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We present a general method to construct m-symmetric diffusion
processes (X, P,) on any given locally compact metric space (X, d)
equipped with a Radon measure m. These processes are associated with
local regular Dirichlet forms which are obtained as I'-limits of approxi-
mating nonlocal Dirichlet forms. This general method works without any
restrictions on (X, d, m) and yields processes which are well defined for
quasi every starting point.

The second main topic of this paper is to formulate and exploit the
so-called Measure Contraction Property. This is a condition on the original
data (X, d, m) which can be regarded as a generalization of curvature
bounds on the metric space (X, d). It is a bound for distortions of the
measure m under contractions of the state space X along suitable
geodesics (or quasi geodesics) w.r.t. the metric d. In the case of Rieman-
nian manifolds, this condition is always satisfied. Several other examples
will be discussed, including uniformly elliptic operators, operators with
weights, certain subelliptic operators, manifolds with boundaries or cor-
ners and glueing together of manifolds.

The Measure Contraction Property implies (upper and lower) Gaussian
estimates for the heat kernel and a Harnack inequality for the associated
harmonic functions. Therefore, the above-mentioned diffusion processes
are strong Feller processes and are well defined for every starting point.

1. Introduction.

1.A. The idea. How to construct a diffusion process (e.g., some kind of
Brownian motion) on a metric space (X, d)? It is well known that one can do
a lot of geometry on X just using the metric structure d. However, in order to
do stochastics or analysis on X, one additionally has to fix a speed or
reference measure m on X.

Then the idea is quite easy. Think of Brownian motion on R" or on an
n-dimensional Riemannian manifold (X, g). It is the unique strong Feller
process which is associated to the Dirichlet form

(1.1) E(u,u) = 3 [ IVul*(x)m (dx)
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with core Cj(X). Here the reference measure m is just the Riemannian
volume measure.

In the general case, we will try to construct a Dirichlet form E with core
Cs'P(X) which is analogous to the form (1.1). For this purpose, we have to
look for a replacement for the square of the gradient of a function u € C3(X).
Recall that on any Riemannian manifold,

) o 1 u(z) —u(x) 2
R T e N e e BT

for u € C3(X). This leads to the following definition in the general case:

. 1 u(z) —u(x) J°
E"(u,u) = E[xN(X)fo(x)[W}

o m(dz) m( dx)
Ym(B.(2)) Vm(B.(x))

(1.3)

for u € C{'P(X) and
(1.4) E=limE".
r—-0
The function N can be any normalization function. It plays the role of the
dimension, that is, N(x) is the local dimension at x € X.

1.B. The general approach. A crucial observation is that the pointwise
limit of these forms E" for r — 0, in general, does not yield a reasonable
object. However, there is an appropriate notion of variational convergence,
called T-convergence. A sequence (E "), is called T'-convergent if

lim liminf inf E'(v,v) = lim limsup inf E"™(v,v)
o

a—>0 n-ow velL? 0 now velL?
lu-vi<a lu-vi<a

for all u € L2(X, m). The point is, that without any assumption on (X, d, m)
there always exist sequences (r,), (with lim___ r, = 0) such that the se-
guences (E'), are TI'-convergent. Each such T-limit E defines a Dirichlet
form on L?(X, m). Assuming that the state space X is locally compact, this
Dirichlet form is strongly local and regular with core C'P(X). Therefore, for
each of these limit forms there exists an m-symmetric diffusion process on X.
This is a Hunt process with continuous paths. Its lifetime in X can be finite,
but there is no Killing inside of X. This diffusion process is defined uniquely
for quasi every starting point x € X.

In general, the family {E", r > 0} may have several I'-limits for r — 0.
Concerning the above constructions, there arise several important questions.

1. When is I-liminf,_ , E" = I'-limsup, _, , E', or in other words, when does
the I-limit E° = I'-lim, _, , E" exist?

2. When does the pointwise limit lim, _, , E"(u, u) exist [for sufficiently many
u € L2(X, m)] and when does it coincide with E°(u, u)?

3. When does E° define a diffusion process uniquely for every starting point
x € X and when is this process a strong Feller process?
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1.C. The measure contraction property. An affirmative answer to the
above questions can be given if (X, d, m) satisfies the so called Measure
Contraction Property (MCP). Let us describe this property in the easiest case.

Assume for simplicity that (X, d) is a geodesic space. This means that for
any two points x, y € X there exists an arc ®(x, y): [0,1] = X, t =» ®,(x, y)
of length d(x, y) with ®,(x, y) = x and ®,(x, y) = y. Moreover, assume that
®: X2 - X1 js measurable [i.e., geodesics ®(x, y) joining x and y can be
chosen in such a way that they depend in a measurable way on x and y]. For
fixed x € X and t € [0,1], the map ®,(x,-): X = X, y = ®(x, y) is a con-
traction of the state space towards the center x in the sense that
d(x, ®,(x, y) = td(x, y) for all y € X. In particular, for each r — 0, the ball
B, (x) will be mapped onto the ball B, (x). However, if a ball A = B,(y) is not
centered at x, then its image ®,(x, A) is in general no longer a ball. It may be
distorted drastically. In the extreme case, it could be an arc of length 2tr. The
Measure Contraction Property is a very weak control for such distortions. It
states that on any compact set Y c X,

m(A) _ m(®(x, A)
m(B,(x)) ~ m(By(x))

for all A cB,(x) CY. The LHS of (1.5) measures the proportion of A in
B,(x), whereas the RHS measures the proportion of the image of A in the
image of B,(x).

Actually, we will consider two versions (a weak and a strong one) of this
MCP and often it is only required to hold locally on X\ Z where Z is an
“exceptional” set of measure 0.

(1.5)

1.D. The examples. If (X, g) is a smooth Riemannian manifold and if d
and m are the Riemannian distance and the Riemannian volume, respec-
tively, then (X, d, m) always satisfies the Measure Contraction Property.
This is a consequence of the Bishop volume comparison theorem which
implies that if the Ricci curvature on B.(x) is bounded from below by
—(n — 1)k then

m(A) _ m(e(x, A))

(1.6) rS.(r) = trS, (tr)

for all A c B,(x) with S _(r) being the area of the sphere of radius r in the
space of constant sectional curvature —k and of the fact that (by the Bishop
and Bishop—-Gunther volume comparison theorems) m(B,(x))/(rS (r)) —
1/n (locally uniformly in x) for r — 0.

Further examples for metric measured spaces (X, d, m) with the MCP are
given by manifolds with boundaries or corners and by glueing together of
manifolds (where the components could have different dimensions). The MCP
also holds true if d is defined by an uniformly elliptic operator on X = R"
and even if d is derived from certain degenerate elliptic operators like the
Grushin operator.
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1.E. The results. The Measure Contraction Property (say, for simplicity,
in its strong version) for the metric measured space (X, d, m) entails several
important properties for the possible limits of the approximating Dirichlet
forms E".

1. For each u € CHP(X) the I-limit E°(u, u) = I-lim, _,
the pointwise limit lim,_ ; E"(u, u) exist and coincide;

2. The closure (E, F) of (E°, CF'P(X)) is a strongly local, regular Dirichlet
form;

3. The associated diffusion process (X,, P,) is a strong Feller process (which
is defined uniquely for every starting point x € X);

4. The corresponding heat kernel is Holder continuous and admits upper and
lower Gaussian estimates;

5. The intrinsic metric associated with (E, F) on X is locally equivalent to
the original metric d.

E"(u, u) as well as

All these results hold true with any normalization function N € L7, (X, m)
satisfying N > 1. An additional condition on (X, d, m) provides a canonical

candidate for N. With this choice, the intrinsic metric really coincides with d.

1.F. The proceeding. In Section 2, we summarize some basic facts on
length spaces, Dirichlet forms (including convergence questions) and diffu-
sion processes.

The goal of Section 3 is to present a general recipe for constructing
Dirichlet forms, diffusion processes and heat kernels on metric spaces. Given
any metric measured space (X, d, m) (with X being locally compact and m
being a Radon measure with full support on X), we will define regular,
strongly local Dirichlet forms (E, F) on L2(X, m) with core CHP(X). These
local forms will be obtained as I'-limits of the nonlocal forms E'. The point
here is that no “quantitative” assumptions are imposed.

In Section 4, we formulate and discuss the MCP. Among other things, we
prove that it always implies the volume doubling property. Much space is
given to investigating in detail the main examples (which we have already
mentioned).

The strength of the MCP is demonstrated in Sections 5 and 6. In Section 5,
we prove the existence and coincidence of the T'-limit I'-lim, _, , E"(u, u) and
of the pointwise limit lim, , , E"(u, u). The approach has to take into account
that we admit an exceptional set in the formulation of the MCP which brings
in its wake the need of subtle localization. But surprisingly enough, the
resulting form does not depend on the exhausting sequence (used for the
localization) nor on the exceptional set.

Another crucial fact is that the MCP implies a Poincaré inequality. More-
over, it implies that the intrinsic metric is locally equivalent to the original
one. These facts are proved in Section 6. They are the ingredients which are
used in Section 7 to prove Harnack inequality, Holder continuity, Feller
property and Gaussian estimates.
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For simplicity, in Sections 5-7, we restrict ourselves to the case N = 1.
The general case is treated in Section 8. Moreover, here we introduce func-
tions N and N which play the role of (lower and upper, respectively) local
dimensions. If they coincide, then their common value is the “natural”
candidate for the choice of the normalization function N.

2. Preliminaries.

2.A. The basic set-up. Throughout this paper we fix a metric measured
space (X, d, m) consisting of a state space X, a metric d on X and a reference
measure m on X. We always assume the following:

(X, d) is a locally compact separable metric space and m is
a Radon measure on X with m(U) > 0 for each nonempty
open set U C X.

In terms of (X, d), we define for each r > 0 and y € X the balls B.(y) =
{x € X: d(y, x) < r} of radius r and center y and the sets B¥(y) = B,(y)\
{y}. Similarly, we define for each r > 0 and Y c X the sets B.(Y) ={x €
X:d(x,Y) <r}and B¥(Y) =B.(Y)\ Y.

We do not require that (X, d) be complete. In particular, balls B.(x) are
not necessarily relatively compact. For each r > 0, we define a Radon mea-
sure m, on X by

m,(dx) = m (dx).

1
Vm(B(x))

The set of (real-valued) Lipschitz continuous functions on X with compact
supports will be denoted by C;'P(X).

