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ON NEW EXAMPLES OF BALLISTIC RANDOM WALKS
IN RANDOM ENVIRONMENT

BY ALAIN-SOL SZNITMAN
ETH-Zentrum

In this article we show that random walks in random environment on Z¢,
d > 3, with transition probabilities which are e-perturbations of the simple
random walk and such that the expectation of the local drift has size bigger
than ¢, with p < % whend =3, p < 3, when d > 4, fulfill the condition (T')
introduced by Sznitman [Prob. Theory Related Fields (2002) 122 509-544],
when ¢ is small. As a result these walks satisfy a law of large numbers with
nondegenerate limiting velocity, a central limit theorem and several large
deviation controls. In particular, this provides examples of ballistic random
walks in random environment which do not satisfy Kalikow’s condition in the
terminology of Sznitman and Zerner [Ann. Probab. (1999) 27 1851-1869].
An important tool in this work is the effective criterion of Sznitman.

0. Introduction. Random walks in random environment on Z¢ constitute one
of the basic models of random motions in a random medium; see Hughes [6],
Molchanov [12] and Zeitouni [23]. Yet in dimension bigger than one, the present
understanding of their asymptotic behavior is rather primitive. As opposed to
other models of random motions in random media (see, e.g., [2, 14, 9, 13]),
until about three years ago few references dealt with their study (cf. Kalikow [7],
Lawler [10] and Bricmont and Kupiainen [5]). Recently however, there has been
some progress in the understanding of random walks in random environment
with ballistic behavior (cf. [3] for a review). In [20] the so-called condition (T)
and in [21] the slightly weaker condition (T’) were introduced [we recall what
these conditions are in (0.3)]. As soon as the dimension d is bigger than 1, these
conditions have a number of interesting consequences such as a ballistic law of
large numbers, a central limit theorem and several large deviation controls, which
in particular hold for certain critical regimes related to slowdowns of the walk.
In fact, there is a strong suspicion that (T) and (T’) are equivalent. They may even
turn out to characterize ballistic behaviors of random walks in random environment
when d > 2.

In [21] condition (T’) was shown to be equivalent to an effective criterion, which
can be checked by direct inspection of the environment in a finite box of large size.
The main purpose of the present article is to present an application of this effective
criterion which provides new examples of walks with ballistic behavior. These
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286 A.-S. SZNITMAN

walks come as small perturbations of the simple random walk on 74, d >3, and
offer instances of ballistic behavior beyond current knowledge.

Before discussing these examples any further we recall the model. The
environment where the walk evolves is described by a collection of i.i.d.
(2d)-dimensional vectors, which prescribe the transition probability of the walk
at each site of Z¢ (d > 1, for the time being). We implicitly assume ellipticity of
the motion, and for some « € (0, %],

The common law p of the vectors is supported on £,
0.1 the set of (2d)-vectors (p(e))|e|:1,eezd,
with p(e) € [k, 1], for each e and }_,—; p(e) = 1.

K b
®74

The random environment is then an element w = (w(x,)) ez« of Q

which is endowed with the product o -algebra and the product measure P = p
The random walk in the random environment w is the canonical Markov chain
(Xn)n>00n (ZHN, with state space Z4, “quenched” law Py ,, starting from x € 74,
and transition probability w(y, e) of being in y + e at the next step, when in y.
One also defines for x € Z4, the “annealed” laws Py on € x (Z9)VN, as the
semidirect product

0.2) Pi=Px Py,

We now turn to conditions (T) and (T”) of [20] and [21]. We only discuss here one
of the equivalent characterizations of (T) and (T’) in terms of decays of certain
exit probabilities of the walk from thick slabs. We refer to [21] for other equivalent
formulations. If £ € S9~! is a unit vector of R?, we say that (T”) holds relative to ¢
if for every y € (0, 1), for all £’ in some neighborhood of ¢,

(0.3) limsup L™ log Po[T%,;, <T}/]<0  foranyb >0,
L—o0

where for w € S, u e R,
04) T,)=inf{n>0,X, w>u}, fuw:inf{nzo, X, w<u}

In a similar fashion, condition (T) is said to hold relative to £ when for all ¢ in
some neighborhood of £, (0.3) holds with y = 1. Clearly, condition (T) relative to £
implies condition (T") relative to €. There is a strong suspicion that both conditions
are equivalent. As soon as d > 2, (T) relative to £ implies a ballistic law of large
numbers,

X
(0.5) Py-a.s., — — v, v deterministic with v - £ > 0,
n

a central limit theorem,

Under Py the laws of B" = L(X[.,,] —[-n]v)

n
(0.6) on the Skorohod space D (R, R?) converge weakly to a Brownian motion
with a nondegenerate covariance matrix,
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and several large deviation controls on % (slightly weaker than the corresponding
results under condition (T), cf. [20, 21]). Incidentally these controls are more
delicate than (0.5) and (0.6), and show that for a broad class of walks large
deviations “on the segment [0, v]” are critical. Such large deviations are closely
linked to slowdowns of the walk.

In this article we consider certain small perturbations of the simple random walk
on Z4, when d > 3. More precisely, for € € (0, 1) we define

8¢ the subset of P /44 Of (2d)-vectors (p(e))e|=1

©.7) with |p(e) — %| < 47, foreache,

and denote by 2. the subset 5?” of Q (with k = %). The local drift at site x in
the environment w is defined as

(0.8) dx,0)= Y w(x,e)e.

lel=1

The main result of the present article is the following.

THEOREM (d > 3). Forn € (0, 1), there exists eo(d, n) € (0, 1) such that for
0 < & < &g, whenever the single site distribution | is supported on 8. and

def g2 whend =3,
0.9 A=E[dO,w)-e] >
g3, whend > 4,

condition (T') holds with respect to ey the first coordinate vector of the canonical
basis of RY. The expectation in (0.9) is taken relative to P (= [L®Zd).

The above theorem reads off the ballistic nature of the walk from the expectation
of d(0, w) with respect to the straightforward static distribution P, instead of a
dynamic distribution stemming from the method of the “environment viewed from
the particle” (cf. [9, 12, 13, 15]). It provides new instances of ballistic behavior.
In particular, it gives examples of walks for which (T”) holds but the so-called
Kalikow’s condition breaks down; cf. [7, 22] and (5.3). For instance when d > 3
and /i supported on 4&,/; is isotropic, that is, invariant under rotations of R4
preserving Z¢, and for some p € (0, 1),

(0.10) varz(p(er)) = pe?, covii(p(er), p(—en) < (1 — p)varz(p(er)),

it follows from Theorem 5.1 that the image w of & under the map

0.11)  (p(€)je|=1 — <p(e) + %e . el) with A € (0, c(d, ,0)82)
le|=1

does not satisfy Kalikow’s condition with respect to any direction for small ¢
(depending on d, p). However, when A is not too small [cf. (0.9)], condition (T")
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relative to e is fulfilled. The above distribution @ can be viewed as a slight
anisotropic perturbation of the isotropic perturbation [i of the simple random
walk (such isotropic perturbations are considered in [5]). This is only one possible
example. The main result applies to more general situations.

One can naturally wonder whether the conclusion of the theorem holds when
we replace (0.9) with the weaker assumption A > 0. This is not the case and we
refer to [4], where examples of slight perturbations of the simple random walk
with diffusive behavior and yet nonvanishing A are constructed.

The proof of our main result relies on the effective criterion of [21]. Indeed, in
the case of direction ey, it is proved in Theorem 2.4 of [21] that (T') relative to e;
is equivalent to

' 1 3d-1) _ 3 3
(0.12) inf {c(d)(log;) Ly ““E[pgo]} <1,

where By runs over all boxes (—Lo~+2, Lo—+2) x (—Lo, Lo)?~", with Ly > ¢/(d),
3Jd < Zo < Lg, a € (0, 1], and ¢(d) and ¢’(d) are some explicit positive dimen-
sion dependent constants,
_ Po.wl X1y ¢ 94 Bol

Po,wlXTy, € 3+ Bol’

0.13) PBy

provided T, stands for the exit time from By and
84 By = {z€ Z%\ By, 3z’ € By such that

(0.14) -
lz—Z|=1,z-e1>Lo+2,|z-ej| <Lofori>?2}.

We recall that in the present setting k = ﬁ. Intuitively (0.12) has some flavor of
the condition E[p] < 1, (p = w(0, —1)/w(0, 1)), which in the one-dimensional
context characterizes ballistic walks with positive velocity (cf. Solomon [17]).
Note, however, that (0.12) involves moments of pp, of arbitrarily small order. This
can be viewed as a reflection of the weakening effect of traps in higher dimension.

