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ON THE MINIMAL ENTROPY MARTINGALE MEASURE

BY PETER GRANDITS! AND THORSTEN RHEINLANDER?
University of Cambridge and Technische Universitdt Berlin

Let X be a locally bounded semimartingale. Using the theory of BMO-
martingales we give a sufficient criterion for a martingale measure for X to
minimize relative entropy among all martingale measures. This is applied
to prove convergence of the g-optimal martingale measure to the minimal
entropy martingale measure in entropy for ¢ | 1 under the assumption that
X is continuous and that the density process of some equivalent martingale
measure satisfies a reverse LLogL-inequality.

1. Introduction. The goal of this work is to study the measure QF minimiz-
ing relative entropy I (Q, P) with respect to a reference measure P among all
martingale measures. In particular we investigate its relationship to the family of
g-optimal martingale measures, and relate properties of the density process of QF
to the closedness of certain spaces of stochastic integrals.

To be more precise, let us fix a locally bounded semimartingale X. We prove
the following.

SUFFICIENT CRITERION. If there exists an equivalent martingale measure Q
with finite relative entropy such that
(1) Z—g € L%(P) forane >0,
(i) 9% =cexp((fndX)y).
for a constant c and an X -integrable 1,
(iii) [ndX € BMO(Q),

then Q is the minimal entropy martingale measure.

This criterion complements results given by Csiszdr (1975) and recently
in Frittelli (2000); its main advantage is that it involves only the “candidate
measure” Q.

BMO-techniques enter in a natural way into questions concerning relative
entropy. This is due to the fact that a well known martingale inequality implies
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that the density process of a probability measure which is equivalent to P and
which has finite relative entropy is in the Hardy space #f;, which is the dual space
of BMO.

On the other hand, it was discovered by Delbaen et al. (1997) and by Grandits
and Krawczyk (1998) that the theory of BMO-martingales is crucial in the
study of the g-optimal martingale measure Q¢ [i.e., the measure with minimal
L4(P)-norm among all signed martingale measures] and its connection to the
closedness in L?(P) of spaces of stochastic integrals with respect to X. Here and
in the sequel we denote by p and g real numbers greater than 1 and such that
1/p + 1/q = 1. To explain these results, define the space G/, p > 1, as the space
of random variables (9 dX)r, where T is some fixed time horizon, such that
the stochastic integral process [ ¢ d X is in the space 47 of semimartingales. If X
is in fact a local martingale, the Burkholder—Davis—Gundy (BDG) and the Doob
inequalities already imply that G‘lTj is closed since it is isomorphic to a complete
subspace of L”(P). In the semimartingale case, under the assumption that there
exists a martingale measure for X, the question of closedness then boils down to
whether weighted norm inequalities, that is, generalizations of the BDG and Doob
inequalities can be derived. In fact, it turns out that it is therefore necessary that the
density process of some martingale measure satisfies a reverse Holder inequality;
compare Doléans-Dade and Meyer (1979) or more recently Choulli, Krawczyk
and Stricker (1997, 1998). It is well known that an exponential martingale & (M)
satisfies a reverse Holder inequality R,(P) for a ¢ > 1 if and only if both
M € BMO(P) and there exists 4 > 0 such that AM > —1 + h.

Let us now recall one of the main results in Delbaen et al. (1997) (in the case
p = 2) and Grandits and Krawczyk (1998) (in the case p > 1). M;(P) denotes
the space of equivalent martingale measures with gth moments for the processes
S ndX such that (f ndX)r € G¥.

THEOREM. Let X be continuous. Then the following assertions are equiva-
lent:

@) MZ(P) #+ & and G"T7 is closed in LP(P);
(ii) the q-optimal martingale measure Q9 is in Mg (P) and its density process
Z'D satisfies the reverse Holder inequality R, (P).

This theorem is the starting point for us to draw useful conclusions from
the above-mentioned sufficient criterion by restricting ourselves from now on
to the case where X is continuous. In particular we are interested in deriving
the asymptotic relationship between QF and the family of g-optimal martingale
measures, provided that condition (i) in the closedness result above holds for
some g > 1. In concrete applications (e.g., in mathematical finance) it is often
not difficult to show that this condition actually is satisfied.

It is useful for our purposes to introduce an analogue of the reverse Holder
inequality.
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DEFINITION. A positive process Z satisfies Ryrogr(P) if there exists K > 0
such that

sup
N

z z
E[—Tlog+ or ] }‘S] ” <K.
Zs Zs 00

Here the supremum is taken over all stopping times S < T'.

Using the theorem of Grandits and Krawczyk, we show that the Z? satisfy
this Ry 70g1.(P)-condition uniformly in g. The point is now, and this considerably
simplifies our analysis, that it turns out that R;j,e (P) implies an R (P)-
condition for a py > 1. Therefore, BMO-theory essentially allows us to work in
an LP-framework while still covering a sufficiently general case. One might ask if
it is possible to achieve full generality by using the Orlicz spaces LLogL(P) and
Lexp(P). This, however, is not the case, as is shown by a simple counterexample
at the end of Section 3. Let us now summarize the main results of Section 4.

It was proved in Grandits (1999) that for a bounded process X in finite discrete
time we have

dQ(q) dQE

im =—

qg—1 dP dpP

The next result is a counterpart of this result for a continuous process X in
continuous time:

in L'(P).

THEOREM.  If there exists Q € Mg (P) such that its density process satisfies
RirLogL(P), then

lim Q¥ = Qf in entropy.
qg—1

It is well known that relative entropy does not induce a topology. We find it
therefore remarkable that in our setting we can approximate a relative entropy
minimizer by solutions to minimum norm problems.

Let us present the idea of the proof: If X is continuous, it can be shown that the
density of the g-optimal martingale measure has the following form:

p—1
zy =c,,(1 . ) :
p—1
where C), is a constantand f, € K ; thatis, f), is a stochastic integral with respect

to X. Under suitable conditions, this should converge for ¢ — 1 (or p — 00) in
some sense to

(1.1) Z7 =cexp(f),

where ¢ =1lim,, C), and f is some limit of the f,. To show this, we proceed as

follows: we first show that the family (Z(Tq))q is uniformly integrable; hence we
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can extract weakly convergent subsequences. The main technical point is now to
show that the convergence is even in L' (P). Up to now, we have not been able to
do this in general. This is the point where the above-mentioned assumptions and
techniques come into play: our strategy is to get better integrability properties by
studying the density processes Z?) rather than just the densities Z(Tq). As already
explained, under some additional weak assumptions we prove that the Z?) satisfy
an R, (P)-condition with a constant independent of g; hence the densities Z(Tq)
are bounded in some L*(P)-space for a u > 1. Moreover, we show, again with
the help of BMO-theory, that the f, are bounded in every L" (P)-space. These two
facts are essential for us to prove that we can extract from (f,), a subsequence
which converges in probability. Having shown this, it is not hard to show that
the Z(Tq) indeed converge in L'(P), at least along some subsequences, to the
density Z7 (which may depend on the subsequence) of a martingale measure of
the form in (1.1). Furthermore, we prove that f from (1.1) is again a stochastic

integral with respect to X, say
(o),
T

Since we also show that Z7 and [ndX meet the conditions of the sufficient
criterion above, we finally can identify the limit measure with the minimal
entropy martingale measure. As this measure is unique, we conclude that every
subsequence converges to the same limit.

Finally, we provide a class of examples where one can calculate explicitly the
minimal entropy martingale measure for a (in general) non-Markovian process X.

