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NO TRIPLE POINT OF PLANAR BROWNIAN MOTION
IS ACCESSIBLE

By Krzvszror BURDZY' AND WENDELIN WERNER?

University of Washington, C.N.R.S. and University of Cambridge

We show that the boundary of a connected component of the comple-
ment of a planar Brownian path on a fixed time interval contains almost
surely no triple point of this Brownian path.

1. Introduction. We will say that z € R? is a frontier point (not to be
confused with the standard boundary point) of the planar Brownian motion
Z[0 7 ={Z,, 0<¢t < T} if z is on the boundary of one of the connected
components of the complement of Z, r; in the plane. A point z is called a
triple point for Z, , if z = Z(¢,)) = Z(t,) = Z(t;) for some distinct ¢, ¢,,
t; €[0,T]. In the sequel T > 0 is fixed. We will prove the following result.

THEOREM 1. Almost surely, no frontier point of Z, 1| is a triple point.

Although the cardinality of the set of frontier points is that of the real line,
the frontier points are in a sense exceptional; it is easy to see that, for a fixed
t <T, Z, is almost surely not a frontier point of Z, r, although all points of
Zyy ) are boundary points. The boundary of the unbounded connected compo-
nent of the complement of Z, ., (which consists exclusively of frontier points)
has been called a self-av01d1ng planar Brownian motion [Mandelbrot (1982)].
It has been conjectured that the Hausdorff dimension of this set (and also of
the set of frontier points) is 4 /3 [Mandelbrot (1982)]; see Burdzy and Lawler
(1990b) for some rigorous estimates. The geometry of the boundary of a
connected component of the complement of a planar Brownian path has been
studied in several works [see Burdzy (1989a, b), Burdzy and Lawler (1990b)
and Werner (1994)]. Let us mention two recent papers which will not be
referred to elsewhere in this paper, but which are somewhat related to it:
Burdzy (1995) and Le Gall and Meyre (1992). Le Gall (1991) presents a clear
overview of the results derived before 1990.

Let us now recall some known facts about multiple points. For any T > 0,
(Z,,0 < ¢ < T) has almost surely points of any (even uncountable) multiplic-
ity [for points of finite multiplicity, see Dvoretzky, Erdds and Kakutani (1954)
and Adelman and Dvoretzky (1985); about points of infinite multiplicity, see
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Dvoretzky, Erdds and Kakutani (1958), Le Gall (1987a) and Bass, Burdzy
and Khoshnevisan (1994); or, alternatively, Le Gall (1991) for an overview].
All these sets of multiple points are dense in {Z,, 0 <¢ < T} and the
Hausdorff dimension of each one of them is 2 [see Le Gall (1987b) and Bass,
Burdzy and Khoshnevisan (1994)].

In his book, Lévy (1965) noticed that the density of double points in the
planar Brownian curve implies the existence (and the density) of frontier
double points in Z, 7. Loosely speaking, the boundary of a connected compo-
nent of the complement of Z, ;, contains a lot of double points of the
Brownian path. Here is a sketch of Lévy’s argument. Let L denote the
boundary of a connected component of the complement of Z, ;. Assume that
a connected subset L’ C L, which is not a singleton, contains no double point
of Zy r}- It is then easy to see that L' = Z, , , for some ¢, < ¢, (otherwise, L’
contains a double point of Zj ). This can never be the case, since Z, , ,
contains double points. Hence, double points of Z are dense in L.

The proof of our main theorem relies heavily on intersection exponent
estimates just as proofs in Burdzy and Lawler (1990b) do. For this reason we
recall here a definition and a few relevant facts [see Burdzy and Lawler
(1990a)]. Fix some n>1, p>1. Let Y! ..., Y?*'" be p + n independent
planar Brownian motions started from Y} = - Y =(—1,0) and Y¢*' =

- =Yl =(4+1,0). Weset, forall R>0and j€{1,...,p + n},

T} = inf{t > 0, |Y/| = R}.

The intersection exponent £(p, n) is defined by

£(p,n)
= li _IOgP((Ulsjsij([o’TI{])) m(Ul’*lﬁjﬁer”Yj([o’TI{])) =@)
iR log R .

It is easy to see that this limit exists using a subadditivity argument [see,
e.g., Lawler (1991)]. It has been conjectured that these exponents are rational
numbers; except for £(2,1) = 2 [see Lawler (1989), Burdzy and Lawler (1990a)
or Lawler (1991)], the exact value of these exponents is not known. See
Burdzy and Lawler (1990b) for some estimates. It is greatly satisfying that
the only known value [i.e., £(2,1) = 2] happens to be the one that is needed in
our proof. From this, we easily deduce that £(4,2) > 4, but our key bound
(Proposition 4) is that £(4,2) is strictly bigger than 4. We then derive
consequences of this result for disconnection probabilities of six paths (Sec-
tion 5) and, finally, we prove the theorem in the last section, using the fact,
informally speaking, that in the neighborhood of a triple point z, Z, 1, is
similar to six independent Brownian paths started from z.

We would like to stress that we do not prove that the theorem holds for all
T’s simultaneously. The possibility that some triple points Z, =Z, =Z,
(with ¢, <t, <t3) may be frontier points of Z,, is not ruled out by our
theorem, although we conjecture that such pomts do not exist.
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Let us justify the use of the term “accessible” in the title. A point z in a
closed set K c R? is called accessible if there exists a continuous path f:
[0,1) > R?, such that f(0) =z and f((0,1) N K = [see, e.g., Ohtsuka
(1970), page 253]. Of course, every accessible point of Z, 5, is a frontier point
of Zy, ). It is not difficult [see Burdzy and Lawler (1990b), pages 1003—1004]
to show that every frontier point of Z r, is in fact an accessible point of
Zy - The proof uses only continuity of Z and compactness of Z, 7).

2. Preliminaries. In this part, we introduce some notation and we
recall some facts and tools of various origins (probability, geometrical func-
tion theory, potential theory) we will use in this paper.

2.1. Notation. We will identify R? and C and we will use both vector and
complex notation; C(x, r) and D(x, r) will denote, respectively, the circle and
the open disc centered at x with radius r. If X is a random variable, o(X)
will denote the sigma field generated by X. If Y = (Y,, ¢ > 0) is a process in
R? and K is a closed set in R?, we set

T (Y) = inf(t > 0,Y, € K}.

ar
If K={x}, we will write T.(Y) = Tx(Y). If IcR, =[0,), we set Y; =
Y(I) ={Y,, t €I}. The complement of an event A will be denoted A°.
The boundary of a set ) € R? will be denoted 9(). We also define, for p > 0,

D(Q,p) = U D(y,p).

yeQ

2.2. The three-dimensional Bessel process. We now recall some well-known
facts about three-dimensional Bessel processes, which can be found, for
example, in Revuz and Yor (1991). Let B = (B,, t > 0) denote a linear
Brownian motion started from 0, and 8= (p,, ¢ > 0) a three-dimensional
Bessel process also started from 0. We set, for every r > 0,

7.=T,(B), p.=T.(B) and o, =sup{t <7, B, =0}.