To prove the main result, we check (0.12) with Lo of order e~* and Zo of
order Lg. We derive in Corollary 1.3 a general upper bound on E[,o%o]. In the
present context this bound enables us to control the potentially small denominator
in '0%0’ which is linked to the occurrence of atypical exit distributions of the walk
from By. This feature is closely related to the presence of traps in the medium
(cf. [20]). The general bound derived in Section 1 reduces the task of check-
ing (0.12) to the control of the random variable

Ty—1
(0.15) D=E0,w[ > d(Xk,a))-el:|,

k=0
where d(x, w) is defined in (0.8) and Ty denotes the exit time from the strip

(0.16) U={zeZ |z-e| <L}
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(L is an integer comparable to e~ 1. To check (0.12) it then suffices to prove that
D has P-expectation bigger than const AL> but fluctuations of a smaller size.
The advantage is that one now works in U where the walk in the environment
w € Q, cannot deviate too much from the simple random walk. In the terminology
of Bricmont and Kupiainen [5], we only need to deal with a “small field problem.”

Of course D can be re-expressed in terms of the Green function of the walk
killed outside U,

Ty—1
0.17) gu<x,y,w)=Ex,w[ ) ]l{Xk:y}:|,
0

which can be compared to the corresponding Green function go (-, ) of the
simple random walk killed outside U. In Section 3 we derive in Propositions 3.1
and 3.2 the required estimates on the expectation of D and on the size of its
fluctuations. The difficulty is that d(x, w) - e typically has size of order ¢, which
is potentially much larger than its expectation A [cf. (0.9)]. One needs to show that
cancellations take place. We then control the fluctuations of D by the martingale
method, and show in Proposition 3.2 that for y € (1, 2] and small ¢ (L depends on
d,y,e,and y close to 1 is the more interesting choice),

2

P[|D — E[D]| > u] < Zexp{ } foru > 0,

o2

with o <c(d)e” Y go,u(0,y)*" <c(d,y)e" @) where

yeU
2(y — 1
(0.18) 1220 =D hend =3,
14
4y — 1
v(d,y) = Z—M, when d =4,
14
6
2, WhendESandy<§.

Let us finally explain the structure of this article.

In Section 1, we introduce some further notations and derive a general bound
of independent interest that enables controlling E[p”BO]. In Section 2, we collect
deterministic estimates on gy (-, -, w), w € ¢, and on go y(-,-). Section 3 is
devoted to the derivation of a lower bound on E[D] and an upper bound on the
fluctuations of D. Section 4 combines the estimates of the previous sections to
prove the main result. Section 5 recalls the definition of Kalikow’s condition and
provides examples of walks for which (T") holds but Kalikow’s condition fails.
Finally, the Appendix contains a proof of Lemma 1.2, which is used in Section 1,
and of certain Green function estimates for the simple random walk killed outside
the slab U'.
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1. A bound on fractional moments of ppg, (d > 2). In this section we first
introduce some further notations. The main object, however, is to derive a general
estimate on fractional moments of pp, (cf. Corollary 1.3). This estimate will later
be applied in Section 4 when proving our main result [cf. (0.9) or Theorem 4.1].
For the main estimate of this section we slice By into layers along the first axis
and we control E[,oaBO] in terms of quantities in a single layer. This has of course
the same flavor as the main renormalization step derived in Proposition 2.1 of [21].
However, the estimates are conducted in a different fashion because we are looking
here for a seed estimate of the renormalization scheme in [21] [i.e., checking
(0.12)], whereas in [21] the objective was to set up a renormalization scheme.

We begin with additional notations. We denote by | - | the Euclidean distance
on R?, and write B(w, r) for the open | - |-ball of radius r centered at w € RY.
For U, a subset of Z¢, |U| stands for the cardinality of U, and dU for the boundary
of U,

(1.1) U ={xeZ\U,AyelU,|x—y| =1}

We denote by (#), 7z« the spatial shift on 2 = J’K'.Zd and by (6,),>0 the canonical
shift on (Z4)N. We write (Fn)n=0 for the canonical filtration on (Z4HN attached to
the canonical process (X, ),>0. For U C 74, Hy and Ty stand for the respective
entrance and exit time of X,, in (resp. from) U

(1.2) Hy =inf{n >0, X,, € U}, Ty =inf{n>0,X, ¢ U}.
We consider L > 1, N > 1, even integers, as well as the box
(1.3) B=(-NL,NL) x (—3(NL)3, L(vpy3)".

It may be helpful to mention that the box By mentioned above is simply
By = B + 2e¢;, so that in the notation below (0.12), Lo = NL and Ly = }‘(NL)3.
We define

pe(@w) =1—¢gp(w)

(1.4) 1
= Po,w[XTB e >NL,|X1y -ei| < Z(NL)3 forall i > 2],
qB
(1.5) PB=—.
PB

Further, for x € Zd, w € 2,1 € Z, we introduce

(1.6) Pr,w)=1—G(x,®) = Py o[Teesr < Tee-L],

where for 1 in R, T,,, Tu are defined as in (0.4) with the choice w = ¢, and

e |
qx w),er(’i, sup |x-ej|<Z(NL)3}

(17 Al o) =sup{ ~
p(x, w) 2<j<d



NEW EXAMPLES OF BALLISTIC RWRE 291
with
(1.8) Hy={xeZ x e =iL).

The quantities p(i, w) enable us to mimic the construction of certain martingales
which appear in the one-dimensional context [cf. (A.3) and (A.9) in the Appendix].

Our main purpose is to derive an upper bound on E[p%], 0 < a < 1, which
involves E[p(0, w)**] and some other quantities which we now introduce. We
consider positive integers i, H, M with

(NL)3]

1
(1.9) 2h<H < —(NL)®> and M:[
32 32H

We introduce the stopping time

(1.10) S:inf{n >0, (X, — Xo) -e1| = L or sup [(X, — Xo) -ej| > h},
jz2

which will be used to compare displacements in the e; direction to displacements
in the orthogonal directions. We also need the driftlike quantity

(1.11) A(x,0) =E,o[Xsl—x, xeZ% weq.
We can now define for yy, 12 € (0, 1],
p=infP[forallze B/, A(z,w)-e; > yiL,

(1.12) =2

|A(z, ®) - ej| < yah foralli >2],
where for 2 < j <d,
(1.13) B/ ={yeB,|y-e;| < H}.
Incidentally, let us mention that for the applications in the present article we will

only use the value y» = 1. The principal bound comes in the following.

THEOREM 1.1 [d > 2, under (0.1)]. Assume 0 <a <1 and

N) 10N N( H 4p\°
(1.14) S_I@exp{—yl—}—i-—exp{—yl—(——ﬂ) }<1,
+

32 Y1 32 \2hAN 15|
then
o 2RO
HPsl = T ER0 T,
(1.15)

M TNLlogk~"\?
+2dK_“NLexp{——<p— e ) }
2 M logé /4
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PROOF. We introduce

(1.16) T:inf{nzo, sup| X, - ei] > }‘(NL)3}
i>2

and

(1.17) G={weQ PolT <T_yo ATy 1<)

The first step comes with the following lemma.

LEMMA 1.2.
a 2E[ﬁ(0)2a]N/2 —aNL c
(1.18) Elo5) < T mpops T PE)

[(1.14) is not needed for Lemma 1.2.]

The proof of Lemma 1.2 is essentially a variation on the derivation of (2.39)
in [21]. For the reader’s convenience we provide the proof of Lemma 1.2 in the
Appendix.

Hence to prove (1.15), our main task is to bound P[4¢], and here we adopt a
different strategy than in the proof of Proposition 2.1 of [21]. We denote by Sk,
k > 0, the iterates of the stopping time S introduced in (1.10), namely,

(1.19) So=0 and Siy1=Sobs + Sk for k > 0.
Observe that for any x and w, under Py ,,,
k—1
(1.20) M =Xs, — Xo — Z A(Xs,, , w) is a (F§, )-martingale.
0

Further, the increments of M - e; are bounded by 2L when i = 1 and by 24 when
i > 2. Then for w € 2, in the notations of (0.4),

PoolT <T-np ATni]

(1.21) d 4 o
= Xg (Po.ol T sy < Tol + Po.ol TG gy vy < o))
J:

We now bound the term Py [T 162

J8(NLY = Tg], all other terms can be handled in a

similar fashion,

€2
P Qw[T(l/B)(NL)S

< Po.olTyirn < Ta]

< Tg]

(1.22) e
= EO,w[T4(2M_1)H < T,
€2 T2 ~
Pxre, o (75 aon—nim A Tiatm -1y = TBz+(M—1)4He2]]'
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We now concentrate on the inner probability in the rightmost term of (1.22).
Note that for x € B with |x - e3] < M4H,and t = [3}/—11\’] + 1,

[Tx -ep+H A Tx cep—H — = T32+x ezez]

