the Appendix.

4. General results. In this section we give some general results about
rates of convergence.

4.1. Compact sets. In some cases it is possible to bound the global behav-
ior of the likelihood function outside a shrinking neighborhood of the true
parameter. In this section, we give results for such cases. First we give a gen-
eral result that relies on regularity conditions on the log-likelihood ratios and
the prior distribution. Then we give a result based on bracketing entropy. In
the following, L,(n) =n"1 Y, 4(n,Y,).
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THEOREM 2. Let d(-,-) be a distance (or pseudo-distance) on Q. Suppose
there exists a positive sequence r, — 0 and a positive constant ¢, such that, if
s, > r, then

(4.1) P* ( sup [L,(n)—L,(0)] > —clsi) =o(1).
7;d(6,m)=s,
Let t, satisfy
m(S(ty)) = e
and define
e, = max {r,, t/*}.
If ne2 — oo, then, for sufficiently large K > 0,
T(ASY™) < exp {—#}
except on a set of probability tending to 0, where
A, ={m;d(6,m) = Ks,}.
PrOOF. Note that from (4.1), the fact that ¢, > r,,, and the fact that K is
large,
m (A5, Y7 < oot
with probability tending to one. By Lemma 1,
m,(Q, Y") = gm(S(t,))e 2" = et

with probability tending to one. Now, for large K > 0, we have ¢, < &2 <
c1K2%£2/8, so

m, (A5, Y™)

m,(Q,Y")

e ¢ K?ne?

m(ALY") =

<
-  e—4nt,
c1K?ne? }

To use Theorem 2, we need a way to control the likelihood ratio. We can do
this using bracketing entropy.

THEOREM 3. Suppose there exists a positive constant a and a positive se-
quence r, such that

Ver,
(4.2) / \ {Hg(u/a, Q)Y ?du < c/nr?
/20
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where ¢ = (2/3)%2/512. Then, the rate of convergence is &, as defined in The-
orem 2 where d(-,-) = h(-, -) is the Hellinger distance.

PrRoOOF. Using Theorem 1, (4.2) implies that condition (4.1) of Theorem 2
holds. O

REMARK. The entropy Hg(u/a, ) can be replaced by the local entropy
Hg(u/a, Q(r,)) and the Theorem still holds. Note that if (4.2) holds for r,, and
if1 > s, > r, then (4.2) holds for s, too. This follows since the entropy function

is non-increasing and hence, fr“;/zrs{H s(u/a, Q)}2du/r? is non-increasing for
0<r<1.

These results say that for any true parameter 6, as data come in, the pos-
terior is concentrated in an ¢,-shrinking neighborhood of 6 with probability
tending to one. The rate ¢, (depending on 0), is governed by two things: (i)
the prior assignment in the neighborhood of 6 and (ii) the rate of convergence
of the supremum of log-likelihood ratios r,. When the prior assigns a small
probability to the neighborhood of 8, that is, when ¢, is large, the posterior
distribution may converge at a suboptimal rate ¢, =< tr/? since then &, >r,
and r, is the best possible achievable rate by the variants of the maximum
likelihood estimator (such as the sieve maximum likelihood estimate). In other
words, when the prior assignment to the neighborhood is relatively small, the
likelihood fails to wash out the prior as the sample size increases.

4.2. Non-compact spaces. When the supremum of log-likelihood ratios can
be controlled then the rate of convergence of the posterior can be calculated
using Theorems 2 and 3. However, when the parameter space is not compact,
the supremum of log-likelihood ratios there may be infinite. Consequently, the
prior needs to assign a small probability to the parameter values which may
possibly give very large values to the likelihood. Thus we need a tail condition
on the prior.

THEOREM 4. Suppose there exists a positive sequence r,, constants a > 0
and d > 0 and a sequence of subsets (), )y, ... C Q such that

Jar,

(4.3) [ {Hp(u/a,0,)}?du < cynr?
r2/2

where ¢ = (2/3)%2/512 and

(4.4) 7(QF) < e~ ein

where

&, = max {rn, t,11/2}
and t, satisfies

w(S(dt,/16)) = e~9r/8,
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Then, for K > 0 sufficiently large, if ne? — oo,

K22 de?
m(AS|Y™) < exp 12 o + exp _nae
2 4
except on a set of probability tending to 0, where
A, ={m;h(0,n) < Ke,}.
PROOF. See the Appendix.

4.3. Bayes estimates. In this section we provide rates for Bayes estimates.
Let us focus on the case where we are interested in estimating the density
p(+|0). A commonly used estimator is the predictive density

()= [ pCIn)dm(nlY™).
We will bound the rate of convergence of this estimator.
THEOREM 5. Assume that the conditions of Theorem 2 or 3 hold. Then,
W(p(10), B()) % &} +2 e /2
in probability.
PrOOF. Let A, be as defined in Theorem 2. Note that squared Hellinger dis-

tance is convex in both its arguments and that Hellinger distance is bounded
above by v/2. Then by Theorem 2 (or 3),

R (p(10), () = K*(p(16), [ p(Im)dm(n]¥™))
< [ R3(p(16), p(-ln)dm(n[Y")
= [, #(pC10), pCmdm(nlY™)
+ [, BP0, pCm)dn(nly™)

enm(A,|Y") +2 m(Af|Y")