2.B. Length spaces and geodesic spaces. An arc in X is a continuous map
v:[a, b] = X where [a, b] denotes any compact interval in R. The length
L,(y) of an arc y: [a, b] = X is defined as

La(») = sup| ¥ d(x(t). (8 ,)):
(2.1) =

neN,a<t, <t < - <t,<b;.

n

A unit speed geodesic arc is an arc y: [a, b] = X which is locally an iso-
metry, that is, for any ¢ €]a, b[ there exists ¢ > 0 such that d(y(s), y(1)) =
s —t| for all s,te[c—e,¢c+ e]. A geodesic arc is a constant speed
reparametrization of a unit speed geodesic arc. Replacing the parameter
interval [a, b] by l]a, b[ (or [a,«[ or ] — »,[) one obtains the notion of
geodesic curve (geodesic ray and geodesic line, resp.). We say that an arc
v:[a, b] - Xjoins x and vy if y(a) = x and y(b) = y. Obviously, the length of
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any arc joining x and y dominates the distance between x and vy, that is,
Ly(y) = d(x, y) with equality if and only if y is a minimal geodesic arc. Let
us define

(2.2) d(x,y) =inf{Lq(y): vy isanarcin X joining x and y}.

Then d is a pseudometric on X which dominates d, that is, d>d. It can
happen that d induces a topology on X which is strictly coarser than d; in
particular, it can happen that d(x, y) = « for all x # .

DerINITION 2.1. The metric space (X, d) is called a length space (or an
inner metric space) if d = d. That is, the distance between any two points
X,y € X is the infimum of the length of arcs joining them. It is called
geodesic space if any two points x, y € X are joined by an arc y of length
d(x, y) = L4(y). (This arc is necessarily a reparametrization of a geodesic but
it is not necessarily unique.)

Every length space (X, d) which is locally compact and complete (as a
metric space) is a geodesic space [Chavel (1993), Exercise 1.10].

ExampLEs 2.2. (i) Every Riemannian manifold X equipped with the Rie-
mannian distance d is a length space. It is even a geodesic space if the
manifold is complete.

(i) 1f (X, d) is a length space and Y an open subset of X, then there are
two canonical metrics on Y derived from the metric d on X. The first one is
just the restriction d|y of d onto Y defined by d|y(x, y) = d(x, y) for all
X, y € Y. The second one is the metric d, defined by d,(x, y) = inf{L,(y): vy
is an arc in Y joining x and y} for x,y € Y. Obviously, d, is the length
metric derived from dl|y. These metrics coincide if and only if Y is convex.

(iii) Let X = R" be the Euclidean space, let « €]0,1[ and let d be the
metric d(x, y) =|x — y|® which induces the Euclidean topology on X. Here
the pseudometric d is entirely degenerate; namely, d(x, y) = « for all x #y.
The space (X, d) is no length space.

(iv) Let X = R" be the Euclidean space and put d(x, y) = inf{|x — y|, 1}.
Then d(x, y) = |x — y|. Hence, (X, d) is no length space. Nevertheless, for all
X,y € X which are close together [i.e., for which d(x, y) < 1] there exists a
geodesic connecting them. Indeed, there is exactly one such geodesic.

(v) Let X =R" be the Euclidean space and put d(x,y) = sup{|x; — y;I:
i=1,...,n} Then (X, d) is a geodesic space. But for “most” points x, y € X,
the geodesic connecting them is not unique. Namely, let x, y € X with x —y
not lying on the diagonal of X in the sense that |x; — y;| < d(x, y) for some
i €{1,..., n}. Then every Lipschitz function f: [0, 1] » R with f(0) =f(1) =0
and Lipschitz constant dil f < d(x, y) —[x; —y;| defines a geodesic y:
[0,1] = R", t = x + t(y — x) + f(t)e; connecting x and .

For the theory of length spaces and for further examples we recommend
Rinow (1961), Gromov (1981) and Ballmann (1995).
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2.C. Preliminaries on Dirichlet forms. A Dirichlet form on the (real)
Hilbert space L2(X, m) is a pair (E, F) consisting of a dense linear subspace
F c L?(X,m) and a closed symmetric form E on L?(X, m), defined on
D(E) = F, which has the Markovian property

E(4, 4) <E(u,u) forallueF,

where U = (u A 1) Vv 0. It is called regular if F “contains sufficiently many
continuous functions” in the sense that F N C,(X) is dense in F (with graph
norm[E(u, u) + [u? dm]*/?) as well as in Cy(X) (with uniform norm sup, |ul).
For the highly developed theory of regular Dirichlet forms we refer to the
textbook by Fukushima, Oshima and Takeda (1994). We point out that there
is an important generalization of that theory, namely, the so-called theory of
quasiregular Dirichlet forms; see Bouleau and Hirsch (1991) and Ma and
Rdckner (1992).

In the sequel, we freely use the fact that there is a canonical one-to-one
correspondence between symmetric forms, quadratic forms and extended
quadratic forms on L2(X, m). We recall that evaluating a symmetric form
(E, D(E)) on the diagonal yields a quadratic form q: D(E) — [0, [, u —
E(u, u) with domain D(q) := D(E). Conversely, by polarization, any quadratic
form (g, D(q)) defines a symmetric form E: D(q) X D(q) =] — o, o[, (u, v) —
2[g(u + v) — g(u — v)] with domain D(E) = D(q). Moreover, any quadratic
form (q, D(q)) can be extended to an extended quadratic form Q as follows:

g(u), forueD(q),

Q: L*(X, m) - [0, ], u , for u € L2( X, m) \ D(q).

Note that the set {u € L2(X, m): Q(u) < «} coincides with D(q). Finally, by
restricting an arbitrary extended quadratic form Q onto the set D(Q) :=
{u € L2(X, m): Q(u) < =} one obtains a quadratic form (Q, D(Q)). Most of-
ten, we use the same notation for a symmetric form, its associated quadratic
form and extended quadratic form.

A crucial observation is that a symmetric form (E, D(E)) on L?(X, m) is
closed if and only if the associated extended quadratic form is lower semicon-
tinuous on L2(X, m). Therefore, given any symmetric form (E, D(E)) on
L2(X, m), there is a canonical way to obtain a closed symmetric form from it.
Namely, let Q denote the extended quadratic form (defined on the whole
L2(X, m) with values in [0, «]) associated with (E, D(E)). Then

Q(u) = Iimil;mf Q(Vv)

vel
v—-u

defines an extended quadratic form on L?( X, m). Obviously, this functional is
lower semicontinuous on L2(X, m) and is dominated by Q in the sense that
Q(u) < Q(u) for each u € L2(X, m). Actually, Q is the biggest lower semicon-
tinuous functional on L2(X, m), which is dominated by Q. It is called the
relaxation of Q and the associated symmetric form (E, D(E)) is called the
relaxation of (E, D(E)). Note that the symmetric form (E, D(E)) is closed if
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and only if it coincides with its relaxation and that it is closable if and only if
E = E on D(E). It always holds that D(E) < D(E) and that E(u, u) > E(u, u)
for u € D(E). See also Mosco (1994).

2.D. A brief introduction to I'-convergence. Now we turn to convergence
gquestions for symmetric and/or quadratic forms. Here it is much more
convenient to formulate everything in terms of extended quadratic forms. We
will give a brief survey on I'-convergence, which is a certain variational
convergence. It was introduced by De Giorgi. For more details we recommend
the monograph by Dal Maso (1993). We assume that we are given a family
{E", r > 0} of extended quadratic functionals on L?( X, m).

DerFINITION 2.3. Let (r,), be a sequence with values in ]0,[. For any
u € L2(X, m), we define

F-limsup E™(u,u) = lim limsup inf E™(v,v)
n— o a—0 n— o vel?
lu-vi<a
and
F-liminf E™(u,u) = lim liminf inf E"™(v,v).
n— o a—>0 n-o® velL?
lu-vil<a
Here and in the sequel || - || denotes the norm in L? = L2( X, m). Note that the

lim,_, , is actually a sup, . ,. We say that the sequence (E™), is I'-convergent

if T-limsup,,_,.. E™(u,u) = [-liminf,_ . E™(u, u) for each u € L2(X, m). In

this case, we write T-lim,_, E™(u,u) for the common value of T-

limsup, . E™(u,u)and I'-liminf _ . E"(u, u). The functional I'-lim,, _, E"

on L2(X, m) is then called I'-limit of the (quadratic) functionals E™, n € N.
Similarly, we define

E°(u,u) =T-limsup E"(u,u) = lim limsup inf E"(v,v)

r-o0 a—0 r-0 vel?
lu-vi<e
and
E°u,u) =T-liminf E"(u, u) = lim liminf inf E"(v,V)
r-0 a—>0 r-0 vel?
lu-vi<e

and we say that the family (E"), . , is I'-convergent for r — 0 if the function-
als I-limsup, ,, E" and I'-liminf__ , E" coincide on L*(X, m). If we choose
E =E for all n € N and some fixed quadratic functional E on L?(X, m),
then obviously I'-lim, _, , E" exists and coincides with the relaxation E of E
(which might be different from E itself).

LEmmMA 2.4. Let (r,), be any sequence and let E° be any functional on
L2(X, m) (with values in [0,]). Then E® = T-lim,,_, E" if and only if the
following two conditions are satisfied:

() VueL*(X,m), V(u,),cn € L2(X, m) with [lu, — ul| - 0:
E°(u,u) < liminf E™(u,, u,);
n— o«
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(i) Vu e L2(X, m): A(u,),cn € L2(X, m) with [Ju, — ull - 0 and

E°(u,u) = lim E™(u,,u,).
n— o

For the proof, see Dal Maso (1993), Proposition 8.1.

Lemma 2.5. (i) For every sequence (r,), there exists a subsequence (r/,),
such that the T-limit of the sequence (E™),, exists.

(i) There exist sequences (r,), and (r}), such that I'-limsup,_, E" =
I-limsup,, . E™ and T-liminf, _ , E" = T-liminf,_, E"™.

(iii) For every u € L2(X, m) there exist sequences (r},),, and (r}),, such that
I-limsup,_, E"(u,u) = T-lim,_, E™(u,u) and TI-liminf,_ ,E"(u,u) =
r-lim, . E™(u,u).

For the proof of (i), see Dal Maso (1993), Theorem 8.5; for (ii) and (iii), see
Sturm (1997).

