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Let T be a symmetric statistic based on sample of size n drawn without
replacement from a finite population of size N, where N > n. Assuming
that the linear part of Hoeffding’s decomposition of 7 is nondegenerate
we construct a one term Edgeworth expansion for the distribution function
of T and prove the validity of the expansion with the remainder O(1/n*) as
n* — oo, where n* = min{n, N — n}.

1. Introduction and results. Givenaset XX = {x1,...,xy},let (Xq,..., Xn)
be a random permutation of the ordered set (xi,...,xy). We assume that the
random permutation is uniformly distributed over the class of permutations. Let

T=t(X1,...,Xn)

denote a symmetric statistic of the first n observations X1, ..., X;, where n < N.
That is, # is a real function defined on the class of subsets {x;,,...,x;,} C X of
size n and we assume that #(x;, ..., x;,) is invariant under permutations of its
arguments. Since X1, ..., X, represents a sample drawn without replacement from
the population X, we call 7 a symmetric finite population statistic.

We shall consider symmetric finite population statistics which are asymptoti-
cally normal when n* and N tend to co, where n* = min{n, N — n}. In the sim-
plest case of linear statistics the asymptotic normality was established by Erdés and
Rényi (1959) under fairly general conditions. The rate in the Erd6s—Rényi central
limit theorem was studied by Bikelis (1972). Hoglund (1978) proved the Berry—
Esseen bound. An Edgeworth expansion was established by Robinson (1978), see
also Bickel and van Zwet (1978), Schneller (1989), Babu and Bai (1996).

Asymptotic normality of nonlinear finite population statistics was studied by
Nandi and Sen (1963), who proved a central limit theorem for U -statistics. The
accuracy of the normal approximation of U -statistics was studied by Zhao and
Chen (1987, 1990), Kokic and Weber (1990). A general Berry—Esseen bound
for combinatorial multivariate sampling statistics (including finite population
U -statistics) was established by Bolthausen and Gétze (1993). Rao and Zhao
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(1994), Bloznelis (1999) constructed Berry—Esseen bounds for Student’s ¢ statis-
tic. One term asymptotic expansions of nonlinear statistics, which can be approx-
imated by smooth functions of (multivariate) sample means have been shown by
Babu and Singh (1985), see also Babu and Bai (1996). For U -statistics of degree
two one term Edgeworth expansions were constructed by Kokic and Weber (1990).
Bloznelis and Gotze (1999, 2000) established the validity of one term Edgeworth
expansion for U -statistics of degree two with remainders o(1/ Vn*) and O(1 /n*).

A second order asymptotic theory for general asymptotically normal symmetric
statistics of independent and identically distributed observations was developed in
a recent paper by Bentkus, Gétze and van Zwet (1997), which concludes a number
of previous investigations of particular statistics: Bickel (1974), Callaert and
Janssen (1978), Gotze (1979), Callaert, Janssen and Veraverbeke (1980), Serfling
(1980), Helmers (1982), Helmers and van Zwet (1982), van Zwet (1984), Bickel,
Gotze and van Zwet (1986), Lai and Wang (1993), etc. This theory is based on the
representation of symmetric statistics by sums of U -statistics of increasing order
via Hoeffding’s decomposition. Another approach [see, for example, Chibisov
(1972), Pfanzagl (1973), Bhattacharya and Ghosh (1978)], which is based on
Taylor expansions of statistics in powers of the underlying i.i.d. observations,
focuses on smooth functions of observations.

In view of important classes of applications [jackknife histogram, see Wu
(1990), Shao (1989), Booth and Hall (1993), and subsampling, see Politis and
Romano (1994), Bertail (1997), Bickel, Gotze and van Zwet (1997)] in this paper
we want to develop a second order asymptotic theory similar to that of Bentkus,
Gotze and van Zwet (1997) for simple random samples drawn without replacement
from finite populations.

The starting point of our asymptotic analysis is the Hoeffding decomposition

(1.1) T=ET+ ) a(X)+ Y. oXiX)+-
I<i<n I<i<j<n

which expands 7 into the sum of mutually uncorrelated U -statistics of increasing
order

(1.2) U= Y, &aXiy..... X)),  k=1,...n
1<i|<--<ix<n
Here the symmetric kernels gx, k =1, ..., n, are centered, Eg; (X1, ..., Xz) =0,
and satisfy the orthogonality condition
(1.3) E(g(X1,..., Xx) | X1,..., Xk—1) =0 almost surely.

It follows from (1.3) that Uy, ..., U, are orthogonal in L; (i.e., EU U, = 0, for
k # r). Furthermore, condition (1.3) ensures the uniqueness of decomposition (1.1)
in the following sense: given another decomposition like (1.1) with symmetric
kernels, say g;, satisfying (1.3), we always have g; = g;.
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Let us mention briefly that given k, the function g (x;,...,x;) can be
expressed by a linear combination of conditional expectations E(T — ET | X| =
Xppsooos X =xrj) where j = 1,...,k and {xrl,...,xrj} C {xi;, ..., xi ). The
expressions for g; and g, are provided by (1.5) below. For larger k = 3, ..., n,
the expressions are more complex and we refer to Bloznelis and Gotze (2001)
where a general formula for g is derived.

We shall assume that the linear part Uy = ) g1(X;) is nondegenerate. That
is, 02 > 0, where 0% = Var g (X1). In the case where, for large n*, the linear
part dominates the statistic we can approximate the distribution of 7" by a normal
distribution, using the central limit theorem. Furthermore, the sum of the linear
and quadratic term,

U=ET + Z g1(X;) + Z &(Xi, Xj)

1<i<n 1<i<j<n

typically provides a sufficiently precise approximation to 7 so that one term
Edgeworth expansions for the distribution functions of 7 and U are, in fact,
the same. Therefore, in order to construct a one term Edgeworth expansion of
T it suffices to find such expansion for U. In particular, we do not need to
evaluate all the summands of the decomposition (1.1), but (moments of) the first
two terms only, cf. (1.4) below. Similarly, the two term Edgeworth expansion
for the distribution function of T could be constructed using the approximation
T ~ET + U + Uy + U3, etc. An advantage of such an approach is that it provides
(at least formal) Edgeworth expansion for an arbitrary symmetric finite population
statistic 7 no matter whether it is a smooth function of observations or not. In the
present paper we construct the one term Edgeworth expansion for the distribution
function of T and prove the validity of the expansion with the remainder O (1/n*).
A simple calculation shows that the variance of the linear part satisfies

1'2=Npq, p=n/N, qg=1—p.

Var Z gl(Xi)=(72‘L'2

1<i<n

N-1’

Note that n*/2 < 2 < n*. We approximate the distribution function
F(x)=P{T <ET +o1tx},
by the one term Edgeworth expansion
(g — p)a+3k

(1.4) G(x)=®(x)— — 0O (x)
61T

and provide an explicit bound for the remainder

A =sup|F(x) — G(x)|,

XE€R

where

a=0"Eg (X)) and k=0 t*Ega(X1, X2)g1(X1)g1(X2)
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and where
N —1 , ,
g1(Xy) = ——E(T"|X)), T'=T—ET,
N—n

N—-2 N-3

1.5 X X)) =
(1.5) g2( i J) N—-nN—n—1

X (E(T’|X,~, Xj)— Z—_;(E(TWX,J +E(T’|Xj))>.
Furthermore, @ denotes the standard normal distribution function, and ®®©
denotes the third derivative of ®.
Before formulating our main results, Theorems 1.1 and 1.2, we introduce the
smoothness conditions, which together with the moment conditions, ensure the
validity of the expansion (1.4).

1.2. Smoothness conditions. Given a general symmetric statistic 7 we ap-
proximate it by a U-statistic via Hoeffding’s decomposition. In order to control
the accuracy of such an approximation we use moments of finite differences of 7.
Introduce the difference operation

DIT=t(X1.....Xjoo, Xo) = t(X1o o, X X)), X = Xy,

where X ; is replaced by X ; in the second summand, for j < n*. Higher order
difference operations are defined recursively:

DT — DjZ(Dj'T), D2 BT — Dj3(Dj2(Dj'T)), et

It is easy to see that the difference operations are symmetric, that is, D/V2T =
DJ2IT ete. Given k < n* write

8; =8;(T) =E(2U~YD,T)’,  D;T=D">IT,1<j<k
Bounds for the accuracy of the approximation of 7' by the sum of the first few
terms of the decomposition (1.1) are provided by the following theorem.