Then, we have the following results.

2.2.1. Williams’ decomposition of the Brownian path. For all r > 0 the
two processes (B, ,,, u <7, —0,) and (B,, u <p,) have the same law
[Williams (1974)].

2.2.2. The three-dimensional Bessel process as a Brownian motion condi-
tion not to hit 0. For all0 <r <r',(B, ,,, u < p,. — p,) has the same law
as (B, ,,, u < 7, — 7,) conditional on {inf{t > 7,, B, = 0} > 7,.}.

2.2.3. Time-reversal. The processes (B8, — B, _,, u < 7,)and (B,, u <7,)
have the same law.

2.3. Skew-product decomposition. Planar Brownian motion is invariant
under conformal mapping [see, e.g., Le Gall (1991), Chapter II, Theorem 1].
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In particular, the analyticity of the exponential mapping implies that [see,
e.g., Le Gall (1991), Chapter II, Theorem 3] a planar Brownian motion
(X,, t = 0) started from 1 may be represented as

X, = exp(By, + iba))>

where B and 60 are independent Brownian motions started from 0 and where
A(t) = [{1X,]7? ds. As an immediate consequence, if 0 < a < 1 < b,

log b

(1) PLAXD) < T,(1XD) = P(Tigo( B) < Tiago(B)) = s

2.4. Potential theory. We will also use (mainly in Section 4) some poten-
tial theoretical results. We refer to Doob (1984) for detailed statements and
definitions.

2.4.1. h-processes. We start with a review of A-processes. The proofs may
be found in Doob (1984) and Meyer, Smythe and Walsh (1972). Let D < C be
a Greenian domain, and let 4 be a strictly positive superharmonic function in
D. Let pP(x, y) be the transition density for Brownian motion killed at the
hitting time of D¢ and

pi(x,y) = hE ;pt( y).

Any process with the p/-transition densities will be called an A-process
(conditioned Brownian motion). Let X be such a process, started from x
under the probability measure P!, and let o be the lifetime of X. Suppose
that M is a closed subset of D, and let L = sup{t < o: X(¢) € M} be the last
exit time from M. Let

Yi(t) = X(2), € [0,7(M)),
Y%(¢) =X(T(M) +¢t), € [0,0 - T(M)),
Y3(t) = X(t), e [0, L)

Y4(t) =X(L +1¢t), € [0,

Y?(t) =X(o—1t), tE[0,0').

Under P!, each process Y* is an h,-process in a domain D,. We have
D,=D,=D\M, D,=D;=D;=D and h, = h, = h; hy; is a potential
supported by dM; h, has the boundary values 0 on JM and the same
boundary values as & on dD \ M; hy is the Green function Gp(x, ) if x € D
or a harmonic function with a pole at x if x € dD. The initial distributions of
Y! and Y? are concentrated on {x, A}, where A is the coffin state. For the
remaining initial distributions see Doob (1984).

2.4.2. The Harnack principle. The Harnack principle says that if 4 is a
strictly positive harmonic function in D(x,r) and a € (0, 1), then A(y) <
ch(z) for all y, z € D(x, ar), where ¢ < © depends only on a.

Here is a version of the boundary Harnack principle we will use. Let
Q c R? be an open connected set whose boundary is a finite union of graphs
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of Lipschitz functions (possibly in different orthonormal coordinate systems).
Let V be an open set, K a compact set, K C V. There exists a constant ¢,
such that if u and v are strictly positive harmonic functions in () that vanish
continuously on (9Q)) N V, then

u(x) _ u()
o(x) = oy

See Bass and Burdzy (1991), Banuelos, Bass and Burdzy (1991) or Bass
(1995) for strong versions of this result and for references.

forall x,y € Kn Q.

2.5. Conformal invariance, prime ends. We now recall some facts about
conformal mappings, which can be found, for example, in Ahlfors [(1973),
Section 4.6], Ohtsuka [(1970), Chapter III] or Pommerenke [(1992), Chapter
2]. For any two simply connected open planar domains ; and (Q, such that
each one has more than two boundary points, there exists a conformal
one-to-one mapping from (}; onto (1,; the mapping has a continuous one-to-
one extension to a mapping of (_)1 onto (_)2 if the boundaries of (), and (1, are
sufficiently “nice” (for instance, if they are Jordan curves). If the boundaries
are not “nice,” then one must use the concept of prime ends introduced by
Carathéodory instead of boundary points (see the above-mentioned references
for details). For instance, if f is a one-to-one conformal map from () onto
D(0, 1), f induces a one-to-one correspondence between C(0, 1) and the prime
ends of ().

Recall also that, for any three distinct points on the circle C(0, 1), there
exists an analytic one-to-one mapping from D(0, 1) onto D(0, 1) which maps
these three points onto three other arbitrarily chosen distinct points in
C(0, 1) which have the same cyclic order. Hence, for any two simply connected
open planar domains which have more than two boundary points and any
three distinct prime ends a, b, ¢ on the boundary of the first domain, there
exists an analytical one-to-one mapping of the first domain onto the other
which takes (a, b, ¢) or (b, a, c) onto three other arbitrarily chosen distinct
prime ends of the second domain.

2.6. A lemma. We state without a proof an easy lemma which will be
useful in the sequel. Let us fix n > 1. Let X!,..., X" denote n planar
Brownian motions started on the unit circle and independent given their
starting points (the starting points may not be independent). Let y,,..., y,
denote n independent uniformly distributed random variables on the circle
C(0, 2).

LEMMA 1. There exists a constant k, > 1 such that, for any bounded
measurable positive function f: C(0,2) — R, and independently of X;, ..., X{,

(k) " E(F(y15---590)) < BE(F(Xpyqxps-- > Xrygxn))
=< knE(f(ylaayn))
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This result can be viewed as a direct consequence of the fact that (in the
notation of Section 2.3), 0r,(x) is a Cauchy random variable [see, e.g., Revuz
and Yor (1991), Chapter 3, Proposition 3.3].

