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PROBABILISTIC MODELS FOR VORTEX FILAMENTS BASED ON
FRACTIONAL BROWNIAN MOTION

BY DAVID NUALART,! CARLES ROVIRA%Z AND SAMY TINDEL

Universitat de Barcelona and Institut Galilée—Université Paris 13
We consider a vortex structure based on a three-dimensional fractional
Brownian motion with Hurst parameter H > % We show that the energy H
has moments of any order under suitable conditions. When H € ( %, %) we
prove that the intersection energy Hy, can be decomposed into four terms,

one of them being a weighted self-intersection local time of the fractional
Brownian motion in R3.

1. Introduction. Observations of three-dimensional turbulent fluids in a
number of experiments indicate that the vorticity field of the fluid is concentrated
along thin structures called vortex filaments. In his book, Chorin (1994) suggested
probabilistic descriptions of vortex filaments by trajectories of self-avoiding walks
on a lattice. In Flandoli (2002), a model of vortex filaments based on a three-
dimensional Brownian motion was introduced. In this model the Gibbs measure
is given by Z7'e P dy, where Z is a normalizing constant, 8 is a positive
parameter, pw is the Wiener measure and H is the kinetic energy of a given
configuration. The computation and integrability properties of the kinetic energy
are basic problems in these models.

Denote by u(x) the velocity field of the fluid at point x € R3 and let & = curlu
be the associated vorticity field. The kinetic energy of the fluid will be

Y N

dxdy.
87 JRIJRZ |x — Y|

If the vorticity field is concentrated along a curve y = {y (¢), 0 <t < T'} the kinetic
energy has the formal expression

(2) / / yY’ Vt Sdt,
|J/t

where I' is a parameter called the circuitation, which is divergent even if
the curve y is smooth. For this reason, we assume that the vorticity field is
concentrated along a thin tube centered in a curve y. Moreover, we choose a
random model and consider this curve as the trajectory of a stochastic process.
In Flandoli (2002), y is the path of a three-dimensional Brownian motion. We
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VORTEX FILAMENTS BASED fBm 1863

assume that y is the trajectory of a three-dimensional fractional Brownian motion
with Hurst parameter H € (%, 1). In this way our filaments may have any kind of
Holder continuity between % and 1.

Let us describe in detail our random model for vorticity filaments. Suppose
that B = {B;, t € [0, T']} is a three-dimensional fractional Brownian motion (fBm)
with Hurst parameter H € (%, 1). This means that B is a zero-mean Gaussian
stochastic process defined in a probability space (€2, #,P) with the covariance
function

3) E(B!B!) = 38 j(s*" + 127 — |t — 5?1,

We assume that the vorticity field is concentrated along a trajectory of B. This can
be formally expressed as

@) co=r [ ([ o=y - Bosas)ocay)

where p is a probability measure on R3 with compact support. Substituting
(4) into (2) we derive the formal expression for the kinetic energy,

) = [ [ Hop@opy).

where the so-called interaction energy Hy,, is given by the double integral

r2 a7 (7 1 i i
6 H,, = — / f dB dBi.
( ) *y 87’[; 0 0 |X+Bz_y_Bs| N !

The purpose of this article is to give a rigorous meaning to expressions
(5) and (6) and to show that H is a well-defined nonnegative random variable with
moments of all orders.

Notice first that (3) implies that E |B; — B,|* = 3t —s]*H. As a consequence,
the trajectories t — B;(w) of the fBm are Holder continuous of order H — ¢ for all
& > 0. Taking into account the results by Young (1936), for any Holder continuous
function f of order greater than 1 — H, the Stieltjes integral fOT f(t)dB;(w) exists.
The double integral appearing in (6) is defined by an approximation argument,
smoothing the function |x|~!' by means of the convolution with an approximation
of the identity.

The main results of this article are the following:

1. The energy H has moments of any order, provided the measure p satisfies the
condition

@ L [ b=y papcay) < oc.
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2. If H < % and (7) holds, the interaction energy H,, can be decomposed into
four terms, one of them being the weighted self-interaction local time of the
fractional Brownian motion in R3. We also show that this decomposition does
not hold true whenever H > % .

If H= %, the fBm B is a classical three-dimensional Brownian motion. In this
case, condition (7) would be

-l
®) Lo [ b=y p@xpt@y <oc.

which is the assumption made by Flandoli (2002) and Flandoli and Gubinelli
(2002). In this last article, using Fourier approach and Itd’s stochastic calculus, the
authors showed that Ee A" < oo for sufficiently small negative A. Similar models
were considered in Flandoli and Minelli (2001) for some stochastic processes with
a prescribed Holder continuity, under the assumption (8) on the measure p.

Condition (7) on p is sharp and provides an interesting relationship between the
regularity of the filament described by the Hurst parameter H and the thickness of
the cross section described by the measure p. More precisely, the more regular the
filament is, the more singular its cross section can be.

The proofs of results 1 and 2 are based on the stochastic calculus of variations
(Malliavin calculus) with respect to the fBm. A basic idea used in both proofs is the
following one. Pathwise integrals with respect to the fractional Brownian motion
can be decomposed into the sum of a divergence term plus a term involving the
trace of the derivative operator. Both terms can be estimated by the techniques of
the Malliavin calculus. In this way we have made use of recent progress in the
stochastic calculus with respect to the fBm, for which we refer, among others, to
Alos, Mazet and Nualart (2001), Alos and Nualart (2003), Carmona and Coutin
(2000), Dai and Heyde (1996), Decreusefond and Ustiinel (1998), Lin (1995) and
Hu and @ksendal (2003).

At this stage let us also point out some of the technical difficulties that we met
on our way to these results:

1. The definition of H through a Fourier analysis procedure reduces our problem
to estimation of the moments of the divergence integrals

T .
YS = D¢ <'/0 el@’B’) CSB[),

where £ € R and pe denotes the orthogonal projection on &. The moments
of Y¢ cannot be estimated by means of classical Burkholder inequalities. We
have computed and estimated these moments using the duality relationship of
the Malliavin calculus and taking advantage of some surprising cancellation
relationships due to the presence of the projection operator pe.
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2. The self-intersection local time of the fBm has been studied by Rosen (1987) in
dimension 2 and by Hu (2001). For our purposes, we need a weighted version
of the self-intersection local time, which exists without any normalization. The
proof of result 2 is based again on the Malliavin calculus for the fBm and
some estimates which go beyond those of Hu (2001) and are based on the local
nondeterministic property.

This article is organized as follows. Section 2 contains some preliminaries
on the fractional Brownian motion and the stochastic calculus of variations with
respect to it. Section 3 contains the definition of H and the study of its moments.
Finally, Section 4 is devoted to the decomposition of the interaction energy H,,
when H < %

2. Fractional Brownian motion. In this section we present some basic facts
about the fractional Brownian motion and the stochastic calculus with respect to
this process.

Fix a parameter % < H < 1. The fractional Brownian motion of Hurst
parameter H is a centered Gaussian process B = {B;, t € [0, T]} with the
covariance function

©) R(t,s) =32 + 27 — |1 — 5P,

We assume that B is defined in a complete probability space (2, , P). One can
show [see, e.g., Alos and Nualart (2003)] that

tAS

(10) R(t,s)= K(t,r)K(s,r)dr,
0
where K (¢, s) is the kernel defined by
t
K(t,s)= cHsl/Z_H/ (r — s)H_3/2rH_1/2dr
R

fors <t, where cy =[H(2H —1)/B(2 —2H, H —1/2)]'/? and B(«, 8) denotes
the Beta function. We assume that K (¢, s) =0 if s > ¢. Notice that formula (10)
implies that R is nonnegative definite and, therefore, there exists a Gaussian
process with this covariance.