THEOREM A [Bloznelis and Gétze (2001)]. For 1 <k < n™*, we have
(1.6) T=ET+Uj+ -+ Ui+ Ry withER} <t2*=Dg .
In typical situations (U -statistics, smooth functions of sample means, Stu-

dent’s ¢ and many others) for a properly standardized statistic 7 we have U; =
Op(‘rl_f), for j=1,...,k, and

(1.7) Sir1 =073 asn*, N — oo,

for some k. Note that (1.7) can be viewed as a smoothness condition. For instance,
given a statistic which is a function of the sample mean this condition is satisfied
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in the case where the function (defining the statistic) is k + 1 times differentiable;
see Bloznelis and Gotze (2001).

Assuming that (1.7) holds for k = 2 we obtain from Theorem A that T =
U + Op(t72) thus, showing that up to an error O(772) the statistics 7 and U
are asymptotically equivalent. Finally, we remark that (1.7) holds if 8; /02 and
the variance of the linear part Var U; remain bounded as n*, N — oo.

Another smoothness condition we are going to use is a Cramér type condition.
Recall Cramér’s (C) condition for the distribution Fz of a random variable Z,

(®)] sup [Eexp{itZ}| < 1 for some § > 0.

|t]>8
In the classical theory of sums of independent random variables, this condition,
together with moment conditions, ensures the validity of Edgeworth expansions
with remainders O (n—%/2) and o(n=¥/%), k = 2, 3, ..., for the distribution function
of the sum of n independent observations from the distribution Fz; see Petrov
(1975).

In our situation a condition like (C) is too stringent. We shall use a modification
of (C) which is applicable to random variables assuming a finite number of values
only. For the summand of the linear part Z = o1 g1(X1), we assume that p > 0,
where

p=1—sup{[EexplitZ}| :b1/B3 < |t| < t}.

Here b; is a small absolute constant (one may choose, e.g., by = 0.001) and
B3 = o 3E| g1(X DI3. Other modifications of Cramér’s (C) condition which are
applicable to discrete random variables were considered by Albers, Bickel and van
Zwet (1976), Robinson (1978) and Bloznelis and Gétze (2000), where in the latter
paper relations between various conditions are discussed.

1.3. Results. Write £ = (7_21:8Eg32(X1, X5, X3) and denote

Bi=0" Elg(xDIF, =0 t*E|ga(X1, X2) K k=2,3,4.

THEOREM 1.1. There exists an absolute constant ¢ > 0 such that

_CPatyatl ¢ &

1.8 A ——.
(1.8) =72 02 2 g2p2

For U -statistics of arbitrary but fixed degree &,
(1.9) o Xy, Xay),
I<ij<--<iy<n

where £ is a real symmetric function defined on k-subsets of X, we have the
following bound.
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THEOREM 1.2. There exist an absolute constant ¢ > 0 and a constant
c(k) > 0 depending only on k such that

¢ Bat+ys clk) 83

1.10 A<— .
(1.10) =72 p2 2 g2p2

Since the absolute constants are not specified, Theorems 1.1 and 1.2 should be
viewed as asymptotic results. Assume that the population size N — oo and the
sample size n increases so that n* — oco. In particular, T — co. In those models
where B4, y4 and ¢ + 84/0% (respectively 83 /02) remain bounded and

(1.11) liminf p > 0,

Theorem 1.1 (respectively Theorem 1.2) provides the bound A = O(r2). Since
n*/2 < t? < n* we obtain A = O(1/n*).

REMARK 1. Note that the bounds of Theorems 1.1 and 1.2 are established
without any additional assumption on p and ¢. This fact is important for
applications, like subsampling, where p or ¢ may tend to zero as N — oo.

REMARK 2. The bound of order O(z~2) for the remainder is unimprovable,
because the next term of the Edgeworth expansion, at least for linear statistics, is
of order O (7 ~2); see Robinson (1978).

REMARK 3. An expansion of the probability P{T < ET + otx} in powers
of ~! would be the most natural choice of asymptotics. We invoke two simple
arguments supporting this choice. First, 72 is proportional to the variance of the
linear part. Second, the number of observations n does not longer determine
the scale of T in the case where samples are drawn without replacement
since the statistic effectively depends on n*(* t2) observations. Indeed, it was
shown in Bloznelis and Goétze (2001) that, for n > N — n, we have almost
surely
(1.12) T =T, T*=ET+Uj+---+ U}

n*»
where we denote
U= Y D'sX. X)), X=Xy
1<ii<---<ig<n*
That is, T effectively depends on n* = N — n observations X, ..., X). only.
REMARK 4. The bounds of Theorems 1.1 and 1.2 are optimal in the sense that

it is impossible to approximate F by a continuous differentiable function, like G,
with the remainder o(z ~2), if no additional smoothness condition apart from (1.11)
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is imposed. Already for U -statistics of degree two, Cramér’s condition (1.11),
together with moment conditions of arbitrary order, do not suffice to establish the
approximation of order o(r ~2). This fact is demonstrated by means of a counter
example in Bentkus, Gotze and van Zwet (1997) in the i.i.d. situation, and it is
inherited by finite population statistics. Indeed, in the case where N — oo and n
remains fixed the simple random sample model approaches the i.i.d. situation. We
have t — /n, p — 0, ¢ — 1. Replacing 7, p and ¢ by 4/n, 0 and 1 respectively
we obtain from G the one term Edgeworth expansion for the distribution function
of symmetric statistic based on i.i.d. observations, which was constructed in
Bentkus, Gotze and van Zwet (1997).

REMARK 5. The bound (1.8) involves moments (of nonlinear parts) which are
higher than those which are necessary to define expansions. Thus, in an optimal
dependence on moments one would like to replace y4 + ¢ + 84/02 by y» + 83/
in the remainder. Let us mention also that for U -statistics of degree k, where k
is fixed, the bound (1.10) is more precise than (1.8). Indeed, a straightforward
calculation shows that for some absolute constant ¢ we have 83 < co2¢ + ¢847 2.
Our technique allows us to prove (1.10) for the U-statistics only and with
c(k) — oo, for k — oo.

In order to apply our results to particular classes of statistics one has to estimate
moments 83 or 84 of differences D37 or D47T. For U-statistics and smooth
functions of sample means this problem is easy and routine, see Bloznelis and
Gotze (2001). Some applications of our results to resampling procedures are
considered ibidem.

The remaining part of the paper is organized as follows. In Section 2 we prove
Theorem 1.2. Theorem 1.1 is a consequence of Theorem 1.2. In the proof we
use the “data dependent smoothing technique,” first introduced in Bentkus, Gotze
and van Zwet (1997), and expansions of characteristic functions. Expansions of
characteristic functions are presented separately in Section 3. Section 4 collects
auxiliary combinatorial lemmas. Lemma 4.2 of this section may be of independent
interest.

2. Proofs. This section consists of two parts. In the first part, for reader’s
convenience, we collect several important facts about Hoeffding’s decomposition
of finite population statistics which are used in proofs below. These facts are shown
in Bloznelis and Go6tze (2001). The second part contains proofs of Theorems 1.1
and 1.2.

Throughout this section and the next we shall assume without loss of generality
that ET =0 and 02 =t~ 2. For k = 1,2, ..., we write §j = {1,...,k}. By
C,c,co,c1, ... we denote positive absolute constants. Given two numbers a and
b >0, we write a < b if |a| < cb.
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2.1. Hoeffding’s decomposition of a finite population statistic
2.1 T=ET+U;+---+U,

was studied by Zhao and Chen (1990) in the case of a U-statistic and by Bloznelis
and Gotze (2001) in the case of a general symmetric statistic. It was shown in
the latter paper that if n > N /2 then U; =0 for j > N —n. Note that if T is a
U -statistic of degree k [e.g., a statistic of the form (1.9)] then always U; = 0 for
J > k. Recall that U; is defined in (1.2).