3. Intersection exponents. Recall the intersection exponents &(p, n)
defined in the Introduction. In order to prove Theorem 1, we need in fact
estimates of nonintersection probabilities of Brownian motions which have
random initial distributions. Therefore, we introduce an analogue of £(p, n)
for Brownian motions with uniformly distributed starting points on the unit
circle. Let Z!,..., Z?"" denote p + n independent planar Brownian motions
started uniformly and independently on C(0, 1). We set, for all R > 0 and for
all j{1,..., p + n},

S} =inf{t > 0, |Z]| = R} = T(1Z’)).

The subadditivity argument can be easily adapted [using Proposition 5.2.1 in
Lawler (1991)] to show that the following limit exists:

—log P((UlstpZ[Jb,s;’g]) n (Up+1sj5p+nZ[]6,Sié]) B @)
log R ’

,n) =1
&(p,n) = lim
Then we have the following lemma.

LEMMA 2. Foralln > 1,

gu(l’ n’) = f(l’n)'

One expects that ¢,(p,n) = &(p,n) for all n > 1 and p > 1, but proving it
seems to be more difficult.

PROOF OF LEMMA 2. Recall the definitions of Y/ and T} for 1 <j < n + 1,
with p = 1, from the Introduction. Lemma 1 and scaling yield that, for all
R > 2,

1
P\ Yoy N

n+1 )
'U2 Y[JO,T,Q]) =0
j=

n+1
1 B _
<P\Yirpop 0| U Yyey| =9
j=2
n+1
1 j . J—
<k, 1P|Zsis3 N Zisjsig| =9
j=2
n+1
1 j . —
<k, P Z[O,S}e/z] N U Z[JO,Siz/z] =0
j=2

and, consequently, £(n,1) > £,(n,1). Note that this argument shows in fact
that £&(p,n) > ¢(p,n)foralln > 1, p > 1.
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We now turn our attention toward the opposite inequality. We define
= supft < T3, 1Z}| = 1}
and
o=inf{t > 7,(Z}| = 2}.
1 —
As Z;, r3; N D(0,1) = &,

n+1 )
P Z[lo’sl] N U Z[IO’SIJ{] =
j-2
n+1 )
<P\ Zi,spN | UZbsy| =9
j-2
n+1 )
<P\ Z{, s 0 | U Xorgxom| =9
j-2
where X2,..., X"*! are independent (and independent of Z') planar Brown-

ian motions started from 0.
The process (Z, . ,, u < Sy — o) is a planar Brownian motion started with
uniform distribution on C(0,2) conditioned to hit C(0, R) before C(0,1),
which is an event of probability log2/log R [cf. (1)]. Hence, using a simple
symmetry argument, if X' denotes a planar Brownian motion started from 2,

independent of X2,..., X"*1

P(X[é,TRqu\)] N (U2 X 1xiy) = @)

P
log2/log R

1
Zi 531 N

n+1 )

U Z[Jo,sgg] =
j=2

A simple shift-and-scaling argument now completes the proof. O

We now present a straightforward consequence of the last lemma. See also
Theorem 1.2 (i) in Burdzy and Lawler (1990b).
COROLLARY 3. We have
£,(2,2) 25/2 and §,(4,1) > 3.
ProoF. As £,(2,1) = £(2,1) = 2, these estimates are easy consequences of

Beurling’s projection theorem on harmonic measure in a disc [see Ahlfors
(1973) and Oksendal (1983)]. Trivially,

P(( U Z[Jb,s-{;]) m( U Z[];)’Sé]) :@)

j=12 j=3.4

i . 3 — 1 4 —
< P(( ~L1JzZ[JO’S{“]) N Zjy sy =D and Zy, 511 N Zjg g4, = D
J=1
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and Beurling’s theorem shows that, for every continuous path L connecting
the circles C(0,1) and C(0, R),

P(L N Z} gy = D) <P([-R, —1] N Y} 14 = 2|V = 1);

it is a classical fact that this last quantity is bounded by (4/7)R~1/2 [see,
e.g., Werner (1995)]. Hence, as £,(2,1) =2, £,(2,2) > 2 + 1/2. Similarly,
£,(4,1) > 2+ 2(1/2).

4. The key estimate.

4.1. Probability of making a loop for an h-process. Before stating and
proving Proposition 4, let us first derive three technical estimates for
h-processes which will be useful in its proof.

(a) Suppose that % is a positive harmonic function in D(z, p). We will show
that for any p < 1 there is b > 0 such that the probability that an A-process
starting from z makes a closed loop around D(z, bp) before hitting C(z, p) is
greater than p.

First find &; < 1 such that the standard Brownian motion starting from a
point of C(x, r) has a chance greater than \/; of making a closed loop around
D(x, b,r) before hitting C(x, r/b,).

Next use the Harnack principle to find b, € (0,1) such that A(y)/
h(x) > y/p for all x,y € D(z, b, p).

Let b = b,b2%/2. The strong Markov property applied at the hitting time of
C(z,bp/b,) shows that it will suffice to prove that the probability that an
h-process starting from a point of C(z, bp/b;) makes a closed loop around
D(z, bp) before hitting C(z, p) is greater than p. By our choice of b,, the
probability that a Brownian motion starting from a point of C(z, bp/b;)
makes a closed loop around D(z, bp) before hitting C(z, bp/b?) is greater
than /p .

Let P, and P! denote the distributions of Brownian motion and an
h-process, respectively, starting from x, and let X stand for the generic
process. If x € C(z,bp/b,) and y € C(z, bp/b?), then both x and y belong
to D(z, b, p). Using the relationship between the hitting densities for an
h-process and a Brownian motion starting from x € C(z, bp/b;) shows that

h(y)

th(X(TC(z,bp/b%>) & dy) = mpx(X(Tmz,bp/b%)) = dy)

VPP X(Teiz, by 03) € dy)-

The distribution of an h-process and of a Brownian motion starting from x
and stopped at the hitting time of C(z, bp/b?) are identical if we condition
them to hit the same point of C(z, bp/b?). Hence, the last formula shows
that the Radon—Nikodym derivative of the distribution of an A-process
starting from x € C(z, bp/b,) and stopped at the hitting time of C(z, bp/b?)
with respect to the distribution of Brownian motion starting from the same

[\
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point x and stopped at the hitting time of C(z, bp/b?) is greater than /p . It
follows that an A-process starting from a point of C(z, bp/b;) makes a closed
loop around D(z, bp) before hitting C(z, bp/b?) with probability greater

than \/p -/p = p.
(b) For this part, suppose that § € (0,1/4) is fixed and we set

