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POINTWISE CONVERGENCE THEOREMS FOR SELF-ADJOINT
AND UNITARY CONTRACTIONS

By RICHARD DUNCAN?
Université de Montréal

Some conditions are introduced which imply pointwise convergence
theorems for increasing sequences of orthogonal projections on L%(y), p
finite, as well as a pointwise ergodic theorem for self-adjoint and unitary
contractions. These results generalize to the case of nonpositive operators
some theorems of E. M. Stein.

Let (Q, %, p) be a finite measure space and let {T}},., be a sequence of
bounded operators on L?(z), 1 < p < co. A well-known principle of Banach
(cf. [3]) states that if sup, |T, f| < oo a.e. for all fe L?(y) then the set of f for
which {T, f} converges a.e. is closed in L?(¢1). However, in applying the princi-
ple to problems in the theory of a.e. convergence one usually proves a maximal
inequality of the form ||Mf]|, < 4,|f||, where 4, < co and Mf = sup, |T f|
and thereby brings the geometry of the space L?(y) into play. The purpose of
this note is to show that for many problems a slightly weaker maximal property
is more useful and can be applied particularly well to nonpositive operators.

DEerINITION 1. We say that the sequence {T,} of bounded operators on L?(y),
1 £ p < oo, has the dual maximal property ((DM), property) if there is a posi-
tive constant C, < oo such that for all sequences {B,} = 7 of disjoint sets and
for all positive integers n > 1 the functions g,, = X%, T).*I;, satisfy ||g,|[, = C,.
Here I, is the indicator function of Be %7 "and T,*: Li(¢) — L(p) is the adjomt
operator of T,(1/p + 1/g = 1).

The link between (DM), and the maximal function Mf is now established by
the following

PROPOSITION. Let {T,} be a sequence of bounded operators on L*(p), 1 < p <
co. Then {T,} satisfies (DM), if and only if sup, < § Mf < oo.

ProoF. Assume first that sup < § Mf < oo and let {B,} & % be any
sequence of disjoint sets. If g, = >2_, T, *I; and fe L?(x) we have
q d] ® 1B, J2

1§ /9a] = N f Dk T* s, | = [ D% $5, T f1 = Z%=1 V5, T0 f1
§ZZ=ISBka§st" '
Hence
19alle = supysi,s1 [§ f9ul = sUpys,< § Mf = C,

independent of {B,} and therefore {T,} has property (DM),. Conversely, suppose
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that {T} has property (DM),, and let f € L?(¢). There exist sequences of disjoint
sets {B, ,}i-, such that § Mf =sup, 311,V [T.f|. For k=1 let 4,* =
{T.f =0}, 4, ={T,f <0} and set B},=A,*NB,, B, =408,
Then for each n > 1,

D=1 38, 1 Te fl = 2% Oep, T f — V55, T f)
= { (X% Tk*IB,tn) = VAXZix Tk*IB,:m)
= /111927 11a + 11/11a1l947 1l

where we have used Holder’s inequality with g,* = >1%_, T,,*IB’:_»M. Now the
sequences {B;,};_, and {B;,};_, consist of disjoint sets and therefore ||g,*||, <
C, for all n from property (DM),. It follows that § Mf < 2C,||f||,; hence
SUp, s, § Mf < 2C, < oo and the proof is complete.

It follows now from Banach’s principle that if {T,} has property (DM), then
the set of functions f for which {T, f} converges a.e. is closed in L?(y).

As an application of the above concept we consider sequences of operators
{T,} on L*(¢) which are uniformly bounded in norm, i.e., ||T,|[,* £ M < oo for
all k = 1, and we seek to verify (DM), in some special cases. Using the fact
that p(Q) < oo, a simple calculation shows that the sequence {T,} satisfies
(DM), if and only if the following condition is satisfied:

(C) There is a positive constant K < oo such that for all sequences {B,} C .%
of disjoint sets and for all N > 1

Zin=1§ 9uToids, = 20138, Thin0n = K where g, = 3%, T*Iy, -
We now consider classes of operators on L*(x) which have property (DM),.
DEFINITION 2.

(i) The sequence {T,} of bounded operators on L?(), 1 < p < oo, issaid to
be uniformly absolutely continuous (u.a.c.) if there is a nonnegative function
g € L'(p) such that § |T, f| < § g |f]| for all fe L=(p), k = 1.

(ii) A bounded operator T on L?(y), 1 < p < oo, is said to be u.a.c. if the
sequence {T*},., is u.a.c.

Note that if {T}} is a sequence of operators on L?(y) such that the sequence
{T*} is uniformly bounded on L=(g), i.e., ||T*||l. £ M, < oo for all k > 1,
then {T,} is u.a.c. Indeed, in this case

§ Ikal = SAk+ T.f — SA,,T T.f = ka*(IAk+ - IA,;)
= VTl = My S| £
for all fe L(¢), k = 1. The same argument shows that if the operators {T,}

are positive then {T}} is u.a.c. if sup, T,*1 e L'(g).
We now state and prove our main result.

TaeorEM 1. Let {P,} be an increasing sequence of orthogonal projections on
L*(p) with limit P. If the sequence {P.} is W.a.c., then {P, f} converges a.e. to Pf

for all fe L*(p).