Py,
(1.23)
= vaw[Tx~22+H A Tx€~262—H =S A ng—&—mezez] + vaw[Sl < ng—&—mezez]'

e

We first bound the rightmost term. For x as above,

Px,w[Sl < ng—&-xezez]

t—1
<Py [S, <TH g rerey Mie14+ ) AXg, 0) e < 2NL}.
0

Assume that o is such that
(1.24) forall z € B% +x - eze, A(z,w)-e1 > y1L, sup|A(z, w) - e| < yah,
j=2
then the above quantity is smaller than
Q2N —yi1)2 }
8t

in view of Azuma’s inequality (cf. Alon, Spencer and Erdos [1], page 85), and the
remark below (1.20). Since 3)/1:’ <t < 2N the above is smaller than exp{— }
We then bound the first term in the right-hand side of (1.23), which is smaller

than

Py w[M;-er <2NL —yiLt] < eXP{—

ProlSIAST =S A TR e, ]
provided
=inf{k >0, X5, -er —x-e2> H —h},
=inflk >0, Xg, -ex—x-e2<h—H}

(note that Py ,-a.s., [ > 1, I>1and S; A Sy < T;262+H A T;Zez ). The above
quantity is smaller than

-1
Px,w|:l <1, 81 = Tg2srepe, M1 -2+ Z A(Xs,,w)-ep > H —h}
0

+ same term with 1 in place of I and “<h — H” in place of “> H — h”

and if (1.24) holds, noting that t + 1 < Sy—]:’, by Azuma’s inequality,

1 (H ) (1.9) 10N VN[ H  4p\?
52(T+1)exp{——(——1—y2t) } < exp{— < ——) },
8t \ h + 12! 32 \2hN  y; )+
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where we have used % —1> % and ypt < %N . Collecting our bounds on the
right-hand side of (1.23), we see that when (1.24) holds

-1
(1.25) Px,w[Txe.zez_H—] = T§2+x~ezez] =& .
Using this to bound the inner probability in the rightmost expression of (1.22), we
obtain

(1.26) Po.o[Tyisy < TB] < Pool Ty _1yapy < Ta]- 87741,

with the notation for k > 0, |[e| =1 with ¢ - ¢1 =0,

Zi(e)=1{forallze Bwith |z-e —4kH| < H,
(1.27)

A(z,w)-e; > yiL,sup|A(z,w) - e;| < Vzh}-
j=2

By induction, we now see that:
-1
(1.28) Poo|Ti, <Tp) <6~ X0 4

Similar estimates hold for each term in the right-hand side of (1.21). Further, the
variables Zy(e), k > 0, for fixed e are i.i.d., with success probability bigger than p
[cf. (1.12)]. Hence by (1.21), (1.23) and (1.28),

P[G] =P[Poo[T < T-nr A Tyr]> kONE]

6NL
(129 < Y IP’[(S—ZSH Zie) 5 X }
le|=1,e-e1=0 2(d - 1)
and since 5 dl_l)/céN L > 7NL ‘using Azuma’s inequality,

2

1 logk ™!
§2dexp{——(Mp—7NL ) }
2M logé /+

This and (1.18) complete the proof of (1.15). [

We can now apply Theorem 1.1 to the derivation of a bound on E[p%o]
[cf. (0.13)], with the choice

(1.30) By =B + 2e;.
COROLLARY 1.3 [d > 2, under (0.1)]. Assume 0 <a <1, and (1.14) holds,
then
E[p%,] <« *Elo%]

- K—4a( 2E[p(0)* 1N/
- (I —E[5(0)>]'/2)¢

M TNLlogi~"\?
+2d/c_“NLexp{——<p—— o8k ) })
2 M logé /4

(1.31)
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PROOF. By translation invariance,

- p_zﬂ,w[xrmaﬁ])“
(1.32) E[pBo]_EKP_zel,w[XTB€3+B] }

provided 04 B is defined analogously as in (0.14) via

(1.33) 8+B={zeaB,z~elzNL,sup|z~e,~|<}‘(NL)3}.

i>2
Thanks to (0.1), we have
(1.34) «>Pyo[X71y & 9+B] < P_ae, o[ X1y ¢ 0+ B] <k > Po.o[ X7, ¢ 01 B]

and similar inequalities hold with {X1, ¢ 04 B} replaced by {X7, € 94+ B}. Hence
we find

E[p%,] <« *Elp§],
and (1.31) follows from (1.15). O

2. Deterministic bounds on Green functions (d > 3). The purpose of this
section is to collect several controls on the Green function in a slab U of
thickness 2L orthogonal to the direction e; for the random walk in an arbitrary
environment w € £2.; see below (0.7). Our main interest lies in the situation
where L is comparable to a small multiple of ¢~!. In this regime the random
walk in an environment w € 2., killed when exiting U, will be a not too drastic
perturbation of the simple random walk killed when exiting U. The estimates on
Green functions derived in this section will hold uniformly for w € €2, and will be
instrumental in Sections 3 and 4. We will obtain both L? and pointwise bounds. We
first introduce some more notations. For € ., 0 < ¢ < 1, we write for x € Z4,
le| =1,

1
(2.1) w(x,e) = % +3(x,e),
and in view of (0.7),
&
2.2 S(x,e)| < —.
(2.2) 18(x, )| < 17

We recall that « is chosen equal to (4d)~!. The respective transition kernels of the
walk in the environment @ € €2, and of the simple random walk are

1
23) Rfx)= )Y wk.e)f(x+e), Rof(x)=)_ s fe+e,
le]=1 le]=1

where f is some arbitrary real-valued function on Z¢, and x € Z?. For the time
being, L > 2 is some integer, but we shall soon restrict L to be smaller than a
suitable multiple of e~!. We are interested in the slab U introduced in (0.16),

U={yeZ |y el <L}
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We introduce the Green operators of the walks killed when exiting U,

(2.4) Gy =) (1yRiy)", Gou =) (lyRoly)",

n>0 n>0

which are easily seen to define bounded operators on the space L>®(Z%) of
bounded functions endowed with the supremum norm. This space will contain
all functions of interest in the present context. Before getting any further, it may
be helpful to point out that our main object (cf. Section 4) is to show that the
expectation of the variable Gy (d - e1)(0) [= D in the notation of (0.15)] is positive
and “dominates fluctuations.” The deterministic bounds of this section will be
helpful for this purpose.
The Green functions are defined via
gux,y,w)=(Gyly)(x),
(2.5)
go.ux,y)=(Gouly)x), x,yeZ! weQ,

[the notation is coherent with (0.17)]. From the method of images (see also (3.15)
of [18]), we have for x,y e U U dU,

2.6) gou(x,y) = (8%x —y+2k2Ley) — g°(x — yi + 2k + 1)2Ley)),
keZ

provided y, stands for the image of y under the reflection with respect to the
hyperplane {z:z - e; = 0}, and g°(-) is the full space Green function of the simple
random walk with pole at O (recall d > 3). The fact that

(2.7) Z 8(x,e)=0

le|=1

plays an important role in the sequel. In particular it implies that for any numerical
function f on Zd, X € Zd,

(2.8) (R—Ro)f(x)= ) d(x.e)f(x+e)= Y d(x,e)(f(x+e)— f(x)).

lel=1 lel=1

This will be very helpful when comparing Gy and Goy with the usual

perturbation identities
2.9) Gy =Go,u +Guly(R—Ry)lyGou
' = Go,u + Go,uly(R — Ry)1yGy.

We first gather some estimates on go i (-, -).

LEMMA 2.1.

(2.10)  sup Y gou(x,y) <ciL*= gou(0,y)  withci=d,
x€U yepy yeU
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sup Y (Igo.u(x +e,y) — goux, y)l
xeUlel=1 yep)

(2.11) + lg0.u (x,y +e) — go.u(x, y)I)

- c2(d)
- 2

L,

2
sup Z [(go.u(x+e,y) —goux,y))
xeU,le|=1 yeU

(2.12) + (go,u(x,y+e) —go,U(x,y))z]
< c3(d),
ca(d) cs(d)
(213) 80,U(x»)’)§ (1+|X—y|)d_2 exp{_ L |(X_Y)J_|}a x»)’EU’

with 7 denoting the projection of z on the orthogonal of e .

PROOF. We begin with (2.10). We denote by Q, the law of the simple
random walk starting in x and by EZx the corresponding expectation. Observe
that under Q,, x € 74,

(2.14) (X, -e1)?> = (Xo-e)* — g, n > 0 is a martingale.

For x € U, applying the stopping theorem, with the help of routine arguments, we
find:

1
(2.15) EEQX[TU]=L2—(x-el)2.
The claim (2.10) easily follows since E O[Ty = Zy go.u(x,y). Let us now prove
(2.13).Forx,y e U,
80,U (X, XunTynH,), n > 0 is a bounded martingale under Q,

(we use the notation H, as a shorthand for Hyy) [see (1.2)]). If we define T =
inf{n >0, (X, —y)1]| > %|(x —y)1l} < Hy, Qy-as., the stopping theorem yields
20.u(x,y) = E@[gou &, Xryar)] = E@lgou(x, X1), T < Ty]

< sup{go.u(x,2); [z =X)L = 31(x — y) | — 1}Q,[T < Tyl.