ProposITION 2.6. Let (r,), be any sequence such that the I'-limit E° :=
r-lim E" exists and put D(E®) = {u € L2(X, m): E%u, u) < o«}.

n— o

(i) (E°, D(E®)) is always a (not necessarily densely defined) closed sym-

metric form on L2( X, m).

(ii) If the E" have the Markovian property then so has E°.

(iii) Assume that
(2.3) liminf E™(u,u) <

N>

for all u € F ° where F ° is some dense subset of L2(X, m). Then (E°, F ©) is
closable and its closure (E, F) is a densely defined symmetric form on
L2(X, m) with core F °.

(iv) Under the assumptions of (ii) and (iii), the symmetric form (E, F) is a
Dirichlet form. If in addition, the set F ° from (iii) is dense in Cy(X) then the
Dirichlet form (E, F) is regular.

For the proof, see Mosco (1994), Corollary 2.8.

2.E. The diffusion processes. Given any closed symmetric form (E, F) on
the Hilbert space L?(X, m), there exists a unique positive self-adjoint opera-
tor (A, D(A)) on L2(X, m) with the properties F = D(AY?) and

E(u,v) = (u, Av)

for all ue F and v € D(A). In terms of this operator (A, D(A)) we can
define a strongly continuous contraction semigroup (e *"),., on L*(X, m).
This semigroup is positivity preserving and extends to a contraction semi-
group on each LP(X, m), p €[1,c], provided (E, F) is a Dirichlet form. If
(E, F)is a regular Dirichlet form then there exists an m-symmetric Markov
process (X, P,);. o xc x Whose transition semigroup [extended to the space
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L2(X, m)] coincides with the semigroup (e "), . ,. Even more, such a Markov
process ( X,, P,) can be chosen “properly associated to (E, F),” which means
that for each u € F N Cy(X) the function x — E,[u(X,), t < {]is a quasicon-
tinuous version of e~*'u. By this property, the process is determined uniquely
for quasi every starting point x € X.

This Markov process (X,, P,) is even a diffusion process (i.e., its paths
t — X, are continuous maps from [0,[ to the one-point-compactification
X U {A} of X) if and only if the Dirichlet form is strongly local in the sense
that E(u,v) =0 whenever u € F is constant on a neighborhood of the
support of v € F. See Fukushima, Oshima and Takeda (1994) for further
details.

3. Local Dirichlet forms as I'-limits of nonlocal approximations.
The goal of this chapter is to present a general recipe for constructing
Dirichlet forms, diffusion processes and heat kernels on metric spaces. Given
any metric measured space ( X, d, m) which satisfies the general assumptions
from Section 2.A, we will define regular, strongly local Dirichlet forms (E, F)
on L2(X, m) with core CS'P(X). These local Dirichlet forms are restrictions of
Dirichlet forms (E°, F °), which will be obtained as I'-limits of nonlocal
Dirichlet forms (E", F") on L2(X, m).

3.A. The nonlocal approximations. From now on, fix a function N €
Ljo(X, m) with N > 0 on X. For each r > 0 and u € L?(X, m), define

Q"(u,u) = fXN(X)fB*(X)[W}

1
“m(B.(x)) + m(B,(y))

m (dy)m (dx)

and

1 _ 2
(3.1) E'(u,u) = Efo(x)fB*(x)[W} m, (dy)m, (dx).

Recall that m (dy) = m(dy)/y/m(B,(y)).

Lemma 3.1. (i) (E", D(E")) as well as (Q", D(Q")) are Dirichlet forms on
L2(X, m).
(ii) For any u € CtP(X) (with compact support K and Lipschitz con-
stant L),
L2
(3.2) Q"(u,u) <E"(u,u) < 7m(Br(K))ess—supN.
B,(K)

Proor. (i) Fix r > 0 and choose an exhaustion of X by relatively com-
pact sets Y, € X, n € N. The form (E", D(E")) is the increasing limit for
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n — o« of the forms (E™ ", L( X, m)) where

1
Evr(uw) =S f [ Tu0) —u)l’
N(x)
Vm(B,(y))m(B,(x)) d*(x, y)

for ue L2(X, m) and n € N. For each n €N, the quadratic form u —
E" "(u, u) is continuous (!) on L?(X, m) since

n |m(dy)m(dx)

enn(uu) s 5 [ [ 20200 + 202 (y) | m(dy)m(d)

< 2nm(Y,)llull3.

Hence, (E™", L2(X, m)) is a closed symmetric form on L2(X, m). For n — o,
this carries over to the increasing limit [see Dal Maso (1993)]. That is,
(E",F") with F" = {u e L%(x, m):sup,cny E"™(u, u) < o} = {u e
L2(X, m): E"(u,u) < »} = D(E") is a closed symmetric form on L2(X, m).
One easily checks that (E", D(E")) has the Markovian property. The same
arguments apply to (Q", D(Q")).

(ii) The first inequality in (3.2) is an immediate consequence of the in-
equality between the arithmetic and the geometric mean of m(B,(x)) and
m(B,(y)). Moreover, for any u as in the claim

u(x) —u(y) |’
2-E"(u,u) < ess-supN 2 T (dv)m(dx
( ) B(K)p B(K)/Br(K)ﬂBﬁ‘(x)[ d(x,y) ((dy)m,(dx)
2
u(x) —u
< ess-supN f u) —uy)
B,(K) B,(K)’B(K)NBX(x) d(x,y)
1
X —————m(dy) m( dx
m(B,(x)) " M)
< ess-sup NL?m(B,(K)). 0

B (K)

REMARKs 3.2. (i) The closure (ﬁr, FT) of (E", CEP(X)) is a regular Dirich-
let form on L2(X, m) with core C}'P(X). See Proposition 2.6.

(i) If N> 0 m-ae. and_if there exist points z;,z, € X with 0 < d(z,,
z,) < r then the form (E', E") is nonlocal. See Sturm (1997).

(iii) Assume for simplicity that m(B,(x)) and N(x) do not depend on
X € X and put

LG [ m(dy)
m(B,(x)) JBrod?(x,y)
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[Note that « = (n —2)/r? for (X, d) being the Euclidean space (R",|-]),
n > 3, and m being the Lebesgue measure on it.] Then the Markov process
(X, P,) properly associated with (E', F") can be constructed as follows.

(@ Let (Z,,Q)ncn, xe x With path space Q, (e.g., {w: Ny — X}) be a
Markov chain on X which Q,-a.s. starts at x and then at the first step jumps
into the ball B,(x) with

m(dy) m(dy)
Qx(zl = A) = /AQB*(X) d (X y) /fB*(X) d (X y)

for all measurable A c X and all x € X.

(b) Let (n,, P),., with path space Q, (e.g., {right cont. »: R — Ng}) be a
Poisson process with parameter «. That is, an Nj,-valued Markov process
starting at 0 with independent increments n, — n,, which are Poisson dis-
tributed with parameter a(t — s).

(¢) Then (Z,,Qy ® P);. ¢ xc x With path space Q = Q, X Q, is a Markov
process properly associated to (E', F"); see, for example Ethler and Kurtz
(1986), page 163.

Analogous results hold true for the closure of (Q", CHP(X)).
3.B. The limit forms. Now we come to the main result of this section.

THEOREM 3.3. Let (r,), be any sequence with r,, —— 0 for which EC =
T-lim,,_ . E™ exists and let (r}), be any sequence W|th r’ ==5 0 for which
Q% =T-lim,_ . Q" exists.

(i) Then (E° CtP(X) as well as (Q° CLP(X)) are closable symmetric
forms on L2(X, m).
(ii) Their closures (E, D(E)) and (Q, D(Q)), respectively, are regular
Dirichlet forms on L?(X, m) with core C;"P(X).
(iii) The form (Q, D(Q)) is always strongly local. The form (E, D(E)) is
strongly local provided

(3.3) limsup sup m(B (X)) <
r—0 X, YEY m(B (y))
d(x, y)<r

for each compact set Y c X.

Proor. (i) Let D(E®) = {u € L2(X, m): E°(u, u) < =}. Then by Dal Maso
(1993), Proposition 6.8, Theorem 11.10 and Proposition 12.16, (E°, D(E?)) is
a closed symmetric form on L*(X, m). Moreover, C5'P(X) c D(E®) since for
u € CH'P(X) (with support K c X and Lipschitz constant L),

E°(u,u) =T-1lim E™(u,u) < liminf E™(u, u)
n—x n— o
L2
—m(K)ess-supN < o,
2 Bs(K)
Hence, (E°, CS"P(X)) is a closable symmetric form on L2(X, m).

IA
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(ii) By Lemma 3.1 each of the approximating forms E' has the Marko-
vian property. Hence, by Mosco (1994), Corollary 2.8, also the T'-limit has the
Markovian property. This property, of course, carries over from (E°, D(E?))
to (E®, CE'P(X)) and (E, D(E)). Thus (E, D(E)) is a Dirichlet form. The same
arguments apply to (Q, D(Q)).

By construction, (E, D(E)) and (Q, D(Q)) are regular with core CL'P(X).

In order to see the strong locality, let u, v € CHP(X) with u being constant
on a neighborhood of A; = supp[V], say u = g on B;gz(A,). Put A, = supp[u].
Then there exist closed sets X, = X\ Bg(Ay) and X; = B,z(A;)\ Bg(A))
with u =0 on a neighborhood of X, and u= as well as v=0 on a
neighborhood of X,. Put Y = X\ (X, U X;). According to Lemma 3.4 there
exists a sequence (f,),, € CH'P(Y) with f, > 0 in L2(X, m) and with

E(u+v,u+v)=IlimE™(u+v+f,u+v+f).
n— o
Now put Y, = Bi(A,) \ B,z(A)) and Y, = B;(A,), such that Y =Y, U Y,.
Then, obviously, f, =g, + h, with g, € CSP(Y,) and h, € CL'P(Y,) and, for
fixed R > 0 and sufficiently small r > 0,

E'(u+v+g,+h,,u+v+g,+hp,)
=E'(u-v+g,—h,,u-v+g,—hp,).
Hence,

E(u+v,u+v)=IlimE™(u+v+g,+h,,u+v+g,+h,

n— o

lIimE™(u-v+g,—h

n— o

,u—v+g,—h,)

n

Y

E(u—-v,u—-v).