We denote by & the set of step functions on [0, T']. Let # be the Hilbert space
defined as the closure of & with respect to the scalar product

(L10,11> Ljo,s1) ¢ = R(2, ).

It is easy to show that

t N
R(t,s):aH/ / |r—u|2H_2dudr,
0 JO
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where oy = H(2H — 1). This implies

T T
(11) <<p,w>;e=oeH/0 /0 I — ulPH 2, 4 du dr

for all ¢ and ¥ in €. The mapping 1j9 ;) — B; can be extended to an isometry
between Jf and the first chaos H; associated with B. We denote this isometry
by ¢ — B(¢). The elements of the Hilbert space # may not be functions, but
distributions of negative order. For this reason, it is convenient to introduce the
Banach space | #| of measurable functions ¢ on [0, T] satisfying

T T
(12) ||<p|||2mz=aﬂf0 fo 0 llgullr — w22 dr du < co.

It was shown in Pipiras and Taqqu (2000) that the space |#| equipped with the
inner product (¢, V) g is not complete and it is isometric to a subspace of . We
identify || with this subspace. The continuous embedding LYH(0,T)) C |#]
was proved in Mémin, Mishura and Valkeila (2001).

The operator K* from & to L2([0, T]), defined by

T
(K*)(s) = / ¢, 8, K (r, s)dr,

can be extended to an isometry between the Hilbert spaces # and L2([0,TY).
Hence, the process W = {W;, ¢ € [0, T]}, defined by

W, = B((K*) " (1j0.17)),

is a Wiener process, and the process B has an integral representation of the form

t
(13) B;z/(; K(t,s)dWs.

The fractional Brownian motion B possesses the property of local nondeter-
minism stated in the following lemma. This property was introduced in Berman
(1973) and applied to the existence and smoothness of the local time of Gaussian
processes.

LEMMA 1. There exists a constant kg such that for all 0 <t < --- < t, and
for any vector (uy, ...,u,) € R", we have

n n
Var(Zui(Bt,- - Bz,»_l)) >ky Zu,zlti A

i=2 i=2
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2.1. Malliavin calculus and stochastic integrals for the fBm. We can construct
a stochastic calculus of variations with respect to the Gaussian process B following
the general approach introduced, for instance, in Nualart (1995). Let us recall the
definition of the derivative and divergence operators and some basic facts of this
stochastic calculus of variations, taken mainly from Alos and Nualart (2003).

Let 4§ be the set of smooth and cylindrical random variables of the form

(14) F=f(B(@1),..., B(¢n),

where n > 1, f € Co°(R") (f and all its partial derivatives are bounded) and
¢; € . The derivative operator D of a smooth and cylindrical random variable F
of the form (14) is defined as the #f-valued random variable

"9
pF=3 2L (B@n..... B
st 0x;

The derivative operator D is then a closable operator from L? (2) into L?(2; F)
for any p > 1. For any p > 1, the Sobolev space D7 is the closure of § with
respect to the norm

IFIY ,=EIF|” + E|DF|%.
In a similar way, given a Hilbert space V, we denote by D7 (V) the corresponding
Sobolev space of V-valued random variables.

The divergence operator § is the adjoint of the derivative operator, defined by
means of the duality relationship

(15) E(Fé(u))=E(DF,u) g,

where u is a random variable in L?(€2; #¢). We say that u belongs to the domain of
the operator §, denoted by Dom é, if the mapping F — E{DF, u) g is continuous
in L?(2). A basic result says that the space D'-2(#) is included in Dom §.

Two basic properties of the divergence operator are the following:

P1. Forany u € D2(H),

(16) E8(u)* = E|ul% + E(Du, (Du)*) 5g,
where (Du)* is the adjoint of (Du) in the Hilbert space # & F.

P2. Forany u € D22(H), §(u) belongs to D'2 and for any h in #,

a7 (D8(u), h) 3¢ =38((Du, h)z) + (u, h)z.

Consider the space |#| ® |#| C # @ H of measurable functions ¢ on [0, T']?
such that

2
el |7 |®|H]

= Ol%.[/ - l@r.sll@r s ||F — FPE2 s — PP 2 dr ds dr ds' < .
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Let D'2(|.#]) be the space of processes u such that
(18) Ellulif; + ElDullfyeie5 < 0©-

Then DV-2(|#)) is included in D}2(#) and for a process u in DY2(|#]), we can
write

(19) Ellull? :aH/ usuplr — s/ 2 drds
[0,T]?

and
E(Du, (Du)*) 3c
(20)
= Ot%{ / . Dyug Dyrug|r — S/|2H_2|r/ — S|2H_2 drdr'dsds’.
[0,7]

The elements of D12 (| #|) are stochastic processes and we make use of the integral
notation § (u) = fOT u; 8 B;; we call this integral the Skorohod integral with respect
to the fBm. Moreover, if u € D'2(|.#]), one can also define an indefinite integral
process given by X; = fé ug 8 By.

Let us define now a Stratonovich-type integral with respect to B. By convention
we put B, =0if r ¢ [0, T']. Following the approach by Russo and Vallois (1993),
we can give the following definition:

DEFINITION 2. Let u = {us, t € [0, T]} be a stochastic process with inte-
grable trajectories. The Stratonovich integral of u with respect to B is defined
as the limit in probability as ¢ tends to zero of

T
(28)_1 /0 us(Bsie — Bs—¢) ds,
provided this limit exists, and it is denoted by fOT urdBs.

It was shown in Alos and Nualart (2003) that a process u € D2(|#]), such that

Tt 2H-2
/ / | Dgu;||t —s|77 " “dsdt < oo
0 0

a.s. is Stratonovich integrable and

T T T T
@1 /usdBS:/ uS(SBS+aH/ / Dyt — 5222 ds dt.
0 0 0 0

On the other hand, if the process u has a.s. A-Holder continuous trajectories with
A > 1 — H, then the Stratonovich integral fOT ug d B, exists and coincides with the
pathwise Riemann—Stieltjes integral.

Our computations heavily rely on a slight extension of the [t6 formula for the
fBm shown in Theorem 2 in Alos, Mazet and Nualart (2001):
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PROPOSITION 3. Let f:[0,T] x R — R be a bounded function in the class
CY-2, with bounded partial derivatives. Then the process {0, f (¢, B;); t €0, T]} is
an element of DV2(|#|) and for any 0 <r <t < T, we have

t t
£ By = f(r. By + f 8, f (s, By)ds + f 3y f (s, By) 8By
22) r r

t
- H/ 32, f (s, By)s* 1= ds
r

t t
23) — f(r B+ f 8, f (s, By)ds + f b, f (s, By) dB.

We also use a substitution formula, the proof of which is similar to the one in
Theorem 3.2.4 in Nualart (1995):

PROPOSITION 4. Let ¢ = {¢(x);t € [0,T], x € R} be a random field that
satisfies:

1. Foreachx e R, ¢(x) e DL2(|H)).
2. Foreach (t,w) €0, T] x Q, the mapping x — {;(x) is in Cé (R).

Let F be a random variable in DY-2. Then

! ) ! )
/0 & (F) 8B, = /0 ¢ (x)8B,|,_,

T T
—aH/ / 8., (F)DFr — s|*H=2 dr ds.
0 0

3. Vortex filaments based on fractional Brownian meotion. Let B =
{B;, t € [0,T]} be a three-dimensional fractional Brownian motion with Hurst

parameter H > % defined on the complete probability space (2, ¥, P). The

derivative operator with respectto B! is denoted by D, and the space of processes
satisfying (18), using the derivative operator D', is denoted by D}’Z(lﬂ D. In
a similar way, the divergence and Stratonovich differentials with respect to the
process B’ are denoted by 8 B’ and d B', respectively.

The following lemma is a three-dimensional version of the isometry for-
mula (16) for the divergence operator with respect to the fBm that will be useful
later.