Let us remark that some of the methods developed in this paper have proven
to be very useful in applications to mathematical finance. In particular, under
the assumption that the density process of some martingale measure satisfies
Ry10gr(P), it was proved in Delbaen et al. (2000) that the problem of maximizing
expected exponential utility from terminal wealth is dual to the problem of finding
the minimal entropy martingale measure. The 2-optimal martingale measure on
the other hand is crucial in the solution of the mean-variance hedging problem; see
Rheinlidnder and Schweizer (1997). We hope that our main convergence result has
shed some light on the relationship between these two problems, at least on the
dual side of the corresponding optimal martingale measures.

2. Preliminaries. We begin by stating some general assumptions, which are
valid throughout the whole text unless otherwise specified.

Let (2, %,F, P) be a filtered probability space, where the filtration F =
(F1)o<:<r satisfies the usual conditions and ¥y is trivial. We denote by X a locally
bounded R¢-valued semimartingale unless otherwise specified. Let ¥ = 7,
where T € (0, 00] is some time horizon. C denotes a generic finite positive
constant which may vary from line to line, and S denotes a generic stopping time
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such that 0 < S < T. With p and ¢ we denote real numbers greater than 1 and
such that 1/p 4+ 1/q = 1. For unexplained terminology we refer to Dellacherie
and Meyer (1982).

DEFINITION. 5%V is the linear subspace of L®(2, ¥, P) spanned by the
elementary stochastic integrals of the form f = h'(X 7, — Xr,), where S <T; <
T, < T are stopping times such that the stopped process X2 is bounded and  is
a bounded R?-valued Fr,-measurable random variable. Moreover, we set V = Oy,

DEFINITION. A signed martingale measure is a signed measure Q < P with
E[49]1=1and E[4% f1=0forall f € V.

We denote by M?*(P) the space of all signed martingale measures, by M (P)
those elements of M*(P) with nonnegative density and by M¢(P) the subset of
M(P) consisting of probability measures which are equivalent to P. Subscripts
refer to integrability properties of the densities, that is, M; (P)y=M5(P)NLI(P),
M; (P)=M*¢(P)NLI(P) and so on. Here and in the sequel we identify measures
with their densities. Note that, as X is locally bounded, a probability measure Q
absolutely continuous to P is in M (P) if and only if X is a local Q-martingale.

Elementary stochastic integrals are not sufficient for most applications in
a continuous time framework. Therefore, one needs to define more general spaces
of stochastic integrals. There are various concepts in the literature, and we shall
now list some of them. The first one comes from Delbaen and Schachermayer
(1996a).

DEFINITION. The space SKp is the closure in LP(P) of SV. We let
K,="K,.

Let us now assume for the rest of this section that X € 51’(7)0 (in particular X is
special), with canonical decomposition X = Xo + M + A, where M is a local
martingale with Mg = 0 and A is a predictable finite variation process. The
next concept was introduced in Schweizer (1994). Here one considers those
integrands ¥ for which the resulting stochastic integral process [ ¢ dX is in the
space 47 of semimartingales.

DEFINITION. Let L?(M) be the space of all R?-valued predictable proces-

ses ¥ such that
p/2
191l e 1) == El/p[(/ ﬂ/d[M]ﬂ> } < 00.
T

Let LP(A) be the space of all R%-valued predictable processes © such that

P
191 L (a) ::E””[(/h‘}’dm) } < 00.
T
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We set ®F = LP(M)N LP(A) and

G?z{(/ﬁdX)T‘ﬂe@’}.

DEFINITION.  For any RCLL process ¥ we denote by Y;* = supy_ -, |¥;]
the supremum process of Y. The space R”(P) consists of all adapted RCLL
processes Y such that

1Y lzr(py := Y7 |l Lr Py < 0.

Where no confusion is possible, we use in the sequel, still denoted by the same
symbols, the corresponding canonical quotient spaces modulo the zero-seminorm
processes.

In Section 4 we use some results of Grandits and Krawczyk (1998) for
a continuous semimartingale X. However, we still have to show that their notion
of a signed martingale measure with g-integrable density coincides with our
definition. They defined it in an analogous fashion as we did with the space
M (P); however, they require their martingale measures to vanish on G’T7 instead
of V. The equivalence of the two notions of martingale measures in the continuous
case follows essentially from the results in Delbaen and Schachermayer (1996a),
as is shown by the following.

LEMMA 2.1. If X is continuous and M;(P) # 0, then GP = K, where the
closure is taken in LP (P).

PROOF. C. Due to the Burkholder-Davis—Gundy inequalities, we have, for

(o) <|(foamy]| (o)

< ClP ey + 10l Lr(a);

hence [ ¥ dX € RP(P). Furthermore it follows from Doob’s inequality that for
any Q € Mg (P) its density process Z € isin K7 (P). Hence the local P-martingale

ZQ [ ¥ dX is in fact a uniformly integrable P-martingale, as its supremum process
is integrable by Holder’s inequality. Since X is continuous, the claim now follows
by Theorems 1.2 and 2.2 of Delbaen and Schachermayer (1996a).

D. Let Yr = (f9dX)r €V and define Y by Y, := Ep[Y7|¥;], where Eg
denotes expectation with respect to a fixed Q € Mg (P). Y is uniformly bounded

p

and, as X is locally in 47, Y € szm as well. Hence there exists a sequence of
stopping times 7,, 1 T such that 9" = 9¥1y9,7,; € O and consequently Y7, € G".
Furthermore,

lim Y7, =Y7, Q- and P-a.s.,
n—oo
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and, since Y is uniformly bounded, the convergence holds in L?(P) as well. [
Let us now recall some definitions and results from BMO-theory.

NOTATION. If we write supyg, it is always assumed that we take the essential
supremum over all stopping times S < T'.

In the following definitions we denote by Q an arbitrary probability measure.

DEFINITION. The Hardy space #€1(Q) consists of all Q-martingales N such
that

INll5,c0) = EQINT] < o0.

DEFINITION. BMO(Q) is the space of all uniformly integrable Q-martin-
gales N vanishing at zero such that

INllBmoco) = Sl;pHEQUNT — Ns—| | Fs] 1oy < 0©.
Let us recall that BMO(Q) is the dual space of #1(Q).
In the sequel we denote by Y a strictly positive adapted process.

NOTATION. For a stopping time S < T we set

DEFINITION. Z satisfies the reverse Hélder inequality R,(Q) if there
exists C such that

sup Eg[|3Y 7|7 | Fs] < C.
N
Y satisfies the Muckenhoupt inequality A ,(Q) if there exists C such that

sgp Eo[SYr|7VP=D | Fs] < C.

It turns out to be useful for our purposes to consider an analogue of the reverse
Holder inequality with the LLogL-function instead of a power function.

DEFINITION. Y satisfies Ry7,o.(Q) with constant K if there exists K > 0
such that

supEg[SYrlogm 57| Fs] < K.
S
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REMARKS. Let Z be the density process of a probability measure Q ~ P.

(i) Itis straightforward to check that if Z satisfies Ry g7 (P) with constant K,
then we have, for each stopping time S < T,

2.1 E[ZrlogZy | Fs] < (K +logZs)Zs.

Conversely, if (2.1) holds, then Z satisfies Ryj,¢1 (P) with constant K + é (since
xlogTx <14 xlogu).
(ii) If Z satisfies Ryjoqr(P) with constant K, then for each stopping time

U < T the stopped process ZU satisfies Rrrogr(P) with constant K + % This
follows from (i), since, as Z log Z is a P-submartingale, it follows that

E(z¥1og ZY | F5s1 < E[E[Zrlog Z7 | Ful]| Fs]
=E[ZrlogZr | Fsaul
< (K +logZsru)Zsau-

DEFINITION. Y satisfies condition (S) if there exists C such that

1
=Y_<Y<CY_.
C

If especially Y is of the form Y = &(N) for some semimartingale N and Y
satisfies condition (S), then we get, by an argument like that in the proof
of Proposition 6 in Doléans-Dade and Meyer (1979), that there exist positive
constants j, J with j <1/2 < J such that

2.2) exp(N — J[N]) < E(N) <exp(N — j[N]).