A={(x;,x,) €eR* 2, <0,0<x, <1},
Ay ={(xy,%,) ER?*1 %, <0,8<x, <1- 35}
Suppose that z; < —1 and let
A= (xl,xZ)EA:x1=21—3/4},
2 (x1’x2)65:x1=21_1/2},

3 (xl,xz)EA:x1=zl—1/2},

N>>
Il

1 (xl,xZ)EA:zl—l/2<xl<z1+1/2},

3 = (xl,x2)65:21—1<x1<z1+1/2},

NNN

4= (xl,x2)€&zl—1<x1<zl+1},

{
= {
{
= {
o= {(xy, %) €Ay 2y — 1/4 <x; <2y + 1/4},
= {
= {
= {

(x,%,) EAt 2, —1<x, <z + 1/2}

Suppose that h is a strictly positive harmonic function in K, which
vanishes on JA. Let v be the center of A,, and let C be the event that a
process hits A,, then makes a closed loop around K, inside K, (all this
before exiting K ;) and finally exits K; through A,. The P, probablhty of C is
equal to p > 0, Whlch depends only on 6.

The Harnack principle implies that i(y)/h(v) > b > 0 for all y € A; and
so, for y € A, we have

(y)

h(v)
Just as in part (a) we deduce that the Radon—Nikodym derivative P" /P, > b
on the event {X(T,x ) € Aj}. Thus PMC) > bp.

For a fixed y Az, the function x — P(X(T,,) € dy) is a harmonic
function in @ which vanishes on JA N 9Q, and the same can be said about A.
The boundary Harnack principle (see Section 2.4) implies that, for some
b; >0andall x € A,

P} X(Tk,) €dy) = P,(X(T)x,) € dy) > bP,(X(T)x,) € dy).

P}(X(Tyq) € dy) = hEy;P (X(Thq) € dy)
h
> b, hEy; (X (Tyq) € dy)

= b,P(X(Tyq) € dy).
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The strong Markov property applied at the exit time from € now implies that
PMC) = b,bp = b, >0 for all x € A,.

(¢) Suppose that ¢/, an arc of C(0,1), and p > 0 are such that D(¢J, p) does
not cover C(0,1) [recall that D(J, p) = U, ;D(y, p)l. Suppose that % is a
positive harmonic function in D(<J, p). We will show that every h-process
starting from a point of D(<J, p/2) makes a closed loop around D(J,3p/4)
before leaving D(J, p) with probability greater than p > 0 which depends
only on p.

If |x; — x,| = r, then Brownian motion starting from a point of D(x,,r)
can hit D(x,, r) without leaving D(x,,2r) U D(x,, r) with probability p, > 0.
With probability p, > 0, Brownian motion starting from a point of D(x, r)
will make a closed loop around D(x, r) before leaving D(x,2r). There exists
a k < o« which depends only on p and which has the following property: one
can find an r > 0 and a sequence of points {x,};_;_, such that x, =x,,
lx; —x;, 1l =7 for all j<k, U,_;_,D(x;,2r) cD(J,7p/8) \ D(J,3p/4)
and the discs D(x;,r) form a closed loop around D(J,3p/4). A repeated
application of the strong Markov property at the consecutive hitting times of
D(x;,r)'s shows that Brownian motion starting from a point of D(x,, ) can
hit all D(x;,r)’s and finally make a loop around D(x,,r) before leaving
Uicj<rD(x;,2r) € D(J,7p/8) \ D(J,3p/4) with probability greater than
p¥p,. Actually, the starting point of the process can be in any of the discs
D(x;,r), so the strong Markov property applied at the first hitting time of
Ui-,;-xD(x;, r) implies that Brownian motion starting from a point of
D(J, p/2) makes a closed loop around D(J,3p/4) before leaving D(J,7p/8)
with probability greater than p%p,.

The Harnack principle implies that there exists b; > 0 which depends only
on p such that A(y)/h(x) > b, for all x, y € D(J,15p/16). A calculation
similar to that in parts (a) and (b) of this section gives

h(y

PHX(Tiper,75)) € dy) %Px(X(TaDuﬂp/&) € dy)
blpx(X(Tr?D(J,7p/8)) < dy),

for all x € D(J, p/2). Hence the Radon—-Nikodym derivative P! /P, > b, on
[0, T,p(s,7,/8))- Now, an application of the strong Markov property at the
hitting time T} ; 7,,5, shows that an h-process starting from a point of
D(J, p/2) makes a closed loop around D(<J,3p/4) before leaving D(J, p)
with probability greater than b, p%p,.

v

4.2. The key estimate. We are now ready to prove our key result, that is,
Proposition 4. Let Z*,..., Z% denote independent planar Brownian motions
started uniformly and independently on C(0, 1).

PROPOSITION 4.  We have £,(2,4) > 4. In other words, for some fixed ¢, > 0,
a; > 0andall R > 1,

P(( U Z[JG,TRGZJ'D]) N ( U Z[Jb,TRqum) = @) <c R

1<j<2 3<j<6
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As the proof of this proposition is long, technical and complicated, we first
offer an outline of the general idea of the proof.

OUTLINE OF THE PROOF. Suppose that ¢ = 1/R. Let X/, j = 1,2, and Y7,
j=1,2,3,4, be two-dimensional Brownian motions. Suppose that they are
jointly independent and that they start from distinct deterministic points
x5, X2, ¥4,..., va on C(0, ). The scaling property and a conditioning argu-
ment show that it will suffice to prove that

P(( U X[JO-TC(O,U(XJ)]) n ( U Yv[JO,Tc(O)l)(YJ)]) = @) < 0184+a1,
1<j<2 1<j<4

Where c1 and «,; are independent of ¢ and of the starting points
(x5, 2, ¥8,--.,y3) in C(0, &)°.

We know that the probability that the path X'([0, T, 1,(X 1) is disjoint
from the paths Y '([0, T¢,;,(Y D and Y *([0, TC(0 LY D [m short, the proba-
bility that X! N (Y1 U Y?2) =] is of order £2 [because £(2,1) = 2]. The
same is true for the probability that X2 N (Y2 U Y*) = &. We will argue
that, given both these events, there is a significant conditional probability
that X2 NY! # & or that X! N Y? # &J. More precisely, we will show that
this conditional probability is of order 1 — £# for a positive 8. In order to
achieve this goal, we first observe that the traces of X! and X? have to differ
significantly on the circles C(0, a*), for some fixed a > 0 and many values of
k (the opposite event has a small probability). Next we “fix” the paths of X!
and X2. If the trace of X? is “larger” than that of X', then the process Y'!
(which is already conditioned to avoid X!) will be likely to hit X2. In the
opposite case, Y3 will be likely to hit X!