IA

_ 2
8?14-2 e cine, /2

IA

in probability, for large n. O

REMARK. This result can be generalized to other loss functions and more
general functions of interest g(n). The rate then involves conditions on the
function g.
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4.4. Discussion. In parametric models, Bayes’ rule can yield estimates
with good frequentist properties; see Section 2 of Diaconis and Freedman
(1986) and Berger (1986) for discussions. It is natural to believe that Bayes’
rule would yield optimal estimates in non-parametric models. As we men-
tioned earlier, there are published instances where the Bayes estimate can
be suboptimal in the frequentist sense, that is, for some values of 6, and loss
function L, limsup,_, . E,L(0,T%)/E,L(6, T2) = 0, where T can be the
standard, sieve, or penalized MLEs and T2 is the Bayes estimate. This states
that for some parameter values, eventually, the variants of MLEs have smaller
risks locally. By the Bayes rule, the variants of MLEs cannot have smaller
risks than the Bayes estimate in the average sense that is, EE,L(6, T%) >
EE,L(6, TE). This implies that for any n > 1, there exists a set M, with
m(M,) > 0 such that E,L(0,T:) > E,L(6, T?) for any 6 ¢ M,. However,
this sub-optimality phenomenon says M¢ can be a non-negligible part of the
parameter space.

It is interesting to note that the Bayes estimate, which is optimal in the
average sense, may not be optimal in the local sense. This occurs in a large
parameter space in which the prior assigns small probability in the neighbor-
hood of any true parameter value.

5. Example 1: Regression. Let
Yi:n(Xi)—i—ei, i:1,...,n

where the e;’s are independent N(0, 1) random variables, the X;’s are in-
dependent U(0, 1) random variables, and 7(-) is a regression function. Let
1, ¥a, ... be an orthonormal basis for L,[0, 1] such that, for some C > O,
SUPyepo,17 ¥ ;(x)] < C for all j. For example, take 1(x) = 1, hy(x) =
V2sin(27x), P3(x)=~/2cos(27x), P, (x)=~/2sin(4mwx), Ps(x)=+/2cos(4mx),
....Let

Q= {n € Ly[0,1]; n(x) = X m;i,(x), X n5/% < oo}
j=1

j=1

for some fixed integer p > 1 and let

o
Oy = {neﬂ, Zn§j2p<M}
j=1
for some fixed M > 0. Let us emphasize that for this example, the param-
eter space is j;, not ). We will construct a prior for the parameter n by
constructing a prior on its Fourier coefficients 14, 14, .. ..

Let d(6, n) = ||0 — n|| be the L, norm. The optimal rate of convergence for
point estimators in (), in this distance is known to be r,, = n=?/2P+1) We will
construct a prior that achieves this rate for all 8 € (),. In other words, we will
find a prior such that the posterior probability of A¢ tends to 0 in probability,
where A, = {n;||n — 0|| < Kr,}. For this purpose we will first construct a
prior on () then truncate this prior to the parameter space (1;,. The prior on
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Q will be a sieve prior as in Zhao (1993, 1998) which means it is built from
a sequence of priors that live on finite dimensional spaces. Specifically, let
A; =eP(1—eP)e P/ for some B > 0, let d = p+(1/2) and define a prior 7 by
m(A) = Z‘;-Ozl Ajmi(A) where 7; is a prior on the coefficients 7y, 75, ... such
that the coefficients are independent and n; ~ N(0,i2¢) fori = 1,... j and
m; =0 for i > j. It is easy to see that w({;;) > 0. Hence, we can define a new
prior y by y(A) = m(A N Q) /7m(Qpr). Thus y(Qy) = 1.

The reader may wonder why we use a sieve prior instead of just using a
prior directly on the infinite sequence 7y, 7, ... such that n; ~ N(0,i72%).
The problem with such a prior is that if we set d = p + (1/2) then the prior
puts zero prior mass and zero posterior mass on ;. If we set d > p + (1/2)
then the prior does give positive mass to (), but appears to yield sub-optimal
rates. The latter point is made precise in a related problem in Zhao (1993,
1999). A referee has pointed out that one can certainly use a prior that puts
no mass on the parameter space. However, in our calculations, we prefer to
use a prior that does put positive probability on the parameter space.

Now we note some properties of (;; and then we apply Theorem 3. First
note that there is a constant a; such that sup,.q,, sup,cp,1)|0(x)| < a;. To see

this, let 7(p) = Y32, j27. Then, for any 6 € Qy, sup,jo.1;10(x)| < C Y ; |6, =
CY, 10,17 P < c\/zj 622 \/r(p) < CYMr(p) = a;. Hence, uniformly
for 6, m € Qy, sup,cp,1)(0(x) — n(x))? < 4a?. Direct calculations show that
K(6,m) = O(||6 — nll*) and V(6,n) = O(f(6(x) — n(x))*dx) = O(||6 — n|[?).
Thus, there is a constant ay > 0 such that S(¢) ¢ S(¢) where S(¢) = {n;||m —
0||2 < GQt}.