In the same way, we can prove E(u—v,u—v)>E(u+v,u+v). That
is, E(u+v,u+v)=E(u—v,u—v). Since E(u,v) =;[E(u+vVv,u+v)—
E(u — v, u — v)], this implies E(u, v) = 0. This proves the strong locality of
(E, D(E)). The same arguments apply to (Q, D(Q)). O

LEmMA 3.4. Let (Q, D(Q)) and (E(D(E)) be as in Theorem 3.3 and fix
closed sets X,, X; € X as well as real numbers B, =0, 8, # 0. Then for all
u € CHP(X) which are identical to 8, on a neighborhood of X, and identical
to B, on a neighborhood of X,

Q(u,u) = lim limsup inf  Q™(u + w,u+ w)
a=0 now  weCHP(Y)

Iwll< e

where Y = X\ (X, U X,). If (3.3) is satisfied then also

E(u,u) = lim limsup inf E™(u+w,u+ w).
a=0 now weCHP(Y)
llwll< e

The emphasis here is on the fact that the inf is over w CSP(Y) [and not
over all w € CHP(X)]. Recall that || - || denotes the norm in L?( X, m).
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ProOF. Fix X;, X, € X as well as B,, B; and u € CHP(X) as above.
Assume without restriction that Y = X\ (X, U X;) is relatively compact.
Choose R > 0 such that u = B; on B,x(X;) for i = 0, 1 and choose a function
€ CHP(X)with iy = Lon X\ Bg(X, U X,), y=00n X, U X, and0 < ¢y < 1
on X. Note that C, == limsup,,_,,. E™(u, u) < o [cf. (3.2)]. Now obviously

E(u,u) = lim limsup  inf  E"™(u+ aw,u+ aw)
a=>0 noo weCHP(X)
Iwli<1
< lim limsup inf  E™(u+ aw,u+ aw)
>0 nooe weCHP(Y)
lwll<1
< limlimsup inf E"™(u+ aW,u+ aW)

a=>0 now  weCHP(X)
llwll<1

where for each w € C{'P(X) with [lw| < 1, we define W = w- . Note that
then W € CH'P(Y) with ||[W]| < 1. Obviously,

1
W(x) — W(y)I* = ZKW(X) +wW(y)) (¥ (x) —¢(y))
+(W(X) = w(y)(¥(x) + ¢(y))

1+« P 2

< le(x) +w(y)Ilg(x) = ¢(y)l

1+« 2 2

+— Iw(x) —w(y)I*lg(x) + ¢(y)l
1+ «

< (W20 + WA () (X) = ()P
+(1+ a)lw(x) — w(y)l?

< 12+aac§(w2(x) +w?(y))d*(x,y)

+(L+ a)lw(x) — w(y)l*

for each a > 0 with C, = dil ¢ = sup, .. , [(x) — ¥(y)l/d(x, y) < . Hence,

E"(W, W) <

L +aaC22fny [w2(x) +w?(y)]

(x)
N(x) + N(y)
X
Vm(B.(x))-m(B,(y))

1+a w(x) —w(y)
T /st,(x)[ d(x,y) }

m( dy)m( dx)
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N(x) + N(y)
X
Vm(B,(x)) - m(B.(y))

m(dy)m(dx)

1+«
< C;+(1+ a)E"(wW,w)
o

for each w € CH'P(X) with |lw|l < 1, each r €]0, R[ and each « > 0 with

C, = CZ ess-supN(x)sup  sup \/ m < o,
xeB,(Y) r<R x, yeBg(Y) m(B.(y))
d(x, y)<r
This implies
E™(u+ aW,u+ aW) = E™(u,u) + 2aE"™(u, W) + a?E"™(W, W)
E'(u,u) + 2aE™(u,w)
+ a2(1 + a)E™(w,w) + a(1 + a)C4

IA

1
= 1+aEr"(u+ a(l+ a)w,u+a(l+ a)w)

(04
+—E"(u,u) + a(1l + «)C
(1+ a) ( ) 0[( 0[) 3
for all « > 0, w € CS"P(X) with |lw|| < 1 and n € N with r,, < R. Therefore,

E(u,u) < lim limsup inf  E™(u+ aw,u+ aw)
>0 noo  weCHP(Y)
lwll<1

IA

lim limsup inf
a0 noe  weCHP(X) 1+ a
llwll<1

E"(u+ a(l+a)w,u+a(l+ a)w)

o
+———C, +a(l+a)C
(1+a) 1 a( 0() 3

E(u,u).

Similar (actually easier) arguments apply to (Q, D(Q)) [for details, see Sturm
(1997)]. O

ReMARKs 3.5. (i) Assume that (r,), = (r}),. Then under (3.3) the limit
forms (E, D(E)) and (Q, D(Q)) are equivalent. They coincide provided

(3.4) limsup sup m =1
r-0 X,yeyY m(Br(y))
d(x, y)<r

for each compact set Y c X.
(ii) Condition (3.3) obviously follows from the doubling property

I m(B,,(x))
oot ey m(B.(x))

for each compact set Y c X [see also (4.8)]. Actually, (3.3) is much weaker.
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In the sequel we restrict ourselves to the form (E, D(E)) and we assume
for simplicity that (3.3) is satisfied.

COROLLARY 3.6. For each limit point E (in the sense of I'-convergence) of
the family (E"), ., , ., there exists an m-symmetric diffusion process (X, P,)
on X with the properties

(35) E Ju(X)] = e u(x)

for m-a.e. x € X and all u € C}'P(X, m) and

1 2
(3.6) E(u,u) = lim — [E,[(u(X,) = u(x))]"m (dx)

for all u € C{'P(X, m). By each of these properties, the process is determined
uniquely for quasi every starting point.

For the proof, see Theorem 3.3 together with Fukushima, Oshima and
Takeda (1994).

DeriniTioN 3.7. If E° (or E®) is a limit point (in the sense of I'-conver-
gence) of the family (E"), ., .., then the diffusion process associated with
the Dirichlet form E (or E, resp.) is called the relaxed diffusion (or the
excited diffusion, resp.) on (X, d, m) with normalization function N. If E and
E coincide, then the associated diffusion process is called the canonical
diffusion on (X, d, m) with normalization function N.

ExampLE 3.8. Let X =R" be the Euclidean space equipped with the
metric d(x,y) =[x —y|* for some « €]0,1[ and let m be the Lebesgue
measure on R". Then

E(u,u) =E(u,u) =0

for all ue F=F=L2(X,m). The properly associated diffusion process
(X;, P,) is just the process which always stays at the starting place. That is,

P(X,=x,¥t=>0)=1
REmMARKs 3.9. (i) Let X be an open subset of R" and let m be the

Lebesgue measure on X. Then according to the second Beurling—Deny for-
mula [cf. Fukushima, Oshima and Takeda (1994)] each limit point E of the
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family (E"), . , for r — 0 can be represented on Cj(X) uniquely as
n &u( X) av( X)

E(u,v)— Y f

Ijl

with some uniquely determined Radon measures v;;, i,j=1,...,non X.
(ii) If in addition d is the Euclidean metric on X and N € C(X), then
these measures v;; are absolutely continuous with a density

ij
( ) s
IJ(X) = IJ'
See Section 8.

(iii) We emphasize that the difference between two limit points E’ and E”
of the family (E"),., for r —» 0 never is caused by different “boundary
conditions.” Actually, both correspond to the same “Dirichlet boundary condi-
tion” on X in the sense that both have the same form core Cg'P(X). If
different limit points E’ and E” exist, then they really have different
“diffusion coefficients” (;;); ;.

4. The Measure Contraction Property.

4.A. The definition. Throughout the sequel, the basic assumptions on
(X,d, m) from Section 2.A are still in force. Recall that m . (dy) =

(1/y/m(B.(y)) Jm(dy).

DerFINITION 4.1. We say that the metric measured space (X, d, m) satis-
fies the weak Measure Contraction Property (MCP) with exceptional set iff
there is a closed set Z ¢ X with m(Z) = 0 such that for each compact set
Y c X\ Z there exist numbers R > 0, ® < « and & < % and m?-measurable
maps ®,: X X X — X (for all t € [0, 1)) with the following properties.

(i) For m-ae. x,y €Y with d(x,y) <R and all s,t €[0, 1],
Dy(X,y) =X, Dy (X, y) =Py (Y, X),
(I)S(X, D,( X, Y)) =D (X, ),

(4.2) d(P,(x, y), DX, y)) < Fs — tid(x, y);

(i) For all r <R, m-a.e. x €Y, all m-measurable A c B.(x) n'Y and all
t[0,1],

(4.1)

m,(A) - mrt((I)t(X,A))
VYm(B(x)) ~  yYm(B.(x))

Of course, the constants R, ®, & are not unique. Let R(Y ) be the supremum
of such R. Don't worry about the 9. In most cases, one can choose ¥ = 1.
We say that (X, d, m) satisfies the strong Measure Contraction Property
with exceptional set Z iff for each compact Y C X\ Z the constants ©® and ¢
can be chosen arbitrarily close to 1 and if for every ®' > 1 there exists some

(4.3)
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¥’ > 1 such that for m-a.e. x € Y and all r < R with B,(x) C Y,
(4'4) m(Brﬂ’( X)) = ®,m(Br( X))

In this case, without restriction we will always assume that ® = &' and
T < 9.

If the above conditions are satisfied with Z = J then we say that (X, d, m)
satisfies the (weak or strong, resp.) Measure Contraction Property without
exceptional set.

REMARKS 4.2 [Concerning (4.1) and (4.2)]. (i) Assume that (4.1) and (4.2)
hold true for all Y ¢ X with R =« and % = 1. Then (X, d) is a length space.
For m?-ae. (x,y) € X2, the map ®(x,y):[0,1] - X, t— d(x,y) is a
geodesic connecting x and y. In general, this map is a quasi geodesic.

(ii) If (X, d) is a geodesic space then for all (x,y) € X? there exists a
geodesic y = y(x, y): [0,1] — X joining x and y. Conditions (4.1) and (4.2)
(with ¢ = 1) are obviously satisfied if this geodesic y(x, y) can be chosen as a
measurable function of x and v.

(iii) Assumption (4.1) and (4.2) (with 9 = 1) are always satisfied if (X, d) is
a geodesic space with curvature in the sense of Alexandrov being locally
bounded from above. In this case, on each compact set Y c X there is
a strictly positive injectivity radius R(Y) in the sense that for each (x, y) €
Y XY with d(x,y) < R(Y) there exists exactly one geodesic connecting X
and y and this geodesic depends continuously on x and y [Ghys and de la
Harpe (1990), Chapter 10].

REMARKs 4.3 [Concerning (4.3)]. (i) Assume that for all r <R and for
m-a.e. x €Y and y € X with d(x, y) < dr,

1 m(B,(y))
(4-5) ; < m < a.