Considering successive displacements of the simple random walk at

|(-) 1 |-distance 4L, during which the walk has a nondegenerate probability of ex-

iting U, it follows by standard arguments that

')
L

(2.16)

2.17) Qy[T<TU]§c(d)exp{— |(x—y)J_|} forx,yeU.
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On the other hand, we know from page 31 of Lawler [11] that
c(d)
(1+|x —ypa=2’
Combining (2.16)—(2.18), and considering the cases [(x — y)1| < L and

[(x — y)1| > L separately, the claim (2.13) follows. As for (2.11) and (2.12), they
are proved in the Appendix. [J

2.18)  gou(x,y)<glx—y) < x,yeZ’

For 1 < p,q < oo, we denote by | - |, the LP(Z%)-norm and by || - llp,q the
operator norm from L?(Z%) into L4(Z%). We also write

(2.19) Vyf@)=fx+y) = fx),

for x,y € Z% and f a numerical function on Z¢. We have the following controls
on the norms of Gy and Gy y:

PROPOSITION 2.2. Assume that

(2.20) eciL<3d,  ecL <%,
thenfor1 <p,qg <oo,le|=1, we Q,
(2.21) ”GU”p,q = %HGO,U”p,q» ||VeGU||p,q = %”veGO,U”p,q,
(2.22) 1Go.ullpp <cil?  [VeGoullp.p <cal.
Moreover, for a suitable c¢(d) € (0, 1):
(2.23) sup  E g [exp{c—gTU” <2.

xeZ4 we L

PROOF. We begin with (2.21). For f a bounded function on Z¢, and x € U,
[1y (R — Ro)LyGo,u f1(x)

(2.24) =[(R — Ro)Go,u f1(x)

W sk e)(go.ux+ e y) — go.u(x ) FO).
le|]=1,yeU

Hence, we find

1y (R — Rp)1yGo,u fleo

22 ¢
(2.25) < — sup Y gou&+ey)—g.ul Vfleo
4d xeUUdU ‘E‘ZI,yEU

Q.11 g
= ECZLlfloo-
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(Note that when x and x 4 e belong to dU the expression in the sum of the right-
hand side of the first inequality vanishes. To bound the terms where x € dU, we
hence only need consider the case x € dU, x + e € U, and writing x + ¢ = x’,
x =x" + €', we observe that we can replace U U dU by U in the supremum, and
even 5 by 7 in the last inequality.) Similarly,

1y (R — Ro)1yGo,u fh

&

(2.26) =75 2 lgoutey) —gout»Ilfh
YEU |e|=1,xeU U
<ZoLlf]
_c y
=7 2 1

where we have used (2.11), the symmetry of go. v (-, ) (cf. [11], page 34) and taken
into acount when e = e or —e; the contribution of terms x € dU, coming from
“half of the boundary.” It then follows from the Riesz—Thorin theorem (cf. Reed
and Simon [16], page 27) that for 1 < p < o0,

£ 2.20) 1

(2.27) Ty (R — Ro)1yGo,ullp,p < 502L < 7

As aresult I — 1y (R — Ro)1yGo,y defines a bounded invertible operator from
L?(Z%) into LP(Z4) and the norm of its inverse is smaller than %. From the first
line of (2.9) we easily deduce (2.21). Let us turn to the proof of (2.22). From (2.10)
and (2.11), we find by analogous considerations that for p =1 or co and |e| =1,

2
1Go.ullp,p = c1L?, IVeGo,ullp,p < c2L.

The claim (2.22) then follows from the Riesz—Thorin theorem.
Let us finally prove (2.23). Observe that (2.21) and (2.22) imply that for o € €,

(2.28) sup Ey o[Ty] < 31 L7
X

The claim now follows by a classical argument of Khas minskii [8]; see, for
instance, the proof of Lemma 1.1 of [18]. [

We will now derive pointwise bounds on gy in terms of go y which will be
useful to control the fluctuations of G (d - ¢1)(0).

PROPOSITION 2.3. Leta €[0, 1), and assume

11—
(2.29) eL <~ — 2 /5,

22—«

then

(230)  gux,y, o) <cidgoux, NVE? x,yeU, e,
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PROOF. For any x € 74, n >0, we Q,, the law Py, restricted to ¥, is
absolutely continuous with respect to Q, and

(2.31) Piw=272,0;4 on ¥,
provided
n—1
(2.32) Zy = expi > log (1 +2d8(Xk, Xiq1 — Xp)) }
0
As a result of Taylor’s formula with integral remainder for |u| < %,

1 pv 1
2.33 log(1 +u :u—u2/ / ——— dwdv.
(2.33) g( ) o Jo TTuw?
We now derive some integrability properties of Z7,, under Q.. For 0 < 8 < el
y € Z%, we have

1
— 3 exp|Blog(l +2ds(y, e)) — B2e?}
2d 42,

233 1

(2.34) 2d

> expp2as(v.0) - p2dsy.e))’

le|=1
I s e o2
X wdv — Be” .

o Jo (14+2d8(y,e)w)?

But for each |e| = 1, in view of (2.2),

1 pv 1 prov 1
2.2 2.2 2
g“= B¢ 2dwdv > (B2dé(y, e // dwdv,
/0/0 (B2450-0) | |, T pads i, eyw)?

hence coming back to the last line of (2.34), we obtain an upper bound by dropping
the term containing the integral and replacing Bs? by the above lower bound.
Using (2.33) again we see that

1 exp|plog(l +2d8(y,e)) — B2}
2d 42,

< % Z expflog(l + B2ds(y,e))} =1+ B Z 5(y, €) @D

le|=1 le|=1

(2.35)

As a result we see that for 0 < 8 < ¢! and any x,
(2.36) Z,’f exp{—ﬁzazn}, n >0, is an (¥,)-supermartingale under Q.
In particular if 0 < 2BeL < \/c¢, then 28¢ < 1, and for any x € U,
2 1/2
EQ(z] = EQ[Z7) expl—4p%>Ty}]* EQ [expd 26> Ty )1/

(2.3

(2.37) )
.36) (2.23
2% EOfexpdpe21y )12 O2 3.
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[Note that each 2./, 0 < ¢’ < 1, contains the constant environment corresponding
to the simple random walk so that (2.23) applies to Q,.] We can choose

(2.38) = ? —“

B =2—a (sothat +i—1,B 2>,3/>1>
BB

and in view of (2.29), 0 < 28¢L < \/56. Then for x,y e U, w € 2,

Ty An—1
(239} gU(x’y’w) :nlingoEx,w|: ; ]ly(Xk)i|

using (2.31), the martingale property of Z, and then the uniform integrability
stemming from (2.37) and (2.23),

Ty An—1 Ty—1
:11’?1159{( > ]ly(Xk)>ZTUN{| :EQX|:< > 11y(xk)>zTU}
0

0
Holder Ty—1 e 1/8
< EQX|:< % 11y(xk)> } EC [z} 1.

Applying once more Holder’s inequality on the first term since 8’ = @ +2(1 — «),
and using (2.37) to control the second term,

Ty—1 a/p Ty—1
< EQ{ > ﬂy<xk>} EQK > le(Xk))
0 0

Observe now that

Ty—1
(2.40) [( 21 (Xk)> }SZEQ"[ > ﬂy(Xk)ﬂy(Xm)}

0<k<m<Ty

=2go,u(x,¥)go,u(y,y).

24 (-a)/p
} 21728,

Since go.y(y,y) < gO(O), 1;," <1,28=>1, (2.30) follows from the last line of
(2.39) and (2.40). O

As a slight variation of (2.36), we mention the following estimate which will be
used in Section 3.

LEMMA 2.4. When 2¢eL < \/cg, then in the notation of (2.32),

(2.41) EQX[Z;UI] <2 for any x.
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PROOF. Asin (2.34), for y € Z4, |e| = 1,

1
o exp|—21log(1 4 2d5(y, e)) — 4&?}

le|=1

(2.42) exp{—4d8(y, e) +2(2d8(y, e))’

1 pv 1
x/ / dwdv—482}
0o Jo (1+2d8(y,e)w)?

but ¢ < % [indeed, cg € (0, 1); cf. (2.31)] and

1 v
482=282/ / 4dwdv
0 JO
N 1
> (4d5(y, // dwd
> (4d8(y, ) [0 o (1+2d5(y, eyw)2 "7

1 v 1
+/o /o (1 —4d3(y, e)w)? dwd”]’

and the last member of (2.42) is smaller than

1
Z 24 exp{—4d8(y, e)

e
t v 1
_ (4d5(y,e))2/ / dwdv} 27,033 |
0 Jo (1—4ds(y,e)w)?