We are interested in showing that the posterior concentrates on shrinking
L, balls A,. We next relate A, to Hellinger neighborhoods. Recall that the
marginal density of X is uniform and that the distribution of Y given X is

Normal. Let f, denote the joint density of Y and X when the parameter is 6.
Then,

W(Fo £ =2 [ [1-esp S0 - mp?| | s
=2 [ exp {200~ n(x02} [ exp | g (000) — m P} - 1]
> 2¢0i/2 /01 [eXp {%(O(x) - n(x))z} - 1] dx

o
=

ai/2 .1
7 | (0 = ()Y dx

= a3 |16 — |
where a2 = e~%/2/4. Hence, A5 C B¢ where B, = {n;h(6,71) < asKr,}.

Hence, to show that y(AS|Z") = op(1), it suffices to show that y(B¢|Z") =
op(1) where Z" denotes (X,Y1),...,(X,, Y,).
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Let fyo(x, y) = fo(y|x)f(x) = {2m} *exp {—(1/2)(y — 6(x))*} denote the
joint density of X and Y. Let & = {f,;n € ),}. Note that

VF i) = JFo() < MGl - ol

where |g]].. = sup, |¢(x)] and
_ +a 1
M) = 2mp 0 (P Y exp L2031 - exp (et )

Moreover, fol [%o, M?%(x, y)dydx < oo. It follows that the Hellinger bracketing
entropy of 2, H g(u, &), is bounded by a constant times the L, metric entropy
of Oy, denoted by H(u, Quy, || - ||o)- According to Theorem 2.4 of van de Geer
(2000), H(u, Q1 || - ll) < Au~'/P for some A > 0; see also Birman and
Solomjak (1967). Thus, Hg(u, #) < bu~Y? for some b > 0. It follows that
equation (4) of Theorem 3 holds with r, proportional to n—?/2r+D),

To finish verifying the conditions of Theorem 3, it remains to be shown
that y(S,) > e where S, = {n:lIn - 9||2 = aQrgL}' Now, y(S,) = 7(S, N
an integer that depends on n. Let 6*(x) = Y*_, 6,4 ;(x). Then [|0 — 0%||* =
Y ki1 0% =X g1 0552 J 2P < kTP Yy 0% 7%P < k2P M. Hence, if we set
k = k, to be the smallest integer greater than or equal to (2M /(ayr?))Y/2p)
then we have that ||6 — 6%||2 < a,r2/2 uniformly for all § € Q). Note that

k= O(r,"'"). Thus,

TR(S, N Q) = <Z(ni —0;,)* <apri, Y mijP < M)
i-1 =1

k ) k
=T (Z(ni_ei)2+ Z 0?<021"3, ZT]‘ZI‘]ZP<M>
Jj=1

i=1 i=h+1
k k
> | (i — 0. < agry/2, Y3 < M.
i=1 j=1
Note that, for sufficiently small a3 > 0 (depending on 6) we have that
k k k
Y (= 0;)? <azrat CAm D (m;—6;,)* <agra/2, Y M <M.
i=1 i=1 j=1

To see this, note that if 7 is in the set on the left hand side then clearly it is
in the set

k
{n; S (ni—6,)" < agri/Z}

=1
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as long as a2 < a,/2. Next we show that 7 also satisfies Z] U 2j2r < M. To
show this note first that >3, 9? 2P = M — & for some & > 0. Also note that
k?Pr? = (2M/ay) = c, say. So,

k k
Z 2727 <3 (I — 0,1 +10,1)2 %7
] iz

k
Z —0,)%) 2P+Ze2 2”+2Z|n, 016,177
j=1 Jj=1 J=1

k 00 k
<EP Y (n; =0, + 30 05% + ZJ k?P ) (i —0,)?

j=1 j=1 j=1

Sca%—i-(M—S)—f-ZvM—S\/ca%.

The latter quantity is less than M — 6/2 for a; sufficiently small. Hence,

Z] 17IJ 2p<M
So,

k
mp(S, N Q) > <Z(77i —6;)* < a%ri)

i=1

> e “*F(a3rik®; k/2)

= e 4k F(alck; k/2)
where F(-; k/2) is the cdf for a Gamma random variable with shape parameter
k/2. The last two lines follows from Lemma 4 in the Appendix and the fact

that d = p + (1/2).
To lower bound the Gamma cdf we proceed as follows. Note that

b
F(b;a) = ﬁ/ x* le™dx

F(a)
B e bpo
~ al(a)

> ee bra % 1/?

where the last line follows from Stirling’s approximation. It thus follows that
F(aZ%ck; k/2) > e~%* for some az > 0.

Combining all these facts we conclude that y(S,) = e %* for some ag >
0. From the definition of % it follows that y(S,) > e~am for some a; >



RATES OF CONVERGENCE OF POSTERIOR DISTRIBUTIONS 699

0. Applying Theorem 3 we conclude that y(B¢|Z") = op(1) so the rate of
convergence is r,,.

REMARK. One can carry out similar calculations with an “un-sieved prior,”
that is, start with a prior 7 that makes 5, ~ N(0,i72¢) for i = 1,2,...
then truncate the prior to Q. In this case, if we want 7 to have positive
probability on Q;; we must take d > p + (1/2). One can do similar calcu-
lations, replacing Lemma 4 with Lemma 5, and these lead to sub-optimal
rates. This does not prove that the rates are sub-optimal since our results
only give upper bounds on the rates. However, we conjecture that the rates
are indeed suboptimal. This conjecture is based on the close similarity with
the regression problem and the many normal means problem for which Zhao
(1993, 1998) has shown that unsieved priors yield Bayes estimates with sub-
optimal rates. We investigate the many normal means problem in the next
section.