PrOOF OF PROPOSITION 4. We will divide the proof into several steps and
reuse the notation introduced in the outline of the proof.
Step 1 (Notation and definitions). Let A be the connected component of

D(0,1) \ X*([0, Tt 1, (XY)])
such that C(0, 1) C 9A. Again let
{(xl,xz) eR?: x,<0,0<x,< 1}

If y§ & A, then X[OT o Xy N YOTLOI(Yl)] # (J. In view of the inequality we
are trying to prove, we may concentrate on the opposite event; that is, we will
condition X! on

E, = {ys € A}.

Let 2, =X (TC(0 ,(X1). The point z, corresponds to two distinct prime
ends g“o and §0 in A. Let ¢, and ¢, denote the endpoints of the connected
component of A N C(0, &) which contains yg. It is easy to see that, almost
surely, {; # 5. Hence Lusing, e.g., Proposition 2.14 in Pommerenke (1992)]
the prime ends ; , and ¢, corresponding to {; and ¢, are also distinct; ¢ , and
{2 divide the set of prime ends of A into two nonempty parts M; and M,,
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and as C(0,1) C A, fO and fé are on the same side, say, in M,. Now fix 53’ a
prime end of A in M

We choose (cf. Sectlon 2.6) an analytic one-to-one mapping f from A onto A
such that f({Z,, g“o}) {(0,0), (1,0)} and f(f,) = —<. Then, intuitively speak-
ing, C(0,1) c f *({(x,, x,) € dA: x, = 0}), and gl and 52 are mapped onto
two points which lie on dlfferent half-lines JA? and 9A*, where

o'?Ad = {(xl, x,) € dA: xy = 0},

~ df ~
IA* = {(xl, Xy) € JA: x4 = 1}.
Let
A =A(6)= {(xl,xQ) eh:id<x, <1~ 6},

Ay =1 1(A1)'

The value of the parameter 6 € (0,1/4) will be chosen later in the proof.
Suppose that 0 < a < 1/2 (the value of a will be specified later), and let m,
be the largest integer & such that a* > ¢. For k = 1,2,...,mg, let J be a
connected component of A N C(0, a*) which must be crossed by every contin-
uous path in A which connects C(0, ¢) and C(0,1). We may and will assume
that J2’s are chosen so that every continuous path starting from C(0, ¢) and
going to C(0,1) in A must intersect J; before J; , for every k. Similarly, let
J1 be a connected component of A; N C(0, a*) which is a subset of J; and
which must be crossed by every continuous path in A; which connects C(0, &)
and C(0,1). We will write J} d=ff(JkA) and J gf(JkAl).

Step 2 (Choosing a value for a). Suppose that z = (z,,1/2) for some
z; < —1 and that I' is a continuous path which has one endpoint on each set
dA* and JA¢ and intersects {(x,, x,) € A: x, € (2, — 1, z, + 1)}. Without loss
of generality assume that the intersection point belongs to K = {(x;, x,):
x; =2z, — 1, x5 < 1/2)}. Note that there is a g, > 0 such that (i) Brownian
motion starting from z can exit A through {(x,, x,) € JA%: x, <z, — 1)
without hitting K with probability g, > 0, and (ii) Brownian motion starting
from z can exit A through {(x,, x,) € JA%: x, >z, — 1} without hitting K
with probability g, > 0. At least one of these events implies that the trajec-
tory of the process intersects I'. Hence the harmonic measure of I' in A with
respect to z is greater than g,.

Suppose that 1 < & < m, and find a point z = (z,,1/2) € J}. Let v =
f~1(z). We have |v| = a*. Now choose a > 0 so small that the probability that
a Brownian motion starting from v makes a closed loop around 0 before
leaving D(0, a*~1) \ D(0, a**1) is greater than 1 — g,. If such a closed loop
is made, the process hits the boundary of A before hitting J5 , U Jp, . It
follows that the harmonic measure of J; ; U J7,; in A with respect to v is
less than g,. By the conformal invariance of the harmonic measure we see
that the harmonic measure of Jp bt U J2, , in A with respect to z is less than
q,. Hence, the paths J2 ; and J}, , are separated by

{(xl, x,) €Aix, (2, - 1,2, + 1)}
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Step 3 (Comparing the trajectories of X' and X?). Assume now that X'
is fixed and that E, holds. Let L, be the connected component of A; N
[D(0, a*~1) \ D(0, a**1)] which contains J;1. Recall that X2 is a Brownian
motion independent of X! and starting from a point of C(0, ¢). Let

df
A:Ile = {X[O,TC(O,I)(XZ)] NL, # Q}’
Aj = {D(Lk,rlak+6) NX?[0, Tee, 1(X?)] = @},
A, daluaz,

where r; > 0 is a constant which will be chosen below. We introduce stopping
times

T, = inf{t: xX*(t)e U C(O,a‘”ﬁz)},
k

T = inf{t >T, ,: X*(t) € JC(0,a***?) and
k

J

|X2(t)|¢|X2(Tj_1)|}, i> 1L

Let us consider the processes V; d=f{X2(t), t e [TJ-, TJ»H]}. We will now use a
technique we shall reuse several times in this proof. We first condition on the
value of the finite sequence
B = (X2(Tj))j51'

Conditional on =, all the processes V; are independent h-processes. We then
use this independence to obtain estimates of a conditional probability. How-
ever, we then finally remove the conditioning, noticing that these estimates
are in fact independent of the value of E.

Conditional on =, each process V; is an hA-process in a domain D(0,
a**=2) X\ D(0, a***6) starting from a point of C(0, a***2). The strong Markov
property and part (a) of Section 4.1 show that if one of the Vs starts from
C(0, a***2) and hits D(L,,, r;a***%) at a point z, then it makes a closed loop
around D(z, rya***®) before hitting C(z, a***2/16) with probability greater
than p, (p, and the corresponding r; will be chosen below; note that the way
r, is chosen does not depend on E). If such a loop occurs, V; intersects L,;. A
similar argument applies when V; hits D(Ly, ,,, r;a***'°). This shows that
the conditional probability of A,, is greater than p,, given any value of E.
The event A,, is determined by the processes V; whose paths lie inside
D(0, a**~2) \ D(0, a***%) or D(0,a** %) \ D(0, a***?). This implies that,
conditional on =, all the events (A,;);_,, . are independent and that
P(A,,|E) > p, for any E.
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Let N be the number of integers £ < m /4 such that A,, holds, and let
m,; = m,/4. Conditional on E, we may give a lower bound for N just as we
would do it for a sequence of Bernoulli trials. Let ¢g; = 1 — p;. Recall that

2

fyex X dx < ex _y_2
e =€eXPl T

for y < —1. We have for large m, (i.e., for small &£ > 0)

— myp1/2 1
) f*m \/27Tm1p1q1

2

(=myp1/2)/\/m1p1q1 1 v

= —_— d
f—w \/2’77' exp( 2 v

< 1 ox (_m1p1)

= Var P\ Teq, [

As this last estimate is in fact independent of =, we can remove the
conditioning.

