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AN EXAMPLE OF A WEAK MARTINGALE

By JEREMY BERMAN
University of the Negev

A sequence of integrable random variables {X,, n = 0} is a weak mar-
tingale if E(Xn| Xm) = Xm a.s. for all 0 < m < n. We present an example
of a weak martingale which is not a martingale. It is bounded and has
countably many paths.

A sequence of integrable random variables {X,, n > 0} is a weak martingale if
EX,| X, = X, as., 0<m<mn.

P. Nelson (1970) gives examples of weak martingales that are not martingales
(and also discusses the convergence of such processes). In this paper, we give
an especially simple example that is bounded and has countably many paths.

Let0<a<land Q= {f,f, -} U {9n g5 ---} where for eachi > 0, f; is
the function on 0 < ¢ < oo defined by

fi(H=0, t<i
= a' — at~?, Igl.,
and g, = —f;.

For the case @ = §, the nonconstant portions of the graphs of the functions
in Q are shown in Figure 1. (It is perhaps interesting to note that the increasing
[decreasing] curves are all translates of one another.)

Let p be the probability mass function on Q:

p(f) = p(9) = 3(1 — a)a’, iz0.
Q and p determine a probability space. On this space, let {X,, n = 0} be the
sequence of coordinate random variables:

X.(f) =fn),  Xu(9)) = 9i(n) iz0,nz0.
Clearly |X,| < 1 foralln > 0. We show that {X,, n > 0} is a weak martingale.
It is obvious that the process is not a martingale.
The following two lemmas have straightforward proofs which are left to the
reader. .

LemMA 1. If r = 0 and if [ X,, = r] is not empty, then there exists a unique i and
a unique j such that f(m) = r and g;(m) = r; moreover, i 4 j = m.

The content of this lemma is clearly visible in Figure 1 in the case « = 1. Its
falsity when r = 0 is not apparent from Figure 1, as the constant zero portions
of the graphs have been omitted.
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LeMMa 2. Ifi<m,j< m, and m < n, then

PUNSn) — fulm)} + p(9:){g:(n) — g;(m)} = 0.
PROPOSITION. {X,, n = 0} is a weak martingale.

ProOF. Let r be real, 0 < m < n, and let [X,, = r] be nonempty. We must
show that

(1) E(X,,|Xm=r)=r

If r = 0, then (1) is a consequence of the symmetry of the process. Ifr+0,
then from Lemmas 1 and 2 it follows that

S[Xm='r] (X'n - Xm) =0

which is equivalent to (1), and the proof is complete.
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