Assume now that we have a probability measure Q equivalent to P. We then set
Z—E[dQ’?'] Z,=E [dP]$]
t = 4P t]» t =L 40 t]-

Note that ZZ = 1; hence Z satisfies condition (S) if and only if 7 satisfies
condition (5). Let

dz — rdZ

Z_ Z_
therefore Z = & (M) and 7= 8(1\7 ). In this setting, we get the following.

LEMMA 2.2. If Z satisfies Rppog(P) with constant Kjp.e as well as
condition (S) with constant s, then M € BMO(P) such that |M | gmo, < J and Z
satisfies R, (P) for a p > 1 with constant K ,. Here the finite constants J and K
depend only on Ky, and s.
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PROOF. Our reasoning is close to the argument in the proof of Proposition 6
of Doléans-Dade and Meyer (1979). Let us assume first that M is a uniformly
integrable Q-martingale. Then we get from (2.2), &(M) = 8(1/\4\ )~ and the Bayes
formula

- _ 1 D . -
Eo[[Mlr — [M]s | Fs] = 7EQ[MS — My + j(M]lr — [M]s) | Fs]
1 —
< 7EQ[log+(S8<M>;1> | 5]
= L ESZr108 521 | 74,
J

As Z satisfies condition (S), the jumps of M are uniformly bounded. It therefore
follows from Rpj,er(P) that M e BMO(Q). By localizing one can now easily
conclude with the help of the preceding remark that this is true without assuming
a priori that Mis a uniformly integrable Q-martingale. The statement about the
constants now follows by a straightforward but tedious examination of the proofs
in Doléans-Dade and Meyer (1979) or Kazamaki (1979); compare the Appendix
for details. [J

3. On the minimal entropy martingale measure. In this section we assume
that X is a locally bounded R¢-valued semimartingale.
Let us recall the concept of relative entropy which is also known as Kullback—

Leibler information. Our main references concerning relative entropy are Csiszar
(1975) and Frittelli (2000).

DEFINITION. The relative entropy I (Q, R) of the probability measure Q with
respect to the probability measure R is defined as

do —dQ .
I(Q,R):{ERI:_Iog_]’ 1fQ<<R’
+00, otherwise.
It is well known that 1 (Q, R) > 0 and that / (Q, R) =0 if and only if Q = R.

DEFINITION. We say that a sequence (Q,), of probability measures con-
verges in entropy to a probability measure Q if

Jim 1(Q,, ©) =0.

DEFINITION. The minimal entropy martingale measure QF is the solution of

in 1(0Q, P).
Qg&‘}m (Q,P)
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Theorems 1, 2 and Remark 1 of Frittelli (2000) as well as the fact that V C
L*°(P) yield the following.

THEOREM 3.1. [f there exists Q € M®(P) such that 1(Q, P) < 00, then the
minimal entropy martingale measure exists, is unique and moreover is equivalent
to P.

Let us now state a criterion for a martingale measure to coincide with the
minimal entropy martingale measure. It is an easy consequence of results of
Csiszar (1975) and Yor (1978). In the sequel, QO denotes a probability measure
and E the expectation with respect to Q.

__ PROPOSITION 3.2. Assume there exists Q € M¢(P) with I(Q, P) < co. Then
0 = QF ifand only if the following hold:

() dQ/dP = cexp((f ndX)T)fﬁr a constant ¢ and an X -integrable n;
(i) Eol(fndX)r]1=0for 0 =0, QF.

PROOF. First note that, by Theorem 3.1, QF exists. To prove sufficiency,
observe that we have, by (i),

— — do —

1(Q,P)= E[log —Q} =logc+ E[(/ ndX) } =logc.
dpP T

On the other hand we get, by the positivity of the relative entropy as well as (i), (ii),

E _ E A @]
1(Q", P)=1(Q aQ)+EQE|:10gdP

> logC+EQE[(/ndX>Ti|

=logc.
It follows that
1(QF,P)>1(0, P),

and we conclude by the uniqueness of QF that O = QF.
As regards necessity, it follows from Theorem 3.1 of Csiszar (1975) that QF is
of the form
dQF

chexpf

with f € V where the closure is taken in L'(QF). By the multidimensional
version of a theorem of Yor [see Stricker (1990), Remark II1.2] we conclude that
f=(/ndX)r for an X-integrable n. O
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It turns out, however, that the sufficiency part of Proposition 3.2 is only of very
limited use, since requirement (ii) usually is hard to verify, because it already
involves Q% . Hence it would be interesting to have a subset of all random variables
(fndX)r such that (ii) holds which could be characterized more explicitly. In
contrast to the criterion given recently in Frittelli [(2000), Theorems 3 and 4], the
sufficient criterion we give in Proposition 3.4 has the advantage that it involves
only the “candidate measure” Q and is thus verifiable in applications; compare the
subsequent sections for examples.

Let us recall a useful martingale inequality [Revuz and Yor (1990), Remark after
Theorem I1.1.7] which implies that a right-continuous positive Q-martingale N
with terminal value N7 € LLogL(Q) is in #;(Q), namely

G.1) E[N:] < Ll(l + E[Nrlogt Nr]).
o=

LEMMA 3.3. Assume there exists Q € M¢(P) with I(Q, P) < oo such that
(3.2) d—f e L(P) foran g > 0.
do
Then

() ]

forall Q € M(P) with [(Q, P)<ooandall [ndX € BMO(Q).

PROOF. Let Q € M°(P) with I(Q, P) < oo be arbitrary with density
process Z2 and denote by Z the density process of our fixed martingale
measure Q. Then we have Z¢ = ZY fora Q-martingale Y (it is the density process
of Q with respect to Q). Since Z, Z2 are positive, Y is positive too and even in

FH1(0):
— _{ 0!l *
ElY;]=E (Z ?) i|
T
< ¢ <1+F[ZQilog+<ZQL)D
T e—1 T7T TZT

¢ 0.+ 72 0 +( 1 )8
< E|Z71 Z E\Z71 =
_8(8_1)<8+8 [ZF log" Z7 ]+ |: 7 log 7

e 0100t 7214 el (LY
fg(e_1)<8+(8+1)E[ZT log ZT]+6E[(7T> })<oo,
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where we have used (3.1), (3.2) and the elementary inequality [see, e.g., Revuz
and Yor (1990), Exercise 11.1.16]

|
alogtb<alogta+ b fora,b >0
e

with a = ZTQ and b = (2)%.
ZT -
By Propositigl 2 of Jeulin and Yor (1979) we have that if U € #,(Q) is positive
and V € BMO(Q), then
E[UrVr]=E[U,VIr].

Hence

o aof(foan) ) <ol fooe) o fr] )

We are now going to show that [Y, [ ndX] is a true Q-martingale. It follows by
integration by parts that

[Y,/ndX]=Y/ndX—/Y_d</ndX> —/(/ndX>_dY.