Given A = {iy,...,i;} CQuand B={ji,..., js} C Qy with 1 <r <n write

TA = gr(Xil yeeny X,‘r) and E(TA|B) = E(TA|XJ'l yeeey st),
and denote Tz = ET. By symmetry, the random variables T4 and T4 are

identically distributed for any A, A’ C Qy such that |[A| = |A| < n. A simple
calculation shows that (1.3) extends to the following identity:

(2.2) E(T4|B)=0 for any A, B C Qp, such that |B| < |A| <n.
For A, BC Qy with1 < j=|A|=|B| <nand k =|A N B| denote
o7 =ET;, s,k =ETsTz.
Using (2.2) it is easy to show [see, e.g., Bloznelis and Gotze (2001)] that
-1
(N —
2.3) siu=CDIF 0T 62 o<k<j<an.
5 J _k J

Since ET = 0 we can write (2.1) in the form T = ZACQ” T4. Similarly, for Uy
from (12) we have Uk = ZACQ,1,|A\:]< TA.

2.2. Proofs of Theorems 1.1 and 1.2. 'The expression exp{ix} is abbreviated
as e{x}. Given a complex function H defined on R, we write ||H(x)| =
sup,cg | H (x)|. Write

§=1—sup{Ecos(tgi(X1)+s):s €R, bit/B3 <|t| < rz}.

It is easy to show that p < §; see Bloznelis and Gotze (2000). This inequality will
be used in the proof below. We also use the inequalities 1 = 8, < 3 < ,Bi/ 2 and

Yy < y32 /3 < y41 /2 which are simple consequences of Holder’s inequality.

We can assume that for sufficiently small ¢y,
(2.4) Ba<cor’,  yp=cor’s’, 8t <qr.
Indeed, if (2.4) fails, the bounds (1.8) and (1.10) follow from the inequalities
Fx)<1 and [Gx)| <1+t 8" +7,/7.
Note that B4 > 1 and the first inequality in (2.4) imply that 72 > co Vis sufficiently
large.
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PROOF OF THEOREM 1.1. The theorem is a consequence of Theorem 1.2.
Write T = Uy 4+ U + Uz + Rz, see (1.6). A Slutzky type argument gives

(2.5) A <A+ 772GV )| +PlIRs| > T72),
where A" := |P{U + U, + Uz < otx} — G(x)| satisfies, by (1.10),
AN Lt2p2(Ba+ya+0).

Furthermore, by (2.4), IGV (x)|| < 1. We bound this quantity by cfBs4, since
Ba > 1. Finally, by (1.6), we have P{|R3| > 772} < 84 and using the identity
or=1"2we replace 54 by 1728, / o2, Collecting these bounds in (2.5) we obtain

(1.8). O

PROOF OF THEOREM 1.2. In view of (1.12) it suffices to prove the theorem
in the case where n < N /2. Therefore, we assume without loss of generality that
n < N/2 and n* = n. The proof of (1.10) is complex and we first outline the main
steps.

In the first step we replace T by 7 = V; + - -- + V,,, + W, where W is a function
of the observations (X, 11, ..., X,) (=:X,, for short), and where V; = V (X, X;;)
is a function of X; and X,,,. Random variables W, Vi,...,V, and the integer
m < n are specified below.

In the second step we apply Prawitz’s (1972) smoothing lemma to construct
upper and lower bounds for the conditional distribution function Fi(x)=P{T <
otx|X,}:

(2.6) Fi(x+) < 1/2+V.P./Rexp{—itx}H_lK(t/H)fl(t)dt,
(2.7 Fi(x=)>1/2— V.P./Rexp{—itx}H—lK(—t/H)fl(t)dt.

Here f1(¢) = E(exp{i tf}le) denotes the conditional characteristic function of
T; F(x+) = limy, F(z), F(x—) = lim4, F(z), and V.P. denotes Cauchy’s
principal value. The kernel K (s) = K{(s)/2+iK>(s)/(2ms), where

Ki(s)= ]1{|s\§1}(1 —|s]), Ky(s) = ]1{|s\§1}((1 — |s])ms cot(w s) + |S|)

The positive random variable H = Op(n) (a function of X,,,) is specified below.
Taking the expectations of (2.6) and (2.7) we obtain upper and lower bounds for
F1(x+) and Fi(x—), where Fi(x) = P{T < otx}. Combining these bounds with
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the inversion formula

1 N

Gx)=5+ 5 lim V.P. exp{—itx}G ()t~ dt
27T M—o0 lt|<M

[see, e.g., Bentkus, Gotze and van Zwet (1997)], we obtain upper b9unds for

Fi(x+) — G(x) =: dy and G(x) — F1(x—) =: d respectively. Here G denotes

the Fourier-Stieltjes transform of G. Thus, for d;, we have

Fix+)—Gx) <EL +EL +El;,

1
I = EH_I /Rexp{—ixt}Kl(%>f1(t) dt,

(2.8)
L _—VP/exp{—zxt}Kz( )(fl(t)—G(t))

= %V.P./Rexp{—im}@z(%) - 1)@@)?

A similar inequality holds for d5. This step of the proof is called “data depending
smoothing”; see Bentkus, G6tze and van Zwet (1997).

The final step of the proof provides upper bounds for d and d». For this purpose
we construct an upper bound for | fi(r)|, for || > cn'/?/B3. Using Cramér’s
condition and the multiplicative structure of f; (note that T is conditionally
linear given X)) we show that | f{(#)| decay exponentially in |¢|. Furthermore,
for |t| < cn'/?/Bs we replace the conditional characteristic function f; by the
unconditional one £ (t) = Eexp{itT} and construct bounds for |F (t) — G(t)l by
means of expansions of F (t) in powers observations X1, ..., X,,.

Note that, usually, the validity of an Edgeworth expansion is proved using the
conventional Berry—Eseen smoothing lemma; see, for example, Petrov (1975),
Callaert, Janssen and Veraverbeke (1980), Bickel, Gotze and van Zwet (1986). In
the present paper (in the second step of the proof) we use Prawitz’s smoothing
lemma instead. This lemma is more precise in the sense that the right-hand
sides of (2.6) and (2.7) do not involve absolute values of characteristic functions.
Therefore, after taking the expected values of (2.6) and (2.7) we can interchange
the order of integration in the right-hand sides and obtain the unconditional
characteristic functions in the integrands. At the same time, the appropriate choice
of the random cut-off H allows to control the nonlinear part of 7 so that the
exponential decay of | f1(¢)] is established using the minimal smoothness condition
(Cramér’s condition on the linear part of the statistic). More restrictive smoothness
conditions which involve nonlinear parts of the statistic are considered in Callaert,
Janssen and Veraverbeke (1980), Bickel, Gotze and van Zwet (1986).

Step 1. Let m denote the integer closest to the number 88! In 7. Since, by (2.4),

72> c(;l we can choose cg small enough so that 10 <m <n/2.SplitT =V + W,
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where
V= > Ts, W= > Ts,
BC2, BNQy#£D BC2, BNQy =9
m n
V=) Vit A+ Yu+Zn,  Vi=Ty+&+mi &= Y, Tuj

i=1 j=m+1

Here we denote

Aw= > Tp  Zw= ) T

BCQ,,|B|=2 BCQ,,|BNQy|>3
2.9)
Yy = > T, Nm,i = > Tp.
BCQy,|BNQyu|=2,|B|>3 BCQllvBmQ"l:{i}v‘B‘Z3

We are going to replace T by T = Y Vi+ W. Write T = T + R, where
R=A,+ Yy + Z,. Given ¢ = 872t 72, a Slutzky type argument gives

A<A+¢|GVW|+P{R|=¢}),  Ar=|Fi(x)—GX|,

where Fj(x) = P{f < otx}. Invoking the bounds of Lemma 4.1 and the simple
bound E|A,,|* « m°®E| T2 |2, we obtain, by Chebyshev’s inequality, that

e 3 € 83/0° + y3

PURIze) <P{ianl= S+ Pl = S iz = S < 2000

Finally, we bound || G (x)| asin proof of Theorem 1.1 above. We obtain
ALAL+T2872(1+83/0% + 13).

Therefore, in order to prove (1.10), it remains to bound A;. Clearly, A <
max{d;; d»}, where d| = F1(x+) — G(x) and d» = G(x) — F1(x—). The remaining
part of the proof provides bounds for d; and d>.

Step 2. Let A= (A, ..., Ay) be arandom permutation of (x1, ..., xy) which
is uniformly distributed over the class of permutations. Let r = [(n + m)/2]
denote the integer part of (n + m)/2. Introduce the sets Jo ={m + 1, ..., n},

Fo={1,...,N}\ do, $1 =g0U{m+ 1,..., r} and gz=goU{r+ 1,..., l’l}.
Define (random) subpopulations +A; = {Ax, k € $;},i =0, 1,2, and given A;, let
A7 be a random variable uniformly distributed in ;.