6. Example 2: Many normal means. Here we consider the problem of
estimating infinitely normal means. This problem is known to be intimately
related to the nonparametric regression problem. We suspect, based on the re-
sults of Brown and Low (1996), that the rates for the posteriors in this problem
correspond directly to the rates in the nonparametric regression problem; see
also Cox (1993). However, a rigorous proof is not yet available.

Diaconis and Freedman (1997a), Freedman (1999) and Zhao (1993, 1998)
have also studied Bayes estimates for this problem. Cox and Diaconis and
Freedman considered a Bernstein-Von Mises theorem for this case while Zhao
investigated the minimax behavior of Bayes estimates assuming the true pa-
rameter is in a Sobolev ball. We treat the same case as Zhao though we study
the behavior of the posterior (as opposed to the point estimator). Also, we will
study the pointwise behavior of the posterior instead of the minimax behavior.

The model is as follows. The parameter is n = (71, 19, ...) and the data
are Y = (Y,Y,,...) where Y, = n; + n™1/2¢; and the ¢&;’s are i.i.d. N(0, 1).
We will assume that the true value 0 is in Q = {n; Y2, n%i%? < co}. (At the
end of this section, we will show that the results still hold when the prior is
truncated to the set Oy = {n; 32, n%i?? < M}.)

For the prior, let n; ~ N(0, i~2?) independently. Following Zhao, our goal is
to use a prior that puts positive mass on the parameter space (). This requires
that d > p + (1/2). As we remarked in the last section, it is possible to set
d = p + (1/2) (which then yields a Bayes estimator that achieves optimal
rates over the truncated Sobolev ball) but this has the undesirable property
of putting zero prior (and posterior) mass on the parameter space. Unlike the
last section, we shall not use a sieve prior. This leads to a posterior whose
rate of convergence varies over the parameter space. Our goal is to exhibit
a variety of pointwise rates as 6 varies over (). We will find both lower and
upper bounds on the rates. In this example, it is possible to compute the rates
directly without recourse to the general theorems in Section 4.
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By Bayes rule, 7,|Y; is distributed as N(T;, o), where T; = ¢;Y;, 02 = ¢;/n

12

and ¢; = n/(n+i?). Let T = (T4, T, ...). Note that we have suppressed the
dependence of T' on n.
We now calculate the risk:

R,(6) = E,|T - 6|

i Ey(T; - 6,)°

i=1

00 i_2d ) 00 n—l
——— | n + ————Y;
£<1—2d+n—1) g_(l_Zd‘i‘n_l )

o ;-2d ) 4 g2
=Y () P+
3 (L_Zd + n—1> Z 1 (24 4 n)?

i=1
=I+1I

where I is the variance and II is the squared bias.
We will show that for every b satisfying

p 1
(6.1) d<b<1—2d

there exists a 6 € Q) such that R, (0) ~ n~°. [Note that the optimal rate for the
truncated space is n~27/(2P*1) which is in the interval (p/d, 1—(1/2d)). Hence,
the Bayes rate can be faster or slower than this rate.] To this end, consider
0 = (64, 0y, ...) of the form 0, ~ i~? where ¢ = bd + (1/2). Since b > p/d it
follows that Y_; 67i%P < oo so that 6 € Q.

The variance term can be bounded as follows:

t74d

R R
0 n— -

where b, = —=7zdt. This follows from Lemma 2 of Diaconis and Freed-

fo (1+t2d)2
man (1997a); see Lemma 7 of the Appendix of this paper. Now,
00 r4d 92

13

i=1
o ;4d-2g
= l; (1% + n)2
~ p—(20-1/2d) _ b,

The last line also follows from Lemma 2 of Diaconis and Freedman (1997a).
We see that

R, ~n (7120 4 p=b b

as claimed.
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These results parallel others; Cox (1993) studied the coverage of posteriors
in nonparametric regression; Diaconis and Freedman (1997a) and Freedman
(1999) studied the asymptotic Bayesian and sampling distribution of || 7 — 6]|?
assuming only that 0 is in Ly; Zhao (1993, 1998) studied the minimax rates
of convergence for this problem.

Now consider the posterior. Let W, = m(A¢|Y) where A, = {n;]|6 — ||? <
K?&2}. We will show that if 2 ~ n~® then for some K > 0, W, bounded away
from 0 in probability. On the other hand, if K is replaced with any increasing
sequence K, then W, = 0p(1). The result is stated in the next theorem.

THEOREM 6. Let 6 = (64, 0y,...) where 0, ~ i79, g = bd + (1/2) and b €
(p/d 1- 1/(2d)) Let W, = w(AS|Y) where A ={n;]|0—nl|? < K22} where
E2=n?IfK,=K> O is sufficiently small, then P,(W,>1/2— 6) — 1 for
every 6 > 0. On the other hand, if K, — oo then W, = op(1).