Recall that [log ¢/log al € [m, m; + 1]. We now choose p; < 1 so large
that, for some y, > 0, &, > 0,

2
B (v —mypy)

2m,p1q,

miyp;

P(N< du

mipP,

P(N < vy,llog ¢l) < P(N < ) < g%,
for all & < ¢,. We also fix some r; > 0 which corresponds to our choice of p,
in a way determined in part (a), Section 4.1. Let us stress that r; does not
depend on & at all. We set
E, = {N > vy,llog ¢l},
and we finally have
(2) PXz(Elel,El) < &b,
for all £ < &;, where ¢, is some deterministic constant.

Step 4 (Intersections of Y and X?). Assume now that both X! and X2
are fixed, and that E; and E, hold. By a slight abuse of notation, in this step
of the proof, we will use the symbol Y! to denote a Brownian motion starting
from y} and conditioned to hit C(0, 1) before hitting any other part of JA.
Hence, Y! is an h,-process. Let Y' denote a process in A obtained by a
time-change from f(Y') so that the quadratic variation of Yy! on the time
interval (¢,, t,) is equal to ¢, — ¢,. Then Y! is an h,-process in A for some
positive harmonic function A.

Let .# be the set of m’s such that A}, holds. For every m €.#, choose a
point z™ in {X[(Z)’TC(M)(Xz)] N L, }. We will write 2™ = (2]", zJ') = f(z™). Let

A3 ={(xy, x,) € Aixy = 2] — 1/2},
AN} = {(xl,x2) eA: X, =z — 1},

=

A% = {(xl,xZ) eA:ix =2+ 1}
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and
K ={(xy,x,) €Az —1/2 <x, <z} + 1/2},
Ky = {(xl’x2) 5532{" —1<x;, <z + 1}.

Note that if n > m and n €.#, then A% lies to the left of A’} because Ji
and J}, _, are separated by a set {(x;, x,) € A: x;, €(2, — 1, z, + 1)} for
some z;.

Let A= U, c (A% UA} UAZ). We now repeat a part of the argument

from the previous step. First we define stopping times

T, = inf{t: Y'(¢) € A},

T, = inf{t > T,_: V(1) € Aand Yi(¢) # YI(Ty)}, 7> 1,
where Y () denotes the first coordinate of Y'(¢). Let us consider the pro-
cesses

daf (=,
V,={Y(t),t € [T, T,4]}.

J>Tj+1
Again, conditional on
E' = (Yl(Tj))jzl’

the processes (Vj)j2 o are independent h-processes.

If m e, let ém be the event that the process Y' makes a closed loop
around z™ within Kj". By part (b), Section 4.1, conditional on Z’, if V; starts
from a point of A7, it makes a closed loop around K[* within KJ* with
probability greater than g, > 0, where g, depends only on §. Hence, using
the independence and unconditioning, the probability of N ,, . ,C;, is smaller
than (1 — ¢,)"1, where N, is the number of m’s such that A, holds.

Let us express this statement in terms of Y. If C, holds for m €.#, then
Y! makes a closed loop around z™ between C(0, a*™*2) and C(0, a*™ 2)

and, consequently, the trajectories of Y! and X? intersect. Thus,
h N,
(3) PY?(YY[(%’TC(O,I)(YI)] a X[%»TC(O,D(XZ)] =X, X2, E,, Ez) <(1-g)

Step 5 (Choosing a value for §). The parameter § will depend on r,
chosen in Step 3. We want to choose 8 > 0 so small that, for every &, D(J},
r,a**%/2) intersects both

oa E f-1(9AY) and aad L po1(aAd).

Take any 6 < 1/2. If, for all &, D(J}1, ria**5/2) N 9A* + & and D(J},
ra®*%/2) N 9A? + J, then we are done. Suppose that one of these state-
ments, say, the first one, is not true for a certain k2. An argument similar to
that in part (c), Section 4.1, shows that it is possible to find a p > 0
(depending on r; but not on k& or a), a point z € D(J} 1, r,a**¢/2) and a

Brownian motion Z starting from z which makes a closed loop around ;!
inside D(J, r,a**¢/2) with probability greater than p. The conformal
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invariance of Brownian motion implies that with probability greater than p,
a certain Brownian motion makes a closed loop around Ji1 before leaving
F(D(J3, ria** % /2)) and hence before hitting A%, It follows from the definition
of JkAl that its closure intersects both the upper and lower parts of the
boundary A Now we can take 6 > 0 so small that any Brownlan motion
starting from any point cannot make a closed loop around J2* f3 " without hitting
dA* with probability more than p/2. With this choice of 8, we must have
D(Jp, ria*t6/2) N 9A* = & and D(J}, ria®t6/2) N gA? # @

Step 6 (Intersections of Y? and X*'). Assume once more that X' and X2
are fixed and that E; and E, hold. In view of the probability we are going to
estimate [i.e., (4)], we can also restrict ourselves to the case where y3 € A,
since otherwise, Y intersects necessarily X'. Consider an m such that A%
holds. In view of the previous step, every continuous path starting from
C(0, &) N A and going to C(0,1) without hitting the trajectory of X? must
intersect

K X[O TC(O 1)(X ) U D(J4m’ 4m+6/2)‘

Let us condition the process Y2 to hit C(0, 1) before hitting the path of X?2.
Then Y? is an h,-process. Let U, be the hitting time of K,, by Y 3. By part
(c), Section 4.1, an h,-process, starting from a point of D(anl@, ra*mt6/2),
can make a closed loop around D(J:, ria*™"%/2) before leaving
D(J21, 8r,a*™* € /4) with probability greater than some fixed g, > 0. Making
such a loop implies intersecting the path of X! in view of the fact, proved in
the previous step, that D(JL, r,a*™"%/2) N gA* # . The strong Markov
property applied at U,, shows that Y? intersects the trajectory of X! with
probability greater than g,.