We assume that X; = A, for j € o and, given A, j € lo, the observations

X1, ..., Xm, are drawn without replacement from +g. Write
H=ns/(32¢"'n(®1+ 0 +1), O =E*y;(AD], i=1,2,
vi@= Y @A), wn@= Y g A).
r+l1<j<n m+1=<j<r

Here, given #4;, we denote E* f(AY) = Fi Y jeg; f(A)), for f: A — R
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In order to prove an upper bound for F1(x+) — G(x) we apply (2.8) and show
that

(2.10) [EL|+ [E(I + 13)| < 77287 (Ba + v4 + c(k)83/07).

An upper bound for G(x) — F1(x—) is obtained in a similar same way.
In the remaining part of the proof we verify (2.10). Write

Fi(t)=Ee{t T},  Hi=bit/Bs,
Z)={|t| < Hi} CR, Z,={H) <|t| < H} CR,

RN IO R 0] [ LA
Jl_fZIe{ ) =T, Jz_f22 dr.

]
B G0 0] _ [ LA
J3_/|Z>H1 L J4_/Z1 e(—rx) 2 dr, Js_/zz L.

Here and below we write e{x} for exp{ix}. Using the inequality |K(s) — 1] < |s|
we replace K1(s) by 1 in E/; and obtain

I[El|| < |EJy| +EJs+R, R=EH}H

Similarly, using the inequality |K7(s) — 1] < 552 and the fact that K»(s) = O for
|s| > 1, we obtain

|[E(L + )| < [EJi|+EL+J+R,  R=EHH?

where J, 1 is defined as J; above, but with Ia 1 replaced by fi. Note that the change
of the order of integration yields EJ; = J;.

The bounds J3 <« T72(B84 + 1) and R < 87217 2(1 + y») are proved in
Bloznelis and Gétze (2000). Furthermore, note that Js < J,. Therefore, in order to
prove (2.10) it suffices to show that

+83/02 1+ +83/0°
B < BB gy LR
T 748
2.11) 5
+y4+ck)d3/o
|J1|<<ﬁ4 V42§)3/ ‘
748

Step 3. Here we bound |J;|, EJ>, and |EJy].

The bound for EJ,. Given t, denote I; = I{|t|E*|n,(Aj)| < §/16}, where
Nm(x) = EMm11X1 = x, Xim+1,..., Xp). The identity f1(2) = I, f1(¢) +
(1 —T;) f1(#) combined with the inequalities

1 =1, < 1625 22 (E* [, (AD)]) < 162622 E*n2 (AD)
yields J, < Ja.1 + J2.2, where

t
Jo1= / ]I,'f}t(l)ldt and  Jp, = 1628 2E* 2 (AL H>.
Zy
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In order to prove the bound (2.11) for EJ> we show that
EJp €17 %83/0* and EJy; < B3/n’.

The first bound is a consequence of the inequalities H < n§ and EE*1?, (Ap) <
n—383/0?, where the latter inequality follows from (4.1) by symmetry.

The proof of the bound EJ>; < B3/ n? is almost the same as that of the
corresponding inequality (3.12) in Bloznelis and Gétze (2000). The only and minor
difference is that now we add one more nonlinear term 7,,. Namely, in the proof
of (3.12) ibidem one should replace v(a) = vi(a) 4+ v2(a) by v(a) = v(a) + nm(a)
and use the bound E*|tn,,(Aj)| < /16 when estimating E*(1 + 2u3(Ay)) in
(3.17), ibidem. Indeed, the bound E*|t n,, (Ag)| < /16 holds on the event {I; # 0}.

The bound for EJy. Define Ji in the same way as J4, but with f(¢) replaced
by E(e{tU}|X,,), where U = U — A,,. We shall apply the bound [EJ;| «
n~1(1 4 y»)/8% which is proved in (3.20) of Bloznelis and Gotze (2000). This
bound and the inequality

(2.12) [EJy —EJ;| K T72872(1+83/0% + 1)

yield the bound (2.11) for EJ4.

In order to prove (2.12) we write T-U= Ry —-Y,, — Z,, see (1.6) and (2.9).
This identity in combination with the inequality |e{x} — e{y}| < |x — y| yields
|[EJs —EJ;| < R, where

R=HEH "E(Ry — Yy — Zin| | Xn)
< H{(EH*)'?[(ERS)'* + (BY,)'/* + (EZ;)'/?].

In the last step we applied Cauchy—Schwarz. It follows from (1.6), (4.1) and the
last inequality of (2.4) that the quantity in the brackets [---] < 1_28_1831/ 2/<7.
Finally, invoking the bound EH 2«n 3720+ y2), which is proved in (5.1) of

Bloznelis and Gotze (2000), we complete the proof of (2.12).

The bound for |Ji|. The bound (2.11) is a consequence of the following two
bounds:

(2.13) [z, (F1 — F)| « T72872(1 4 y2 + 83/02),
(2.14) Mz, (F — )| < T2 (Ba+ va+ c(k)d3/07).

Recall that F (t) = Ee{tT}. Here and below for a Borel set 8 C R and an
integrable complex function f, we write (for short) 4 g(f) = [4 1 f@)dt.

The proof of (2.14) is rather complex. We place it in a separate Section 3 below.
Note that the bound (2.14) is the only step of the proof where we essentially use
the assumption that 7 is a U -statistic.
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Here we show (2.13). In the proof we replace ﬁl(t) — F (t) by f(t) =
Ee{tT}it A, and then replace f(¢r) by g(¢r) = Ee{trU}itA,,. Finally, we invoke
the bound

my _3; —1¢-2
(2.15) Ilzl(g)|<<<2>n (I+y)<Ln 871+ y),

which is proved in (3.38) of Bloznelis and Gotze (2000). In order to show
how (2.13) follows from (2.15) write T =T — Ay, — Yy — Zm, see (2.9). We
have 1:"1 (t) = Ee{t(T — A,y — Yy — Zy)}. Expanding the exponent in powers of
it(Yy + Z;,) and then in powers of it A, we get

|Fi(1) — F(1) — f()] <E|tYy]| + E|tZy,| + ?EA2,.

Furthermore, the identity T — U = R, combined with the mean value theorem
yields | f(¥) — g(1)| K EtzlAngl. Combining these two inequalities we obtain

[z, (F1 — F)| < [4z,(8)| + R,
R=2H\E|Yy| +2H\|Zy| + H}EA2 + HZE|A,Ry|.
Now, the bound (2.11) follows from (2.15) and the bound R <« =28~ 2(1 + V) +
83/ 02). The latter bound follows from the inequalities (4.1), (1.6), and the simple
inequality EA%l < m?n3y,, via Holder’s inequality.
The proof of Theorem 1.2 is complete. [

3. Expansions. Here we show (2.14). Split Z; = 81 U B8, where B8] =
{It] < c1}and B> = {c1 < |t| < H1}, and where ¢ is an absolute constant. Clearly,
(2.14) follows from the obvious inequalities

Iz,(F —G) < g (F—G)+dg,(F—-G),
Ig,(F—G)<dg (F—Fy)+ g (Fy—G),  Fy@t)=Ee{tU},
and the bounds

_ Batyatck)sz/o?
- 7282 ’

A A 14 683/02
L s (P < ——5—.

(3.1) lg, F-G) <R, R

Ba+ va
72
The first bound of (3.2) is proved in (4.1) of Bloznelis and Gétze (2000). To prove
the second bound we decompose 7' = U + R», see (1.6), and apply the mean value
theorem to get |ﬁ (1) — ﬁU(t)l < E|tR;|. Finally, an application of (1.6) gives

E|Ry| < (ERY)'2 < t7285/* /o and, obviously, 85/* /o < 1+ 83 /0.
In order to prove (3.1) we write the characteristic function F (¢) in the Erd6s—
Rényi (1959) form, see (3.4). Let v = (v1,...,vy) be ii.d. Bernoulli random

(32 A (Fy—G6) <
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variables independent of (X1,..., Xy) and having probabilities P{vi =1} =p
and P{v; = 0} = q. Observe, that the conditional distribution of

T* = Z Tavy where v} = 1_[ Vi,
ACSIN,|Al<n icA

given the event € = {S, = n}, coincides with the distribution of 7. Here S, =
Vi + -+ - + vy. Therefore, F' can be written as follows:

~ T
(33) F@)=x Ee{rT* + 1~ 's(S, —n)}ds, 1~ =27P{&)r.
—T
Using (2.2) it is easy to show that, for 1 < k < n, almost surely

Y. Tavi= Y. Qa Qa=Tava, ia=[]0i—p.

ACQy,|Al=k ACQy,|Al=k icA

Therefore, almost surely, ¢t T* + 17 15(S, —n) =S+ 10, where

N
S=>"S, Si =Ty +1 " 's)(vi — p), Q= 2. Qa-
i=1

ACQN,2<|A|=n

Substitution of this identity in (3.3) gives

T

(3.4) F(t)=x Ee{S + 10} ds.