To prove this theorem we need some preliminary results. Recall that the
data Y = (Y, Y,,...) have a distribution that depends on n. When we need
to be explicit about this, we will write the data as Y* = (Y},Y3,...). We
could similarly subscript # by n but, in the calculations that follow we will
use the same 6 for each n so this will not be necessary. Note that Y! =
0, + nY2Z" where the Z’s are independent, standard Gaussian random
variables. Generally, we will write probabilities, expectations and variances
as Py, E, and V, rather than P§, EY and V7j.

Let W,(y") = Pr(||n — 60|| = K?&2|]Y" = y") where ¢2 = n® and K > 0.
Here, 11 denotes a draw from the posterior. The first claim is that W ,(Y,)
does not tend to 0 in probability. To prove this, we need the following results.
Throughout, C denotes an arbitrary positive constant but need not represent
the same constant in different expressions.

PROPOSITION 1. Let M, = ||T — 6||?. Then,
Ey(M,) =3 63(c; =1’ +n"' Y cf ~n

and
Vo(M,)=4n"1> c%(c; — 1?02 +2n72) ¢t ~n 071,
Moreover,
_ 4
V(M)
Hence, Lyapounouv’s condition holds and so
M, - E,M,) a < N, 1),

Vi*(M,)
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PROOF. Note that ¥; £ 6, + n~V2Z, where the Z's are iid and Z; ~
N(0, 1). Also, recall that T; = ¢;Y; where ¢; = n/(n + i*?). So,

M, =T - 6|* = 3(T; - 6:;)°

=>(0,(c;, — 1)+ c;n1?Z,)?

1

=Y 0% — 1P+ 202 Y e (e — 1)0,Z, +n 7t Y 222,

Taking the mean and variance of the last expression gives the claimed formu-
lae for E,(M,) and V,(M,). The fact that E,(M,) ~ n~? follows from the
earlier risk calculation. Next, note that

Vo(T; = 0,)* = Vo((T; — ¢;0;) + (c;0, — 6,))
= Vo((T; — ¢;0,)* + 2(T; — ¢;0,)(c;0; — 0;) + (c;0; — 6,)*)

= Vo((T; = ¢;6,)*) + 467(c; — 1)’V ((T; — ¢;6;)

1

_ 2ct N 46%(c; — 1)%c?

n2 n

2 ot 4 -2 jdp?2
S B2y n(nt i)

since T; ~ N(c;0;, c?/n). Hence,

Vo(M,) = Vy(IT - 0]*)

1 442
~ 2 — —
WL Gy Tl Gy

i

1 1
~ 2-1/2d) + b+l
1
RESTIE

Now we verify the Lyapounov condition. First, note that (a+b)* < 8(a*+5%).
Hence,

%|Mn - EO(Mn)|4=Z |nflc?(Z? -1+ 2’171/201'(01' - 1)6iZi|4

< n*4ZC?|Z? —1*+16n72 Zcﬂci —11*0}Z7.
i 13
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Thus,

E\M, - Ey(M,)|* < C :H4ZC‘? +n Y (e; - 1)4i4q}

8 4:8d;—4q
n n-it—it
=C n_4 — = + n—2 I
{ ; (n + lZd)S Xl: (n + l2d)8
n* n?
8-1/(2d) + 18—(118d—4q)/(2d)

0 1 1

= nA—(1/(2d)) + n2+26+1/(2d)
1

=0 <n2+2b+1/(2d)) .

We have already shown that V,(M,) ~ n=2"1. So,

EJM. — E.(M 4 —2-2b—-1/(2d) 1
0| n2 6( n)| =O n ST =O< - zd)ZO(l)'
Vi(M,) n—2(b+1) nl/(2d)

PROPOSITION 2. For K > 0 sufficiently small,

Py(M, > K%&%) — 1.

PrOOF. Note that

P9<K2i—Mnso)=Pe( 5 > 5
Vy/A(M,) Vy/A(M,)

M,—Ey(M,) _ K% E9<Mn))

703

The first term in the parentheses tends to a standard Gaussian by Proposition
1. The second term tends to —oo also by Proposition 1. Hence, the result

follows. O

PROPOSITION 3. With probability tending to 1, W,(Y™) > Wn(Y”), where

W,(Y")=Pr (Z 0272 +23 0, Z,(T; — 6;) > 0) .

In the above display, Z = (Z, Z,, . ..) are i.i.d. standard Gaussians, indepen-

dent of Y™.

PROOF. Let C, be the set of y" for which K2¢2 — M, < 0. According to
the previous proposition, C,, has probability tending to 1. Restrict attention to
this set. With respect to the posterior, we have that n;, = 0;Z; + T'; where Z =
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(Z,, Z,, ...) denotes a sequence of i.i.d. standard normal random variables.
Thus, on C,,,

Pr(|ln - 6]]* = K*&;|Y" = y")

=Pr (Z(m —0,)% > K22 |Yy" = y”)

i=1
= r(Z(UZ +T;—6,)° > K28?L>
(SetzveSnz,-o) v -0y > k)
i=1 i=1 ;

Y 0?ZP+2Y 0, Z(T; — 0;) > K?2 — Mn)
i=1 i=1

f 2Z2+2ZJZ(T 0»20)

i=1 i=1

= W,(¥™). 0

The next proposition is needed to establish a central limit theorem for

W, (Y,).