We hence see from Cauchy—Schwarz’s inequality that
EQX [Zi]l] < EQx [Z;UZe—A].gZTU]l/ZEQX [3482TU]1/2 < \/5

by a similar argument as in (2.37) and by (2.23). U

2d =1

3. Stochastic bounds on exit measures (d > 3). The main purpose of this
section is to control the random variable p(0, w) [cf. (1.6)], which describes the
probability that the walk starting at the origin exits the slab U [cf. (0.16)], “to
the right.” Throughout this section we assume that the single site distribution p
is concentrated on &, [cf. (0.7)]. The random variable p(0,w) is closely
related to the random variable G (d - ¢1)(0) [= D in the notations of (0.15)].
Indeed, it follows from the stopping theorem applied to the Py ,-martingale
X, el — Zg_ld(Xk, w) - ey thatfor 0 < e < 1, L > 1 integer, w € 2,

(3.1 ﬁ(x,w)z%-l—%GU(dwl)(x) for x € 74 with x - e; = 0.

We want to show in this section that when L is comparable to a small multiple of ¢,
and ¢ is small but A =E[d (0, w) - e1] is not too small in the sense of (0.9), then the
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expectation of Gy (d - e1)(0) is positive and dominates the “relevant fluctuations”
of Gy(d - e1)(0). We begin with a lower bound on E[Gy(d - 1)(0)]. A special
cancellation in the term B of (3.14) will play an important role in the derivation of
this lower bound.

PROPOSITION 3.1. Assume 0 < 8de < 1,and L > 2 is an integer.
Let (2.20) and the assumptions of Lemma 2.4 hold. If

(3.2) A=E[dO,w)-e] > Cg(d)82(8 log L + %),
then
3.3) E[Gy(d-e)(0)] > 2c1aL?.

PROOE. We write for x € Z4, le] =1, w e g,

3.4) g(x, e)=04(x,e) —E[é(x, e)],
(3.5) d(x,w) =d(x,w) — E[d(x, w)].
Observe that

Gy(d - e1)(0) = M(Gy1)(0) + Gy (d - e1)(0).
In view of (2.20), (2.25) and the first line of (2.9),
(Gy1)(0) > (Go,ul — ;Gy1)(0),

so that for w € €2,

2.10
(3.6) (Gu1)(0) = (Gou1)(0) 2" $ei L2,
Hence our claim will follow once we show that
3.7) IE[Guy(d - e1)(0)]] < 2ci AL,
By a classical Markov chain calculation,
~ d(x)- e

(3.8) Gud-e)0) =) PoolHr <Tyls—5—7—.

§, e Py olHy > Tyl

provided for z € Z¢, fNIZ denotes the hitting time of z,
(3.9) H,=infln>1, X, =z}
Let us write for x € Z4, w € Qe

Prw=Pro, where o, (y, ) = w(y,-), when y # x,

ax(x’ ) = E[a)(o’ )]'

(3.10)
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(Note that @, € 2..) We find

Gu(d-e)(0)= Y PoolHy < Tyl(d(x)-e1)
xelU

x (Fx,w[ﬁx > Tyl+ ) 8(x.€) PriewlHy > TU])
le|=1
(3.11) d0x) - e

= Po.o[H, <TU]—
ZU ¢ Py o[H: > Ty]

—1

-1
~ P H, > T
x <1+ 3 8(x, e) rveol s > U]>
le]=1 Px,w[Hx > TU]
From (0.1) (recall that here x = ﬁ),

(3.12) PiieolHy > Tyl <k 'P o [H > Tyl forxeU,|e|=1.

Hence from (2.2) and our assumption on &,

Z ’S‘(x e) Px+e,w[Hx > Tyl < i <l
le|=1 ' Px,w[Hx >Tyl | & 2
However for |u| < %
u>
(3.13) l—uw) ' =1—ul= <2u?,

and as a result
Gy(d-e)(0)=A+B+C,  where
d(x) el
Py olH > Tyl

Po,w[Hy < TU
Py, a)[H > Tyl

(3.14) A=) Pyu[H: <Tyl=

xeU

Py ea)[H > Tyl
538 ha :
(X) 61 le]=1 ( xa)[H >TU]

B--Y 4

xeU

and by (3.12), (3.13) and (2.2),

2 3 3
C < 22 Py o[H, < Tyl (f) §2<£> (GuD)0) (2.21),§<2.22)§C1<£> L2,
xa)[H > Tyl K 3 K

where we have used in the second inequality the fact that
(3.15) Py [H, > Tyl > kP o[H, > Tyl forxeZ¢ weQ,,

and the analogue of (3.8) with 1 in place of d- el.
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Observe at this point that Py ,[Hy < Ty] and ?x,w[lflx > Ty] are independent
of w(x, -) so that

(3.16) E[A]=0.

By choosing cg(d) large enough in (3.2), we can make sure that %clk >
8 £33
3C 1(;) .

Hence (3.7) will follow once we show that
(3.17) IE[B]| < $ciAL>.

This is where the special cancellation showing that “there is no term of order
£?L? in B” comes into play.

In view of (2.7), for x € 74 we Qe,
(3.18) > 8(x,e)=0.

le|=1

As a consequence, B remains unchanged if the rightmost term Py, o[ H, >
Ty] is replaced by PyyewlHy < Tyl — Pxie,,w[Hy < Ty]. Note also that by
similar arguments as in the derivation of (2.16) (replacing T by H,),
gu(y, x, w)
gu(x, x, w)
As a result, using also (3.15), we obtain

1 Po.owlH, < Tyl
1Bl =7 Z = 2
K Px,a)[Hx > Ty]

xeU

(3.19) Py olHy < Tyl= forx,yeZ% we Q,.

d(x) - e

x Y [8(x,0)llgu(x +e x,0) — gux +ep,x,0)]

(3.20) le|=1
2
22 /e
< (—) sup > gu (0, x, w)gu(x +e,x,w)
K7 Jel=1 yey

—gu(x +e1.x,0)| Pe ol Hy > Tyl ™.
Further, from the Cauchy-Schwarz inequality, Lemma 2.4 and (2.37) with
Be( 4P,

Ol > Tyl < EQ[Hy > Ty, Z1, ] E%[2;1]")?

~ —111/2
(3.21) = Py ol > Tyl P EQ[271]"
=< \/EPx,w[HNx > TU]I/Z‘

Since the left-hand side of (3.21) is bounded away from 0 by a dimension
dependent constant (recall d > 3), the same holds true for P, ,[H, > Ty]. Hence
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to prove (3.17) it suffices to show that for some co(d) > 0, any |e| =1, w € .,
L > 2 integer,

Y gu(0,x, 0)|gu(x +e,x,0) — gu(x +ei, x,0)
(3.22) et .
< C9<8 logL + Z)Lz.
Using the first line of (2.9), the left-hand side of (3.22) is smaller than the sum
D + E, where

(3.23) D= gy, x,0)goux+e x)—goulx+er,x)
xeU
and
(3.24) E =2 sup Z gu (0, x, a))\(Ve/GU]lU(R — RO)ILUGO,UILX)(x)].
le'l=1 yev

We first bound E. To this end we note that
|(VeGuly(R — Rp)1yGo,yly)(x)|

Y Vegu(x,y, w)8(y,e")Vergo,u (v, x)
yeU, |e"|=1

5 Here V, and V., respectively, operate on the first variable of the
(3.25) functions gy and go v,

<& sup (Z(Ve/gu(x,y)f)

xeU,le"|=1 yeU

1/2 1/2

(Z (Vergo.u(y, X))2>

yeU

2 2.21) (2.12)

.12) (

< eJe3|VeGulhoo < 36V/03IVeGoullhoee < 3ec3.
We hence find with the help of (2.10) and (2.21),

(3.26) |E| < Zciezel”.

We now bound D. From (2.6) and the identity gO (e) = gO (ey) for |e] = 1, it follows
thatforx e U, |e| =1,

lgo,u(x +e,x) — gou(x +eq,x)]

<Y 1g%e +2k2Ler) — g%(ey + 2k2Ley)|
(3.27) k=£0
+ Y |Veee,8°(e1 +2x1e1 + 2k + 1)2Ley)|
k#0,—1
+ [Ve—ey 8°(e1 + 2x101 4+ 2Le1)| + | Ve, 8 (e1 + 23161 — 2Ley)],
where x| denotes the first coordinate of x. Note that for k # 0, —1 and m =2k +1,

m| >3 and |2x; + 1+ 2k + 1)2Le;| = |(Im| — 1)2L — 1] > (Im| — 2)2L.
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From Theorem 1.5.5 of Lawler [10], the second sum in the right-hand side
of (3.27) is smaller than

cd) Y (Im] —2)"@DL=@=D < /(@)L ~@-D,
m|=3

A similar bound holds for the first sum on the right-hand side of (3.27). As a result
we find that

1go,u (x +e,x) — go,u(x +e1,x)]
<c (L' +|L—x;""+|L+x'""%)  forxeU.