Let F,, be the event that Y3 intersects the path of X' within D(0, a*™) \
D(0, a*™*1). By applying the strong Markov property at the stopping time U,,
we see that if A2 holds then the event F,, happens with probability greater
than g3 given N ;. , Ff, where the intersection is taken over j such that Aj;
holds. Let N, be the number of m such that A%  holds. Then we obtain, as
in (3),

4 N2
(4) PE(Y 1 vy N Xib gy = D 1X, X2 By By < (1 - q3)™.

Step 7 (Combining the estimates). Let ij ka ,,,,,,,, k. denote the event

J ) J . —
X[07TC<0,1)(X])]) n ( U yv[O:TC(O,l)(Y])]) @}

T Jm Jj= kl """ kn
Note that the same argument as in the first part of the proof of Lemma 2
shows that, for sufficiently small B, > 0, there exists ¢, > 0 such that, for all
£ < 1 and independently of the starting points xg,..., y5 on C(0, &),

1,2 i 2-8
P(G1 ) <k P( 0,51 0)] N ( U Z[O;S{/(zg)])) <coe” P2,

Jj=23
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where we have used the notation (Z/,S’) from Section 3. Similarly,
P(G3*) < c &% Po,

Let g, = max(1 — ¢5,1 — ¢5). Then g, < 1 and we obtain from (3) and (4)
that

Pyi(Gl,IX', X2, E,, E,y) < )Py (GHXY, X2, E L E,),
Pys(G3,1X', X2, E,, E,) < qYePys(G3IX', X%, Ey, E,).

Note that q'*N: =qN < &P for some fixed B, > 0 given the event E,.
Choose B,, B; € (0,1) such that 2(2 + B,) + B; > 4 + B;. Then, for ¢ < &,

P(G}:§’3’4|E1,E2)
< By yo(Pyi(GL, XY, X?) Pya(G2,I XY, X2)
XPY27Y4(Gf N G3lX*, X2)|E1, Ez)
< EXl’Xz(qivl+szylyy3,Y3yy4(G%’2 N GS’4|X1, X2)|E1, EZ)
< ePP(GI? N GIE,, E,).
Hence, for all ¢ < &,
P(G13*!) = P(G13* N E)
< P(E, N E,)P(G13**|E,, E;) + P(E, N (E,)")
<P(E, N E,)ePP(G{* N G*|E,, E,)
+ P((E,)°|E,)
£PP(GL2)P(GY) + &°

(00)284+B3 + 85,

IA

IA

and this completes the proof of Proposition 4. O
5. Estimates of disconnection probabilities.

5.1. Unconditioned processes. We are now going to derive some conse-
quences of the results obtained in the previous section. One may note
similarities with some parts of Section 8 in Burdzy and Lawler (1990b). If K,
K’', and K" are three compact sets in the plane, we will say that K
disconnects K' from K" if every continuous path M: [0,1] —» C such that
M@©) € K' and M(1) € K" intersects K. Similarly, we will say that K
disconnects K’ from o if every continuous path M: [0,1) - C such that
M) € K’ and lim,, _, ;|M(u)| = = intersects K.

We fix (x,,..., x5) € C(0,1)® and a compact path-connected set L which
contains these points. Now let X*,..., X® denote six planar Brownian mo-
tions which are independent given their starting points X = x,,..., X = x;.
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LEMMA 5. For some fixed constants c, > 0 and a, > 0, which are indepen-
dent of (xq,...,x¢) and L, for all R > 2,

P(( ) U GX[J('J,TR(IX-"D] U L does not disconnect 0 from = | < c, R~ 2™ 2,
<j<

Proor. This lemma is a consequence of Proposition 4 and of the analytic-
ity of the mapping z — z2. We fix a point x, € L, and we define, for every
J €1{1,...,6}, a continuous path (X}, u € [ -1, 0] joining x, = X/, to x; = X}
in L. Without loss of generality we can assume that x, € (0,%) c C. Let
(6/,u > —1) denote the continuous determination of the argument of
(X/,u > —1) such that 6/, = 0.

We then define, for all j € {1,...,6}, the continuous square root
(X/,u> —1) of (XJ,u > —1) such that

Vx0> ifj:1727374>

—Vx,, ifj=5,6.

Choose any j <4 and k£ =5 or 6. Consider the event that the path of X{L
intersects the path of X* If X/ = X* for some ¢,s, then we must have
|X/| =|X* and 6/ — 0% = 27 + 4p7 for some integer p. Hence, as X/, =
Xt =2, X/, UX],, disconnects 0 from . Therefore, for all R > 4,

X'il =

p (( U X[J('J,TR(lX-"\)]) U L does not disconnect 0 from 00)

1<j<6

< P( U X{_ 1.15(x7y does not disconnect 0 from 00)
1<j<6

P(( U Xfl;TR(|Xf>1) n ( , X[LTRGXJ')]) = Q)
=

1<j<4 5,6

IA

< P(( U X[szm-’),mﬂin)]) N ( / X[szuif),m?(li-f)]) = @)-

1<j<4 j=56

The (X/, u <0), - j<e are independent time-changed planar Brownian
motions. Hence, Lemma 1 and Proposition 4 imply that this last probability is
majorized by ksc,(VR /2)"*~ for all R > 4; Lemma 5 follows. O

We now show that Lemma 5 still holds if we replace L by two paths L' and
L? joining, respectively, X7 to XZ? and X¢ to X,. Let us suppose that L'
(respectively, L?) is a continuous path joining x, to x, (respectively, x, to
Xy
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LEMMA 6. For some fixed c, > 1 and az > 0, which are independent of
(%1,...,x¢), L', L?, for all R > 2,

p (( U Xj ,TR(‘XJD]) U L' U L* does not disconnect 0 from 00)

1<j<6

<csR 27,
Proor. We first introduce some further notation. For all n > 1, we set

A, = {( U X[Jb,TnuX_fm) U L' U L* does not disconnect 0 from 00},
1<j<6

B, = {( U X[Jb,Tn(|X-f\)]) UL'UL?is connected}

1<j<6
and
Qn+1 = Bn+1 N Bn'

If (U, ;6 X{or,gxiy) Y L' U L? is not connected, then at least one of the
three following events occur:

B, = {( U X[Jb,Tnqum) n ( U X[Jb,Tnqu\)]) = @}’
2 j=38,4

J=1,

2 __ 5 j _
B, = {X[o,T,l(Xﬂ)] N ( U leo,Tnqu\)]) = @}’