—TT

In view of (3.4), the bound (3.1) follows from the inequalities

dt
(3.5) / k/ [Ee(S +10} — (h1 + ho)|ds'— < R,
1e8, Jisl<mr |7]

(3.6) /1682

Here

A dt
,\/ (1 + ho)ds — G| L « R.
ls|<mt 1

n
h1 = Ee{S}, h2=i3<2>Ee{S3+---+SN}V, V =10x.2515%.
Inequality (3.6) is proved in Bloznelis and Gotze [(2000), formula (4.2)].

We are going to prove (3.5). Before the proof we introduce some notation. Given
a complex valued function f (s, ) we write f < R if

d[ T
/ —/ (s, )] ds < R.
8 |t J—nt

Furthermore, we write f ~ g for f — g < R. In view of the inequality A < /27
[see Hoglund (1978)], the bound (3.5) can be written as follows: Ee{S + tQ} ~
h1+ ho.
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Let us prove (3.5). In what follows we assume that ¢ € B, and |s| < 7. Given
s, t write u = s> 42 and let (here and throughout the section) m denote the integer
closest to the number caN u~! Inu, where ¢, is an absolute constant. We choose
c1 and ¢; so that 10 <m < N /2. Split

O=K+L+W+Y+2Z,

K=C4p, ¢=) ¢,  w=) uj
j=1 =

j=1
G0 = > Qa.  pj= > Q4. 1<j<m,
ANQy={j},|A|=2 ANQm={j},|A|>3
ACQu,|A|1=2 AN |=2,|A|>3
7Z = z: 04, W= 2: 0a,
[ANS2y | >3 ANQ,=2,|A|>2

and denote f; = Ee{S +¢t(K + W)} and f, = Ee{S + (K + W)}itL.
In order to prove E exp{S + tQ} ~ h1 + h, we shall show that

(3.8) Ee{S+1tQ} ~ fi1 + f2,
(3.9) fo~h3, h3:d3<Z>EaS3+--~+SN}V,
(3.10) fi1~hi+ hy —hs3.

Let us introduce some more notation. Given a sum v = vy + ... + v; we write
v =Y jepVj, for B C Q. Given B C Qy, by E(p) we denote the conditional
expectation given all the random variables, but v;, j € B. For D C 2, denote

Yp = [Em)e{Spll, Zp = |E)ye{Sp +1{p}l, Ip=1I{3p >c5'}.
3.11) N
xp=7 DTN Y (X)), @@= Y. g(a. X)w;—p).

jebD j=m+1
Using the multiplicative structure of Y p one can prove a sufficiently fast decay of
its expected value as u — co. More precisely, one can construct random variables
Fp, D C Qp, of the form Fp =[[;cpu(tg1(X;) + s/t), where & > 0 is a real
function, such that for |D| > m /4 we have

Yp <Fp, Zp <1p +Fp,
(3.12)
EF|X;, X)) <u™® Vi, jeQy\D.
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Clearly, the latter inequality holds for the unconditional expectation as well. The
proof of (3.12) and the construction of random variables Fp are provided in
formulas (4.7)—(4.10) of Bloznelis and Gétze (2000). Let us mention that in order
to establish (3.12), one chooses the constants c1, ¢ and ¢3 in an appropriate way.
Split 2, = Q,ln U Qi U Q%, where an, i =1,2,3, are disjoint consecutive

intervals with cardinalities |Q£n| ~m/3. Fori < j, let Q; ; denote the set of all
pairs {/, r} such that/ € Qﬁn, reQandl <r.

PROOF OF (3.8). Expanding the exponent in powers of i¢Z and invoking
(3.17) we get Ee{S +1Q} = f3 + R, where fza=Ee{S+t(K+ L+ W+7Y)}
and where

IR| <E[tZ| < |{|(EZH)"? < [t]e, > (kK)u=? 32 u sy 0172 < R.
Furthermore, expanding f3 in powers of if (L + Y) we obtain
f=A+L+fa+R, fa=Ee{S +1(K + W)}itY,
IR| < PE(L +Y)? < 2u 2’ ut2(ya + c1(k)83/02) < R.
In the last step we invoked (3.18) and used the identity EL? = (3) P2q*t %y, We
obtain Ee{S +tQ0}~ f1 + f> + fa.
It remains to prove that f1 < &R. To this end we show that f4 ~ f5 and f5 < R,

where f5 = Ee{S + (¢ + W)}itY. By the mean value theorem |f3; — f5| <
Et2|Y,u|. Furthermore, by Cauchy—Schwarz and (3.18), (3.19),

Ef2|Yu| <2 BYH'2Eu? < ei(u™3P P ut=483/0% < R.

Therefore, f4 ~ fs. In order to prove f5s < R we split f5 =3 1;<j<3 fi,; and
show that f; ; < R, for every i < j. Here f; ; is defined in the same way as
f5, but with Y replaced by Y; ;, where Y; ; denotes the sum of all Q4 such that
AN, € ;. Giveni, j choose r from {1,2,3}\ {i, j}. Note that the random
variable Y; ; and the sequence {v;, | € 2;,} are independent. Therefore, by (3.12),

[fij| < WEZgy, ¥i ;| < 111(BZy )' P (BY])'/?
< [t|(BFg, + c3Esgr) ' (BY? )2,

In the last step we used the simple inequality Ip < c32¢p, for D = Q7 . Note that
the bound (3.18) applies to EYf ;as well. This bound in combination with (3.12)
and (3.24) implies f; ; < R thus completing the proof of (3.8). [

PROOF OF (3.9). Split W = Wy + Wy, where
(3.13) Wo= > Q4. W= > Q4.

ACQN ANy =2,|A|=2 ACQN AN, =2,|A|>3
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In order to prove (3.9) we replace f> by fo = Ee{S + t(¢ + W)}itL and then
replace fs by f7 =Ee{S +1(¢ + Wp)}it L. Finally, we invoke the relation f7 ~ h3
which is proved in Bloznelis and Gétze [(2000), formula (4.15)].

Let us prove f> ~ fg and fg ~ f7. By the mean value theorem, | f> — fg| <
’E|L|. Invoking (3.19) and the bound EL?> < m?p?g>t =%y, we obtain, by
Cauchy—Schwarz, t”E|Lu| < R. Hence, f> ~ fs.

Let us prove fe ~ f7. Split L = 3 1<;<j<3 Li j, where L; ; = ZAGQZ.J Qa.
Write f6|i,j =Ee{S+1( + W)}l'tLi,J' and f7‘,',j =Ee{S+ (¢ + Wo)}itL,',j. In
order to prove fg ~ f7 we show that fg; ; ~ f7)i,j, forevery 1 <i < j < 3. Given
i < j,chooser e{1,2,3}\{i, j} and denote D = 2/ . Expanding the exponent in
feji,j in powers of it Wy we obtain fg); j = f7)i,j + t?R, where

IR| <EZp|L;i jW1| < R1 + Ra, Ry =EFp|L; jWi|, R, =Elp|L;;Wil,
by (3.12). By Cauchy—Schwarz, we have
(3.14) R} <EWJEL} F},.  R; <EWJEL}Ip <EW{EL] c3sp.
Fix {i1, i2} € ©; ;. By symmetry, (3.12) and (3.24),
(3.15) EL} F}, =19 |p*q*Eg3(Xi,, Xi) E(F} li1, i2) Ku 0172y,
(3.16) EL} j2p =9 j|p*¢°Eg5 (Xi,, Xiy)EGep lin, in) K u *In*ut™ys.