LEMMA 5. Let u and v be two three-dimensional processes, the components
of which are in DY2(|#]). Then

el([) wom ) () o)

3 3 4
Z ut U Yo + E Z DJu DéM{)}f@}f.
i=1 i,j=1

(24)



1870 D. NUALART, C. ROVIRA AND S. TINDEL

Using expressions (19) and (20), we can transform formula (24) into

e[ () wom) () o)

3 T ,T o
=01H2/(; '/0 E (uyv;)|r — PR grar’
(25) i=1

3
+aj Z/ , E(Dyu, D} vp)
Q21T

x|r=r'PH210 — 0" 2 drdr' do do’.

The trajectories of B constitute the core of the filament we want to introduce
and the full filament is a collection of translates of {B;} of the form {x + B},
where x varies on a fractal set. This fractal set is described by means of a finite
probability measure p supported by a compact set K. Formally we consider a
vorticity field of the form (4), which leads to the formal expressions (5) and (6) for
the kinetic energy H associated with the vorticity field £(x) and for the interaction
energy Hy,.

To provide a precise meaning to expressions (5) and (6) we could use a
definition of the double Stratonovich integral in the sense of Russo and Vallois
(1993), as a double limit or as an iterated integral. Another approach is as follows.

We smooth the function |x|~! by a convolution with a Gaussian kernel,

(26) o (x) = fR

d ’

. y|P1/n(y) y

where py/,(y) = (2n/n)_3/2e_”|y‘2/2, and we define
3

F2 T T . .
27) Hgyng:/o (/0 a,,(x+B,—y—Bs)dB;)dB;,
i=1

where the integrals are Stratonovich integrals in the sense of Definition 2. The
proof of the existence of this iterated integral and a decomposition in terms
of Skorohod integrals is given in Proposition 12 below. One can show that the
integrals in (27) are also pathwise Riemann—Stieltjes integrals.

Then we have the following result which provides a definition of the energy H.

THEOREM 6. Suppose that the measure p satisfies condition (7). Let Hﬁy be
the smoothed interaction energy defined by (27). Then

8) = [ [ Hip@no)

converges, for all k > 1, in LX(Q) to a random variable H > 0 that we call the
energy associated with the vorticity field (4).
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PROOF. For any o > 0 we can compute the Fourier transform
1 Cq
(29) ___:i/ i) g,
2o~ Jea g

with C, := 2273 foooul_“ sin(u)du [see, e.g., Bochner and Chandrasekharan
(1949)]. In particular, for « = 1 and C| = 1, we obtain

&, x—y)
o0 = [ [ s )y

—I§P/2n

. e

= | &N s
R &1

Substituting this expression in (27) and using a stochastic Fubini theorem, we get

3 o—l612/2n N
i(&, +B;—By) J
My, = an/ (/ (/ = dé)”lBS])dB’

/ eiEx—y) —&12/2n
AL dt,
" 87 e HE

where

T
&zfem&w&
0
and || Ye ||@2C = Z?: Yé Yé. Now let us compute

fR [ ey

- f TA LA "’@)' 6P/ g

where p(§) = g3 ¢'6-%) p(dx) is the Fourier transform of the measure p. This
expression already implies that H" > 0 and, furthermore, H" is increasing with n.
Therefore, to show the convergence in LK(€2) to a random variable H > 0 it suffices
to show that

, 1P
¢ E(UR ITelleTgp

Using formula (29) with o = % — 1, we can write

L [l =51 @y

=y [, ([ 161t dg ) piaxipiay)

= Cuyn-t [ PPl dg < o0
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by condition (7).
Notice that since the measure du = |5(&)|?>/|E|1*~/H dE is finite, using
Holder’s inequality, to prove (30) it suffices to check that

/ E|Y: 12 15
R

GD 3 [E|FTH=2k g A= 1/H d§ < oo,

and (31) will be a consequence of the estimate
E||Ye | < Clg |/ H =2
proved in Lemma 10. [
To complete the proof of Theorem 6 we need the following technical lemmas
and propositions. We begin by introducing some notation.
Given &, v € R3, let pe(v) =v — (€/I€]*) (£, v) be the orthogonal projection

of v on (£)+. Observe that pe(v) = Mgv, where Mg is the symmetric idempotent
matrix given by

_ &8

Mj’l=3'1 .
P g2

§

LEMMA 7. The random field Ye = fOT e!&:B) d B, satisfies

T . : )
(32) yszps(/o et(%",Bz)(gBt>_lé%(ez(é,BT)_l)‘

PROOF. Using relationship (21) we get

T T pt )
1@:/ e’(g’B’)SB;—i-ozH/ /(Dse'@va))(z—s)ZH—zdsdz
0 0 Jo
(33)
T | T .
=/ e’@’B’)(SBH—H/ ige! & B2 gy,
0 0

On the other hand, by a multidimensional version of the It6 type formula (22) we

obtain

. 3T ) .
el €8 =1 4 Z/O i£je' B sp)
j=1

T
—H/ P2H=1 g 1216 B gy
0
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Dividing by |&|? and multiplying by i& we can write

T
H/ PPH= g ol 6 B gy
0

. -
:_lé%(emwr) _1)_|€%<5,/0 ez<s,Bt>(gBt>.

Then putting together (33) and (34) we obtain (32) easily. [

(34)

LEMMA 8. Given & € R3 and a smooth function ¢ from R to C bounded with
bounded derivatives, we have

peD[¢((§, Bi)]=0.

PROOF. Observe that
pe D[ (&, B)]=¢'((§, B;) pe(§) =0. O

LEMMA 9. Givené € R3, i, j €{1,2,3}and ¢ a smooth function from R to C
bounded with bounded derivatives, then

‘ /T -,
piDpl( [ ot BB, ) = M (e B,
PROOF. Using the definition of pg we have

p"(/T¢><<s B>>aBz)=iM“/T¢<<s B,))8B!
s\Jo =% Jo !
For k € {1, 2, 3}, using (17) we have

D¥p} (/OTd)«s, Bt>>aBt)

; 3. . T
=M§’k¢<<$,Bs>>+ZMg”/O D¥[p((&, B,)]8B..
=1

Applying now the projection pé and using Lemma 8 and the idempotent character
of the matrix Mg, we obtain

. . T y
Pl ([ ete. B o8 ) = M oe. B, .

LEMMA 10. There exists a positive constant Cy that depends only on k, T and
H such that for all & € R3 and for all k > 1,

(35) E|Ye |2 < Crlg|F/H=2,
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Moreover, there exists a constant § that depends on T and H such that for all
£ eR3 and forall k> 1,

w2k 4
(36) E|Yelc < 75
PROOF. From (32) we get

2k

(37) E||Yk||2k§2k_1(E %(d‘“ﬂ— 1) +Ak>,
C
where
T . 2k
(38) Ax :=EHpg</ e’(S’B’>5BI)H .
0 C

Using that 1 = ¢/ 50) we have

1§ i B 2k 2k
—=1)| =<E|Br|™,

ISIZ( )Hc

which implies (36) for the first summand of (37). On the other hand, for |£| > 1
we have

1§ ite.Br) 2k * 22k (g b/ H-2k
(€7 — 1) €]

I%‘I2 =Te =

Thus the estimate (35) holds for the first summand on the right-hand side of (37).
Then, it suffices to study the term Aj. Observe first that A can be written as

‘ T
(39) A= E ¥ l—[pu<f <s,Bt>53t>pz§z</ e—z<s,Bt>(ng>.
0

(i1s...,0x)€{1,2,3}k =1

Let us fix (iy,...,ix) € {1, 2, 3}" and let us study the corresponding term of the
above sum. Set jr,_| = jo, =i, and &2,—1 = —1, &3, = 1 for 1 <n < k. Then we
can write

k- T , T
EHP?(/O e,<g,3,>53t)pg</0 e—z<s,Bt>5Bt)
=1

2k ) T
=F l_[ pél ('/(; €l€1<5’3t> 83[)
=1

By the duality relationship between the derivative and divergence operators and by