Then (4.3) implies
m(A) o M@ A)
m(B.(x)) = m(B.(x))

with ©* = «- ® and, conversely, (4.6) implies (4.3) with ® = o - ®*. In the
case ¥ = 1, property (4.6) has an obvious geometric-measure theoretic mean-
ing: it is a control for distortions of the volume of sets under the “contraction”
®(x,-): X = X of the state space. The LHS of (4.6) measures the proportion
of A in B,(x) whereas the RHS measures the proportion of the image of A in
the image of B,(x).

(ii) For t €[0,1] let ®,: X? - X be a map with the properties (4.1) and
(4.2) from Definition 4.1 and assume for simplicity that 9 = 1. For s, t € [0, 1]
define

(4.6)

Dy 0 X2 X2, (X,y) = (DX, Y), P(X, Y)).
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[By the way, note that (4.2) states that do ®, , < ¢|s — t[d a.e. on {(x, y) €
X2: d(x, y) < R}.] Consider the measure m2(dxdy) = m(dx) X m,(dy) on
X 2. Then (4.3) implies

(4.7) m7(A) < *mfs—t\r((ps,t( A))

for all m2-measurable, symmetric A Cc{(x,y) € Y2 d(x,y)<r} and all
s, t € [0, 1] with ©* = @2, (The proof of this fact is implicitly contained in the
proof of Lemma 5.2 below.) Conversely, if (4.7) holds true with s = 0 for all

m2-measurable A c {(x,y) € Y2: d(x,y) <r}and t € [0,1], then it implies
(4.3) with ® = ©*. Property (4.7) is exactly that required in the sequel.

REMARK 4.4 [Concerning (4.4)]. Property (4.4) as well as (4.5) follow from
(4.3); see Corollary 4.6 below. The point, however, is that ® — 1 in (4.3) does
not imply ®" — 1in (4.4) nor @ — 1in (4.5). On the other hand, if 4 = 1, then
we can modify our approach in order to dispense entirely with (4.4).

ProprosITION 4.5. The property (4.3) of the weak MCP with exceptional set
Z implies the volume doubling property on X \ Z. That is, for each compact set
Y there exist constants M and R > 0 such that

(4'8) m(BZr(X)) = Mm( Br(x))
for all r €]0, R[ and m-a.e. x € Y. The same holds true with (4.6) in the place
of (4.3).

The number M is called doubling constant.

Proor. Without restriction Y # (J. Fix a compact set Y' ¢ X\ Z and
some R €]0, R(Y)[ with B,,(Y) C Y'. Let R, ® and ¢ be the constants from
the MCP for the compact set Y' and put R, = R/(39). Apply (4.3) with
t = 3r/R to the sets A = By (x) and Bg(x) in order to obtain

1 m(Bg(x)) 1 1 m( dy)

0 m(Y) = /m(Ba(x)) ‘enc0 ym(Ba(y))
1 me(Bey(¥) _ M P(X Bry(X) _ Med( Bryo(X))
S0 ym(Be(x)  Ym(Br(X)  Ym(Br(X))
B 1 m(dy) m(B,(x))

= T80 o Ym(Bon(y)) = (B

Finally, note that

[since Y is covered by finitely many nonempty B ,,(x)), j =1,...,Kk]. The
proof of (4.6) = (4.8) is essentially the same. O
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COROLLARY 4.6. Conditions (4.3) and (4.6) are equivalent. Each of them
implies (4.4) [as well as (4.5)].

4.B. Example: Riemannian manifolds. Let (X, g) be an n-dimensional
Riemannian manifold. Let d be the Riemannian distance and m be the
Riemannian volume on X. Obviously, (X, d, m) satisfies the basic assump-
tions from Section 2.A.

ProposITION 4.7. (X, d, m) satisfies the strong MCP without exceptional
set.

Proor. Fix a compact set Y c X, let R > 0 be a lower bound for the
injectivity radius on Y and choose k > 0 such that —(n — 1)k is a lower
bound for the Ricci curvature on Bg(Y).

For x,y €Y with d(x,y) <R, let ®(x, y):[0,1] -» X be the unique
minimal geodesic connecting x and vy (i.e., with ®,(x, y) = x and ®,(x, y) =
y). For all other x, y € X and all t € [0, 1], put ®,(x, y) = z with some fixed
z € X. This choice of geodesics depends in a measurable way on x and y and
obviously satisfies (4.1) and (4.2).

If k>0, let S(r)=c,[sinh(r/k)/Vk]""! be the area of the sphere of
radius r > 0 in the space of constant sectional curvature —« and put
So(r) =c,-r" % Here c, denotes the area of the unit sphere in R". The
Bishop volume comparison theorem implies that

m(d,(x, A)) = thRflA(exp p&)det A(tp, £)dpu,(é)dp

> tfoleA(exp pé)det A( p, f)%dux(@dp
S (t
>t SK(( rr)) m( A)

for all r<R,xeY, AcB/(x) and all t<[0,1] [Chavel (1993); Theorem
3.10]. That is,

m(A) _ m(P(x, A))

(4.9) rS.(r) = trS,(tr)

The Bishop and Bishop—Gunther volume comparison theorems imply that

rS.(r)/n

— 51 forr—-0
m(B.(x))

uniformly in x € Y. This proves (4.3) and (4.4). O

4.C. Example: uniformly elliptic matrices. Let a = (a;;(x)); j_, ., bea
uniformly elliptic, symmetric matrix on R", n > 1, with bounded measurable
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coefficients. That is, x — a;;(x) is a bounded, (Lebesgue) measurable function
on R" [for each (i, j) € {1,..., n}*] and a(x) = (a;;(x)); j_; is a symmet-
ric n X n-matrix (for each x € R") satisfying

----- n

(4.10) AHER < ga(x) € < Mg

for every x € R" and every £ € R" with some constant A > 0. Moreover, let b
be a (Lebesgue) measurable function on R" with A~! < b(x) < A for every
x € R" with some constant A > 0. The function b defines a measure m, on
R" by my(dx) = b(x) dx and the matrix a defines a metric d, on R" by

(4.11) dy(x,y) =inf{L(y): vy € C([0,1] = R"),¥(0) = x,y(1) =y},
where
O ] -
(4.12) La(v) =f0 Yia (v v dt.
(Here vy, == y(t) and ¥, = (d/dt)y,.) Obviously, d, is a length metric on R"
comparable with the Euclidean metric according to
(4.13) A2 x —yl < dy( %, y) < AV x -yl
for all x, y € R". Therefore, obviously, the basic assumptions from Section

2.A are satisfied for the triplet (R", d,, m,).

ProposITION 4.8. The metric measured space (R",d,, m,) satisfies the
weak MCP without exceptional set.

Proor. In order to see this, choose ®(x, y) to be the Euclidean geodesic
connecting x and vy, that is, ®,(x, y) = x + t(y — x). Then obviously (4.1),
(4.3) (with any O > A*) and (4.4) (with any © > A?3") are satisfied. More-
over, (4.2) (with & = A) follows from (4.13) according to

da(Ps(X, Y), Pe(X, ¥)) = da( X +5(y = X), X + t(y = X))
< AY2ls —tlly — x| < Als — tld, (X, y). ]

ProposiTION 4.9. Let (R", d,, m,) as before and assume in addition now
that x — b(x) as well as x — a;;(x) are continuous functions on R" (for each
G, e{1,...,n}*). Then (R", d,, m,) satisfies the strong MCP without excep-
tional set.

The proof will be decomposed into several steps.

LEMmA 4.10. For every compact set K € R" and every § > 1 there exists a
uniformly elliptic, symmetric matrix @ on R" with C*-coefficients such that

(4.14) O712dx(X, y) < da(X,y) < 9V2dx(X, y)

for all x, y € K.
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PrROOF. Let us write |£| = (Z]_; £*)'/? for a vector ¢ € R" and |a(x)| =
(Z7 21 &;(x)®)'/? for the matrix a(x) € R"*". Obviously, A~! <|a(x)| < n-
max; ;la;;(x)l < n- A according to (4.10).

Let ¢ € C*(R") with ¢ > 0, suppl#] c B,(0) and [¢/(x) dx = 1 and define

A (x) = fsl(o)a”(x " %)lp(y) .

Then one easily checks that a® = (a{l); ;_, , is a uniformly elliptic
matrix with

(4.15) ATHEP < ga®(x) €< A€

foreach ke N. Forall i,j=1,..., n the functions a(i‘j() converge for k — oo
locally uniformly to a;;. More precisely, on each compact set K’ c R",

Ia(i'j<>( x) —a;(x)l < f(%)

for all xeK’, keNand i,j=1,..., n with f: r— f(r) = max{la;;(y) —
aij()_/’)l:_y, y' € B,(K(O), ly—y'I<r, i,j=1,...,n} being the modulus of
continuity of a on B,(K"). Therefore,

| £ (x) £~ éa H(x)¢]
=[ a7 (x)(a®(x) — a(x))a *(x)¢|
<[ ¢[f|a®(x) [ [a®(x) - a(x)|[a(x) ]
<| €At (L/K)
< [£a®7(x) €1A°N3F(1/K).
Hence,
lea t(x)él < [1+ A3n3f(1/k)]I1€a® 7 (x) ¢l < 9lEa® *(x) €|
if k is chosen sufficiently large. Similarly,

|ga® ™ (x) & < 9lEa~t(x) &

That is, with & = a®,

(4.16) 97 e AN (x)El < lgat(x) €l < DIETH(X)E]
for all x € K’ and ¢ € R". Inequalities (4.16) immediately imply
(4.17) O72Lg(y) < La(y) < 9Y2L4(y)

for all arcs y € C*([0, 1] —» K’). (Note that the arc may not leave K'.)