The last two summands on the right-hand side are local Q-martingales since the
integrands are locally bounded and the integrators are Q-martingales. Concerning
the first summand, note that ¥ [ nd X is alocal Q-martingale if and only if [ ndX
is a local Q-martingale. [/ ndX] is locally bounded, since it is the quadratic
variation of a BMO(Q)-martingale, and the jumps of a BMO-martingale are
uniformly bounded. Hence there exists a localizing sequence (7},), of stopping
times such that, for all n € N,

12
EQ|:</r]/d[X]r])T i|<oo.

By Proposition (2.48)(b) of Jacod (1979) it follows that [ndX is locally
in #(Q). Summing up, we get that [Y, [ndX] is a local O-martingale. By
Fefferman’s inequality it is even a true Q-martingale and we end up, by (3.3),

w(foe) -

This completes the proof. [

From Proposition 3.2 and Lemma 3.3 we now get immediately the following
sufficient criterion:

PROPOSITION 3.4.  Assume there exists Q € M¢(P) with 1(Q, P) < 0o such
that the following hold.:
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(1) j—g € L®(P) foran ¢ > 0;
(i) 9% = cexp((fndX);),
for a constant ¢ and an X -integrable n;
(iii) [ndX € BMO(Q).
Then Q is the minimal entropy martingale measure.
Note in the context of the foregoing proposition that f = (f ndX)7 € Lexp(P),
which follows readily from the John—Nirenberg and Holder inequalities. However,

neither is the criterion necessary nor is f € Lexp(P) in general, as is shown by the
following simple counterexample.

EXAMPLE. Let B be a standard one-dimensional Brownian motion on
(Q,F,P) and let F = F& be the augmented natural filtration of B. Consider
the process X given by

X, =B/ —tAT, 0<t<oo,
where
T = irtlf{Bt =1}
is a stopping time such that
P(t<o0)=1
and
El[r] = oc0.

In this situation we have one unique martingale measure P for X with finite
relative entropy (and therefore it is the minimal entropy martingale measure),

namely
dP 1 1
P exp(B, - Er) = exp(l - 5{)
However, dP/dﬁ ¢ LE(P) for any ¢ > 0:
Elexp(—¢ + 3e7)] > exp(—e + 3¢ E[7]) = co.

Moreover, if we write % = cexp(f), then f ¢ Lexp(P). Otherwise, there would
exist an & > 0 such that

dP \°¢ 1 1 :
EKfr>]=—Eksﬁ§—Ek”]<w.
dP ct

cé
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4. The family of g-optimal martingale measures. In this section, we denote
by X a continuous R?-valued semimartingale with canonical decomposition X =
Xo+ M + A. Here M is a continuous local martingale and A a finite variation
process.

Let ¢, : (—(p — 1), 00) — (0, 00) be the function given by

x /7!
xr—><1+ ) , p>1.
p—1

It is well known that ¢,(x) is increasing in p to expx. Hence we have
log g, (x) < x.

DEFINITION. The g-optimal martingale measure Q9 is the unique solution
of

dQ

4.1 1P

min .
QeM(P) L4(P)

Since LP-spaces are uniformly convex, and M (P) is a closed affine subspace
of L9(P), the g-optimal martingale measure always exists as long as M ;;(P) is
nonempty.

Let us now recall some facts from optimization theory [compare Luenberger
(1969)]. We say that x € L? is aligned to x* € LP if (x,x™) = |xx*||1 =
lx|lza llx* || L» or equivalently if there exists > 0 such that x = y sgn(x*)|x*|P/4,
Let V denote some linear subspace of L”. We set

Mz{xequ(x,f)zo‘v’feV; (x,1)=0}
and
Az{xeLqI(x,f)=0erV; (x,l)zl}.

We assume that A # &. Since LP-spaces are uniformly convex, there exists a
unique solution to

“4.2) min ||x||zq.
xeA

In the next proof we use the following notation: Let U c L4, U* C L”,
Ut ={x*"eL?|(u,x*)=0VueU},
LU* ={x e LY (x,u*) =0 Vu* € U*}.

Moreover, we denote for N C L? with Nwk (resp. Nwk*) the closure of N with
respect to the weak (resp. weak™) topology.
A statement analogous to the following result can be found in Grandits (1999).
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LEMMA 4.1.  xg is a solution of (4.2) if and only if x¢ is aligned to ¢ -1+ f,
where c € R and f € V. Here the closure is taken in LP.

PROOF. Let y € A. As A =y — M it follows that minyey ||x|z¢ =
ming, ey ||y + mlze. Let xo resp. mo denote the solutions, xo = y — mg. We get
by Corollary 5.8.1 of Luenberger (1969) that xq is a solution of (4.2) if and only
if it is aligned to an x* € M~*. Writing N = span(l + V), it remains to check
that M+ = N. This follows since M = - N; hence M+ = (-1 N)L = Nwk*. As
LP-spaces are reflexive, Nwk* = Nwk and, as N is a subspace, hence convex,
Nwk=N. O

From the preceding lemma, we immediately get the following result.

PROPOSITION 4.2.  The q-optimal martingale measure 09 is aligned to
1+ fp/(p—1) foran f, € K, ="V, where the closure is taken in LP (P). That is,
there exists a constant C, such that

dQ(q) f f
43 ——=C I+ =)+ =2
*3) P ”Sgn<+p—1>’ T
Conversely, if there exists an element of M;(P) which is of the form (4.3), then it
is the q-optimal martingale measure.

p—1

A priori, the g-optimal martingale measure is a signed measure. In our case
(X is continuous), however, we have the following result which was mentioned in
Grandits and Krawczyk [(1998), proof of Lemma 4.1]; compare also Theorem 3.1
of Delbaen and Schachermayer (1996b), where it is proved for p = 2.

PROPOSITION 4.3. If X is continuous and M;(P) + &, then Q9 is
equivalent to P.

This fundamental result will be used throughout the whole text without further
reference. It is crucial for the proofs of our results to consider not only the densities
of the g-optimal martingale measures but also their density processes Z(). Let us
therefore recall some definitions and results of Krawczyk (1997).

DEFINITION. Let S < T be a stopping time. A random variable Z € L!(P) is
an Fg-normalized martingale measure if the following hold:

() E[Zf | Fs]=O0forall f e5V;
(i) E[Z| Fs]=1.

Note that our definition differs slightly from that of Krawczyk (1997) since we do
not require that

E[|Z|?| Fs] < oo.
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REMARK. Every equivalent martingale measure Zr induces by Bayes’s
formula the family of Fg-normalized martingale measures (5Z7), where S runs
through all stopping times S < T'.

Whereas Krawczyk (1997) considers an arbitrary linear subspace G of L”(P),
we shall state his results only in the special case G = 5V. To apply his results, let
us notice furthermore that the following hold:

() SV is Fs-invariant; that is, for any A € Fs and each f € SV, we have that
14feSv;

(i) if Mg # &, then 5V satisfies Fs-QNA (“quasi-no-arbitrage”); that is,
A€ Fsand 14 € 5K, imply that P(A) =0.

While (i) is obvious from the definition of SV, (ii) follows immediately from the
fact that SKp CKp:let Q€ M;; then Q(A) =0if 14 € SKp, and, since Q is
equivalent to P, this implies that P(A) = 0. Now let —5 fp be the projection of 1
in L?(P) onto SK,, and let

Sgp=I145F1" 7"

Note that in Krawczyk’s notation, our —5 fp corresponds to his g and our S gp to
his f. By Krawczyk [(1997), Proposition 4.4], we get, as 5'V satisfies F5-QNA,

El%g, | Fs]#0.  P-as:
hence we may put
s3@.__ 8
E[Sgp | ?'S]

Now the following proposition follows immediately from Krawczyk (1997),
Proposition 4.7.

PROPOSITION 4.4.  Let M # &. For each stopping time S < T we have that
the following hold:

() 53D is the density of an Fs-normalized martingale measure;
(i) EN53'19 | F5] < oo;
(iii) if Z is the density of an Fs-normalized martingale measure, then

E[|39)"| 5] < EN1Z)7 | Fs);
(iv) there exists an Fs-measurable C, g such that
~ p—1
30 =Cps|1+5F"
v) S f~p solves the minimization problem

min E[|1+ f|? | Fs].
feSK,
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PROOF. It only remains to show (v). We have, by (i),
E[S3901 4+ f)|Fs]=1  forall f € K.
The conditional Holder inequality yields
E-VA[P39D1 | 7] < EVPLIL+ £17 | Fsl.
By formula (4.4) of Krawczyk (1997) we get
EVP[L+ 27,7 | 5] = EZVI[)P 3|7 | 7).