Here we estimated [€2; ;| < m? and 1712192c12 <L t*u?In?u <« 4. It follows from
(3.14), (3.15), (3.16) and (3.20) that 2R < R. We obtain feli,j ~ f7)i,j thus
completing the proof of (3.9). [J

PROOF OF (3.10). In the proof we replace fi by fs = Ee{S + (¢ + W)}
and then replace fg by the sum fio + fi1, where fjo = Ee{S + W} and f1; =
Ee{S + tW}it¢. Finally, we replace fio by fio = Ee{S + tWp} and fi; by
f13 =Ee{S +tWplit¢ [recall that Wy is defined in (3.13)], and invoke the relation
f12+ fi13 ~ h1+ho — h3, which is proved in Bloznelis and Gétze [(2000), formulas
(4.36)—(4.37)].

Let us prove f; ~ f3. Expanding in f; powers of ity we obtain

fi=fs+ fo+R, fo=Ee{S+1( + W)litu,
where |R| < tz,uz < R, by (3.19). Therefore, f1 ~ fs + fo. In order to show
fo < R, split pu = i + puj + u3, where ui = Zke% uk, and write fo = f;" +
f3 + f35, where fjfk =Ee{S+1(¢ + W)}it,w;. Given j, we show fJTk < R. Fix
re{l,2,3}\ {j} and denote D = 2}, . By (3.12),

1/2 1/2
|F£] < 1B Zp5] < Il (E(u$?) > (B20F, +1p)) "

< 1B ) P EF + 3 Esf)
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Here we applied Cauchy—Schwarz and the inequality [p < cg / 27%/ 2, Note that the
bound (3.19) holds for ,uj as well. This bound in combination with (3.24) and
(3.12) gives f ]Tk < R. We obtain fy9 < R, thus completing the proof of f1 ~ f3.

In order to replace fg by fi0+ f11 we use the relation fg ~ f10+ f11. The proof
of this relation is almost the same as that of the corresponding relation (4.35) in
Bloznelis and Gotze (2000).

It remains to show that f1o ~ fi2 and f11 ~ f13. Expanding fjo in powers of
itW; we get fio = fi2 + R, where |R| <EYgq  |tW]|. It follows from (3.12) and
(3.20), by Cauchy—Schwarz, that |R| < R. Therefore, f19 ~ f12. In order to prove
f11 ~ f13 split Q,, = V1 U V5, where V| NV, = & and the cardinality |V;| &~ m/2,
for i = 1,2, and write { = ¢y, + {v,. Expanding fi; in powers of itW;, we
get fi1 = fi3 + Ray + R, where |R(| < Et*|Wi¢y,|Yq,\v,. Fix r € Vi. By
Cauchy—Schwarz and symmetry,

|Ro)|> < t*"EWIEg) Y,
_ 4 2 2 2 2 2
= 'EWTIVII{(N —m)p~q"Eg5 (X, Xn)E(Yy, | X, Xn)
L 10U ye1 (083 /07

Here we applied (3.20) and (3.12). It follows that R(j) < R. The same bound holds
for R(2) as well. Therefore f11 ~ f13. The proof of (3.10) is complete. []

LEMMA 3.1. Assume that n < N /2 and that T is a U-statistic of degree k.
Then

(3.17) EZ? <ci(k)m®p*¢> 1719830 72,
(3.18) EY? < c1(kym?*p?q*t 883072,
(3.19) Ep’ < ci(kympgt 8302,
(3.20) EW? < c1(k)t 483072,

where Y, Z and | are defined in (3.7), and W is defined in (3.13). Here c (k)
denotes a constant which depends on k only.

PROOF. Note that our assumption that 7 is a U-statistic of degree k implies
(7]2 =0 for j > k. In the proof we use the bound which follows from (4.3), (4.4):

k A 1
_ n—3\(N—-n\(N—j

(B2l Y ajel <8, a-=<. )( )( ) .
e I / j=3J\j-=-3/)\/j-3

A simple calculation shows that a3 =1 and aj = by ---bj_3b]---bj_3, where
bi=n—=2—-i)/(N—j—i+Dandb;=N—-n—i+1.Fori=1,...,j-3
and j =4,...,k we apply the following simple bounds p < c(k)b; and g <
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c(k)b? /N, for some constant c(k) depending on k only. These bounds imply for
j=3,...,k, that (qu)j_3 < ci(k)a;, where c; (k) is a constant depending on k
only. Combining this bound and (3.21) we obtain

k
(3.22) Y P! T¢I TN ot < ei(k)r 88,
j=3
We introduce some more notation. Consider a random variable M =" 4.4 O 4,
where M denotes a class of subsets of 2y, thatis, M C {A C Qn:3 < |A| <n}.
Note that EQ 4 = 0, for every A and EQ% = GJ-ZpJqJ, for |[A| = j. Since Q4 and
QO p are uncorrelated for A £ B, we have

n
(3.23) EM*= Y EQi=) ¢j[Mlo?piq’,
AeM =3

where e ;[ M] denotes the number of different subsets A € M of size |[A| = j.
Let us prove (3.17). A simple calculation shows that

j—3 _
dn B () e

r=0 r

) <m? (;_7_3) we obtain

j-3
arsr E()(J'—H)( )= )

by Vandermonde’s convolution formula. Therefore, ¢;[Z] < m3N/=3. In view of
(3.23) (applied to Z) we obtain (3.17) from this inequality and (3.22).
The proof of the remaining bounds (3.18)—(3.20) is similar. We find

m\ (N —m N—m N—m
ej[Y]=<2)(j_2), €j[u]=m<j_1), ej[W1]=< j )

It follows from these identities that
e;[YI<m* N2, ej[ul<mN/~',  ;[Wi] <N/,

Combining these bounds and (3.22) we obtain (3.18)—(3.20), thus completing the
proof of the lemma. [J

Invoking the inequality (

m
j—r

LEMMA 3.2. For every D C Qy,, with cardinality |D| > m/4, and for any
i,j €Qn\ D wehave

— 3/2 _
EGeoplXi, X)) <1720, E(%D/ 1X:, X)) <t 7%ys,

(3.24)
Exp < 172y, E%%/2 LT 7,

where »p is defined in (3.11) and where m ~ caNuVInu.



1258 M. BLOZNELIS AND F. GOTZE

PROOF. Clearly the first two inequalities imply the rest ones. The first
inequality is proved in Bloznelis and Gotze [(2000), formula (4.22)].

Let us prove the second inequality. An application of the simple inequality
(DI Yepx)?? < IDI7V Eep I to X = C(X,) gives

3/2 _
syt <P IDIT Y e (xP.
reD
Invoking the bound E(|¢(X,)}|X;, X ;) < (Npq)*?E|g2(X,, Xn)|> we complete
the proof. In order to prove this latter bound we first apply Rosenthal’s inequality
to the conditional expectation of |§‘(Xr)|3 given all the random variables but

Vm+1, - - -» vy and then take the expected value given X;, X ; and apply inequalities
(4.5) of Bloznelis and Gotze [(2000); see also (5.4)]. The lemma is proved. [J

4. Combinatorial lemmas. Here we prove two lemmas. Lemma 4.1 estab-
lishes bounds for the second moments of random variables Y,,, Z,, and n,, ; de-
fined in (2.9) above. Lemma 4.2 provides an auxiliary combinatorial identity.

We first introduce some more notation. For k < n write Q) = 2, \ £, where
Qr ={1,...,k}. Let H be a random variable of the form H =} 3 T4, where
H is a class of subsets of Qy, # ={A C Qy:1=<|A| <n}. Denote U;(H) =
ZAGJMM:j Ty and write e;(H) = EUJZ(H)O’]-_Z, for sz > 0. For sz =0 put
e;j(H) =0. We have

H= Y Uj(H) and EH*’= ) EUjH)= ) ej(H)o},
1<j<n 1<j<n l<j<n

where the second identity follows from the fact that T4 and T are uncorrelated
for |A| # | B|; see (2.2) above.
For nonnegative integers k, s, ¢, u such that u > min{s, ¢} 4+ k denote

SAL —1
_‘ 1\ Utk s ! u
e ()0

Here s A t = min{s, t}. Recall that for x € R, (7) = [x],/r!, if the integer r > 0,
and (7) =0, forr <0.Here [x], =x(x—1)--- (x —r+1),forr > 0,and [x]o = 1.
In particular, for nonnegative integers s < v, we have (;) =0.