Keeping (3.26) in mind, we see that the claim (3.22) will follow provided we
can show a similar inequality with the term |gy(x + e, x, w) — gy (x + €1, x, )|
replaced by |L — x |'=4 4+ |L 4 x1|'~?. We therefore consider

_4 2.9 _ .
Y gu 0. x, )L — x| =" go,p (0, %)L — x| + F with

(329) xeU xeU

F= Y gu0,y. 080, e)Vegou(y, 0)IL—xi|' ™
x,yeU, le|=1

Using (A.23) from the Appendix, together with (2.10) and (2.21) we find
_ 1-d
IFl <e(Gy1) ) sup Y )L™+ (1+](y—x)Ll) )

yeU ey
)y —x) 1| _
wp(~EDIO =) e

(3.28)

(3.30) (d)|w] &

<c(deLl? Y (Ll_d+(1+|w|)1_d)exp< T)Zkl_d

wezd-1 k=1

o0
< C(d)8L2 Z md_z(Ll_d + ml_d) exp
1
On the other hand, we see from (2.13) that

> go.u0,x)|L —xi'™4
xeU

<—C (i)m) < c(d)stlogL.

3.31) /
e <d>|xL|>|L i

= ¥ @+ > exp(- =5

xeU
and by a similar argument as above,

<c@d) Y <1+|w|>2‘dexp(—c(d£'w'

wezZd-1

We have thus obtained that for |e| = 1, w € ., L > 2 integer,

) <c(d)L.

1
3.32 0,x,w)|L—x;|'7 < d(l L —)LZ.
(3.32) Y 80, x, w)|L —x1|'"* < cio(d)( glog +7

xeU



308 A.-S. SZNITMAN

A similar estimate naturally holds with |L + x1 |'=4 in place of |L — x; |'=4  This

finishes the proof of (3.22) and hence of Proposition 3.1. [

We now turn to the control of fluctuations of Gy (d - ¢1)(0). In the notation
of (0.18), our main estimate comes in the following.

PROPOSITION 3.2. Leta €[0,1),e € (0, 1), L > 2 be an integer, and assume
(2.20) and (2.29). Then for u > 0,

2
(3.33) P[|Gu<d-e1><0>—E[Gu<d-e1)<0)]|>u]52exp{—” }

Ca,L
where
(3.34) o =cr1(d)e* Y go.u (0, )Y,
yeU

and for some c1(a,d) > 0,

crpe? L1 1—a)/Q2=a) when d =3,
(3.35)  cqr < {cppe?LWIm0/Cma) when d = 4,

C1282, whend > 5 and o > %.

PROOF. We use the martingale method. Namely, we introduce x;,i > 1, an
enumeration of U and define the filtration

o(w(x1,), .0 @(xp,*)), n>1,
{¢, 2}, n=0,

as well as the bounded §,-martingale

(3.36) G, =

(3.37) H, =E[Gy(d - €1)(0)|§n], n=>0.
We will show that under the assumptions of Proposition 3.2,
(338)  |Hy— Hyo1l < ci3@egou©x) /O 0 Ey, 1,

Using a slight variation of the proof of Azuma’s inequality (cf. [1], pages 240
and 234), it will follow that for n > 1 and p € R,

(3.39) Elexp{p(Hy, — Hy—1)}|Gn—11 < exp{3 0¥},

from which it follows by routine arguments that

(3.40) E[exp{p(Guy(d-e1)(0) —E[Gy(d-e)(O)])}] < eXp{ 0> yf},

n>1
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since Hy=E[Gy(d -e1)(0)] and Hy = Gy (d - ¢1)(0). The claim (3.33) is then
an immediate consequence and (3.35) readily follows from (2.13). Hence our main
task is to prove (3.38). To this end, for n > 1, and w, " in €, which coincide at
each x;, i % n, we define

(3.41) I(w,0)=Gy(d-e)0,0) — Gy -er)0,w).

Let us introduce wy(x;, ) = (1 — w)w(x;, ) + uw'(x;, ), for i > 1,u € [0, 1].
Notice that w, belongs to 2. and coincides with @ and @’ except maybe at x,,.
Also by rather analogous considerations as in (3.8),
Hyy ATy —1
Gy(d-e)0,wy) = EO,w“|: Yo @ e)(Xx, wu)}
(3.42) 0

H, ANTy—1
PO w, [Hx < TU] n
+ Pul”"n E d-e X LW )

Pxn,a)u[Hxn > TU] Kns u ; ( 1)( k u)

Observe that neither Py, [Hy, < Ty] nor the first term on the right-hand side
of (3.42) depend on u. Differentiating in the u variable, we obtain

0,Gu(d -e1)(0, wy)

_ PO,w“[Hx,, < Tyl
Pxn,w“ [Hxn > Tyl

x Y ((a)/(xn, e) — w(xy,e))

le|=1

(3.43)
Hy, ATy —1

X |:€1 ce+ Ex,,—l—e,a)u |: Z d-er)(Xk, a)u):|

0

ﬁx ATy—1
" P Vl+ s [H n > TU]
— Ew[ > @- e1)<Xk,wu>} e :
0 Px,,,wu [Hx,, > TU]

By the same calculation as in (3.8),

PO,a)u[Hx,, < Ty]

i /)
Pxn,w“ [Hxn > TU]

(2.30)
(3.44) =gu0,xy, wy) =< 780,00, xy)

Note that using the strong Markov property at time H,, A Ty, we find for |e| =1,

Hy, ATy —1

(3.45) E+w{ > <d~61>(Xk,wu)}

0
=Gy(d-e)(x, +e, ) — Px,,+e,wu [Hxn < TU]GU(d ~e1)(Xp, wy)
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and that
ﬁxn/\TU—l
~ —1
GU(d'el)(-xnku) :EXn,C!)u|: Z (d'el)(Xk’wu):|Pxnswu[Hxn > TU] .
0

As a result the expression inside the square brackets in (3.43) equals

e1-e+Gy(d-e))(x, +e,wy,)
(346) - GU(d . el)(xna wu)(Pxn—i—e,w“ [Hx,, < TU] + Px,ﬁ—e,wu [Hxn > TU])

=e1-e+V.Gy(d-er)(xp, ).
In view of (2.21) and (2.22), the absolute value of the above is smaller than

4 e, 220 ) , Q2
l+3c255L < c14(d). Since Z\e\:l |0 (x, €) —w(x,,e)] < e, it follows from
(3.43) and (3.44) and the above that for n > 1, w, @’ in £, which coincide at each
Xi, I #n,
(3.47) ITn(@, )] < c15(d)ego,u (0, x,)' /7.
The claim (3.38) is then an easy consequence since H,, and H, _| are the respective
integrals of Gy (d - e1)(0) with respect to the variables w (x;, -), i > n, and w (x;, -),

i > n, under the infinite product of the single site distribution w.
This completes the proof of (3.38) and hence of Proposition 3.2. [

4. Denouement. The main purpose of this section is to apply the considera-
tions of the previous sections to the proof of the main result of the present article
[cf. (0.9)].

THEOREM 4.1 (d = 3). Foranyn € (0, 1), there exists eo(d, n) € (0, 1) such
that for 0 < & < g9, and any | supported on 8, with

3/2=n hend =3
£ , when ,

@1 AYE[d©O,0)- 1= 10 0, e)Z
g3, when d > 4,

condition (T") holds relative to the direction ey.

PROOF. We are going to check the effective criterion (0.12) with the help of

the estimate (1.31) of Corollary 1.3, where we choose a = 1 "and we recall that in

59
our context k = ﬁ. We choose a € [0, 1) such that
n 11—«

4.2 - = .
“-2) 8 22—«
We also assume that ¢ < £1(d, 1), so that €8d < 1,

L 1 3d 1 1—
4.3) —déf[—min<—,—,ﬂ “)} >1

2 2¢e 81 4cp 4 22—«
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and so that the assumptions of Propositions 3.1 and 3.2 are fulfilled and L is an
even integer as assumed throughout Section 1. Let us now specify the choices of
parameters which appear in Theorem 1.1 and Corollary 1.3. We pick

(4.4) N=1L3 [cf. (1.3)],

_[4 . _ [ log2 2]
(4.5) h_[céL logL], H_[640010g4d(NL) [cf. (1.9)].

(4.6) =1, y= %AOL [cf. (1.12) and (4.1)].

By choosing ¢ < e>(d,n) < €1(d, n), we can make sure that (1.9) and § > 2
[cf. (1.14)].
Observe that since ¢L < % [cf. (4.3) and recall c; =d],

(2.2),(221),222) 4 ¢ L
< ——c1L2 < —.