Now fix a compact set K c R", choose an Euclidean ball B!Y(z) = {x:
|x —z| < r} with K cB/(z) and put K’ = B}, ,,,(2). Then for an appro-
priate choice of &, (4.16) holds true. Let x, y € K and consider an arc y €
C!([0, 1] — X) connecting x and y and having length L (y) < 3d(x, y). If
v, € K’ for some t € [0, 1] then there would exist t; <t, with vy, v, € JK’
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and y, € K’ for all t € [0, t;] U [t,, 1]. This would imply
La(y) > da(X, 'Ytl) + da(')’tz’ y) > )\_1/2(|X - 'Yt1| + |'}’t2 - y|)
> A" Y240r > 2d,( X, y) = 5L.(v),

which is a contradiction. Therefore, all such arcs stay in K'. Hence, the
estimate (4.17) can be applied in order to estimate

d.(x,y) =inf{L,(y): v € C}([0,1] = X)}
inf{L,(v): y€ C*([0,1] - K")}
92 inf{Lx(v): y € C}([0,1] - K")}
> 9 2 inf{Ly(y): y € CY([0,1] - X)} = 9 2/2d4(x, y).
Interchanging the roles of a and A yields

da(X, y) = 97/2d (X, ¥).
This proves the claim. O

%

LEMMA 4.11. Let d = d; with & from Lemma 4.10 and put M(dx) =
(det a(x))~*/? dx and m(dx) = m,(dx) = b(x) dx with b from Proposition 4.9.
Then (R", d, M) as well as ([F@n d, m) satisfies the strong MCP without
exceptional set.

PrRoOF. Let g(x) = @ *(x) be the inverse of the matrix a(x). Then (R", g)
is a smooth Riemannian manifold with Riemannian distance d= dy and
Riemannian volume @i(dx) = (det a(x))~1/2 dx. Hence, (R", d, M) satisfies
the strong MCP without exceptional set according to Proposition 4.7.

In order to prove the MCP for the triplet (R", d, m), we choose t — ®, to be
minimal geodesics w.r.t. the metric d. This proves (4.1) and (4.2) with & = 1.
It remains to prove (4.3) and (4.4). Let (x) = log b(x) + % log det &(x). Note
that m(dx) = e¥®m(dx). Moreover, note that ¢ is continuous. In particular,
for any compact K ¢ R" and any ¢ > 0 there exists R > 0 such that |¢(x) —
p(y)l < e for all x,y e K with d(x y) < R. Therefore, for all r < R, a.e.
x € R" and all AcB.(x)={y: d(x,y) <r}cCK,

A MA@ A))
Vm(B.(x)) V(B (x)) VA(B(x))
M BA) m (@, A)

Vm(B.(x)) Vm(B.(x))
with © = e*® and ® being the constant from the MCP for (R", d, ).
Similarly,

m(Bry (x) _ ,, M(Br (X))

m(§r(x)) B r'ﬁ(§r(x)) <0 <0,
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According to the first part of the proof, (R", d, M) satisfies the strong MCP.
Hence, ® and in turn also ® can be chosen arbitrarily close to 1 (if R is
chosen sufficiently small). This proves the claim. O

PrROOF OF PrRoPOSITION 4.9.  Fix a compact set K c R" and numbers & > 1
and © > 1. Let K’ = B, ,,,,(z) where B}(z) is some Euclidean ball contain-
ing K. According to Lemma 4.10 there exists a smooth matrix @ on R" with

9 12dg(x, y) < d (X, y) < 9V2dx(x,y)

for all x, y € K’. Choosing t — ®, to be minimal geodesics w.r.t. the metric
d; immediately yields (4.1). Moreover, (4.3) and (4.4) were proved in

Lemma 4.11. Finally, note that x,y € K implies ®,(x, y) € K’ for all t
[0, 1]. Hence,

da(Ry(X, ), DX, ¥)) < O 2dz(D(X, ¥), P( X, Y))
= 9Y2s — tldg( x, y) < 9ls — tld,(x, y)
for all x,y € K and s, t € [0, 1]. That is, (4.2) holds true. O

4.D. Example: degenerate elliptic matrices. As in the previous section, let
X =R" and let d = d, be given by a matrix a = (a;;(x)); ;- ., according
to (4.11) and (4.12). However, now we do not assume that this matrix is
uniformly (or strictly) elliptic. We are interested in degenerate elliptic matri-
ces. We do not treat the general case but treat some particular cases. We
restrict ourselves to n = 2 and matrices of the form

(1 o
a(x) = 0 @2(xy)
with some function ¢ on R'. We always choose m(dx) = dx.

ProposITION 4.12. Let ¢ € C(R) with {¢ = 0} discrete in R. Then the
metric measured space (R?, d,, m) satisfies the strong MCP with exceptional
set.

ProoF. Without restriction, ¢ is bounded and nonnegative. Let Z, =
{x, € R: ¢(x;) =0} and Z=2Z, X R. Then Z is closed (w.r.t. the Euclid-
ean topology) and m(Z) = 0. Of course, on R?\ Z the matrix a is nondegen-
erate. Hence, on R?\ Z the topology induced by d = d, coincides with the
Euclidean topology. In particular, Z is closed w.r.t. the topology induced by d.

Fix a compact set K c R*\ Z and let a® = inflo(x,): x = (x,, X,) € K}.
Put ¢ =9V aXonRand K’ = {x;: ¢(x,) > a¥} X R D K. Define a matrix
a¥ by afi(x) =1, ak(x) = afk(x) = 0 and aX(x) = ¢¥(x,)?. Obviously, this
matrix is uniformly elliptic and has bounded continuous coefficients. It satis-
fies ak(x) > a(x) for all x € R? with equality if x € K'. The associated
metric d¥ = d_« satisfies d¥(x, y) < d(x, y) for all x, y € R? with equality
if the dX-geodesic arc connecting x and y does not leave K'.
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Choose t — ®, to be geodesics in the metric d = d_«. Then obviously (4.1)
is satisfied.

Observe that each component Kj of K’ is of the form Kj = [sj, tj] X R
which is a convex set in the metric d¥. Therefore, if x, y € K lie in the same
component of K’ then the dX-geodesic t — ®,(x, y) connecting them will stay
in K’ for all t € [0, 1]. Choose R > 0 sufficiently small such that all x, y € K
with d¥(x, y) < R lie in the same component of K’. Then all x, y € K with
d(x, y) < R lie in the same component of K’ and

d(Dy( X, y), (X, y)) = d*(D(X,y), P(X,Y))
=Is —tld"(x,y) =Is — tld(x, y).

This is (4.2) with ¥ = 1. Moreover, it follows that the ball B,(x) in the metric
d and the ball BX(x) in the metric d¥ coincide for each x € K and each
r < R with B,(x) c K. Therefore, it suffices to verify (4.3) and (4.4) with d
replaced by d¥. But in this case, (4.3) and (4.4) hold true (with ® arbitrarily
close to 1) according to Proposition 4.9. O

RemARKs 4.13. (i) If o(x,) = x¥ for some k € N then the degenerate
elliptic operator A associated with the diffusion matrix a is called Grushin
operator. It is a Hormander type operator, that is, it is the sum of squares of
vector fields (namely, of X, = (d/dx,) and X, = xX(d/dx,)).

(i) If o(x,) = exp(—1/x2) then the associated operator is highly degener-
ate; it is not subelliptic.

4.E. Example: manifolds with corners.
A POSITIVELY CURVED CORNER. Let the two-dimensional set X be given by
X=9(R,XR,XR,) cR?

(i.e., X can be obtained by glueing together three copies of R2) and let d be
the length metric on X derived from the Euclidean metric on R"; that is,

(4.18) d(x,y) =inf{L(y): y € C([0,1] = X),¥(0) = x,¥(1) =y}

with L(y) being the Euclidean length of an arc y in R® [see (2.1)]. Then
obviously (X, d) is a geodesic space with curvature (in the sense of Alexan-
drov) being + at the origin (0, 0, 0) and curvature being 0 elsewhere. Choose
m to be the two-dimensional Lebesgue measure on X.

ProposITION 4.14. (X, d, m) satisfies the strong MCP with exceptional set
and the weak MCP without exceptional set.

Proor. Obviously, (X, d, m) satisfies the strong MCP with exceptional set
Z =1{(0,0,0)} and % = ® = 1 (since outside of the origin everything is locally
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the same as for the Euclidean triplet (R?, |-, dx)). In order to prove the weak
MCP without exceptional set, let t — ®, be geodesics w.r.t. d. Then (a
straightforward generalization of) the Bishop—Gromov comparison theorem
implies

m(A) _ m(®(x, A))

r‘m = (rt)’m

forall x € X, r > 0and A c B,(x). Moreover, obviously

3 m( B,( X
4 rir
for all x € X and r > 0. This yields the claim with ® = 4/3. O

This example can be generalized in a straightforward way. For o« €]0, 27/,
let the two-dimensional set X = X, be obtained by glueing together two
copies of the sector

X2 ={x=(r-cos ¢, r-singp) € R?:0 < ¢ < a}

along their boundaries. For instance, X, , can be identified with the set X
from above, X can be identified with R? and X, ,, can be identified with

X=d(R2XRUR?XR_) CR?

(which is obtained by glueing together five copies of R2). On each of these
sets X, there exists a “natural” distance d and a “natural” volume measure
m. Then for any « €]0, [, the assertions of Proposition 4.14 also hold true
for the triplets (X, d, m).

A NEGATIVELY CURVED CORNER. The (strong) MCP with exceptional set
actually is also true for the metric measured spaces (X,, d, m) with a €
7, 27 in which case the geodesic spaces (X, d) have curvature —c at the
origin. However, the MCP without exceptional set no longer holds true. Let us
explain this effect in a more simple example.

Let X be obtained by glueing two copies of R? at the origin and let the
metric d and the measure m on X be derived from the corresponding
Euclidean quantities on R?. More explicitly, let X = {0} U X_U X, with
X,=(®R?\{(0,0)}) x {£1} and o = (0,0, +1) = (0,0, —1). Then for & n € R?
and o,7 <€ {+1},

€ — ml, or= +1,
€]+ Inl, or= —1.

d((¢,0).(n. 7)) =
Of course, again (X, d, m) satisfies the (strong) MCP with exceptional set.

ProprosiITION 4.15. (X, d, m) does not satisfy the (weak) MCP without
exceptional set.
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Proor. Assume that the (weak) MCP holds true without exceptional set.
Let B,(x) be a ball in X which contains the origin o € X but which is not
centered at the origin, that is, 0 < d(x, 0) < r. Without restriction, x € X _,
say x = (¢, —1). Let W= {d(x,0): t[0,1]} be the graph of the quasi
geodesic ®(x, 0) connecting x with the origin o and let A =B.(x) N X, =
{(n, +1): n € R?,Inl < r —|£]}. We claim that ®,(x, A) c W forall t < |[¢&|/dr.
Namely, for each y € A, the map t — ®,(x, y) is a continuous arc connecting
x € X_ and y € X,. Hence, for some t, €]0, 1[ we must have &, (x y) =o.
From (4.2) it follows that t, > [¢£[/Or. But according to (4.1), the graph of
(X, Ylo,t,) coincides with the graph of ®(x, ®, (x Yo 13 = ®(X, 0)ljo, 1) =
W. This proves the above claim. Therefore, m(<I> (x, A) < m(W) = 0 for all
t <|&|/(9r) whereas of course m(A) = (r — |§|)27-r > 0. This yields a contra-
diction to (4.3) [since 1 < m(B(y))/(s?7m) < 2forall s>0andall y € X]. O

4.F. Example: manifolds with boundaries.