(40)
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applying Lemma 9 we get that (40) is equal to

T 2k T
E<p§1 (/0 eze1<s,Bt>5Bt>Hpgz</o ezsz@,Bt)(;Bt))
=E<< 18183 lD(np (/ 18/<S,Bt>53l)>> )
H

2k . T
(41) =Y "E <e’€'<S’B , Dl Dpf’(/ e’gl(g’B’)83>>
1—[ . (/ wn<s,Bt>(gBl)>
n=2,n#l
1—[ Pl (/ zsn<s,Bt>5Bt)>,

2k
— Zngl,J'lE((eisl(é,B.) ezsl (&,B.)
n=2,n#l

Set now n(l/) =3 if / =2 and n(/) = 2 otherwise. Following the same arguments
we used before and applying now Lemma 8 we obtain that (41) is equal to

T
ZM” 11E< Jnt </ iSn(l)@,Bt)33{)(6i81(5,3-)’ei€1(§,B-)>J€

2k

) T
< TI pé"(/o ezsn<s,Bz>53l>)

n=2,n#l,n(l)

2k 2k o L
— J1sJ1 JnsJIn(l)
=2 ) MM

=2 n=2,n#l,n(l)
. E<(eiel<s,3.>, UGB (pienlE.B) piena)€.B))

2k

4 T
S (/0 oien(€.Br) 8Bt>).

m=2,m#l,n(l),n

Set now Gy the set of all the permutations of {1,2,...,2k}. Iterating these
computations it is easy to check that (40) can be expressed as

]o(21) ]o(21 1)
(42) Z HM RZ,

O‘Eszl 1
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where
k
—E ( l_[(ei€a(2l) (§,B~), ei80(21—1)<5sB-))J€>'
=1
Note that
R = /[o,TF" (exp( < Z o >)>
(43) .
x [Tlrar = ra—1 P2 dry - dry
=1
and

oo )l ()

As a consequence, Rg > 0, and using the estimate IMg”(ZI)’]"a’*”l < 2 we deduce
the upper bound
3k
o

T oeGy

The obvious inequality

k
R”fotk/ oy — ro—1 P72 dry -+ dry

k
50{’;[(/ |s—t|2H_2dsdt)
[0,T71?

yields (36) for the term Ay.
For each permutation 8 € Gy, consider the set

Dlg = {(I’l, .. .,I‘zk); rg) <rpe)<---< I”ﬁ(z]c)}.

It is clear that the integral in (43) can be decomposed into a sum of integrals over
the sets Dg, when 8 € Goi. On the set Dg we have

2%

B!
Z go(f)B Z a;j(B rﬂ(/) rﬁ(j—l))’
j=1

J— . : -1 _ .
wherea; =3;. rizrpcen Eo () In the particular case, 0~ = 8, we obtain

2% k

1 _ 1 1
ZEG(J)BU = Z(Brﬂ(Zl) Brmzfl))
j=1 =1
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and the coefficients a; are given by

0, ifj=20—1,

YG=N1, ifj =2l

If we compose a given permutation o with the permutation that interchanges the
elements j and j’, the coefficients a; are transformed into a; + 2, a; —2 or a;.
Hence, a; # 0 for all j =2I.

The local nondeterministic property of the fractional Brownian motion (see
Lemma 1) implies that

B!
Var(Z a] fﬁm rﬁ(j—l))>

2k

k
>ky Y ailrpcy —rpi-nl =kn Y rpan — rpci-nl*?
j=2 =1

As a consequence, we deduce the estimate

26)1(3 3kyle> &
_ 20!CGan)* )(aH) Z/ ( HIEE S o raarn P )

BeGo =1
(44)
k
< [T1ra = ra—1 P2 dry - dray.
=1
Foreach I =1,..., k we estimate below the distance |ry — ry—1| by |rg(j) —

rg(j—nl, where (rg(j—1),rg(;)) is the first interval contained in the interval
determined by the points rp;_; and ry;. In this way we obtain the estimate on the
set Dg:

k 2%k
[l - ry_1 P72 < T*-DE2H) [1Irs0)— raGi-nl* 2.
=1 j=2

Hence

(2k)12a* ( 3kplE? & 2H
A < 7/ exp lror — -1
k! {ri<--<ru<T} 2 Z

2k
2H-2
X H|rj—rj_1| dry--- dry,
j=2

where d = 3ay T2 21,
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Performing the change of variables y; =r; —r;_y, j = 1,...,2k (with the
convention rg = 0), we can bound the last integral by

/ 3kulE 1 < o\ T 2H-2 d
ex — . e
(52 yy<T) B2 T 22 | Ty v dya

I=1 j=2
3kulE? <~ oy 1 202
SCk/ exp(—i V4 v dyy--- dyx,
(5o y<TINRY 2 12::1 ’ ]1:[1 ’

where

k
2H-2
Ck:/ yi T dyy - dyg.
{Z’;_ly,sTmRijl:[z !

By the change of variable z; = |§ nyl we obtain

—k g k/H—2k
ol Mg/ | exp(
2k o/ <igHTINRE o

_ _ 0 3kpz?\ k
< e H Mgk 2k</0 exp<_%)zl I/Hdz) ‘

Hence we get
k() *@dH MY oy
< p k=2

where a = [;° exp(—3kyz%/2)z' =V H dz, and the proof is now complete. [

Ax

4. Decomposition of the interaction energy. Flandoli (2002) defined the
energy H via a decomposition of the Stratonovich integral (6) into a backward
It6 integral plus some (easily controlled) correction terms. Although this method
seems to have some serious drawbacks with respect to Fourier transform
techniques developed in Flandoli and Gubinelli (2002) and in our Section 3, it still
gives some insight on the behavior of the interaction energy H,, since it exhibits
an intersection local time type term as the main contribution to the divergence
of Hy, when x tends to y [see Theorem 9 in Flandoli (2002)].

We take up this program in this section, getting a decomposition of the
Stratonovich integral Hy, into a double Skorohod integral with respect to B plus
some additional terms, among which the main contribution is a double integral that
can be interpreted as a weighted intersection local time for the three-dimensional
fractional Brownian motion. The intersection local time with respect to the fBm
was studied in Rosen (1987) in the two-dimensional case and in Hu (2001) using
Wiener chaos expansions.
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However, our decomposition only holds for > < H < 3, and we also prove
that both double Skorohod integrals and the weighted intersection local time are
divergent whenever H > %

The main result of this section is the following:

PROPOSITION 11. Assume 3 5 <H < . Forany x # y, set

(45) ”_21//1w+& BB,

Then ﬁlx\y exists as the limit in L*(Q2) of the sequence ﬁlﬁ\y defined using the

approximation o, (x) of lx|~Y introduced in (26) and the following decomposition
holds:

= 8B SB!
Hy 2/ /(.)lx—y+B,—B| ret

t
_ HZ/ / So(x — v + By — B))(t —r)2H=D gp 4y

1
Y HQH -1 / (/ t—rZH_Zdr)dt
CH=D |\ x=r8-8/"""
1 1
+H/ ( (T — 21 4 J2H 1)dr
0 \|x—y+ Br — B, Ix—y+B|

Notice that to stick to the notation of Flandoli (2002), we chose to deal here
with the half integral H,, over the domain

{0<s<t<T}

and to simplify the notation, we have omitted the constant I'2/87 . Nevertheless, it
holds that H,, = (2 /81)( ny + ny) and we have proved using Fourier analysis
that H,, has moments of any order. Finally, for the sake of simplicity, we also
chose to work with fixed x and y.