PROPOSITION 4. Let a be such that 4 — (1/d) < a < 6 —1/(2d). Let

n. Z” zy)* o
DnZ{Z (n—|—L2d)8<n .
Then, Pr(D,) — 1.

PROOF. Let ¢ = E((Z")*) = 3. Then,
00 Zr})4 c
P 2 ( i —a 2+a
! (n 2 (nt 2y " ) =n Xl: (n +i2d)8

1
~ pZt
n=re Ted = o(1). o

Let D, = {y"; y* = 0+n'22", 2" € D,} be the set of y"’s that correspond
to 2" € D,,.

PROPOSITION 6. Let Z = (Z1, Zo, ...) be i.i.d. standard Gaussians and let
Q denote the distribution of Z. Let A, = A, (y,) = >, 02Z?+ 2%, 0,Z(T; —
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0;). Then Eg(A,) =Y, 0l and Vo(A,) =230} +4Y; cX(T; —6;)% Further-
more, for y, € D,, we have that
A, —Ey(A,) a

T 5 N(0,1).

PROOF. The mean and variance are immediate. Now we verify the Lya-
pounov condition. We have
EqlA, — Eq(A,)* _ ElY oXN(Z-1)+2Y, 0, Z,(T; — 6;)*
Va(A,) (2% of + 4% o7(T; = 6,
-C Yiop + X0 (T; — 6;)*
T 20t +4% 04T - 6,)%)
ZLO- +ZL 4(T _0)4
[ of 12
Si0d | (Lot 6!
(¥, of P [ of 2

Now, ¥; 0f ~ n=4+1/24) and ¥, o ~ n=271/Cd) hence,

=C

Y, op |
T I

Now, for y, € D, we have
ZU4(T —6,)* = CZO’ [6;(c; — 1) +¢e;n 12 Z0*

=C Z ot [6i(c; = D' + cin"%(Z})*]

B —4 (C 1) 4(Zn)4

=X S + O sy
i74qi8d n)4

= O (i O L o

zh?

S
n87(8d74q+1)/(2d) (n+ L2d)8

1 _
=0 <n8—(8d—4q+1)/(2d) +n a) :

So,

I T N e AN
W o n—4+(1/d) =o(1)
12

since a >4 — (1/d). O
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PROOF OF THEOREM 6. Finally, we are ready to prove the theorem. We have
shown that W ,(y") > w L(¥") on a set of y" with probability tending to one.
Now, W 2y =Pr(X; 0222 4+2Y; 0;Z(T; — 6;) > 0) = Pr(A,, > 0). Note that
E4(A,) = 0. Thus, for y" € D,,

W,(y") = Pr(4, = 0)

Pr An - EQ(An) > _EQ(An)
Vgi(A,) V(AL

Ay —Eq(A,)
VQ (An)
1

— —

2

from Proposition 5. Hence, for any é > 0, Pr(W,(Y") > 1/2 — §) — 1. This
proves the first claim.

To prove the second, let K, be any sequence of positive numbers tending to
oo. For the remainder of the proof, let W, (y") = Pr(||n—0||? > K2&2|Y" = y").
Then,

W, (y") =Pr(/ln — 0| = K &3|Y" = y")

oz E(Im = 0lP[Y" = y")

2
2,0 M,
- 2 o2 2027
Kngn Kngn

Consider the first term. We see that

Yo}
K22 K2 7 2

nn i

n+ lZd
1 1
~ Ko s — W
since 2 =n~% and b < 1 — (1/(2d)). Hence,

EG(MIL)

Ey(W(Y") = o(1) + =gy

_0(1)+Ig2 - =o(1).

This completes the proof. O
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We now show that Theorem 6 continues to hold if we truncate the prior to
the set Oy = {n; >, n?i%? < M}. Define y(A) = m(ANQy)/7(Qy;). Note that
d > p+(1/2) implies that 7(Q,;) > 0 so this prior is well defined.

THEOREM 7. The results of Theorem 6 also hold for the prior .

PROOF. From Bayes’ theorem, we see that for any A,
T(ANQyY™)
T(Qu|Y™)
Below, we will show that for every 0 € (), we have that w(Q,,]Y") = 14+0p(1).
Thus,

Y(A[Y") =

Y(A|Y") = % = 7(ANQyu|Y™) + op(1).

Case 1. Let A, = {n;||0 — n||*> < K2s2} where K, — oo and &, is
as defined in Theorem 6. Then, y(AS|Y") = w(AS N Qu|Y") 4+ op(1) <
m(AS|Y")+ 0p(1) = 0p(1) since w(AE|Y") = op(1) from Theorem 6.

Case 2. Let A, = {n;||60 — 1||> < K&?} for K > 0 sufficiently small. We
showed in Theorem 6 that w(A¢|Y") > 1/2 on a set of probability tending to 1.
On this set we have y(A,|Y") = m(A,NQy|Y")+0p(1) < 7(A,|Y")+0p(1) =
1-7(AS|Y™")+0p(1) <1—(1/2)4+0p(1) = 1/2+0p(1). Hence, with probability
tending to 1, we have that y(AS|Y") > 1/2.