1<j<4
3 _ 6 j . _
B, = {X[O,Tn(X“m n ( U X[Jo,Tnqu\)]) = @}-
1<j<4

We deduce from Lemma 1 and Corollary 3 that, for some fixed constant c,
independent of (x,,..., x4), L' and L?, for all n > 1,

P((B,)") <P(B;) + P(B2) + P(B?) < c,n %%,
Lemma 5 combined with the strong Markov property applied at 7,(|X’|’s
and a scaling argument imply that, for all 1 <n <N,
P(AylQ,) < cy(N/n) 27
and
P(Ay NB,) <¢,N 27,
We set a, = min(1/4, a,). Now, for all N > 3,

P(Ay) < P((BN)C) +P(AyNB)) + niNP(Qn NAy)

sz

n

n=N
<c,N %%+ ¢, N 272 +4¢, ) (

n=2

| ra.
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However,

n=N n=N
L n?P(@) = L nt (P((B,o)) - P((B)))

n=N-1
<P((B,)") + ;2 ((n+1)*"" = (n)*")P((B,)")

N-1 1+ 1/n)' "0
<1+ ) c4(2+a4)#
n=2 n

<1+ 12¢, log N.
Finally, for all N > 3,
P(Ay) < (cq+¢5(2 + 12¢,1og N))N 27,

Lemma 6 follows.

5.2. Conditioned processes. Let us now define six identically distributed
independent processes W1,...,W¢ as follows. For all j €({1,...,6}, for all
u=>0,

W = eXP(_ﬂK‘j(u) + i@{j(u))>

where B/ is a three-dimensional Bessel process started from 0, 6/ is an
independent linear Brownian motion started with the uniform law on [0, 27]
(.e., W/ starts with uniform distribution on the unit circle) and where
Au) = JEIWJI7? dv is the usual time-change. Now we set, for all £ < 1 and
for all j €({1,...,6},

TZA‘SJ = inf{u >0, |W/| = s}.
We also put

7 (e,6) = U W[é,ﬁz]-

1<j<6

Let L' and L? be two (random) o (W, WZ)- and (W3, W;)-measurable
paths joining W; to WZ and W@ to W', respectively. Then we have the
following analogue of Lemma 6.

LEMMA 7. For some a5 > 0, ¢5 > 0, for all L', [*, £ < 1,

P(L'UL* U7 (e,6) does not disconnect 0 from ©) < c5e?* .

Proor. Recall the notation of Section 3. One has to notice, using Section
2.2.2, that, for all 1 < j < 6, the process

(ZWTJA;I/QJru’ U= ng - T{/Z)
has the same law as

(Z],u < S4,) conditional on {S, < S§}.
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Let f(2) = z~ 1. Tt is well known that (uf(Z/), u > 0) has the same distribu-
tion as (Z/, u > 0), and so

P (( U 2 7T1/R(|Zj|)]) U f(L") U f(L*) does not disconnect 0 from 00)

1<j<6

= P(( U Z[O’TRuZJm) U L' U L* does not disconnect 0 from OO).

1<j<6

This, Lemma 6 and the fact that P(S}, < Sj) = log2/llog | [cf. (1)], imply
that

. llog £ \° &\ 2+
P(L' U L* U7 (&,6) does not disconnect 0 from =) < ¢, log 2 (E) )
(0]

for all ¢ < 1/2; Lemma 7 follows immediately. O

6. Proof of Theorem 1. Let Z = (Z,, t > 0) denote a planar Brownian
motion started from 0. We want to show that, for any fixed T', Z,, y, has no
frontier triple point. Note that almost surely Z, and Z, are not frontier
points of Zy 7.

If z is a frontier triple point for Zyo 1) with z # Z, and z # Z,, then, for
some a > 0, there exist 0 <¢; <s; <?¢; <sy <t3 <T such that z =12, =
th = ZtS, |z] > a, IZS1 —z|>a, IZS2 —z|>a and |Z; — z| > a, such that z is
on the boundary of a connected component of the complement of Z, 1, which
intersects the circle C(z, a). We will say that such a point is an a-frontier-
triple point.

A simple scaling argument shows that it suffices to prove the nonexistence
of 2-frontier-triple points. Let us now fix £ > 0; we are going to prove that
K =[—F, k]? contains almost surely no 2-frontier-triple points.

We first fix ¢ < 1/2. We cover K with N, < 4k2% 2 discs D, = D(z;, &) of
radius ¢. We also fix an i € {1,..., N} for a while; we define

Ui = inf{t > 0,1Z, — z,| = 1}
and, for all j > 1,

Vi=inflt > U/, 12, — 2z,| = &},

J

Uy =inf{t > Vi 1Z, — 2| = 1}.

If z € D, is a 2-frontier-triple point, then U} < T'; moreover, as D(z;,1) C
D(z,2), Z;, 7, does not disconnect D; from C(z;,1). Hence, Zy y;; does not
disconnect D, from C(z,;,1). We are now going to estimate the probability of
this last event, using Lemma 7.
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%

We first set, for all j > 1,
i =sup{t <V/,|Z, - z]=1/2},

q
|

= inf{t > of,|Z, — 2| = 2¢},

= 28},

ol =inf{t > 0/, 1Z, - z,| = 1/2}.

We also define, for j = 1,2,83, s}, ; = 7/ — o/ and, for all u <s}, ,
Z,2 N =22,

n = SUP{t < Uji+1> 1Z, — 2

il

We then set, for all j = 1,2,3, s;;, = p/ — n/ and, for all u # s},
Zi2 = 2Z,;_

It is easy to see, using the skew-product decomposition of Z and the
standard properties of three-dimensional Bessel processes and their relations
with Brownian motion recalled in Section 2.2, that the joint law of
(Z}7,u < s}), after the usual time-change, is absolutely continuous (with
uniformly bounded density independent of ¢, see Lemma 1) with respect to
the law of 7(4¢, 6) as defined in the previous paragraph.

Moreover, (Z,, pi <u < oj) [respectively, (Z,, p, <u < oi)] connects
Zg* =27, to Zy® =2Z,; (respectively, Zi* to Z;°) outside the circle
C(z,, &)

Hence, Lemma 7 shows readily that

P(Z[O,U;‘] does not disconnect D, from C( z, 1)) < C5k6(48)2+ “,
Consequently,
P(3 z € K, z is a 2-frontier-triple point)

N,
< Y. P(Zy yj does not disconnect D, from C(z;,1))
i-1

< N,cskg(4e)>"
< dk’cskg(4e)™.
Therefore (as this is true for all &< 1/2), there are almost surely no

2-frontier-triple points in K. Since this is valid for all K, the theorem follows.
O
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