Section 4.1 is devoted to the decomposition of ny when 1/|z| is replaced by a
smooth function o : R? — R in (45). We then apply an approximation argument to
obtain our decomposition in Section 4.2.

4.1. An Ito—Stratonovich correction. Consider a smooth function o : R3 — R
with bounded derivatives. We set d;0 for do/dx;.The aim of this section is to
justify the existence of the double Stratonovich integral

T t
7 (x) :/0 (/0 a(x+Bt—Bs)st>dB,

3 T/ pt ‘ ‘
:=2/ (/ o(x+B,—BS)dB;)dBl’.
i=170 0
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Furthermore, we express this integral in terms of a double Skorohod integral,
which is more suitable for getting estimates, plus some correction terms. The main
result of this section is contained in the following proposition.

PROPOSITION 12. For any smooth function o with bounded derivatives, the
integral J(x) is well defined and

T / rt
J@ﬁi/</o@+&—BJMOM%
0 \JO
T pt
-—H2/ /l&ﬂx+Bf—Bﬁa—ryQH4hhdt
0 JO
T rt
+2HQHFJX/t/a&+4%—300—ﬂﬂhahm
0 JO
T
+H/'w@+BT—&xT—mw*—o@+Boﬂ”ﬂdn
0

PROOF. Fori=1,2,3andt€[0,T], sete! = [jo(x + B, — By)dB:. Then
Jx) =3, fOT o! d B!. We divide the proof into several steps.

STEP 1 (Decomposition of ’).  Since
Di[o(x + B, — By)| = 80 (x + B; — By) 15, (r),
using relationship (21), we can write o/ = g/ + y/, where
m=4}@+&—&mg
and

. t T
yt’:aH/(;/o D;[a(x—i—B,—Bs)]ls—r|2H_2drds
t
=H/8m@+8r4m0—®w”d&
0

We now write J(x) = A; + Ay, where Ay = Y3_, [{ y/dB! and A, =
Z?:l fOT Bi dB!, and decompose A; and A, separately.

STEP 2 (Decomposition of Aj). An easy application of the stochastic Fubini
theorem gives

3 T/ T ‘
(46) AF=H§:f (/ aou+4a—3gq—sﬂH*dBQd&
i=170 \Js
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Then, by a slight modification of the It6 type formula (22) applied to the function
o, y)=(t — )2 1o (7 4+ y) and to the process {B; — Bs, t € [s, T']}, we obtain

3 T .
Y | dio(x+B —By)(t—s)*"""dB;

i=1°%
47) —=o(x+ By — By)(T —s)*H~!
T
— (2H — 1)/ o(x+ B, — By)(t —s)*24az.

Substituting (47) into (46) we have A| = R| + R, with

T
R = H/ o(x+ By — By)(T —s)*" 1 as,
0

T [t
R2=—oeH/ / a(x—i-B,—Bs)(t—s)ZH_zdsdt.
0o JO

STEP 3 (Decomposition of A;). By relationship (21) we have Ay = R3 + A3z,
with

3 T . T t
R3=Z/ ﬂf5B§=/ (f G(X—IrB,—Bs)(SBS)(SB,,
i=1 0 0 0
3Tt
A3=“HZ/ /Déﬂ,’a—s)w—zdsdz.
i=170 70

We compute the derivative of ,B;' fop a ﬁxgd t€[0,T] and i € {1, 2, 3}. By the
commutation relationship between D' and §*, given for instance in Nualart (1995),
we have

. . S .
D;pB; :o(x—i—Bt—Bs)+/0 d;i0(x + B; — B,) 8 B;.
Hence Az = R4 + R5, where
T pt
R4:3aH/ /o*(x+B,—Bs)(t—s)2H_2dsdt
0 0
and
3 T ot s )
R5:aHZ/ /(t—s)ZH_2</ aia(x-i—B,—Br)(SB;)dsdt
. 0 0 0
=1
48) ’
3 T/t ,
:HZ/ (/ (z—r)zH—laio<x+B,—B,)(SB;)dz.
. 0 0
i=1

STEP 4 (Computation of Rs). The stochastic integral with respect to B can
be evaluated again using It6’s formula, but since ¢ > r, we have to compute first
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the correction term due to the anticipating term B;. This can be performed using
the substitution formula of Proposition 4. Set F = x + By, and fori = 1,2, 3 and

0<r <t,put g“,i (z) =9;0(z—B,)(t —r)* 1. Then the process ;i and the random
variable F satisfy the hypothesis of Proposition 4, and

3 t .
Z/O t—r)*"180(x+ B, — B,)SB!
i=1

3 r '
=§1/0 ¢(F)8B!

(49)

3. .
:;/(; ¢ (2)8B,|,_p

3T gt ‘ o
_“HZ/O /Oaz,-é“rl(F)Df)F'Ir—UIZH_zdrdv.
i=1

Taking into account the relationship 9, g;' (7)) = a,%.a(z — B)(t — )1 the last
term of this expression is equal to

t t
aﬂf f Ao (x + By = B)(t — ) Hr — o2 dr dv
0 JO
(50) t
= [ Ao+ B — B =P [2H = ar,
0

Furthermore, for a fixed z € R, the 1t6 type formula (21) gives
3 3 .
Z/ ¢r(2) 8By = 2/ dio(z— By)(t —r)*~16B!
i=1"0 i=1"0
t
(51) = o @A = @H =) [ o= B)a—n2dr
0

t
+ H/ Ao (z — B (t —r)?H 1201 g
0
Plugging (49) into (48), and using (50) and (51) yields
T
Rs = —H/ o (x+ B 2 dr
0

T rt
—H(2H—1)/ / o(x+ B, — Bt — )12 drd:
0 0

T t
_ H2f f Ao (x + B, — B)(t — r)2CHD grar.
0 0

Finally, J(x) = Zle R;, and this gives the desired result. [
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4.2. Proof of Proposition 11. Consider the function o,, defined in (26), which
satisfies the estimate

(52) o (x) <cilx| 7!,
In fact, by Lemma 17 we have
ou(0) = E(lx +Z|™) <cilx| ™,

where Z is a three-dimensional random variable with law N (0, 1/n). Moreover,
(53) dilx|™! = —lx|
and, again by Lemma 17,
(54) |;0m] < calx| 2.
The second partial derivatives of o are

0;0; x| ™" = —=8;j1x| 7> + 3x| xix;
and we have

. 4
Alx| =;30

in the sense of distributions. This implies

4
(55) Aoy (x) = ;pl/n(x)-

The function o, is infinitely differentiable with bounded derivatives. As a
consequence, by Proposition 12 the double Stratonovich integral

T t
Jn(x) = /0 (/0 on<x+Bf—Bs>st)dBf

exists and can be decomposed into the following terms:

T t
In() =/0 (/0 an<x+Bt—Bs>aBs)aBt

T t
— H2/ (/ Aoy, (x + B, — By)(t — r)z(ZH_l)dr> dt
0 0

T
(56) Y HQH - 1)f (/tan(x—i-B, —Br)(t—r)ZH_zdr> dt
0 0

T
+H/ (O'n(x+BT—Br)(T_r)ZH—l+On(x+Br)r2H_1)dr
0

=A,+B,+C,+ D,.
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Notice that ﬁlﬁ\y = J,(x — ¥). Then the proof of Proposition 11 is a consequence
of the following lemmas.

LEMMA 13. Assume % < H < % and x # 0. The term A, in (56) converges in
L%(Q) to the double Skorohod integral

Z/ / —_ SBISB.
0 |X+B; | ’

PROOF. The proof is done in several steps.

STEP 1. Let us first show that o, (x + B; — B;) converges in Lz([O, T)? x Q)
to |x + B, — Bs|~\. By the estimate (52) and using the dominated convergence
theorem, it suffices to show that

T pt
E/ / X+ B, — By|2dsdt < oo,
0 0

and, again, this is a consequence of Lemma 17.