To complete the proof, we now show that 7({;,|Y") converges to 1 in prob-
ability. For any ¢ > 0 define H(y", c) = Pr(3X2,(n; — 0;)%i%P > c|Y" = y").
Let Z,, Z,, ... denote iid N(0, 1) random variables. Then,

1 . n n
H(y",c) < ;ZE(l2p(m —0,)’|Y" = y")
1 2 2
=Y EG*(T;+0,Z; - 6,)")
C .
2 2.9 2 .9 2
SEZo-il p+;2l P(T; — 0,)°.
Now,
i2p 1

2:2p __ ~ =
Xi:‘]’i Br=) o ~ peaares = °)

i

since d > p + (1/2). Hence,
E(H(Y", ) = 2 Y2 By(T; - 0,)° + o(1)
c =

2
= E Z i2pE0(9i(Ci — 1) + Cinil/QZi)2 + 0(1)
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4 4
== > i2PO%(c; — 1)% + ~ > i%Pc? 4+ o(1)
i i
4 9 i2d 2
= = 2pg2 (-
c Xi:l ! <n+i2d) *

1
n2d—2p-1)/(2d)

4 i2Pn?
L (n +i2d)2

i

+0(1)

~o(1)+ +0(1) =0(1)

where the first term goes to zero by dominated convergence and the second
term goes to zero since d > p + (1/2). Hence, for every ¢ > 0, E,(H(Y",¢)) =
op(1) which implies that Pr(}5°,(n; — 6;)%i?? < c|Y" = y") tends to 1 in
probability. Finally, note that for sufficiently small ¢ (depending on #) we have
that

S (m; — 6;)%i%P < c} C [Z n?i%P < M} .

This follows since Y°; 672 = M —§ for some & > 0. Hence, if 3_;(n, —0;)%i?? < ¢
then,

Yot =" |(m; — 0;) + 0,%%P
7 ;

<Y (In; — 6;] + 16;])%*”

12

=3"(m; — 0;)%°P + Y 07i°P + 23" |n; — 0,]|6,]i*P
; i ;

< 2(ni = 0,780 + 30 0717 + 2\/Z(m - Bi)ZiZP\/Z o7i%r
i i i i

<c+(M=-8)+2J/cvM -5

<M — §
2
for ¢ sufficiently small. Thus, Pr(}72; n?iZP < M|Y™ = y") tends to 1 in

probability. O

7. Discussion. In regular, finite dimensional models, Bayes estimators
share the same asymptotic behavior as maximum likelihood estimators if the
prior is smooth. Consequently, when the sample size is moderately large, the
choice of prior is not crucial. In particular, the posterior will be consistent
under very weak conditions.

In infinite dimensional models, the situation is quite different. As Freed-
man (1963) and Diaconis and Freedman (1986) showed, consistency is not
even guaranteed. Still, it is possible to achieve consistent posteriors as long
as the prior obeys certain regularity conditions; see Barron (1988) and Bar-
ron, Schervish and Wasserman (1998) for example. From the results in those
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papers, it is clear that there are rich sets of priors that lead to consistent
posteriors.

In this paper we have studied the question of rates of convergence. We have
seen that the choice of prior is much more delicate. Although it is too early
to draw general conclusions, it appears that the choice of prior in an infinite
dimensional problem is more difficult if one wants to achieve good rates.

APPENDIX: TECHNICAL PROOFS

ProoF OF LEMMA 2. For any n € S, we have

n > _ pn - M> Znty
Py(K,(0,m) = 2t,) = Py (}1 p(¥,ln) = >

oo [ 78]

— e (14 ap, (6, )"
~2nat,, 5nlog(1+ap.(6,m))

=e
< o~ 2nat, gnap,(6,m)
; o —2nat, gnat,
Define

W, =A{(n,y"); K,(6,7)=2t,}.
Let W, (y") ={n; (n,5") € W,,} and W, () ={y"; (n,y") € W,}. Then,

ma(Q,Y") = [ e KD dm(n)

> e KM d ()
S,NWe(Yn)

> [m(S,) — (S, N W,(Y"))Je"".

By Fubini’s theorem,

Ejn(S, 0 W, (¥Y") = [ [1(S, 0 W, (y")dm(n)dPj(y")
= [ [ 1(S)IW,)dm(n)dPy(y")

= fI(Sn)Pe(Wn(”fl))dW(n)

< (S, )e ",
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So,
n n 1 —2nt
Pyl m,(Q,Y") < iw(Sn)e n

< Py (17(8,) = 7(S, N W, (7" e > < Sn(S,)e e )

= Py (78,0 W,(r) = (s,

2 n n —nat,

The last claim follows from the first Borel-Cantelli lemma. O

PROOF OF THEOREM 4. Write
m,(A; NQ,)  m,(A;NQ)

AC|Y™) = = .
TN (8 O BTN O R
Now,
{ nKZCla,zl}
a; X exp Ty

in probability, by Theorem 3. Apply Markov’s inequality and Fubini’s theorem
to the numerator of a, to conclude that

Py(m, (A5 N 05, Y") > e=i/2) < e/ [ e KaOnd(y)dPy(y")
an JANQE

? n
— ed”?t/zw(AfL N Qfl) < efdna,%/2_
Thus, m, (A% N Q¢, Y") < e~47</2 in probability. Apply Lemma 1 to see that
mn(Q7 Yn) > ef2Bntn W(S(Btn)) >~ e74Bntn
in probability where B = d/16. Since 4t,B < 4¢2B = d&2 /4,

—dne /2
€ " —dne?/4

a <e

9 X — 5~ =
m,(Q,Y")
in probability. O

The following lemma may be proved by induction.

