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THE WILLS FUNCTIONAL AND GAUSSIAN PROCESSES!

BY RICHARD A. VITALE

University of Connecticut

The Wills functional from the theory of lattice point enumeration can
be adapted to produce the following exponential inequality for zero-mean
Gaussian processes:

Eexp[sup(Xt - (1/2)0}2)] < exp(E'supXt).
¢ ¢

An application is a new proof of the deviation inequality for the
supremum of a Gaussian process above its mean:

(1/2)a?
P(supXt — EsupX, > a) <exp| ———— |,
t t o

where a > 0 and o2 = sup, 0,2

1. Introduction. The use of geometric methods in the study of Gaussian
processes is by now well established. Our purpose here is to identify a
surprising, and apparently deep, connection in the form of the Wills func-
tional. Originally introduced for bounding lattice point enumeration (see
[23]), the Wills functional is built up from the classical quermassintegrals
(“projection—measure integrals”) of Minkowski, which have effectively been
applied before to Gaussian processes under the name mixed volumes (or
mixed widths) (e.g., [1], [3], [4], [12], [14], [16], [17], [18], [19] and [21]). Placed
in our setting, the Wills functional leads naturally to an exponential moment
inequality for Gaussian processes and, as a corollary, a deviation inequality
for the supremum of a Gaussian process above its mean. The latter is sharp
in the sense of having the best possible constant in the exponent.

In the next section, we discuss two representations for the Wills functional.
Then we turn to the exponential inequality and the deviation inequality.
Section 4 carries some finite-dimensional complements, leading to a second
proof of the deviation inequality. We conclude with some remarks in the last
section.

For Gaussian processes and bounds in particular, see [6] and [9].
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2. The Wills functional. Suppose that K is a convex body in R¢ (com-
pact, convex subset) and that 8(x, K) is the distance between x € R? and K.
The Wills functional can be expressed as

(1) W(K) = [Rdexp[—wéz(x, K)] dx, dx = Lebesgue measure.

It was observed by Hadwiger [8] that (1) coincides with the original definition
of Wills [23] in terms of quermassintegrals:

(@) W(K) - i(f)%wm

Here w; = w//?/T(j/2 + 1) is the volume of the unit ball B; in R/, and the
Jth quermassintegral W,(K) is equal to (w;/w,_)E vol,_(Il,_;K), where
the expectation is of the (d — j)-volume of the projection of K onto a random
(d — j)-dimensional subspace. It is of interest to consider

d) 1 )
vj(K)=(J.)w W, (K), 0<j<d,

d—j
which are normalized versions of the quermassintegrals that do not depend
on the dimension of the ambient space R? (e.g., [3] and [10]). Following
McMullen [10], they are known in the geometry literature as the intrinsic
volumes of K [in the probability literature, they have been written A ;(K)].
Here is a sketch of the equivalence of (1) and (2) which has a probabilistic
flavor. We start with the classical Steiner formula for the volume of a parallel
body (which itself can be established using a stochastic argument, [22]; for
the general theory, see [15]):

vol(K + AB,) = i (?)AJ‘W].(K),
J=0

where A > 0, or, equivalently,
& (d
(3) fRdl(S(x,K) <Ayde= Y (j

P )AfVl/’J-(K).

We then regard A as a random variable with density
(4) f(A) = 1(A = 0)2mrexp( — mA?)

and take expectations on both sides of (3) with the use of Fubini’s theorem
and the moments EA/ = o; ', j =1,2,... .

We also recall the following bound (see [11]), which is a consequence of the
deep Alexandrov-Fenchel inequality (see [15]):

(5) W(K) <expV,(K).
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3. Bounds. Our main result is as follows.

THEOREM 1. Suppose that {X,, t € T} is a bounded, zero-mean Gaussian
process. Then

(6) E exp|sup{X, — (1/2) o-f}] < exp[EsupXt],
t t
where o2 = EX}.

NoOTE. Since the process is bounded, it is continuous in probability with
respect to the pseudometric dy(¢,,t,) = \/E(th — th)z . We regard sup, X,

as over a countable, dense (under dy) subset of T. Any other countable,
dense subset of T' gives the same value for sup, X, almost surely.

PrOOF OF THEOREM 1. It is enough to show (6) for T'= {1, 2,..., n}, a finite
set, since the general case follows by approximation. By the Gram—Schmidt
procedure, there is a collection Z,,Z,,...,Z,, d < n, of independent, stan-
dard Gaussian variables, such that, for 1 < 2 < n and appropriate vectors
Q1,89,...,Q, € R<,

(7) Xk=<akaz>7

where Z = (Z,,Z,,...,Z,)" € R? and (-,-) signifies inner product. Note
that EX? = |la,|I* and EX, X, = {a,,q,). Let K c R¢ be the convex hull of
A ={a,/ V27}". Employing the natural definition of W(A) (A nonconvex)
and making a change of variables at one point, we have

W(A) = [ exp[-m8(x, A)] dx
Rd
= f exp[—ﬂ-inf”x - ak/\/ﬂnz} dx
R4 k
= [Rdexp[sup(\/ﬂ<ak, x) — (1/2)|Iak||2)}exp[—7T||x||2] dx
k
= Eexp[sup((ak,Z> — (1/2)|Iak||2)}
k

= Eexp

sup (X, — (1/2) akz)].
k

Now A c K implies W(A) < W(K), and, together with (5), we only have to
recall that V,(K) = E sup, X,, [e.g., [16], Proposition 14, where it is written
h(K)]. O

As a consequence, we have the sharp deviation inequality.
COROLLARY 1. Under the conditions of Theorem 1, for any a > 0,
(8) P(supXt — EsupX, za) < exp[—(1/2)(a%/0?)],
¢ t

2

where o? = sup,d’.
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The literature contains a variety of applications and results related to (8)
(see, e.g., [6] and [9]), often associated with Maurey and Pisier (13). See also
the antecedent [4].