STEP 2. By the closability of the double Skorohod integral it remains only to
show that A, converges in L?(Q) to some random variable. For this we need to
prove that the limit lim,, ;00 E (A, Asm) eXists.

STEP 3. Letuscompute E(A,A;,). Set u(") fo 0, (x + By — Bg) 6 Bg. So, by
formula (25), we need to compute E (u; ()i (m) l) and E(Déugn) lD’/ue/ ), ]) We
have, again by (25),

E(u®™- ")
= Elon(x + By — B)1[o,r1. om(x + By — B 1))
+ E(D![0(x + By — B)I1j0,), (D! [om (x + By — B)10,1)" ) e e
=Bi1(r,r") + Ba(r, 1),

where

Bi(rr) = ay /0 /0 E[0n(x + B, — Bg)om(x + By — By)]

57
7) x 0 —0'1*H"2d0 4o’
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and
Bi(r.r) =} /[ o E(Djlon(x + B — By)1D; [om(x + By — By)])
X 1{n§r,0’§r/}|r/ - 77/|2H_2
x 10— 01?2 dndn' do do’
(58)

= (X%{ \/[.0 T]4 E(aidn(x + Br — Bn) al‘O'm(x —+ Br/ — Be/))
x Vpzo<rligr<y<ryln — /1?72
x 10 —0"1*"2dndn' do de’.

On the other hand, using again the commutation relationship between D and §,

. . r . .
Déuﬁn)sl — Sij l{gfr}O'n(x + B, — By) +/0 Dé [0, (x + B, — By)] SB;

and
E(Déuﬁ”)’iDi/ug,")’j)
= 3ij1{0§r,r’§9/}E[O’n(X + Br —_ B@)Gm(x =+ BQI —_ Br/)]
+ 5ij1{0§r}E|:(7n(X + B, — BQ)/(; D! [0y (x + By — Bs)](SBsf}
r i .
(59) +3ij1y<0n E [Gm (x + By — By) fo Djlow(x + B, — By)] 5B§}

+ E[(/O D}[o,(x + B, — Bs)]aB;')

x (/ D' [0y (x + By — By)] 335)}
0
=By + B +BY + v, r,0,60).

Using the duality relationship (15) between the divergence and derivative operators
we can write

BY (r,r',6,60)
= 8ij1{p<r} E(D? [0, (x + By — By)1, 1j0.6/)(-) DL [0 (x + By — B},

(60) T T
—antyy [ [ E@ou0c+ B, = B)ihon(x + By = By)

X Lg<s<r 1y <r<onls —s'|*" 2 dsds’.
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Similarly
B (1,0,

(61) = Sijl{r/ig/}E<Df [O’m(x + Bg/ — Br/)], 1[0,r](')Dg [Un(x + Br - B)])J{

T T
=Ol[-15,'j/0 /0 E(a,-am(x+B9/ —Br/) 3J'O’n(x+Br —Bs))
X l{r’gs/fe/}l{s§9§r}|s - S/|2H_2 dsds’
and, using the isometry property of the Skorohod integral (25), we can write
vy (r,r',0,0")
= éijE(Dé[on(x + B — B)0,51(-), Di[om(x + By — B)1 10,01 ()) 4
+ E(DI D}[0(x + B, — B)11j0,,1("),
(DID}[owm (x + By = B)1110,61(0)) ) yegy 56
= (B + B, 0.0,
where

—5;jam /0 /0 E(D[04(x + By — B)ID! [0 (x + By — By)])

(62)
x|s—s' 2 dsds’
T T
= 5ijOéH/0 /0 E(djon(x + B, — By) 3;0m (x + By — By'))
X 1{s§9§r}1{s’§r/§0’}|s - S/|2H_2 ds dS/
and
By (r,r',0,6")
=a2 /[0 - E(D]Djlo,(x + B, — B,)1D}, Dy [6m (x + By — By)])
(63) x Vig<onlig<nyls — ' =2 In — P2 dsds’ dndy'

=}, /[0 1 Eyjou(+ By — By) o e+ By — B yzsoz

x Vg <y <onls =" 2 — ' PH2 dsds’dndn'.

As a consequence,

7
E(ApAn) =) _ai.

i=1
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where the seven terms a; are computed as follows:

1. The first term is

3T T

a) =oy E / / Bi(r, ) —r' P2 dr dr’
: 0 JO
i=1

and substituting o (r, r’) from (57) yields

T T pr' pr
ay = 30{%{/ / / / E[o,,(x + B, — By)o,, (x + B, — Bg/)]
o Jo Jo Jo
x 10 —0'PH=2r — /P72 40 a0’ dr dr'.
2. For the second term we have
3T T
a =ay 2/ / By(r, r)r —r'PH 2 dr dr’
i=170 70
and substituting ,Bé(r, r’) from (58) yields
azzaHZ/ 0.7 8 o*,,(x—i—B — By) 0;0,(x + B,/ — By))
X 1{;7<0<r}1 0’<n/<r’}|77 -n |2H 2
x 10 =012 — ' 1P 2 dndn’' dode’ drdr'.
3. The remaining terms are, fork =3,4,5,6,7,
ar =g Z / B (r,r', 6,00 r —r'PH=20 — 6/ P2 dr dr' dg d.
i,j=1

Substituting ,B (r r’,6,0") by its value from (59)—(63) yields
a3 = 32, /[0 - ElonCx + B = Bo)o (x4 By — ;)]

x Lig<,pr<onlr —r'P17210 — 6’12 dr dr' d6 do’,
3
%Z/[orw (9;0n(x + By — Bp) 0o, (x + By — By))

/2H-2
x1 {<s<r l{v’<r/<0’}|s - |

x |r—r' P20 —0')PH2drdr’ do do’ dsds’,

as = 01135, 2/ E(9;0m(x + By — By) djon(x + B, — By))
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X 1<y <ondis<o<rils — /172

% |r _r/|2H—2|9 _0/|2H—2drdr/d9d0/dsds/’

/[‘0 1]6 ( i ( r EY) alom(x+B9/ — BS,))
i= )
X 1{s<0<r}1{s/<r/<9,}|s s/|2H 2

x|r=r'1P"210 — 0’12 dr dr' d6 d6' ds ds’
and

a7 =a} /[0 . E(Aoy(x + B, — By) Aoy, (x + By — By))

2H—2| 2H-2

X Lys.ozr i<y <onls — 5| n—1|
x |r—r'*17210 — 01" =2 dr dr' A0 d0' ds ds' dndy'.
The above computations lead to the result

E(A,Ap) = Opm + lgn,m + Yn,m»
where

Otnm =30 /[0 - E[04(x + By — Bg)om(x + B — By |Lig<r.0'<1)
x [|0 — 022y — /2H=2

+1r =020 — r'PH2]d0 do’ dr dr’,

E(a,-an(x + Br — BQ) aiam(x + Br/ — Bg/))

ﬂn,m=a%i/

(64) i=1710-T]
x No<s<rilior<s'<r)
x [(10 = s'||s — 0| |r — r'])?H 2
+ (s =0l Ir=s'110 — "2
+ (10 =5l Ir=0|]s — P2
+(10 =0 |r —s'||s —r')* 72 ds ds’ d6 a6’ dr dr’

6

and

Yium = 0Ly /[O - E(A0, (x + B, — Bg) Ay (x + B — By))

(65) X l{ef‘v’nf”}1{9/§s’,n/§r/}
x |s — 012210 — y/|PH—2

x |r—s'"PH 2 =r' P 2drdr’' d6 d6’ ds ds' dndy'.
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STEP 4. Letus check the convergence of the term ¢, ;,. Foreachx #£0,0 <r
and 0’ < r’, the expression

on(x + By — Bg)om(x + By — Byr)
converges as n and m tend to infinity to
Ix + B, — Bg| " 'x + B, — Byr| .
Then we can conclude by dominated convergence and the estimate [see (52)]
on(x + B, — Bg) <cilx + B, — Bl ™,
and the fact that, by Lemma 17,
E(lx+ B, — Bo|'lx + By — By| ")

<[E|x+ B, — By| 2E|x + B, — By|?]'/?