LEMMA 3. For r > 0 and any integrable function f,

[ () de e, =T [ iy
Yy afsr? i=1 i ! " I'(n/2) Jo ‘
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LEMMA 4. Let Z,, ..., Z, be independent standard Normal random vari-
ables, let a; =i~%, d > 0 and let 6, ..., 6, be real numbers. If 8 > 0 then

k k
Pr <Z(aiZi —0,)? < 62> > ce "2 %2 exp {— > iZdO?} F(k?16%k/2)

i=1 i=1

where F(-;b) is the distribution function for a Gamma random variable with
b scale parameter and ¢ > 0 is a constant.

PrROOF. In what f%l(;ws, we will apply the previous Lemma with the func-

tion with f(x) = e/ *. Let W, = a;Z; — 0, ~ N(—6,,i"2?) and let A, =
{(wy, ..., wp); Zl}‘e=1 wl2 < 62}. Also, define

k
A =exp {— Zi“e?} .
i=1

Then, by the previous lemma and the fact that x! > x*e™*,

k
Z iZd(wi + Gi)z} dwl e dwk
1 k/2 k
— ) (k) /A exp {—Zﬂd(w? n a?)} dw, - duw,

k
(k)? /A exp {— > i2dw?} dwy ---dwy,

i=1

k
(k)4 /A exp {—kZdZw?} dw, ---dw,
i=1
1
w21 exp{—k?*5%u}du
0

1
u®21 exp{—k*6%u}du
0

8k7Tk/2 P p2d 52
" pdks- (k/2)-1 —
F((k/2))k ) /o u exp{—u}du

> Aexp{—dk}27*2F(k?15%, k/2). O

1\ */2
zA(—ﬂ_) k* exp{—kd}

LEMMA 5. Let Z,, Z,, ..., be independent standard Normal random vari-
ables, let a; = i~%, d > p, and let 61, 6,,... be real numbers such that
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c =Y, 0%2P < co. Let 8 > 0 and let N be the smallest integer such that

(A1) Y (i 6?) < 8%/4.
J=N+1

Then

i=1

o0
br (Z(aizi ~ ;)" < 82> > (-2eNHID
where ¢’ > 0.

PROOF. Let W, =a,Z; — 6, ~ N(—0;,i~2?). First note that

N N N
Y 62i% = Y 62i2Pi2d=P) < N2@-D) 3 6220 < (N2@-P),
Jj=1 j=1 s}

Then, from Markov’s inequality and Lemma 4,

00 N 00
Pr (Z W2 < 52> > Pr (Z W2 < 52/2> Pr( > wi< 32/2)

i=1 i=1 i=N+1

N %)

Pr( w? 52/2) |:1—Pr< > W 32/2”
i=1 i=N+1

zPr(. W?§52/2>|:1—é§E(§ W?)}

N+1 i=N+1

1 N

5Pr > W < 8%/2
i=1

A

M= I

v

%ede2fN/Zech2(d’P) F(NZd 82; N/Z)

v

1 2(d—p
§e’ZCN “P (N2 N/2).
Now, (A.1) implies that N2¢-152 > 4 > 1/2 so that N2¢82 > N/2. Thus, for
large N, F(N??6%; N/2) > 1/4. O

v

When the 6,’s =0, the last lemma gives a tight bound. This is evident from
the next lemma.

LEMMA 6 [Dembo, Mayer-Wolf and Zeitouni (1995)]. Let Z = Y32, a?Z?,
where {Z;} are independently distributed according to density s(x) = C,|x|"
exp(—x2/2) for r > —1, and a; = i~°, where C, is a normalizing constant

lim P(Z < ¢*)(exp(D)y) " = (2m) ",
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and

where
I=cit7?@D(1 4 0(1)),
¥ = eyt V(1 4 0(1)),
- /2b 2b/(2b—1)
¢ =0-1/2) [sin(w/zb)]
, [ w2 VeV 2b—1
2= [sin(w/Zb):| [(21;)2 sin((2b — 1)77/25)] '

The following result is Lemma 2 from Diaconis and Freedman (1997a) and
is very useful in the normal means problem.

LEMMA 7 [Diaconis and Freedman (1997a)]. Let b,c and « be such that
1<b<o0,0<c<ooandab>c+ 1. Suppose that y, — co. Then,

lim g, > — LA
im —_— = ———du
n_wogn; (’Yn+la)b /(; (1+ua)b
where g, = yZﬁﬂH)/ ‘.
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