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A SQUARE FUNCTION INEQUALITY

By G. KLINCSEK
McGill University

For martingales feL, (2 <p < o) the inequality [IMfll, < (p +
DIISf]l» is proved, where Mf = sup, |f,| is the maximal function and §2 =
Znlfn — fn—1/? the martingale square function. For integer p the estimate
becomes || Mflip < plISf]l».

Let (F,, ne Z) be a stochastic base over the ¢-finite measure space (X, F, p),
where |J, F, is dense in F and N, F, is denoted by F__. For simplicity we de-
note by E, the conditional expectation operator given the field F,.

Consider a martingale (f,),., With f_, =0and f_,e L,,2 < p < oo. Denote
by Mf and Sf its respective maximal and square function. The inequality

IMSl, = 2plISf1]

is well known [1]. But, as is seen in [2], the coefficient can be improved, and
this is the purpose of this note.

In the above mentioned paper, C. Herz proves that | Mf||, < C,||Sf]|, where
C, < 2(p — l)and p/C, is bounded as p — co. We will get constant C, satisfy-
ing C,/Jp— 1 as p — co. The exact relation C, = p holds for integer p and our
proof is strong circumstantial evidence for the following:

CoNJECTURE. |[Mf]|, < plISfll, 2 < p < oo.

The constant presented here behaves like p + k/p. First we have the following
algebraic facts:

LemMa. Letp =1+ 2+ r, 0 <r < 1, [ nonnegative integer.
(i) If a,b = 0 then
a* — b — p(a — b)b»~' < (a — b)’ar—?
+(a— b)Yl (p— 1 —ia‘br—-*,
(i) If a, be R then
la|* — [b]" — p(a — b)blb|"~?
< |a — bPlal"™ + a — bP Tieo(p — | — dlalfbp=>".
(iil) If g = p/(p — 1) then

(p =1 =gt = g L2
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These relations carry the proof for real-valued martingales. The proof extends
for the Banach-valued case, where one uses a, b ¢ X (some reflexive Banach space
X) and 6 e X" is the Mazur functional of & to write in (ii) instead of (a — b)b|b|*~*
the expression Re (6(a) — [b])|6|?~*. The computation gets t00 elaborate to be
worth while reading through.

PROPOSITION. In the above conditions
cz<q[1+¢P ’]
g—1

PROOF We only have to consider martingales of form

f= Ziznsn (fo = fomi) >
VUl = famal?)y die = S (Uful? = 1faril” — PUfo = famtlfamal fumal ™) At
é § (fo = fasVUfal77? + Do (p = 1 = DISL 1 funal T dpe
< V(82 =SSP+ Do (p — 1= DIfIMEZT) dpe
IflIP = Zada S §S(fPP7 + Do (p — 1 = DIfI'M) dpe
< ISIPALAIP= + Ziao (p — 1 = DISIIMIPT) -

<%V§I+EMW_ anWM

§1+q71’___1‘:_r_ 0

‘Hence

In case of r = 1 we get
2=¢<+qp >—¢U+p—@)
and forr =0

Therefore the result is better than p + 1 if p = 3. For the case 2 < p <3
there are various ways to get C, < p + 1, for example, the following Neveu
type argument.

Let ¢ be the stopping time ¢ = inf {s, M, f > a}.

V(IS > a)(f| — @y dp < V{If] > aj{t < oo)(f| = Ifi-I) dr
< {{t < o)lf — fi-l'dp < V(M > a}S*dp.
We integrate {§ a?~* da to get
2
p(p = 1)(p —2)

s 2 20 = 1) g (IM]
e s 2e=usie (1)

§1fP e < p{—z | S*Mo= dy

or
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which gives

2
c = P g1,
-2
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