This completes the proof. [J

REMARK. By the uniqueness of Q(9, it follows easily that 33(q)2§q) = Z(Tq),
provided that MZ(P) # &; hence Szg?) is a version of SB(Q).

Let us now state the main result about the closedness of the spaces G‘; in
L?(P), which was obtained by Grandits and Krawczyk (1998).
THEOREM 4.5. Let X be continuous. Then the following are equivalent:

@) MZ(P) #* & and G‘lTj is closed in LP(P);
(1) the density process of some Q € M;(P) satisfies Ry (P);
(iii) the g-optimal martingale measure Q9 is in M;(P) and its density
process Z'D satisfies R, (P).

Let us formulate another equivalent assertion involving the Rpj,er-condition,
after the following preparatory result.

LEMMA 4.6. If the density process ZE of the minimal entropy martingale
measure QF satisfies Rppoqr(P), then it also satisfies condition (S).

PROOF. It follows from Proposition 3.2 that

ZE :cexp((/ndX)T>,

where ([ ndX)r is in the L! (QF)-closure of V. Therefore we get by Remark I11.2
of Stricker (1990) that

Z = exp EQE[log Z% | 1

o ([ 1) )
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As X is continuous, it follows that Z is continuous too. By Jensen’s inequality and
the Bayes formula,

ZElog 2k = E[ZE | Fs1log(E[ZE | £5))
< E[ZE10g 2% | F5]
= Z§Eellog Zf | Fs]
= Zf log Zs:
hence
(4.4) zE < Zs.

On the other hand, as xlogx < xlog™ x, Ry10g1.(P) implies that there exists C
such that

ZE
E| Sk ogzf —10p28)| 75| <.
S

and thus we get
ZElogZs = E[ZE 10g ZE | %)
<CZE + E[ZE10g ZE | F5]
= ZE(C +1log ZE),
and therefore
(4.5) Zs<e“ZE.
As Z is continuous, (4.4) together with (4.5) implies that Z E gatisfies condi-
tion (5). O
Now we can formulate the following.
PROPOSITION 4.7. The following assertions are equivalent (X is assumed to
be continuous):

(1) there exists g > 1 such that MZ(P) %+ & and G’} is closed in LP (P);
(1) the density process yAY of some Q € M;(P) satisfies Rppogr(P);

(iii) the density process ZF of the minimal entropy martingale measure satisfies
RrrogL(P).

PROOF. (i) = (ii). This follows by Theorem 4.1 of Grandits and Krawczyk
(1998) and the fact that R, (P) implies Ryzoe1.(P).
(ii) = (iii). This is a consequence of Lemma 4 of Delbaen et al. (2000).
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(iii) = (i). Since by the preceding lemma Ry;,¢. (P) implies that Z E satisfies
condition (S), by Lemma 2.2 it also satisfies R;(P) for a ¢ > 1. Hence the
statement follows again by Theorem 4.1 of Grandits and Krawczyk (1998). U

Let us now impose the following.

STANDING ASSUMPTIONS. For the continuous semimartingale X, there
exists some Q € M;O(P) for a gg > 1, and the density process of Q satisfies
RprogL(P).

These assumptions are sufficient to derive the Ryj,er (P )-inequality uniformly
for the whole family of g-optimal martingale measures.

LEMMA 4.8. Under the standing assumptions,

sup supE[SZ(Tq) log™ SZ,}‘” | Fs] < C.
q9=q0 S

PROOF. Recall the formula for $ Z(Tq) in Proposition 4.4 and let $ fp =

(p — 1) f,. Thus

Sfp
p—1

p—1
SZ(Tq)Zvas(l-i- ) =vas(pp(sfp)>0.

Since xlogt x < 1/e + xlogx for x > 0 and logg,(x) <x forx > —(p—1), we
get, together with the fact that $ fp>—(p—1) since Z(Tq) > 0,

sup SUPE[‘/’P(SfP) 10g+ ‘PP(Sfp) | }VS]
p=zpo S

1
< —+ sup sup E[p,(° f,) logop (° f) | F5]
€ p=po S

1
< —+ sup sup E[e,(* £,)5 f» | Fs]
€ p=po S

1 1 @)
=—+ sup sup—E[SZY? Sfplfs]
e p>po s Cp,sS

1
"
It remains to show that

(4.6) sup supCp g < C.
q=qo S



1022 P. GRANDITS AND T. RHEINLANDER
Since SZ(TQ) is the density of an Fg-normalized martingale measure and p — 1 =
p/q.q9 —1=q/p, we get

02 5 oo 5 1)

S p—1 S
_ -1 o fp }
= (Cps)f E[Cp,s<1+p ) <1+p_1)\5t5

—1
_ (CP’S)!I—IE[ (q)(l + f 1) ’ NS]
— (CP’S)Q/P_
Hence we have the representation
@.7) Cp.s = EP[(5Z7")"| Fs).
Let

1(qo) ={q |[lpo—11<p=<I[po—11+1}.

Here [x] denotes the integral part of x.
By Proposition 4.4(iii) and by the conditional Jensen inequality as well as the
reverse Holder inequality R, (P) we get, for g < qo,

[ z) | 7] < V2" | #5]
< EV0[(Z5”)" | £5]
< C,
where C is independent of ¢ and S. Combining this with (4.7), it follows that

sup supC, s <C.
qgel(qo) S

Now let g2 < g1 be such that p) = p;1 + 1, where 1/p; +1/q; =1fori =1,2. By
Proposition 4.4(i) and (v), we get

- -1
(C )—1 —E 14+ S“fi " "’}TS
p3 L p1—1

:E_<1+ plff11> ‘375]

<ef (14 52)" 1)

=(Cprs)
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hence
Cp,s <Cp,.s.
Therefore our claim (4.6) is proved. [
COROLLARY 4.9. Under our standing assumptions, for every sequence (q,)n
with q, | 1 we can extract a subsequence, still denoted by (q,),, such that there

exists a signed martingale measure with density Zt (which a priori may depend
on the chosen sequence) with

lim Z(Tq”) =Zr weakly in LI(P).

gn—1

PROOF. As the family (Z(Tq))q>1 is uniformly integrable by the preceding
lemma, the statement follows from the Dunford—Pettis compactness criterion. [

REMARK. We do not need the reverse Holder inequality in order to derive
this corollary. To see this, it suffices to go through the proof of Lemma 4.8 in the
special case where S = 0.

LEMMA 4.10.  Under the standing assumptions, the Z4) satisfy condition (S)
uniformly in q.

PROOF. It was proved in Grandits and Krawczyk [(1998), Lemma 4.2] that the
density process Z @) of Q@ g =< qo, satisfies condition (§) with constant (R, )” /q,
where

(q)
Ry = Sl;P”E[(SZI? )q | ?S]||LW(P)‘

It follows by (4.7) and (4.6) that

sup (Rq)p/q = sup supSCp <C;
q9=q0 q9=q0 S

hence the statement is proved. [J
Next we need to derive bounds on the $ fp-

LEMMA 4.11. Under our standing assumptions we have

sup sup E[(Sf;)r |Fs]<C=C(r)  foreachr > py.
p=r+1 §
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PROOF. As ¢, (x) is increasing in p for x > 0, we get (p — 1 >r > po)
S [ Sf '

< el <1+ Sf”) ]r]
= E|Lsy,20 s

- N
<ol (12}
— Sf
_ P -
=]+ 75) 1]
where the third inequality follows from the positivity of the S Z(q) and the last two

lines follow from Proposition 4.4 and the fact that 0 € $'V. Note that these last two
lines can be written alternatively as

(4.8) (Cprs) ' <1

This completes the proof. [J

While the L”-bounds on the positive parts of the § fp have been derived by
elementary arguments, we need arguments from BMO-theory in obtaining bounds
for the negative parts.