4.7 .
4.7 |Gu(d - el < 374 >

As aresult [cf. (1.7) and (3.1)],
(4.8) p(0) <3,

and as a result we do not have to worry about any small denominator problem
when bounding E[p(0)]. Using (3.3), for x € 74 with x - e; =0,

“.1)
E[Gy(d - e))(x)] = 3c1AL* = ZcihgL?,

and hence using (4.8),

~ 1 —(1/5)ciroL
PO = 1175 ernl

+ 3P inf {Gu(d-e)(x) —E[Gy(d - e1)(x)]}

x-e1=0
(4.9) supjso |x-ej|<(NL) /4

< ! ALZ]
——c
5C140

333) 1 NL)3 41 1 A2L4
< 1- —01XOL+6{( ) } exp{——c% 0 }
5 25 Ca,L

and provided ¢ < g3(d, n) < &3(d, n), in view of (4.1)—~(4.3) and (3.35),

<1- %Cl)»()L.
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We now turn to the quantity p of (1.12) and (1.31). We will bound it from below.
In the notation of (1.11), since Ty > S, Py ,-a.s.,

A0, w) = Eo0[Xs, Ty = ST+ Eo,0[Xs, Ty > S]

4.10)

=Eo0[ X1y, Tu =S]+ Eo,0[Xs, Ty > S]
so that
“4.11) A0, a))—Eo,w[XTU]=E0,w[X5—XTU,TU > S]

and of course the left-hand side of (4.11) coincides with A(0, w) — Gy (d(-, w))(0).
We now see that

A0, w) -e1 — Gy(d - e1)(0)]

(4.12) <2LPy [Ty > S1<2LPy [Ty > h]

(2.23) 4.5) 1
< 4Lexp{—%h} < 4L_25501A0L2,

provided ¢ < e4(d, n) < e3(d,n). As aresult for ¢ <es5(d, n) <es(d,n),

p = infP[vze B/, A(z,w) -e1 > y1,|A(z, ®) - ei| < y2h, Vi > 2]
]=

~ 1
413) > 1- sup|Bf|P[GU<d ce1) —E[Gy(d - e (0)] < —I—OclxoLZ}
Jj=2
(3.33) 1 2x2L*
> 1- (NL)ZdZexp{——Clio} > 1 —exp{—L"?}.
100 cq.r

Hence assuming 0 < ¢ < &5, it follows from (1.31) that
2(1 = (c1/10)r L)N/?
E[/pB,] < (4d 2[
N e O e e ey (07

(4.14) 2
M 7N L log4d
+2d(4d) eXPszlogz
Observe that for 0 < ¢ < g6(d, n) < e&5(d, n),
100log4d
(4.15) M=\
log?2
and

20

logdd  100log4 7 \?2
+2dexp{NL[Og d _ 100log d(E ) ]”

E[/PB,] < (4d)2|:80(C1K0L)_1 exp{—c—leoL}

2 2log2 \4 100
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Recall that in the notation of (0.12), Lo = NL = L* Lo = ;(NL)* = JL'2.
We hence see that for ¢ < go(d, n) < e6(d, n), (0.12) is fulfilled and therefore
condition (T’) relative to e; holds true. [

REMARK 4.2. We can of course replace (4.1) by
g2, when d > 3,

(4.16) [E[d(0, w)]| >
g3-m, when d > 4,

and choosing a possibly smaller g9(d,n) < eo(d,n) conclude that when
& < 2o(d, n) then condition (T”) holds with respect to some direction e € 74 with
le] = 1.

5. About Kalikow’s condition. In Sznitman and Zerner [2], an assumption
previously introduced by Kalikow in [7] was nicknamed Kalikow’s condition. This
condition was later shown in [20] to imply condition (T), which itself trivially
implies (T”). We will provide here examples for which Kalikow’s condition fails in
a quite strong sense and yet (T") holds. Let us more precisely recall what Kalikow’s
condition is. Assume (0.1) and introduce for each U strict subset of Z¢, connected
and containing 0 the auxiliary Markov chain on U U dU with transition probability

[y E 07 ) )
B rx 4oy = Flau Q.50 o]
(5.1) Elgy (0, x, w)]
Py(x,x)=1 ifxedU,
with gy defined by (0.17) with U as above [and not as in (0.16)]. Thanks to (0.1)

and the connectedness of U C Z¢, (5.1) is easily seen to make sense. Further, for
x € UU U, one can consider the auxiliary local driftat x € U U dU,

Elgu (0, x, w)d(x, )]
(5.2) dy (x) = Elgy (0, x, )]
0, x edU.

, xeU,lel=1,

, xeU,

Kalikow’s condition relative to £ € S~ is the requirement
(5.3) e, )Y inf dy(x)-£>0.
U,xeU

This condition is of course not very explicit, but Kalikow provided an explicit cri-
terion in [7] which enables checking (5.3) and showed that (5.3) implied transience
in the direction £, that is, Py[lim Xy - £ = oo] = 1. Further, consequences of (5.3)
such as a ballistic law of large numbers, a central limit theorem and various large
deviation controls were later proved in [22, 19]. As shown in Remark 2.5 of [22],
Kalikow’s condition characterizes walks with nondegenerate asymptotic velocity,
when d = 1. The results of this section will in particular imply that this is not the
case when d > 3.
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To shed some light on the role of (5.3), it may be helpful to mention that
the auxiliary Markov chains with transition probabilities given in (5.1) have the
remarkable property that under Py and under the auxiliary chain starting at 0, the
walk has the same exit distribution from U, provided U is almost surely left by
the auxiliary chain. The interest of (5.3) is matter-of-factly to enable the control of
exit distributions of the auxiliary chain and hence of the walk under Py.

Let us now turn to the description of the class of walks under consideration in
what follows. We assume that d > 2, and

w is supported by 4, and invariant under the rotations when d > 3,
respectively, the isometries when d = 2, preserving Z¢ and e;.

5.4)
Further, we have p € (0, 1), such that
varp(w(0, e1)) = varp(w (0, —e1)) > pe?,
covp(w(0, e1), w(0, —e1)) < (1 — p)varp(w(0, e1)).

An example corresponds to the situation mentioned in (0.10) of an isotropic law [
(d > 3) supported on 4, /> for which

(5.5)

varg(p(e1)) > pe?,  covg(p(er), p(—er)) < (1 — p)varz(p(er)),

and a law pu which is the image of & under the map
A
(5.6) ple) — ple) + Ee -eq for |e| =1,

with [A] < %. It is then straightforward to see that (5.4) and (5.5) are satisfied.
We will use the notation

(5.7) Uy={yeZ'y e=0}, U_-={yeZ y e =<0}
In what follows we recall that k = 4L.

THEOREM 5.1 (d > 2). Let p € (0, 1) and assume (5.4) and (5.5). Then for
2

5.8)  e<itp < %pst with ). = E[d(0, ») - 1],
(590  dy, (0)=vie;, dy_(0)=v_e;  withvy >0,v_<O0.
In particular Kalikow’s condition fails for every £ € S4~1.
PROOF. Let V stand for either U or U_. From (5.4), using a rotation when

d > 3, asymmetry when d = 2, preserving ¢; and mapping e¢; into —e;, for a given
i > 2, we see that

(5.10) dy(©)-¢,=0  fori>2,
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and hence EV (0) is colinear to e]. We see by analogous manipulations as in (3.11)—
(3.14), that since £ < 1,
(d-e1)(0)
Po,w[Ho > Tv]

where in the notation of (3.10),

Efgy (0. o,w><d-e1><0>]=ﬂ-z[ }=av+ﬂv+w,

= \E[Py ,[Hy > Ty]™!
5.1 oy [Po,o[Ho > Ty1™']

(8(0, e1) — 8(0, —e1))

=K — —
By [ Po.olHo > Ty 12
3

&
lyv| < 2(—) .
K

Using independence,

Y 80, &) PeolHo < Tv]}

le|=1

(5.12) By =Y E[(5(0,e1) — (0, —e_1))3(0, e)]E[

Pe,a)[HO < Ty] i|
le]=1

PoolHo> Ty

In view of (5.4) the rightmost term in the above expression is the same for all
le| =1 with e - e; = 0. Since Ze~61:0 5(0,e) =—(5(0,¢e1) +6(0, —ey)), we find
Pez,w[HO <Ty] i|
PowlHo > Ty]?
Pe,w[HO < TV] :|

Po.wlHo > Ty]?

Bv = —E[(3(0, e1) — 3(0, —e_1))(5(0, e1) + (0, —e-1>)]E[

+ > E[(S(O,el)—3(0,—e1))5~(0,e)]E[

e-ej==%1

In view of the first equality of (5.5), the first expectation in the right-hand side
vanishes and

By = [varp(w (0, e1)) — covp(w(0, e1), w(0, —e1))]
(5.13) XE[Pel,w[HO iTV]: P—el,w[H0<TV]i|‘
Po.w[Hy > Ty ]?

As a result of (5.5), the first factor is bigger than p2¢2. We hence see that
(5.14) Bu, = kp’e’,  Pu. <—kp’e’.
Moreover, from (5.8),

A

K

2.2

(5.15) lay| < = < %p &2,

‘We thus see that

3
(5.16) E[gu, (0,0,0)(d - e1)(0)] > %ngZ - 2(%) - 82<— - —) >0,
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whereas

3
(5.17) Egu_ (0,0, w)(d - e1)(0)] < —%,0282 + 2(%) <0.
This completes the proof of (5.9). [

REMARK 5.2. (1) One can of course relax some of the assumptions of
Theorem 5.1, which by no means is the most general result one can obtain.
Let us however note that one cannot simply drop the last inequality of (5.5).
Indeed if one constructs p as indicated in (5.6) with [ isotropic concentrated on
8:2 N {(p(e))jej=1; p(e) = p(—e), for |e| = 1}, such that varz(p(e)) > ,082, then
the local drift at any site in a typical /,L®Zd -configuration is deterministic and equal
to Aej. Hence Kalikow’s condition (5.3) holds relative to ﬁel, provided A # 0.