LEMMA 4.1. Assume that 100 <n < N/2.Given3 <m <n andi € Q,,, we
have

(4.1)  EY2 <n’ms;, EZ2 «<n*m®s;, En;, ; <n"*83.
PROOF. In order to prove (4.1) we show that

42) EZ,<«<m°EZ;, EY,<nm*EZ;,  En,; <n’EZ],

(43)  EZI<n%;.
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Let us show that, for 3 < j <n,

n—3
ej(Z3)=| . ro(j —3,n—j,N—j)
j—3

(4.4)
_(n=3\(N=n\(N=j\""
“\j-3)\j-3)\;j-3] °

By symmetry,

_3 (G=3)Am—j)
2 n
EU3(Z3) = (j _3)ETQjUJ-<Za), ETq,Uj(Z3)= Y.  Mysj o,
v=0

where M, = (";J )(J ;3) counts the summands T4 of the sum U (Z3) which satisfy

|ANQj| =j— v. Invoking (2.3), we obtain ETQjUj(Z3) =ro(j —3,n — j,

N—j Yo 2, thus proving the first part of (4.4). The second part follows from (4.19).
Let us prove the first inequality of (4.2). Write Z,, = Z3+ D4+ - -+ D,,, where

Ds =Z; — Z;_1. By the inequality (a; + --- + as)? < s(a% + -4 asz), we have

EZ2 < (m—2)(EZ3+EDj +---+ED}).

Now (4.2) follows from the inequalities ED? < s4EZ§, for 4 <s < m. To prove
these inequalities we show that, for 3 < j <n,

(4.5) ej(Dy) < s*ej(Z3),

Observe, that ¢;(Dy) =0, for n — s + 3 < j < n, by the definition of Dj. In the
case where 3 < j <n — s + 3, (4.5) follow from the identities (4.6), (4.7) and the
bound (4.9); see below.

We have

Dy = Z Z TAU{S}UB'
ACQ4_1,|A|=2 BCQS

Given j, this sum has (sgl)(:’:g) different summands T4usjus, such that |A U

{s}UB|=j.Fix By C Q with |By| = j — 3 and denote Ay = 2> U {s} U By. By
symmetry

2 s—1\[n—s
(4.6) EUj (Dy) = 5 i3 ET4,U;(Dy).

In the next step we show that

-3
4.7 ETaU;j(Dy) = <L0(j) +2(s =3)L1(j) + (s ) )Lz(j))fsz’
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where we denote L;(j) =ri(j — 3,k, N — j), where k =n —s — j + 3. To this
end split U;(Dy) = Wy + Wy + W5, where

Wi = Z Z Tauis)UB»

AcA; BCQC,|B|=j—3
Ai={ACQ_1:|Al=2, [ANQ|=2—i},

and write ET7 U (D;) = ETa,Wo + ET4, W1 + ET4,W,. Note that (4.7) follows
from the identities

(4.8) ET4,W; = |Ai|L;(j)o?,  i=0,1,2,

which we are going to prove now. Denote Hy = {1, 2}, Hy = {1, 3}, H, = {3, 4}.
By symmetry, fori =0, 1, 2,

(j—3)Ak
ETp,W; = |A;|ETy, Z Th,usyuB = | A Z Mys; j—v—i-
BCQ¢.|B|=j—3 v=0

Here M, = (¥)(’,) counts the subsets B C ¢ such that [B N By| = j — 3 — v.

v

Invoking (2.3) we obtain (4.8).

We complete the proof of (4.5), by showing that, for 3 < j <n — s+ 3,
n—s\|Li(j)l
j—=3)ej(Z3)’

To evaluate L; (j) we use the expression (4.4) for e;(Z3) and invoke the formulas
(4.21) for L;(j). For i =0 a simple calculation shows that

(4.9) Li(j) <1 where Li(j):= ( i=0,1,2.

[n—s]j—3 [N—n+s—3];3 _j_4x_ryr+s—3
[N—nlj—3 [n—3];=3 co Yr X+ =3

Ly(j) =

where we denote x, =n —s —r and y, = N —n —r. Now the inequality L6(j) <1
follows from the inequalities x, < y,, which are consequences of the inequality
n<N/2.

Fori =1, 2 the proof of (4.9) is similar.

Let us prove the second inequality of (4.2). To this end we shall show that

(4.10) ej(Ym) <nm'e;j(Z3), 3<j<n.

Note that (by the definition of Y,,) e;(¥,,) =0, for j > n —m + 2. Let us prove
(4.10), for 3 < j <n —m + 2. Given j, fix By C 2, with |Bg| = j — 2. By
symmetry,

4.11 eV, =" V" " \EToup U (Y
( . ) ]( m)— o) J—2 QUBy ]( m)~
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Proceeding as in the proof of (4.7) above, we obtain

. . m—2 . 2
(4.12) ET92UB(>Uj(Ym)=(LO(J)+2(m—2)L1(J)+ , Lzu))oj,

where L;(j) =ri(j —2,n—m — j +2,N — j), for i =0, 1,2. Furthermore,
arguing as in proof of (4.9) we obtain

(4.13) (”._ ’Z)L,(j) <nej(Zz)  fori=0,1,2.
-

Finally, combining (4.11)—(4.13) we get EU}(Ym) <Ln m4ej(Z3)oj2. This bound
implies (4.10) thus completing the proof of the second inequality of (4.2)
In order to prove the last inequality of (4.2) we shall show that, for 3 < j <n,

(4.14) ej(m.i) < n’e;j(Z3).

Note that (by the definition of 1, ;) € (,;) =0, for j >n —m + 1. Let us prove
(4.14), for 3 < j <n —m + 1. Given j, fix By C Q,, with |By| = j — 1. By
symmetry,

n—m
(4.15) EU; (1,i) = (j 3 1>ET{i}UBon(77m,i)-

Denote xk =n —m — j + 1. A direct calculation shows that

G2DA 5 (i
ETyuB Uj(m,i) = Z ( ’ )<v>sj,j—v:”0(j_I’K’N_j)ajz’
v=0

where in the last step we invoke (2.3). Furthermore, proceeding as in the proof of
(4.9) we obtain

n—m . . 2
(4.16) 1 ro(j — 1k, N — j) <n“e;(Z3).
j—
Now (4.14) follows from (4.15) and (4.16). 0O

PROOF OF (4.3). Note that the inequality n < N/2 implies > > n/2.
Therefore, in order to prove (4.3) it suffices to show that EZ32 < E(D37T)2. For
this purpose we show that

(4.17) ej(Z3) < e;j(D3T), 3<j=n.
We invoke the formula for EU}(]D)iT) provided in Lemma 2 of Bloznelis and
Gotze (2001):
—ix /N—n—i .
GO =it

N —— 0.
V) O N—i—j+1

EU}(D,-T) =
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Combining this formula and (4.4) we find ¢j(Z3) A B C where

e;T) —
_ [N —nl3 5 [N —2j+3]3 C_2_3N—j—2
[N —jl3’ [N—n—j+3]3 N—j+1

Inequality (4.17) follows from the inequalities A < 1, C <273 and B <23. The
first two inequalities are obvious. In order to show the last one we write j =n — ¢
and use the fact that € > 0. The lemma is proved. [J

In the remaining part of the section we evaluate the coefficients r (s, #, u). Using
the identity [see Feller (1968), Chapter II]

v a u—v . u—a
(4.18) ;(—1) (v)( . >_(u_t>, a,t,uef{0,1,2,...},

Zhao and Chen (1990) showed that foru > s At and s >t

419 oy =" )" B
4.19) ro(s,t,u) = , , .

Given integers 0 <s <t, let [(z, s) denote the coefficients of the expansion

(420) [v+1tl =1 D] + 1,1 — Dvl—1 +--- + 1, 0)[vo.

LEMMA 4.2. Letk,s,t,uec{0,1,2,...}. Foru>s At +k, we have

k
(4.21) reCs, o) = S 1k, P (=1 Ay,
r=0
where
0, forr >sAt,

o foru<s+t+k—r,
Alr = (u—s — )l — 1 — k)![s], 1],

S , otherwise.

Clearly, the numbers /(i, j) can be expressed by Stirling numbers. A direct
calculation shows that

1(0,00=1; (1,00 =1, I(1,1)=1
1(2,0)=2, [(2,1) =4, 12,2) =1,
[(3,0)=6, [(3,1) =18, [(3,2) =9, [((3,3)=1.

PROOF OF LEMMA 4.2. Write a = min{s, ¢} and b = max{s, ¢}. We have

a -1
4.22) (s, tou)y =Y (=1)"tk (i) M,  where M, = (Z) (v ik) :

v=0
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A simple calculation shows that

u—k—v u—k\"' _
My, =[v+kl Yk —a wy(a, u), wi(a,u) = 4 [u], .