LEMMA 4.12. Under our standing assumptions, there exists o > 0, indepen-
dent of p, such that

sup sup E[exp(e® f, ) | Fs] < C.
pzpo S

PROOF.  Since ¢,(x) <exp(x) forx > —(p — 1) and

‘Pp( fp) = (Cp s)~ ISZ(Q)

we have
;< [10g((Cp0071525")|
As1<C,s<Cby48)and (4.6), we get
Sty <logC +[10g(* ).

Since Z@ > 0 there exists a local P-martingale M@ such that 2@ = &M D).
By the proof of Lemma 4.10, the Z?) satisfy condition (S) uniformly in g.
Therefore we get by (2.2) and the John—Nirenberg inequalities [cf. Kazamaki
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(1994), Theorems 2.1, 2.2, where they are stated in the continuous case together
with his remarks that they are also true in general] that

(q) -~
anefo(oo(*2)) | )]
< sgp E[exp(oz|M§q> — ng) — J(IM DYy — [ MD]5))) | Fs]
< sup E'[exp(2a|My? — M) | F5]

x E'2[exp(2aj(IM ‘D1 — [MD]5)) | Fs]
<2

provided that

. 1 1 )
o < min ,— .
< 161lM D gyo, Py 45 IM D Fyr0,p)
Since the BMO- and the BMO;-norms are equivalent, the lemma will be proved if

4.9) sup ”M(q)HBMoz(P) < 00.
q=490

To show this, we recall that the Z @) satisfy Ryj0gr.(P) and condition (S) uniformly
in q. Claim (4.9) then follows by Lemma 2.2. [J

It follows from Lemmas 4.11 and 4.12 that
(4.10) (fp) p=r+1 is bounded in L"(P) for every r > po.

LEMMA 4.13. Under our standing assumptions, for every sequence (py)n
with p, — oo there exists a measurable f such that
4.11) lim f, =f in probability.

Pn—>00

PROOF. We argue by contradiction: Suppose that (f,,), does not converge
in probability. Then there exists § > 0 such that for all M > O there exists a
subsequence, still denoted by ( f},)x, such that, with ry,,, :== f},, — f},,,» we have
(4.12) P(|rym| > 8) > 48
for all n,m > M. According to (4.10), we have

(4.13) J = sup || fp,llL2py < 00.

Pm=3

By Chebyshev’s inequality, together with (4.13), we can find K = K (3, J) large
enough that

1 5
(4.14) P(efl’m < E) = P(—fp, =1logK) < 7
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Combining (4.12) and (4.14), we find that
P(efl’mlrnml > i) > P(efl’m > i, [7m| > 8) > é
K K 2
Therefore, setting y := %min(%, %), we get
(4.15) P(efrm|rym| > 2y) > 2y.

Since (fp,)n 18 uniformly integrable by (4.13), it follows that
(4.16) lim P(|fp,|>L)=0
L—o0

uniformly in . Define

F=To,m,L):={fp,| =L} {lfp,| =L}
We can find by (4.15) and (4.16) an L sufficiently large that we have for all n, m
large enough

4.17) PT)>1-vy,

(4.18) P(re/miryml > y) > y.

Consider now

oo\ 1)
8nm = (1 + p bn 1) ram =C,, Z7" rum.
n

As by Lemmas 4.8, 4.10 and 2.2,
(4.19) (Z(Tq"))n is bounded in L*(P) fora pu > 1,

(C;nl)n is bounded by (4.8) and ( f,) p,>r+1 is bounded in L" (P) for every r > pg
by (4.10), we conclude that (g, )n.m is uniformly integrable. Furthermore, the g,
have zero expectation for n,m large enough because, for all n, Q@) e M, (P)
by (4.19) and, with 1’ conjugate to i, rpm = fp, — fp, is in K, for n, m large
enough.

Hence we can find for every ¢ > 0 a possibly even larger L = L(g) such
that (4.17) and (4.18) are still true and we have for all n, m large enough

‘/gnmdP{ VgnmdP fgnmdP‘

(4'20) = /l"f |gnm|dP
£
< —.
2
Since

4.21) <1+ a )n_1—>ex
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uniformly on [—L, +L], it follows from the definition of g,,, and (4.20) that there
exists M = M (g, L) such that for all n, m > M we have additionally to (4.12) that

(4.22) / elrnrp, dPr <e,
r
(4.23) / efom Tnm dP{ <eg;
r
hence
(4.24) ‘ / Fme P (1 — e’"'”)dPr <2e.
r

Moreover we get for all m > M, using (4.21) and (4.8),

f pm—1 )
(o) =)<
Pm -1
pm—1 pm—1
Elr(l—FM) <E <1+M) <1

(4.25) t(n,m) = E[1p efrm] < 2.

hence

Moreover, for every given e, t(n,m) is uniformly bounded away from zero
by (4.17) and the definition of I'. Therefore, we will henceforth just write t,
suppressing the dependence on n, m. Let us now fix m > M and define
a probability measure Q = Q(n, m) by

dQ 1pelm
P~ t

By (4.18), we get
o [ IrnldQ = [ 1remiruldp
> VP(IFefpm [7m| > V)
> y?

for all n large enough. As by the definition of I', the (r,,,), are bounded in L'(0)
by 2L, we thus may find a finite ’ > y2 > 0 such that, after further extracting
a subsequence still denoted by (r,;,),, we have

T/|rnm|dQ_> 77/'
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Hence, for all n large enough,

r/ [ram|d Q € [, 1+ €]
where n = y2 V (n" — €/2). On the other hand, by (4.23),

T

/rnmdQ’ <&.

We now closely follow the argument in the proof of Grandits (1999), Lemma 3.4.
For n large enough, we have (with r =r;,,)

r/|r|dQe[n,n+e],

/rdQ’ < &.
By writing r T = %(Irl +r),r = %(|r| —r) we get
+d c ;8 Q :|
T/r o [ > ,2+8 ,
- n—en
d —_— = .
r/r (OR< [ 372 +8:|
Jensen’s inequality now yields

/errszfeﬁrerQ—/e_rir_dQ

2exp(/r+dQ>/r+dQ—/e_r_r_dQ

> e(n—s)/zr<’7 - 8) _nt2e
- 2T 2T

T

7’[2

= PR

~ 872
where the last line follows by using ¢* > 1 4+ x and ¢ < t. Hence we get, using
(4.25), that

'/l;ef]?m'i‘rnmrnmdp:I/ernnlrnmdQ

(4.26) >z
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Let us write

a= / elrmr,m dP,
r

b= / efom*rnmy qp.
r
By (4.23) and (4.26) as well as (4.24), we have with k = )1/—2, k independent of ¢,
that, for all ¢ > 0,

la] < e, |b| > K, la — b| < 2e.
By choosing & small enough, we get a contradiction. [J
COROLLARY 4.14. Under our standing assumptions, for every sequence

(pn)n with p, — 00 we can extract a subsequence, still denoted by (p,)n, such
that there exists

(4.27) fe() kK,
r>1
with
. _ _ . r
(4.28) pgl_r)noo fon =1, P-a.s.andin L" (P)

foreveryr > 1.