(2) In Remark 2.5 of [20] one can find another example of walk for which
Kaﬁkow’s condition fails. However the proof used in [20] relies on the calculation
of dyy (0), for U = {0} and U = {—eq, 0}, whereas (5.9) offers a more fundamental
obstruction to Kalikow’s condition and the way it is used in proofs. As we now will
see the class described in Theorem 5.1 contains examples of walks with ballistic
behavior whend > 3. [

COROLLARY 5.3 (d>3). Assume p,n € (0,1), there exists €(d,n, p) €
(0, 1) such that when 0 < ¢ < &, (5.4) and (5.5) hold and
2

/2N <)< %,0282 whend =3,
(5.18) 5
e <A< %,0282 when d > 4,

condition (T') holds relative to e\ together with (5.9), and Kalikow’s condition
fails with respect to all directions.

The above corollary shows that (T’) may very well hold in spite of an
“oscillatory” behavior of the auxiliary drift.

APPENDIX

This appendix is devoted to the proof of Lemma 1.2, which is a variation on
the derivation of (2.3.9) in [21], and to the proof of the Green function estimates
(2.11) and (2.12). We begin with the following.

PROOF OF LEMMA 1.2. We use the notation of Section 1. Fora < b in Z we
introduce

(A1) tap=[] PG, @).

a<i<b
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We will first prove that in the notations of (1.16), below (1.6) and (1.3),

T-NoO+ -+ T_NN-1I

(A.2) PoolT-np <T ATyL] <

To this end we define f(i,w) fori < N, w € 2, via

F(N,w)=0,

147N -Nt1+ +T-NN-T

(A3) fl,0) = Z 1_[ 20, w)~! fori < N.

i<m<Nm<j<N

317

We denote by Vi, k > 0, the sequence of iterates of the stopping time V =

Txy.e;+L N Txy-e,—L, namely,

(A4) Vo=0 and fork >0, Vig1 =V o0y, + Vi.
We write
(A5) ‘L'Iinf{kZO, XVk~el‘ZNL}.

Note that with definition (1.8),
(A.6) Po,a,—a.s. on {T—NL < T VAN TNL}, XVI e H_N

Moreover for m > 0,

1 ~
Eo,w [f(zXV(mH)M ~€1>, Vin+iyar < T]

1 ~
< Eo,w[f<—Xv,,m '61), Vire =T, 7 < m]

L

L
so that using the strong Markov property

(A7)

1 ~
= EO,w[f(ZXVm : el), Vinne =T, 7 < m]

1

- Eo,w[r >m, Vi <T, Exvm,w[f<—x

L

1 ~
+ EO,a)[f<_XVm+1 'el), Vin<T, T > m]

and V; < T.

)]
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However on {t >m, V,, < T}, Py ,-a.s.,

Bra (L )]

1 1 1
= £( v -a) +ptv0 £( X0 e 1) =5 (X e

1 1
+ qA(va,w)[f<szm ep — 1) - f(—va 'el)]

L
(A.8)
= f(lXVm : €1>

L

o~ . —_ —~ _ Al _1
+ [ #G.e 1[—p(va»w)+q(va»w)P<szm'61)]

1 .
Zva ~€1<]<N

(lg)f<1X )
J— .e .
= I Vi €1

Coming back to the last line of (A.7), we see that
1 ~
Eo,w[f<ZXv(m+1w), Vintiyar < T}

< Eo,w[f<%xvm - el), Ve < f] < £(0)

by induction. Since 7 is Py -a.s. finite, it then follows from Fatou’s lemma that

(A.9) Eo,w[f(%xv, -el), V, < ﬂ < £(0).

From this we deduce that

~ ~ £
PoolT-nL <T ANTNnL] < =N

— 1_[0<J'<N'b\(j’w)_1 +nl<j<Nﬁ(jaw)_1 4+ 41
[Menejen PG @) 4+ 1
_ T-_NO+ - +T_NN-1
1 +rT N -N+1t+ TN N1 ’

(A.10)

proving (A.2). We now define
A1l A=PylT-yL <T ATNL1+ PoolT < T-ni ATyLl,
so that in the notation of (1.4) and (1.5),

a8 _ A
l—gp ~ (1—-A)

(A12) qB SA and PB =
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using in the last step the fact that g — quq is nondecreasing for ¢ < 1. As a result

on § [cf. (1.17)],

A< TNOF A TN N +kNEA oy N-1)
- 1+“‘+JT_N,N_1 ’
T4ty — V(A m_yN_1)

L+ +m_NnN-1

(A.13)

(I-A4)+ >

Moreover, as a result of (0.1),

—L

kb <pli,w) <k and

(A.14)
KZNLSJT_N'SK_ZNL for —-N < j < N.

NI*—‘

Further by assumption L > 2 > sup,,- 2u( )*, and since xk <

(A.15) 6NLi3NE < L.

As a result we see that
14+ «l —2Nk*NE

Ay > >+ 4m_yy-1D
)+ = R ( N.,N—1)

1-

and therefore

B <T_No+ -+ TN N_1+ &N

<m_No+ - HT NN_1+2NMN <2 _No+ -+ TN N-1),

+- TN N-1)
(A.16)

since m_y 0 > «NL and using (A.15).
Note that the variables o (i, w), for i even and for i odd are two collections of
i.1.d. variables. Since a € (0, 1], we have

Elpf.91<2 > Elx’y,.. 9]

0<m<N
~ \2a11/2
<2 > Tl E»rH*
(A.17) 0<m<N —N<j<m
L2 Y E[pOP]N < 2E[A(0)*V/
it = (I —E[p0)2]'/2),

On the other hand, we know from (0.1) that

(A.18) pp <k NE,
and hence combining (A.17) and (A.18),
2E[5(0 2a1N /2
(A.19) Ep4) < — PO + e NERLge,

~ (1 =E[p(0)"/%)4
which completes the proof of Lemma 1.2. [J
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We now turn to Green’s function estimates and will provide the following.

PROOF OF (2.11) AND (2.12). We first derive some pointwise bounds. It
follows from (2.6) thatforx e U, y e U, |e| =1,

goulx+e,y)—goulx,y)

(A.20) o o

= Z Veg (x —y+2k2Le;) — V8" (x — y« + (2k + 1)2Ley),
keZ

using the notation (2.19). From Lawler ([11], page 32, Theorem 1.5.5) we know
that

0 c(d)
(A.21) IVeg ™ (2)] = i+

W fOI'ZEZd.

Hence for x, y e U,

lgo,u(x +e,y) — goux,y)l

< C(d){(l Hle =y 4 A+ x =y +2Ley )@Y

(A.22) o o
+ (L ]x =y —2Let )"V 4 > k)™ 1)}
|k|>2
<c@[(1+1x —yD7UV 4+ (1 + |x — yy +2Ley )~
+ (14 |x — ye —2Leg )~ 4 L=@=D],

By an analogous argument as in the proof of (2.16), we find that for x,y € U,
le] =1 with [(x —y) 1| > L, and T as above (2.16),

1go,u(x +e,y) — go,u(x, y)l
=|E®[go.u(x +e, X1) — go.u(x, X1), T < Ty/]|
< sup{|go,u(x +e,2) — go,u(x,2);
|(r —2)1] > 3 — )1 = 1}O4[T < Tyl
Combining the above estimate and (A.22) we find that for x, y e U, |e| =1,
1go,u(x +e,y) — go,u(x, y)l
<c@[A+1x—yD™@ D 4 (1 +|x — yu +2Ley) @D
(A.23) 4 (14 x — yo — 2Ley)~@=D 4 L~@=D]

c'(d)
L

X expiy—

|<x—ym}.
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Moreover, by symmetry of goy(-,:), a similar estimate holds as well for

1go,u (x, y +€) — go,u(x, y)| in place of [go,u (x + e, y) — go,u (x, y)I.
To obtain (2.11), we distinguish between the case |(x — y)1 | > L and the case
|[(x —y)1| <L,andseethatforx € U, |e|=1,

Y (Igo.u(x+e,y) —goux, Y|+ lgou(x.y +e) —goulx,y))
yeU

<cd Y. [A+x—yp @D
yeU,|(x=y)1I=L

+ (1+ |x — yy +2Ley =7V
(A24) ( lx — ¥« eil)

+ (14 |x — yo —2Ley )~ @D 4 L =@=D]

+od Y L‘("‘”exp{—ciﬂ|<x—ym}se(d)L,

yeU,|(x=y)1|=L

which proves (2.11), and in a similar fashion,

> (0.0 +e.y) = go.0 ()’ + (80,0, y +€) — g0, (x, 1)’
(A25) se0

<c(d),
so that (2.12) holds as well. [
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