DIRICHLET OR ABSORBING BOUNDARY. Let (X, §) be a Riemannian manifold
with Riemannian metric d and Riemannian volume f and let X be an open
subset of X. Choose m = m|x. There are two_“natural” ways to define a
metric d on X derived from the metric d on X namely, either d = dlx or
d= d,; see Example 2.2(ii). Recall that d, is the length metric derived from
dix (and that both coincide if and only if X is a convex subset of X). With d
being either of these two metrics we always obtain that (X, d, m) satisfies the
strong MCP without exceptional set.

NEUMANN OR REFLECTING BOUNDARY. _Let (X, ), d and M as before and
now let X be a closed, convex subset of X. Choose m = fi|x and d = d|x = d.
Then (X, d, m) satisfies the weak MCP without exceptional set and the strong
MCP with exceptional set ¢ X. Here the convexity is crucial.

4.G. Example: glueing together of manifolds.

THE GENERAL PRINCIPLE. Let (X, d) be a locally compact length space and
let m be a Radon measure on X. Assume that there exist Riemannian
manifolds (Y;, g;), i € | (without boundary) with the properties that dl|y, is
the Riemannian distance on Y; and mly, is the Riemannian volume measure
on Y; (for each i € 1) and that m(X\ U;c, Y;) = 0. Then (X, d, m) satisfies
the strong MCP with exceptional set. Note that the Y; may have different
dimensions.

A LINE AND A WEDGE. Let Y, ={(x;, x,) €R? x;,<0,x,=0}, Y, =
{(x, X,) € R?: |x,] < x.}, Z={(0,0)} and X =Y, UY, U Z. Furthermore, let
d be the length metric on X obtained from the Euclidean metric on R? and
let m be the sum of the one-dimensional Lebesgue measure on Y, and of the
two-dimensional Lebesgue measure on Y,. Then (X, d, m) satisfies the strong
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MCP with exceptional set Z. From the probabilistic point of view, however,
this example is of minor interest, since the associated diffusion process will
never reach Z (and thus Y,) if it starts in Y,.

Alternative constructions. In order to replace the Dirichlet boundary condi-
tion on dY, \ Z by a Neumann boundary condition, let us choose X' = X =
Y, UY, and extend d and m (as before) on X'. Then (X', d, m) satisfies the
weak MCP with exceptional set Z and the strong MCP with exceptional set
dY,. Instead of being killed at the boundary dY, \ Z, the process will be
reflected there. But still it will never reach Z if it starts in Y,.

Another construction. If we want to ensure that the diffusion process will
reach the origin if it starts inside of the wedge, we have to produce a drift
inside of the wedge towards the origin. This can be done by modifying the
reference measure m. Let us now choose

A(dx,), x, <0,
m’'(dx) =

1
—A%(dx), x,>0.
|X| ( ) 1

Then as before (X', d, m’) satisfies the weak MCP with exceptional set Z and
the strong MCP with exceptional set dY,.

THREE HALF PLANES. Let X be the union of three half planes Y, Y,, Y,
being copies of R, X R glued together at the “y-axis” {0} X R. (More con-
cretely, let X =R, X R x{0}) U {0} x R x R) cR®) Then as before the
(strong) MCP holds with exceptional set but obviously also the weak MCP
holds without exceptional set, namely, with ¢ =1 and ® = 3/2. Note that
(X,d) is a geodesic space with curvature —« on the singular line (and
curvature 0 elsewhere).

5. The Measure Contraction Property and pointwise convergence
of the approximating forms. Throughout this section, we require that
(X, d, m) satisfies the weak MCP with an exceptional set which will be fixed
and denoted by Z.

5.A. Convergence of the approximating forms on compact sets. We fix a
relatively compact set Y with Y c X\ Z, numbers R, 0, 4 and a map &
satisfying the conditions from Definition 4.1. We put

Q(Y) ={(x,y) € XX X: d(Pg(x,Y), Dy(X,y)) <d(P,(x,y),X\Y)
forall s, t,u € [0,1]}.

Note that (x, y) € Q(Y) together with d(x, y) <R implies (x, ®(x, y)) €
Q(Y) forall t € [0, 1].[If Y is convex and © = 1, then the latter property also
holds for Y X Y in the place of Q(Y). The reason for using Q(Y) is to avoid
convexity assumptions on Y which might be very restrictive.] Moreover, note
that for (x, y) € X X X with d(x, y) <R, the map t —» ®,(x, y) is continu-
ous. Hence, the set {(x, y) € Q(Y ): d(x, y) < R} is measurable.
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For u € L2( X, m) define

1 _ 2
Ev(u,u) = ;/yfmm[—”(ﬁix, siy)} m,(dy)m,(dx)

and

, 1 u(x) —u(y) |’
E¢ (U, u) = Effo(x)[—d(x, 9

LeMmmAa 5.1. For each r >0 and Y as above, (Ey, D(Ey)) and
(Ey 4, D(Ey ) are Dirichlet forms on L*(X, m). For each u € Cg'?(X) (with
compact support K and Lipschitz constant L),

2

L
(5.1) Ey(u,u) < ?m(Br(K)).

Lo (X, y)m,(dy)m, (dx).

The proof is trivial. See also the proof of Lemma 3.1.

LeEMMA 5.2 (Subpartitioning lemma). Let u € L2(X, m) and r < R. For
any n € N and any partition 0 = to <t < - <t,=1,
(5.2) Ev/g (u,u) <C Z (te =t 1) EJY %Y (u, u)

[0}

with C = ©*92. In particular, for any n € N,

(5.3) Ev/2°(u,u) < CE{/(u, u)
and for any t € [0, 1],
(5.4) Ey/2°(u,u) < CtEY 4(u,u) + C(1 — t)EEP(u, u).

Proor. It obviously suffices to prove (5.2). Let us fix u, r and the par-
tition {t,,k=0,...,n}. Put w,(x,y) = 15y,(X, Y)1g:4(y) and note that
w, (X, y) = w,(y, x) as well as

(5.5) W, (X, Y) < Wy (X, (X, Y))
for all t € [0, 1]. Therefore,

sz[u(x) u(y)} w,(x, y)m,(dy)m, (cx)

d(x,y)
- 2[[

Ev o(U,u)

O, (%, ¥) = u(@(x, )]
d(x,y)

><Wr(><, y)m,(dy)m,(dx)
1 i U((I)tkil(x, y)) B u((Dtk(X’ y)) i
Effkg t, d(x,y) l
XW, (X, y)m(dy)m,(dx)

according to the elementary algebraic inequality [X}_, a,]*> < Xp_,a2/(t, —
ti_s)-

IA
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Using (4.2), then (4.1) and finally (5.5) we get

9t en o u(® (x0y) —u(@yx ) |
<2 ) E G T oy o w)

XW(x, y)ym,(dy)m,(dx)

g2 n [ O, . (x, P (X, — (D (X, 12
7 Z (tk_tk—l)/f U( k-1/ k(x k(X Y))) U( k(x y))

k=1 d(q)tkf1/tk(x’q)tk(x’y))’q)tk(x'y))

XW, (x, y)m (dy)m (dx)
19_2 ; _ -u(q)tk—l/tk(x’ (I)tk(X, y))) - U(q)tk(X, y)) T
7 L (e d(®y_,, (% (%, Y)), DX, Y))

X Wy, (X, @ (X, y))m,(dy)m (dx).
Now we are in position to apply (4.3) which yields

IA

@92 n tklt(,y))—U(y)
< Z (t, — t _ 1)/[ ti_l/tk(x,y)'y) ]
X Wy r (X, Y )My (dy")mg  (dx)
S®2 i i(tk L. 1)f/ tk l/t(x y))_U(y)]

tk—l/tk(x’ y )' y )
><W{}tkr( y' X)mmkr(dx)mmkr(dy’),

the last inequality being a consequence of (4.4). By (4.1) and (5.5) it follows

®2 20 1tk 1/t(y X))_U(y)
L (bt / f
P, tk—l/tk(y ! X)’ y )
Xwﬁz(tk*tkfl)r( yh ®1*tk—1/tk( y' X))
Xmﬁtkr(dx)mﬁtkr(dy’)
which again allows applying (4.3). Hence, together with (4.4)

®%2 o (x) —u(y) |’
Z(tk te) [/ W}

XWyze g, (Y X )Mz ¢ (X))

XMooz, g, Hr(dY)

n
092 ¥ (t — 1) BV § %" (u, u). =
-1
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The basic idea for this subpartitioning lemma is well known. It is essen-
tially the same argument which implies that the “approximate length”

nd(y(t;_p), y(t) of an arc y:[0,1] - X increases if the partition
{ty,..., t,} is replaced by any subpartition. This leads to the definition (2.1)
for the length L4(y) of y. The same idea was used by Korevaar and Schoen
(1993) and Jost (1994) to treat energy integrals for maps f: M — N where M
is either the R" or an n-dimensional Riemannian manifold (with bounded
Ricci curvature) and N some “singular space” (i.e., geodesic space with
nonpositive curvature). In the present paper, however, the difficulties are not
caused by singular target spaces N (which in our case is just R) but by
singular domains M (which in our case is the metric space X).

LEMMA 5.3. There exist constants C < « (with C arbitrarily close to 1
under the strong MCP), R, > 0 and § > 0 such that for all u € L*(X, m) and
allR <R, and r < R,

(5.6) ES o(u,u) < CEJ(u,u).

Proor. Fix R >0, put R’ = 92R and observe that for any r > 0 there
exists k € N with R’ /k < r < R’ /(k — 1). With this k one obtains

B (uu) =5 ff (X)[“(ZZ;%”} e (X, Y)m, (dy) m,(dx)

1 u(x) —u(y)|?
Ev/‘fsﬁ,/k(x)[w}

X Loy ( X, y)mR’/k—l( dy)mR’/k—l( dx).