<ceolx| 72

STEP 5. Letus check the convergence of the term 8, ,,. Foreachx #£0,0 <r
and 6’ < r’, by (53) the expression

3

> 0ion(x + B, — Bg) djom(x + B, — By)

i=1
converges as n and m tend to infinity to

(x+ B, — By, x + B,» — By/)
|x + B, — Bg|?|x + B, — Bg/|?"
By the estimate (54) we have

(66) 180 (x + B, — By)| < calx + B, — By .

For each a < b the following inequality holds:

b
67) / = yPH 2 dx < kygla — b2
a

In fact, if a < y < b, we obtain

b
[ = yPr R =
a

s b=y ly — e

< la — >~

2H —1
andif y <a, since (u +v)* <u®+v*, whenu,v>0and O <o < 1,

b
/ I — y[2H 2 dx = 2H-1 _ |
a

2H-1
)

(16 =yl a—yl

2H -1

_p2H-1
21l

=<
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the case y > b being analogous, and (67) follows.
Taking into account (66) and (67), it suffices to show, by dominated conver-
gence, that the following integral is finite:

f[o Bt B Bl Pl B — By )

(68) x (Jr — FIPH2 L g PH2 e — P2 e — 9/|2H—2)

x r =0 — o' PP drar do ay’.
Consider the decomposition
(69) B,y — By =A(B, — Bg) + Z,
where
h=ylr =017,
(70) y = E((B; — Bg)(B,» — By))
=1(r = 0P —r =P 17 — 0" — 10 — 0']P)

and Z is a centered three-dimensional Gaussian random variable independent of
B, — By with variance

= 0P — 0P — 2
Ir —o)2H
Substituting (69) into (68) and applying Lemma 17 yields
E(lx+ B — Bg| *|x + By — By| %)
= E(Jx + B, — Bg| |x + A(B, — Bg) + Z| %)

2 _
o7 =

<20, " E(|x + B, — Bg|*|x +A(B, — Bp)| ),

where y1 + y» = 2. Fix an exponent § < 3 close to 3. Holder’s inequality allows us
to write

E(1x + B, — B *|x + A(B, — Bo)|77?)
< [E(lx+ By — Byl ™)[E(1x + 1(B, — By)|7/072)) 07270
<clx|727,
provided 8y, /(8§ — 2) < 3. We can write
o, =|r— o Hg—n/?,
where

d=r"—0'"|r —o — 2
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is the determinant of the covariance matrix of the two-dimensional vector
(B! — B}, B!, — B}).
To estimate (68) we are going to decompose the integral over the sets
Gi={0<6 <r=r',
Gy={0<r=<6<r'}
and
Gy={0<6"<r' <r}.

Fori =1,2,3, we denote by I' the integral (64) over the set G;.
We distinguish three cases:
(i) Consider first the integral over the set G1. We know [see equation (3.9)
in Hu (2001)] that there exists a constant kz such that on G,

(71) d>ky(r =022 r =P 10 — 0" 16 —0')2H).
Using the estimate (67) with [a, b] = [0, r] and [a, b] = [0’, r], we obtain

1 ScH,x/ - — ot gn/?
Gy

% (lr . r/|2H—2 + |9 _ 0/|2H—2)
x |r — 0P — o012 a0 do’ drar'.
Now we apply (71) and we get

1" < CH,x/ (Ir — 01 1 r —r')PH ¢ — 0P 0 — 9/|2H)—V1/2

Gy
X (lr _ r/|2H—2 + |9 _ 9/|2H—2)
x |r — PN, — o' 2H=1 a0 a9’ dr ar’

s I e
1
x |r — 0PN/ 2=1 _ o/ ZHA=v1/2=1 49 40’ dr dr'
+ems [ 10—0/ P2 —p 0
1

x |r =0 —0' 1P o do’ dr dr'.

Hence, making the change of variables ¢’ —0 =x,r —6' =y and r —r' =z, we
obtain

|Il| SCH’X\/[O T]Sx_VlHZZH—Z(x+y)2H(1+J/1/2)—1

x (y + 2)2HA=n/2=1 gy dydz

+cH,x/0 2xzjﬁ'_zz_ylH(x—I—y)w_l(y—I—Z)ZIL"_lci)cciyciz,
[0,T]
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which is finite provided y; < 2. The restrictions
o
§—2
imply 0 < y» < 1 and, hence, 1 < y» < 2.

(ii) Consider now the integral over the set G>. We know [see equation (3.11)
in Hu (2001)] that there exists a constant kg such that on G,

(72) d>kylr—017 1 —0')?1.

Using the estimate (67) we obtain

|12|scH,fo - — ot gn/2
2

2<§<3, <3, Vi+yp=2

x (Ir — FRH2 49 — 9/|2H—2)
x [r =02 N — 0PV a0 do’ dr dr'.
Now we apply (72) and we get

1= cns [ (r=rPH2 410 -0/

2
x r— 0Pt — o' A2 ag ag’ ar ar'.

Hence, making the change of variablesr —0 =x, 0’ —r=yand r' — 0’ =z, we
obtain

Plsen | [0+ 4 @402

% x2H=12H(1=01/2)=1 g, dydz,

which is finite provided y; < 2.
(iii) Consider now the integral over the set G3. We know [see equation (3.10)
in Hu (2001)] that there exists a constant kg such that on G3,

(73) d>kylr—017 1 —0')?1.

Using the estimate (67) we obtain

Pl <en [ Ir—opfan?
G3
x [r =02 N — o' PPV a0 do’ drdr'.

Now we apply (73) and we get

P = [ (Ir=rPA2 410 -0/
3

x r— 0Pt — o' A2 ag ag’ ar ar'.
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Hence, making the change of variables r —0 =x,0’ —r =y andr’ — 0’ =z, we
obtain

Plzen [ [0+ 4640

x x2H-12HA=y1/D=1 4 dydz,

which is finite provided y; < 2.

STEP 6. Let us show the convergence of the term y;, , defined by (65). We
have, by relationship (55),

E(Aoy,(x + B, — Bg) Aoy (x + B — By))

16
= — E[pi/n(x + By — B)p1/m(x + By — By)]
T

B 31x2 |y
7 3/2 s
=278, exp(—ﬁ)
where
om | / el 1 2
8m,n: |r_9| + — |r _9| +-)—-v,
m n
o, | / rom ]
Vmn=1Ir—0""+—+|r =01"+—=2yp.
m n
Set

3 2
Wy = 27832 exp<—7|x [V ) I — Q=2 _ g/ |42,
: ’ 2mn

As n and m tend to infinity, ¥, , converges to

3|2

where
(74) §=Ir = 6P| — 0P — 2,
(75) v=1lr—0P" + 1 =021 =2y,

where y is defined in (70). Moreover, for all o, ¢ > 0, we have y* exp(—cy) <
kyc . Hence, for0 <o < 3

9|4H—2|r1_0/|4H—2 9|4H—2|r/_9/|4H—2

Colr — Calr —

|x|2a83n/’%l—a‘)% . - |x|2a53/2—ava

lIIm,n =< = E

Then it suffices to show that the integral of the function_@ on [0, T]* is finite.
Note first that as in Step 5, we can now split the integral of W into three pieces.
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(i) Onthe set Gy ={0 <0’ <r <r'}, settingw =60"—0, y=r — 0’ and
z=r" —r, inequality (71) can be read
8> k[(w+ y2H2H (4 Z)ZHwZH]‘