ProorF. We use the inhomogeneity of (6) in a variational argument.
Consider the process {rX,} for fixed r > 0. Then (6) provides

E exp

sup (rX, — (1/2)r20't2)] < exp[Esuert}.
t t

2

Since 0> < o? for all ¢, some rearrangement gives

E exp[rsup (Xt - EsupXt)} < exp[(1/2)r%?].
¢ ¢
Using Markov’s inequality, we have

P(supXt — EsupX, > a) . P(r supX, — EsupXt] > ra)
t t t t

= P(exp suprX, — Esuert] > exp( ra))
t t

< exp[(1/2)r%? — ra].

Minimizing the last expression over r then yields exp[ —a?(202) '] at r =
a/c? O

4. Finite-dimensional bounds. In general, bounds which are indepen-
dent of dimension are the most useful. Still, we elaborate a dimensional one
here since it leads to a second proof of the deviation inequality. In addition, it
illustrates a different use of the Wills functional, here allied with Urysohn’s
inequality (e.g., [2]; in a probabilistic format, [20]), which we state as follows.

PROPOSITION 1.  Suppose that K is a convex body in R¢. Then
d

Vi(K) )

Vi(By) |

As before, B, is the unit ball in R? with volume w,. There is equality in (9) if
and only if K is a ball.

(9) vol(K) < wd(

The bound is as follows.

THEOREM 2. Suppose that {X,, t € T} is a bounded Gaussian process that
can be identified with A c R¢ via (7). That is, for each t, X, = {a,,Z) for
some a, € V2w A. Then

E sup, X, )d

(10) E exp Sl:p{Xt - (1/2)‘%2}} = wdE( Vi(By)
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Here A has the density (4), and there is equality if and only if the closed
convex hull of A is a ball.

ProOF. Let K be the closed convex hull of A. By Urysohn’s inequality.
d
V(K
LSO A) .
Vi(B,)

We then take expectations with respect to A and express the left-hand side as
in the proof of Theorem 1. O

vol(K + ABy) < wd(

COROLLARY 2. Foreacha >0 andc > 1,

1 1 ?
(11) P|supX, — EsupX, > a] < cdexp[— 5 {a + (1 - —)EsupXt} \
¢ : 20 c :

For the proof, we use the following estimate. It bounds a polynomial with
an exponential, but that is sharp enough for our purpose.

LEMMA 1.
d

< cdeﬂ/c

0
0) =w;E| ——— + A
llld( ) Wg (Vl(Bd)
forall 0>0,c>1andd=1,2,....

Proor. Fix ¢ > 1. We verify the property for each ¢,(-) by induction on d.
For d =1, y4(6) =1+ 0 < ce?/°. Given that the claim has been shown for
¥,_, and noting that ,(0) < ce® ¢ = ¢, it is enough to compare derivatives.
Using the facts that Vi(B,_;) < V(B,) and w,d = V(B w,_,, we have

d—-1

va(8) = v1<Bd>E(V1(Bd> A

0 d-1

El—————— + A
@i (Vl(Bd_n

IA

d
Scd—le@/c — cdeﬂ/c’

do
which completes the proof. O

PrOOF OF COROLLARY 2. Consider the process {rX,}. Using the lemma and

a variational argument similar to that for Corollary 1 leads to the assertion.
O

Setting ¢ = 1 gives a second proof of the deviation inequality (Corollary 1).
Finally, we can tailor (11) a bit as follows: let ¢ = 1 + 1/d and using the
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(possibly more accessible) quantity diam(X) = sup, ,dx(¢,¢') < V27 E sup, X,
leads to the variant

1 2
711 mdlam(X)} .

1 1
P|lsupX, — EsupX, > a Sexpl——z{a+( )
. ‘ 20

5. Remarks.

REMARK 1. The connection we have drawn between Gaussian processes
and the Wills functional, which can be thought of as a measure of size for
convex bodies, is in the spirit of [5], which has motivated much work. For
further references on the Wills functional, see the survey [7].

REMARK 2. Derived independently, the bound (6) is formally equivalent to
Corollary 1 of Tsirel’son [18], which is proved by other means. The context
there is different, an infinite-dimensional maximum likelihood problem, and
it is presented with no reference to the bounds for Gaussian processes. In any
case, the interested reader should consult this important paper together with
the others in its series, [17] and [19].

REMARK 3. The corresponding left-tail bound to (8),
(1/2)a2)
2

b

P(supXt —EsupX, < a) < exp(L —
¢ t
does not seem to be accessible by the approach described here.
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