Invoking the expansion (4.20), for the function v — [v + k];, we obtain an
expression for M,. Substituting this expression in (4.22) we get

k a
re(s, ) = wa,u) Y 1k, 1Sy, S, =Y (=1 (i) (Z :]; - Z)[v],.

r=0 v=0
We complete the proof of (4.21) by showing that, for 0 <r <k,

S, = <—1>’+"[b]r<” ;b B k),

(4.23)

b—
v—:)'

Note that [v], = 0, for v < r. For r < v < b, we have [v]r(ﬁ) = [b],(
Therefore, denoting v = v — r, we can write

a-r ’ b—r I/t—k—l"—l)/
2: v'4r+k
Sr= =D [b]r( )( u—k—a )

v/
v'=0
Finally, invoking (4.18) we obtain the first identity of (4.23). The second identity
is trivial. [

REFERENCES

ALBERS, W, BICKEL, P. J. and VAN ZWET, W. R. (1976). Asymptotic expansions for the power of
distribution free tests in the one-sample problem. Ann. Statist. 4 108—156.

BABU, GUTTI JOGESH, BAI, Z. D. (1996). Mixtures of global and local Edgeworth expansions and
their applications. J. Multivariate Anal. 59 282-307.

BABU, G. J. and SINGH, K. (1985). Edgeworth expansions for sampling without replacement from
finite populations. J. Multivariate Anal. 17 261-278.

BENTKUS, V., GOTZE, F. and VAN ZWET, W. R. (1997). An Edgeworth expansion for symmetric
statistics. Ann. Statist. 25 851-896.

BERTAIL, P. (1997). Second-order properties of an extrapolated bootstrap without replacement under
weak assumptions. Bernoulli 3 149—-179.

BHATTACHARYA, R. N. and GHOSH, J. K. (1978). On the validity of the formal Edgeworth
expansion. Ann. Statist. 6 434—451.

BICKEL, P. J. (1974). Edgeworth expansions in non parametric statistics. Ann. Statist. 2 1-20.

BICKEL, P. J., GOTZE, F. and VAN ZWET, W. R. (1986). The Edgeworth expansion for U -statistics
of degree two. Ann. Statist. 14 1463-1484.

BICKEL, P. J., GOTZE, F. and VAN ZWET, W. R. (1997). Resampling fewer than n observations:
gains, losses, and remedies for losses. Statist. Sinica 7 1-31.



1264 M. BLOZNELIS AND F. GOTZE

BICKEL, P. J. and ROBINSON, J. (1982). Edgeworth expansions and smoothness. Ann. Probab. 10
500-503.

BICKEL, P. J. and VAN ZWET, W. R. (1978). Asymptotic expansions for the power of distribution
free tests in the two-sample problem. Ann. Statist. 6 937-1004.

BIKELIS, A. (1972). On the estimation of the remainder term in the central limit theorem for samples
from finite populations. Studia Sci. Math. Hungar. 4 345-354 (in Russian).

BLOZNELIS, M. (1999). A Berry—Esseen bound for finite population Student’s statistic. Ann. Probab.
27 2089-2108.

BLOZNELIS, M. and GOTZE, F. (2000). An Edgeworth expansion for finite population U -statistics.
Bernoulli 6 729-760.

BLOZNELIS, M. and GOTZE, F. (1999). One term Edgeworth expansion for finite population
U -statistics of degree two. Acta Appl. Math. 58 75-90.

BLOZNELIS, M. and GOTZE, F. (2001). Orthogonal decomposition of finite population statistic and
its applications to distributional asymptotics. Ann. Statist. 29 899-917.

BOLTHAUSEN, E. and GOTZE, F. (1993). The rate of convergence for multivariate sampling statistics.
Ann. Statist. 21 1692-1710.

B0OOTH, J. G. and HALL, P. (1993). An improvement of the jackknife distribution function estimator.
Ann. Statist. 21 1476-1485.

CALLAERT, H. and JANSSEN, P. (1978). A Berry—Esseen theorm for U-statistics. Ann. Statist. 6
417-421.

CALLAERT, H., JANSSEN, P. and VERAVERBEKE, N. (1980). An Edgeworth expansion for
U -statistics. Ann. Statist. 8 299-312.

CHiIBISOV, D. M. (1972). Asymptotic expansion for the distribution of a statistic admitting a
stochastic expansion. Theory Probab. Appl. 17 620-630.

ERDOS, P. and RENYI, A. (1959). On the central limit theorem for samples from a finite population.
Publ. Math. Inst. Hungar. Acad. Sci. 4 49-61.

FELLER, W. (1968). An Introduction to Probability Theory and Its Applications. 1. Wiley, New York.

GOTZE, F. (1979). Asymptotic expansions for bivariate von Mises functionals. Z. Wahrsch. Verw.
Gebiete 50 333-355.

GOTZE, F. and VAN ZWET, W. R. (1991). Edgeworth expansions for asymptotically linear statistics.
Preprint 91-034, SFB 343 Univ. Bielefeld.

HELMERS, R. (1982). Edgeworth expansions for linear combinations of order statistics. Math. Centre
Tracts 105. Math. Centrum, Amsterdam.

HELMERS, R. and VAN ZWET, W. R. (1982). The Berry—Esseen bound for U -statistics. In Statistical
Decision Theory and Related Topics III (S. S. Gupta and J. O. Berger, eds.) 1 497-512.
Academic Press, New York.

HOGLUND, T. (1978). Sampling from a finite population: a remainder term estimate. Scand. J. Statist.
569-71.

Kokic, P.N. and WEBER, N. C. (1990). An Edgeworth expansion for U -statistics based on samples
from finite populations. Ann. Probab. 18 390-404.

LAL T. L. and WANG, J. Q. (1993). Edgeworth expansions for symmetric statistics with applications
to bootstrap methods. Statist. Sinica 3 517-542.

NANDIL H. K. and SEN, P. K. (1963). On the properties of U -statistics when the observations are not
independent. II. Unbiased estimation of the parameters of a finite population. Calcutta
Statist. Assoc. Bull. 12 124-148.

PETROV, V. V. (1975). Sums of Independent Random Variables. Springer, New York.

PFANZAGL, J. (1973). Asymptotic expansions related to minimum contrast estimators. Ann. Statist.
1 993-1026.

PoLITiS, D. N. and ROMANO, J. P. (1994). Large sample confidence regions based on subsamples
under minimal assumptions. Ann. Statist. 22 2031-2050.



FINITE POPULATION 1265

PrRAWITZ, H. (1972). Limits for a distribution, if the characteristic function is given in a finite
domain. Scand. Aktuar Tidskr. 138-154.

RaAo0, C.R. and ZHAO, L. C. (1994). Berry—Esseen bounds for finite-population z-statistics. Statist.
Probab. Lett. 21 409—416.

ROBINSON, J. (1978). An asymptotic expansion for samples from a finite population. Ann. Statist. 6
1005-1011.

SCHNELLER, W. (1989). Edgeworth expansions for linear rank statistics. Ann. Statist. 17 1103—1123.

SERFLING, R. J. (1980). Approximation Theorems of Mathematical Statistics. Wiley, New York.

SHAO, J. (1989). The efficiency and consistency of approximations to the jackknife variance
estimators. J. Amer. Statist. Assoc. 84 114-119.

VAN ZWET, W. R. (1984). A Berry—Esseen bound for symmetric statistics. Z. Wahrsch. Verw. Gebiete
66 425-440.

Wu, C. E. J. (1990). On the asymptotic properties of the jackknife histogram. Ann. Statist. 18 1438—
1452.

ZHAO, L. C. and CHEN, X. R. (1987). Berry—Esseen bounds for finite-population U -statistics. Sci.
Sinica Ser. A 30 113-127.

ZHAO, L. C. and CHEN, X. R. (1990). Normal approximation for finite-population U -statistics. Acta
Math. Appl. Sinica 6 263-272.

FACULTY OF MATHEMATICS AND INFORMATICS FAKULTAT FUR MATHEMATIK
VILNIUS UNIVERSITY UNIVERSITAT BIELEFELD
NAUGARDUKO 24 POSTFACH 100131

VILNIUS 2006 BIELEFELD 33501
LITHUANIA GERMANY

E-MAIL: Mindaugas.Bloznelis @maf.vu.It E-MAIL: goetze @mathematik.uni-bielefeld.de