PROOF. The statement about P-a.s. convergence follows from the preceding
lemma. As by (4.10) the family (f,) p>+1 is bounded in L" (P) for every r > py,
the convergence holds by uniform integrability in L"(P) for every r > po (and
hence for every r > 1) as well. Finally, as f), € K, for all p large enough and the
spaces K, are closed in L" (P) by definition, we have f € (>, K,. [

Let us now state the main result of this section. We recall that f), = 0 fp and
Cp,=Cppo.

THEOREM 4.15. Under our standing assumptions,

lim Q¥ = Qf in entropy,
g—1
where QF is the minimal entropy martingale measure.

PROOF. Since (f,), converges P-a.s., at least along a subsequence, and
¢p(x) 1 e*, we get that for every pair of sequences (g,)n, (Pn)n With g, — 1 and
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such that 1/p, 4+ 1/g, = 1 we can extract subsequences, still denoted by (gy)»,
(pn)n, such that, with Z7 from Corollary 4.9, we have
: (gn) _ :
(4.29) w71 = T Cr i)
=cexp(f)=Zr, P-as.,
where ¢ = lim,, .o, Cp, is, by (4.8) and (4.6), a positive finite constant and
f=lm,, . fp,, P-as.

By Lemma 4.8, the family (Z(Tq))q is uniformly integrable; hence the conver-
gence in (4.29) is in L'(P) too. Let us denote by O € M(P) the martingale
measure with density Z7. As the density processes Z @) satisfy Rpjogr.(P) by
Lemma 4.8 uniformly in g, we conclude by the conditional version of Fatou’s
lemma that the density process Z of Q satisfies RirogL(P).

Now let M denote the stochastic logarithm of Z, that is, Z = &(M), and
let E denote expectation with respect to Q. As by Doob’s maximal inequality
the convergence in (4.29) actually is uniform in probability, it follows from
Lemma 4.10 that Z satisfies condition (S). We then get from Lemma 2.2 that
M € BMO(P) and that Z satisfies the reverse Holder inequality R; . (P) for some
& > 0; hence

o
(4.30) d—g e L'*¢(p) for some ¢ > 0.

Moreover, by Proposition 5 of Doléans-Dade and Meyer (1979), Z satisfies the
Muckenhoupt condition Ag(P) for some s > 1. It follows that

dpP
4.31) — e L%(P) for some ¢ > 0.
dQ

From (4.28) and (4.30), we get by Holder’s inequality that
lim f,,=f inL'(Q).

pn_>oo

As fp, is for p, large enough in the L'(Q)-closure of V by (4.30), this is true
for f too. By Remark II1.2 of Stricker (1990) we conclude that

(4.32) f= (/ ndX>T

for an X-integrable n such that [ nd X is a uniformly integrable Q-martingale. We
want to show next that [ ndX € BMO(Q). As [compare (2.3) for the notation M|

etexp( ([ nax) ) =7 =€),

we get by the formula for the stochastic exponential

—</ndX) =logc+F[ﬁT - %[ﬁ]? +Ur |JT:]
t
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where

As M € BMO(P), by Proposition 6 of Doléans-Dade and Meyer (1979), ﬁ €
BMO(Q). Therefore, we get for each stopping time S < T that

. T
EH/ Ttht
S

I=E[|Mr — Ms|| 5]

]?s} <I4 104111,

where

ff[‘MT _MS—H:’FS] + ’Aﬁsy <C

uniformly since ﬁ is a BMO(Q)-martingale (and has therefore uniformly bounded
jumps);

o~ E[[M1 | 75]|| 7]

r — E[[M; — [M]5| #5] - (M]3 | 5]
<E[[M]; ~ [M]5| #5] < €

uniformly since ﬁ, and hence ﬁc too, is a BMO(Q)-martingale;

Il = E[|Ur — E[Ur | Fs]|| Fs]

ng{ 3 {(AM, —log(1 +Aﬁt)}\5fs}
S<t<T

ngf[ 3 (Aﬁtﬂ?s}
S<t<T
<2JE[[M]y - [M]] 5]
<C

= =d —
uniformly since M, and hence M  too, is a BMO(Q)-martingale. Note that for the

second inequality we have used condition (S) for M as in (2.2). Summing up, we

have shown that
. T
sup EH/ ndX; ’375}
N

S<T

< Q.
Loo(P)
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It follows by the continuity of X that

4.33) / ndX € BMO(Q).

O has finite relative entropy with respect to P since its density process satisfies
Rp10g1(P). Hence we conclude by (4.31), (4.32), (4.33) and Proposition 3.4 that [9)
is the minimal entropy martingale measure. We shall now show that the Q@
converge to Q in entropy: we have, since f € ), K, by (4.27), that E [Z(Tq”) f1=0.
Therefore,

I(Q(‘]n), @) — E[Z;f]n) log Z;f]n)] _ E[Z;‘In) log(fT)]
= log Cpn + CPnE[(an (fpn) log (ppn (fpn)] - logc‘

Since —1/e < xlogx for x > 0 and log ¢, (x) < x for x > —(p — 1), we get

1
_; S E[(ppn (fpn) log (ppn (fpn)]

< E[(Pp,,(fpn)fp,,]
=0.

The nonnegativity of the relative entropy together with C;,, — ¢ now implies that
actually

Pr}l—l;noo E[(ppn (fpn) log (ppn (fpy,)] == 07

hence

lim 1(Q9, Q) =0.

qdn—>

Finally, as the minimal entropy martingale measure is unique, every subsequence
(QUn)), has the same limit Q and we end up with

lim 1(QP, Q) =0. O
q—)

EXAMPLE. We consider in this example a class of diffusion models where
we have an additional random factor influencing the coefficients of the diffusion,
which is independent of the driving Brownian motion. By a conditioning argument,
we derive explicit formulae for the various optimal martingale measures studied in
this paper.

Let @ = C[0, T] x D[O, T]. For w = (wo, y) let W;(w) = wo(?) and Y;(w) =
y(¢) denote the coordinate processes. We set ' = FY x FY and P = Py ® Py,
where Py is the Wiener measure and Py denotes the distribution of Y. Moreover,
for each y € D[0,T] we denote by P, the regular conditional probability
given Y = y.
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Consider then the stochastic differential equation
(4.34) dX;,=pt,Y)X;dt+o(t,Y)X; dW;,

where u, o : Ry x D[0, T]— R are such that for each y € D[0, T'] the processes
u(t, y(t)) and o (¢, y(t)) are adapted and have left continuous paths with right
limits. Moreover, we assume that

(e, )| < C(y) V(t,y) e Ry x D[O, T],
O<c(y)<lo(, y)=<=C(y) V(t,y)eRy x D[0,T],

where c(y), C(y) are positive finite constants. Hence a strong solution of (4.34)
exists; in fact, it is given by

X,:S(/adW—i—/uds)t.

Here Y is thought to model an additional random source which is independent of
the driving Brownian motion W.
Let M= [oXdW and A = ﬁ so that we get X = M + [ A d[M]. Let us set

Y = F the o -algebra containing all information about Y. We have that
12
K =/A2d[M] = / —zdt is Y-measurable,
o

and this allows us to derive explicit formulae for various optimal martingale
measures under the assumption that

(4.35) /AdM = / g dW € BMO(P).