Moreover, using the local nondeterminism of the fractional Brownian motion (see
Lemma 1), we get

v > kw4 220).
Take now 1 <« < % and write o = % — B with 8 > 0. Then
- cHa(w+ )2 (y 4+ 242
~ ((w+ y)ZHZZH + (y + Z)2Hw2H)3/2—oz(w2H + ZZH)a

and, since u? + v? > 2uv for all u, v > 0,

T < cu,p((y + 2)(w + y)) H/2-1-pH < CHE GO
- (wz)3H/2 - (wz)3H/2 - ’
where we have used the fact that STH —1-BH>0if H > % and B is small

enough. Performing the change of variable w=6"—0,y=r —0’, z=r"—r and
u=T —r’,itis now easily seen that if H < %,

(76) / W(l)(r, r',0,60"drdr' dodo’ < oo.
G

(ii)) On Gy ={0 <r <0 <r'},settingr —0=w, 0 —r=yandr' — 0" =z,
inequality (72) can be written
2H

6> kHwZHz
and Lemma 1 yields
v > kg + 227,
Hence

U < oy o(wz) @ HTe) = A

and, taking 1 < «, we get
(77) T (r,r',0,0") drdr' d0 do’ < oo.
G
(iii) On Gz ={0 <0’ <r' <r},setw=0"—0,y=r'—0"andz=r — r’.
Then (73) reads
§>ky(w+y+2)*yH,
Furthermore, using the fact that w 4+ y +z > w +z > (1/T?)wz, we get

8> kH(wyz)ZH.
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On the other hand, Lemma 1 gives
v > kgt 4 221,
Hence
—(2—H(1+2a))(wz)—(Z—H(l—i-a)) = @(3)

v <CH«a)

and taking 1 < « leads to
(78) V1, 6,0") drdr' d6 do’ < co.
G3

Putting together relationships (76)—(78) completes the proof of the lemma. [

LEMMA 14. Assume % < H < % and x # 0. The term B,, in (56) converges in
L%() to the weighted intersection local time

T t
—HZ/ / So(x + By — Bt — r)22H=D gy ay.
0 0

PROOF. Notice that B, = —(4H? /)L, with

T t
L, :/ (/ P1/n(x + B, — Bp)(t — 9)2<2H—1>d9) dt.
0 0

It is enough to check that the limit lim, ;,— 0 E(L, L) exists. However, using
the results proved in Step 6 of the previous proposition, we get

E(Ly Lm>—<2n>6/ / [ [ s en(- 3';8'”"1")

x (t —0)>PH=D (" —9"2CH=D 49 40’ 4t dr’,

which we have proved converges to

T pT pt pt 2
(277:)6/ / / / 5—3/2€Xp<_3|x |l)>
o Jo Jo Jo 26

x (1 —0)2FH=D ' _9"2CH=D 49 40’ dt dt’

with
8 — |r _ 0|2H|r/ _ 0/|2H _ yz,
v=1|r—0" + 1/ =021 —2y. O

Similar computations lead to the following two results, which in turn end the
proof of our decomposition.
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LEMMA 15. Assume % < H < % and x # 0. The term C,, in (56) converges in
L*(Q) to

T/ rt 1
H(2H—1)/ (/ 7(t—r)2H_2dr)dt.
0 0 |X+B;—Br|

LEMMA 16. Assume % < H < % and x # 0. The term Dy, in (56) converges in

L*(Q) to
T 1 1
H/ (—(T — )2y 7r2H_1> dr.
0 \lx+ Br — By |x + By

REMARK. If we assume that H > %, then the function lim,, ;;— 00 Win.» 1S NOt

integrable in [0, T1* due to Lemma 18. This fact shows that the restriction H < %
cannot be avoided.

APPENDIX
In this section we show two technical lemmas that have been used in this article.

LEMMA 17. Let Y be a three-dimensional Gaussian random variable, the
components of which are independent, centered and have variance o>. Then, for
any positive number y < 3, there exists a constant ¢,, such that for any x € R3,

Elx+Y|77 <c,min(lx|77,077).

PROOF. We have

Elx+Y|7V = (27702)_3/2/3 |x + yl_’/e_‘ylz/z‘72 dy
R

2\7
< (—) + (27102)_3/2/ x4y Ve V207 gy
x| lx+yl<|x]/2

For the second summand in the above expression there are the estimates,

_ _ Cy—l2 2
0_3/ |Z| Ve [x—z|/20 dz
lzl<|x]/2
_3 _15[2/852 _
< o3P0 / 12177 dz
lzl<|x]/2
3 _142/862, 13—
<cyo 3o IxlP/80% |y 3y
<c x|
=c) x|
and we deduce

Elx +Y[77 <cylx|77.
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On the other hand, we have
-y

’

Elx+Y|” V—O’_VE’ +Z

where Z is a three-dimensional standard Gaussian vector. Finally, it suffices to
observe that

-y
hmE‘ +Z =0
0 o

and

g
:E|Z|_V<OO. ]

o—>00

lim E‘ +Z

LEMMA 18. Let§ and v be the functions defined in (74) and (75), respectively.
Then the integral

3 2
5= exp( =22\ 1 Z 0P H2 — /2 g 4! dr i
[0,T]4 28

is infinite if H > %
PROOF. On the set G; = {# <60’ <r <r'} and setting, as before, w =
0 —0,y=r—0"and z =r' — r, we can write
=+ (y+2" -2
v=(w+ y)2H + (v +2* =2y,
=10+ w+y+2*" =2 —w?).
Using the Taylor expansions
(w+ 027 =" L 2Hy? "Ny + HOH — 1)n2H 202,
v+ =y 420y e+ HQH — D2 =222,
w+y+2*" =y 2B "N w+2) + HQH - D/ 2w + 27,

where n, € [y, y +w], n; € [y, y + z] and 0y, € [y, ¥y + w + z], we can write
H 1
y =y HY P w0+ S QH = D+ 27 = S @ 4+ w?,
Then it is easy to get
v=z" 4w’ Lt HQH - D[n %UH 2w2+n§H —222 nz+w2(z+w) ]

and an expression for § of the type

S = yzH(zzH + wzH) + wzgl,y + zzgz,y + wzgs,y,
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where, for fixed y, g1y, g2,y and g3 , are polynomial functions of w, z, w2

2 2=l 201 2 =2y 2H=2 g r]lzﬁzz. Moreover, for a fixed y, these
functions are bounded on the set G1. Notice that since r — 0 > yandr’ — 0’ > y,

we have

2
/ / //8 32, ( 3|28|v)(r—0)2(2H_1)(r’—9’)2(2H_1)d0d0’drdr’

2
> y4(2H_1)8_3/zexp<—3|x lv)d@ do’ drdr’
G, 26
3/4 2
Zl y4(2H—1)</ 5—3/2exp<_3|x |v>dzdw> dy
4J1/4 (22 +w?<e?,z,w>0} 26

for ¢ small enough.
Set now z = rcos(£) and w = r sin(€). Then

3 2
8_3/zexp< x |U>d dw

/{12+w2§82,z,w20} 25

/2 e 3(x2
:/ / r8_3/zexp(— X lv)drdé.
0 0 26

Using the above expressions of v and § we can check, for y € [%, %], that

i ( 3|x2|u) ( 3|x2|)>
m exp| — =exXp\ — .
A0 P s P\Tgm ) =%

So, for € small enough,

T/2 pe 3|x2
/ / r8_3/zexp(— x |v>drd$
0 0 28
/2 re
zc—x/ / rs=32 dr dt
2 Jo 0

/2

1

o P (cos® 2 +sin@)27) + f(r.eni2 95

where
f(r, &) =r* " sin€)?g; + 7 cos(£)? gy + >~ sin(€) cos (&) g3,

and this integral is divergent when H > % U
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