624 RICHARD DUNCAN

Proor. Set T, = P — P,, k > 1. Then {T,} is a decreasing sequence of
orthogonal projections converging to zero, and to prove a.e. convergence it
suffices from Banach’s principle to verify condition (C) for {T},}. Note first that

f— n — n
To119n = Topa Dkca Tidp, = 20 1 Toii Ty, = 2iea Toal,
=Thp1 2% B = Tn+11

since 7,,,T, =T,,, for k <n+ 1 and we have put 4, = }%_, B,. Hence
2in=135,41 Tai19n = 21 V5,,, Tuinls, and therefore to verify condition (C) it
suffices to prove that there is a positive constant K < oo such that

2in=1 SB,,_H Tn+11An = 2a=1 s n+1 — D=1 SB,,L_H Pn+11A =K.
Now if the sequence {P,} is u.a.c. then

IZ'I/L\I:I SBWH P'n+11A,n| = X |SAn Pn+IIBn+1| = 2 § |Pn+lIBn+1|
= 2nals 019
Moreover, § |P,I;| —, § |PI;| for each Be % and therefore from § |P, [, <
{59 for all n =1 it follows that §|PI;| < (g for all Be . Hence
Y S |PL | < S gsothat [0, 5, Thnly| <259 =K and the proof is
complete. :

RemMARrk. Call an increasing sequence of orthogonal projections {P,} quasi-
positive if inf, inf, ;5. 550 1/(B) {5 P14 > —oo. Clearly if the operators P,
are positive then the sequence {P,} is quasi-positive. A slight modification of
the above proof shows that if the sequence {P,} is quasi-positive, then {P, f}
converges a.e. for each fe L ().

As an application of Theorem 1 we consider an orthonormal sequence of
functions {¢,},», on (Q, %7, x) and we set P, f = > %_, a,(f)¢, for n = 1 where
a,(f) = \ fo, is the kth Fourier coefficient of f. Then {P,} is an increasing
sequence of orthogonal projections on L*(x) and we can write for fe L*(x)

P f(x) = § f(O( k=1 $u(x)Pu(?)) du(f)  so that
1Puf) = S IfOIFulx, ) dp(r)  where  F,(x, 1) = | 251 $u(x)8(9)] -
If fe L=(1) we have '

§IPuf(0)] dp(x) = § 1 f(DILa() dpx(?)

where L,(f) = § F,(x, ?) dp(x) is the nth Lebesgue function for the sequence {¢,}.
It follows that if g(¢) = sup, L,(?) € L*(¢) then § |P, f| < | |f|g for all fe L*(u)
and therefore {P,} is u.a.c. so that {P, f} converges a.e. for all fe L*(x). This
is a result of S. Kaczmarz [4]. The real content of Theorem 1 is that the result
remains true for arbitrary increasing sequences {P,} of orthogonal projections
which are u.a.c.

We turn now to a study of the pointwise ergodic theorem for operators on
L*(p). More precisely, let T be an L*(¢)-contraction, i.e., { (Tf)* < § f* for all
feL¥y), and set S, f = 1/k 243 Tif for k > 1, fe L*(¢). We are concerned
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here with conditions on the operator T which imply the a.e. convergence of
the sequence {S, f} for each fe L*p). If T is positive then a.e. convergence
holds as has recently been shown by M. A. Akcoglu [1]. The case where T is
positive and self-adjoint or unitary was proven earlier by E. M. Stein [5, page
82]. However, for arbitrary T a.e. convergence may fail, even if T is self-
adjoint [2]. Note that if T is positive and self-adjoint then T is u.a.c. Indeed,
in this case [5, page 82], sup, T*1 € L*(¢) and T satisfies the stronger condition
§|T%f] <V |flg for all fe L*p), k = 0, with g = sup, T*1. Also, if T is self-
adjoint and sup, [|T¥||,, < oo then T is u.a.c.

THEOREM 2. Let T be an L*(y)-contraction. Suppose that either (a) T is self-
adjoint and u.a.c., or (b) T is unitary and T* = T~*isu.a.c. Then{S, f} converges
a.e. for all fe L*(p).

Proor. It is well known that the sequence {S, f} converges a.e. for a dense
set of fe L*(x) and hence it suffices to again verify condition (C) for the sequence
{S.}. Assume first that T is self-adjoint and u.a.c. and let {B,} be a sequence of
disjoint sets in .. If g, = X3, Si(/5,), then

§ gnsnﬂlsﬂﬂ = k=) Sk(IBk)Sn+1(IB,”+1) = k=15, SiSui1ls,

= ({max,g, [S¢Spalp, | -

But

1 k=1 T ; 1 _
ATy Ti[, = ykiul g T
k(n + 1) 2450 =04 4B, 4 k(n + 1) Pt But1

where 4, is the number of ways of writing r =i + j with 0 <i < k — 1 and
0<j<n. Since0< A4, <k for k < nit follows that

Sk S IB”_H =

1 n— r 1 n— r
1SeSnsals, | = m iyt A,T Isnﬂl = m T,
1 n r — . 1
< m o T, | = Fuls,,) if k<n.
Hence
maX,gen [SiSui1lp, | = Fulls,,) so that
s maxlgkgn ISIcSn+IIB,”+1| é S Fn(IB,,H_l) .
Now
1 " . 1 n
§ Fullz,,,) = m o ST | < Pl o $5,, 9= 2V5,,,9

and therefore
S §$ 9uSuiads,, S TS Fulls,,) S 2ie1285,,0=219=K

independent of {B,} and N and condition (C) is verified. The case where T
is unitary is done in essentially the same way using the fact that S,S%,, =
S, S,+.T~" and we omit the details.

We remark finally that both Theorem 1 and Theorem 2 are consequences of
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the following fact, whose proof is essentially contained in the proof given
above. If {T}} is an arbitrary sequence of operators on L*(z), uniformly bound-
ed in norm, then {7} has property (DM), if there is nonnegative function g e
L'(y) such that { max,_,_, |T, Tk, 1| < (g forall e %, n > 1.
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