This is, for example, satisfied if K = [/ AdM] is uniformly bounded, which is
a common assumption in applications to mathematical finance. By Theorem 2.3 of
Kazamaki (1994) and Girsanov’s theorem,

Zr ::8(—/de)T

is the density of an equivalent martingale measure and the density process Z
satisfies, by Doléans-Dade and Meyer [(1979), Proposition 6], a reverse Holder
inequality Ry, (P) for a go > 1. Moreover,

(4.36)  the spaces G% are closed in LP(P) for p > po, 1/po+1/q0 =1,

by Theorem 4.1 of Grandits and Krawczyk (1998). Furthermore, we can infer
from Theorem 3.1 of Grandits and Krawczyk (1998) that ®” = L”(M). We get,
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withr=1/(p — 1),

Zr:é’(—/de)r
=8(—/kdX)rexp(r[()
:8(—r/AdX> exp(L(1+r)rK);
hence
~1
4.37) ewn(-5(0 +ﬁ)K>Z=8<_ﬁ de>p

~(1+ [0,ax)"

for some X-integrable 1#,. We are now going to show that, for p > py,
(4.38) ¥, € OF.

By the weighted Burkholder—Davis—Gundy inequality [see Choulli, Krawczyk and
Stricker (1997) for a recent treatment], the fact that p — 1 = p/q together with the

estimate
( q<1+ ! )K )<1
exp|l —= —_—
p 5 -1 T)=

and the (ordinary) Doob inequality, it follows for p > pg that

()Tl
sce|(([ona),) |

<C(E[(z"1]+1)
<C(E[Z1]+1)
<oo  forg <qo:
hence ¥, € L (M) = ©F. Now let, for g < qo,
75?) =C) exp(—l(l + ;>KT)ZT,
2 p—1
—(q)

where C), is a normalizing constant such that E[Z; "] = 1. Let us now show

that 75?) gives the density of a martingale measure; by (4.37), (4.38) and
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Proposition 4.2 we then conclude that 7(Tq) is the density Z(Tq)of the g-optimal

martingale measure. The idea is to make use of the independence between W and Y
by conditioning on Y. Let us first collect some facts.
ForAe 7 and f € LUQ, Fr, P) we set

Ay ={wo | (wo, y) € A},
(@) = f(wo, ).

Furthermore, for a process U we define U?Y via (U”); = (U;)”.

REMARK (i). Let S be an F-stopping time. Then S¥ is an FW -stopping time
for every y.

PROOF. As{S<t}e ¥, 1tel0,T], we getby Fubini {§¥ <t} ={S <1}, €
FV. O

REMARK (ii). If S is an F-stopping time and h € L*(Fs, P), then hY €
£°°(?S‘§/, P,) for every y.

PROOF. Forevery A € Fgandeveryt €[0,T] wehave AN{S <t} e ¥; and
therefore Ay N {§Y <t} =(AN{S=<t}), € };W‘ Therefore the statement is true
for indicator functions, and a monotone class argument yields the result. []

REMARK (iii). If r — 9 (t, y) is left continuous with right limits for each y,

then
y
</z?dW> :/ﬁww.

PROOF. The statement follows by (i) and (ii) for elementary stochastic
integrals with respect to W. So it remains to approximate ([ 9 dW),,0 <t <T,
in probability by elementary stochastic integrals and to use the fact that f, — f
in probability implies f; — f” in probability by passing over to almost surely
convergent subsequences. [J

Now since both Z and X can be written as stochastic exponentials of — [ £ dW

and [ udt+ [ o dW,respectively, we get from (iii) that Z% is the density of a mar-
tingale measure for the solution of (4.34) with Y = y. Therefore £ [Z; fY]1=0 for
each y and each f € V; hence, by independence of W and Y,

ElZrf1Yl=0 for each f € V.

Therefore, as K is Y-measurable, we get, for all f € V,

EZ 1= Eexo(—5 (1 + -2 ) ke ) E1ze £ 191 =0
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hence 7(Tq) is indeed the density Z(Tq ) of the g-optimal martingale measure.
It follows by monotone convergence that

lim C;lZ(Tq) =exp(—3K7)Zr = exp(—(/kdX) ) in L'(P).
g—1 T

Hence, with
1

cwefen( (200 )]

we get from (4.36), Theorem 4.15 and the fact that convergence in entropy
implies Ll-convergence of the densities that cexp(—(/AdX)r) is the density
of the minimal entropy martingale measure. Note that this expression is in
general different from the density &(— [AdM)r of the minimal martingale
measure P which minimizes the reverse relative entropy I(P, Q) over all
equivalent martingale measures Q; compare Schweizer (1999a).

APPENDIX

The following considerations are in principle well known but are not stated
elsewhere explicitly in this form.

We work in the setting as stated just before Lemma 2.2. Note that if Z satisfies
condition (S) with constant s, then there exist §, C > 0 such that

(A.1) —1+8<AM<C

(one might choose § = 1/s, C =s — 1) and vice versa. To be consistent with
the notation in Kazamaki (1979), in this Appendix C does not denote a generic
constant. We henceforth assume that M (resp. M ) satisfies (A.1) and that Z, Z
satisfy condition (S) with constant s. In Doléans-Dade and Meyer [(1979),
Propositions 5, 6] it was proved that then the following assertions are equivalent:

(i) M € BMO(Q);

(i1) Z satisfies A,(Q) for some r > 1;
(iii) Z satisfies R,(Q) for some p > 1;
(iv) Z satisfies A, (P) for some g > 1;
(v) Z satisfies R,/ (P) for some r’ > 1;
(vi) M € BMO(P).

Let ||]T/f lBMO,(0) < L. It was also proved, but not stated, that one can choose
the corresponding constants in the implications (i) = (vi) in such a way that they
only depend on L and s. By symmetry, an analogous statement is then true for
the other direction as well. Readers are asked to go to the proofs in Doléans-Dade
and Meyer (1979) and Kazamaki (1979, 1994) for themselves, as we only give
a guideline how to verify this claim.
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(i) = (ii). Here we follow the proof of the theorem in Kazamaki (1979). He
introduces m = m(§) such that m > max(1/§,2) and defines for an « € (0, 1)
certain functions x,, y, which only depend on m and «; moreover one has
Xg = —1+ % and y, — oo as o — 0. We modify Kazamaki’s proof slightly
by choosing « € (0, 1) such that x, < —1+6, yo, > L and @ < 2/(mL2); this is
possible by the foregoing and moreover it implies Kazamaki’s requirement for «.
He then shows that 8(3/[\ 4y satisfies A, (Q) for ri =1+ 2/a where one can take
as constant (1 — maL?/2)~1/2. Moreover, as ||M\C||BM02(Q) < ||1\7||BM02(Q), it
follows from Kazamaki [(1994), proof of Theorem 2.4, (a) = (b)] that if r; is
large enough that L < ﬁ(ﬁ — 1), then 8(3/[\ ¢) satisfies A,,(Q) with constant
2WtD/V2 Ag 8(3/1\) = E(M\C)E(M\d) we conclude by Holder’s inequality that
8(5/1\) satisfies A,(Q) for some r > 1 large enough with some constant which
depends only on § (hence s) and L.

(i) = (iii). Let & (M\) satisfy A,(Q) with some constant which we write as
K= We now follow the arguments in the proof of Lemma 3 in Kazamaki
(1979). He introduces a = 2" K, by k =2(1 + C)8a1+8/(1 + ¢) and chooses € > 0
such that b, ¢ < 1. Then it is shown that 8(5/1\) satisfies R!'T¢(Q) with constant
Cex =B —bek)/(1 —bg k); hence C, x depends only on §, C and L.

(iii) = (iv). Obvious.

(iv) = (vi). It is shown in Doléans-Dade and Meyer [(1979), Proposition 6A]
that if Z satisfies A, (P) for some g > 1 with constant K [and condition (S)] then
|MllBmo,py < /(¢ —1)/j -2log K + C, where j is a positive constant less than
or equal to 1/2 which depends only on s.

(iv) = (v). The proof is analogous to (ii) = (iii).

Therefore, the claim was indeed implicitly proved in the 1970s.
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