Now assume that r < (1 — 1/9")9?R. Then 1/k < (1 — 1/9’') and thus k/
(k — 1) < ¥'. Hence, we may apply (4.4) to deduce

u(x) —u(y)]*
sl [

\%

} Looy(X, Y) Mg (dy) Mg, (dX)

R’/ K(xX) d(X'y)
1 R'/k o
= 6Ev,cp (u,u) > EEY,GJ(U’ u)

according to (5.3).

Let us turn to the crucial question of I'-convergence of Ey for r — 0.
Note that always TI'-lim inf--- < Ilim inf--- as well as TI-lim sup-- <
lim sup --- and of course I'-lim inf--- < I'-lim sup -

LEMMA 5.4. There exist constants C < « and R, > 0 (with C arbitrarily
close to 1 under the strong MCP) such that for all u € L2(X, m) and all
R < R,,

(5.7) Ef o(u,u) < C-T-liminfEy(u,u).
' r-0
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Moreover,
(5.8) lim sup E¢(u,u) < C-TI-lim ionfEYr(u,u).
r-0 r-
Proor. In order to see (5.7), write

F-lim inf Ey(u,u) = lim liminf inf Ey(v,V)
r-0 a—>0 r—-0 |v-ull<a

%

C tliminf E}(v,v) = CT'ER(v,v)
v—>u

since EJ is lower semicontinuous on L2( X, m). This proves (5.7).

In order to see (5.8), fix u e CHP(X) (with Lipschitz constant L). Let
Y'={xe X:d(x, X\Y > 23%r} cY and note that 1,.(x)1,.(y) <
Lowy(X, y) for x, y with d(x, y) <r. Then a straightforward calculation [cf.
proof of Theorem 5.6(ii)] shows

0 <E¢(u,u) —Ey ¢(u,u)

1 _ 2
< EfY[mB*(X)[—U(Z)(x,;;y)} m,(dy) m,(dx)
J,

u(x) —u(y) |’
LW\B?‘(U[W} m,(dy)m, (dx)

IA

L2
— m, (dy)m_ (dx
5 fmm (dy)m,(dx)

1
2
LM @Im (0]

<L2m(Y\Y?") >0
for r —» 0. That is, limsup, ,,Ey(u, u) = limsup, ., Ey 4(u, u) which to-
gether with (5.7) yields the claim. O

CoroOLLARY 5.5. (i) Assume that the strong MCP (with exceptional set)
holds. Fix any sequence (r,), with limr, = 0 for which EJ := I-lim,_  Ey
exists. Then for each u € CHP(X), the limit
(5.9) limEy(u,u)

r-0

exists, is finite and coincides with EQ(u, u).

(i) (EQ, CE'P(X)) is closable and its closure (E,, F,) is a regular, strongly
local Dirichlet form on L?(X, m) with core C}'P(X). It is independent of the
choice of (r,),.

Proor. (i) is obvious from Lemma 5.4. (ii) By Mosco [(1994), Theorem 2.8],
the T-limit (ES, D(E?)) from (i) is a (not necessarily densely defined) closed
Markovian symmetric form. Moreover, CLP(X) c D(E?). Hence, this form is
densely defined. Its restriction (EQ, CHP(X)) is of course closable with closure
(Ey, Fy) being again a Dirichlet form. Obviously, the latter is regular with
core CLH'P(X) and it is easily seen that it is strongly local. O
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5.B. Convergence on the whole space. Let us assume that (X, d, m) satis-
fies the strong MCP with exceptional set, say Z C X, and fix an exhaustion
(Y);en Of X\ Z, that is, an increasing sequence of relatively compact open
sets Y; with Y, c X\ Zand U;.y Y, = X\ Z

THEOREM 5.6. (i) On L2(X, m), the limits
(5.10) I-limE,  and limE,,

> >

exist and coincide. _
(ii) For any u € C;'P(X),

u(x) —u(y)
d(x,y)
In particular, (E°, CE'P(X)) is independent of the exceptional set Z and of the

exhaustion (Y;); of X\ Z.

(iii) (E°, Cy™(X)) is closable and its closure (E, F) is a regular, strongly
local Dirichlet form with core C;'P(X).

rs0 2 ] m,(dy)m,(dx) <o,

(5.11) E°(u,u) = lim = ff ()[

Proor. (i) The convergence assertions are obvious since the sequence
(Ey); is increasing, which in turn follows from the fact that, for each r > 0,
the sequence (Ey ); is increasing.

(ii) The finiteness assertion follows from the estimate (5.1) which holds
true for all u e C{'P(X), uniformly in r and i. Fix u € CHP(X) (with
Lipschitz constant L and compact support K) and i € N. Denote the lim,

- in (5.11) by E(u, u). Then with v,(x) = 1/m(B,(x)),

0 <E(u,u) — EY (u,u)
3L ] monmion
L] e a0
Sycemhasomnpas™ B0

/ w(x)m(dy)m(dx)}
B (K)NY;"B(K)NY;nBf(x)
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L2
= — |lim

2 r-o vy (x)m(dy)m(dx)

/Br(K)\YifB,(K)m B#(x)

+ v,(x)m(dy)m(dx)

B.(K)N Yi‘[Br(K)\Yim B ()

L2 2
< — limm(B,(K)\Y;) = —m(K\Y;).
2 r-o0 2
In the limit i — «, the latter goes to 0 since (Y;); is an exhaustion of X\ Z
and m(2) = 0.
(iii) Same argument as in the proof of Corollary 5.5(ii). O

COROLLARY 5.7. (i) For any u,v € CHP(X),

E%(u,v) = lim =
(5.12) 0 2

1 [u(x) —u(y)][v(x) = v(y)]
'[X'[B;"(x) dZ(X, y)

Xm,(dy)m,(dx) <oe,

(ii) For any u € CS'"P(X)

(5.13) E°(u,u) = I-lim sup E"(u,u) = I-lim inf E"(u, u).
0

r-0 r-

That is, E® = E® = E° on C{P(X) and thus

(5.14) E=E=E onL?(X,m).

Proor. (i) follows from (5.11) by polarization.
(ii) For any u € C}P(X) and any exhaustion (Y;); of X\ Z,

E°(u,u) < limsup E"(u,u) = E°(u,u) = sup EJ (u, u)
r—0 ieN

according to (5.11) and (5.10). Moreover, for any i € N by (5.8),

Ev (u,u) = F—IiplionfEYri(u, u) < F—Iimionf E"(u,u)

and thus
sup E{ (u,u) < T-liminfE"(u, u).
ieN ' r-0

This proves (5.13). Then (5.14) is an obvious consequence. O

6. Energy measure, Poincaré inequality and intrinsic metric.
Throughout this section, we assume that (X, d, m) satisfies the strong MCP
with exceptional set. The exceptional set for the weak MCP (which might be
much smaller than that for the strong MCP) will be denoted by Z.
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6.A. The energy measure of the limit form. We recall that for every
regular Dirichlet form (E, F) on L?(X, m) and every u € F there exists a
uniquely determined Radon measure ., on X which satisfies

fx¢(X)M<u>(dX) = 2E(u, pu) — E(u?, ¢) Vg € Cy(X).

From now on, let (E, F) be the regular, strongly local Dirichlet form defined
in Theorem 5.6.

THEOREM 6.1. For any u € CHP(X), the energy measure Keyy W.T.t. the
Dirichlet form (E, F) is given by the formula

u(x) —u(y)

Ty ] m, (dy)m, (dx)

(6.1) [ o(x)meu(dx) = !Lf%fx‘“x)fsw[

for ¢ € Cy,(X). Actually, formula (6.1) holds true whenever ¢ € C,(Y) for
some open Y € X with m(X\ Y) = 0.

Proor. Assume that ¢ € C,(Y) for some open Y c X with m(X\ Y) = 0.
Without restriction, we may assume that X \ Y is the exceptional set for the
MCP. (Otherwise replace Y by Y \ Z.) Let (Y;), be an exhaustion of Y. Then
for each i € N, the function ¢ can be uniformly approximated on Y; by
functions ¢;, € CS'P(X), k € N. Note that for any i, k € N the function ¢;,
lies in the domain F, of the Dirichlet form E, . Therefore, by the definition
of the energy measure ,u(<‘3> w.r.t. the Dirichlet form (E, , F, ) from (5.5),

fx @in( X)M(<i3>(dx) = 2Ey, (u, gju) — EYi(UZ- @ik)

ei(X) + @i y) [[u(x) —u(y) ’
2 d(x,y)

|imff
r—07yv,”Y,nB¥(x)

xm, (dy)m,(dx)

| u(x) —u(y) |’
rII_I:T(I) infpik(X)j;ime(x)[W}

xm, (dy)m,(dx).

These equalities remain valid in the limit k — « (with ¢ in the place of ¢;,)
since ¢;, converges uniformly on Y; to ¢. That is,

i . u(x) —u(y) 2
(6.2) /XQD(X)M(<3>(dX) - fviw(x)fvims:f(x)[ d(x,y) }

xm,(dy)m,(dx)
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for all i € N. We claim that for i —» « the RHS of (6.2) converges monotoni-
cally to

lim X‘D(X)Lm[%} m,(dy)m, (dx).

The proof of this claim is the same as that of Theorem 5.6(ii). Moreover,
according to (5.10) in the limit i —» «, the LHS of (6.2) converges monotoni-
cally to

fxﬁp( X):““(u)( dX).
This proves the assertion of the theorem. O

For the following result, we recall our assumptions which are quite sophis-
ticated: we require the strong MCP with some exceptional set and the weak
MCP with the exceptional set Z.

CoroLLARY 6.2. For any compact set Y c X\ Z, there exist constants C
and R and a map & satisfying (4.1) and (4.2) such that, for all r < R and all
uekF,

1 _ 2
(63) [duu = ¢ [B*(X)[W} Low (X, y)m,(dy)m,(dx),

where as usual

Q(Y) = {(x, y) € X X X: SU|to d(Dy(x,y), P(x,Y))
< infd(®,(x,y), X\Y)}.

Proor. By density arguments it suffices to prove the assertion for u e
CHP(X). For >0 let Y®={xe X:d(x, X\'Y)>¢&} and choose ¢, €
CH'P(X) with ¢, =1 on Y? and ¢, =0 on X\Y. Then (6.1) (which is a
consequence of the strong MCP with some exceptional set) implies

Jdncuy = 'irp%syp/YSfB*(x)[%} m, (dy)m,(dx)

Now for any R < R(Y) the weak MCP with the exceptional set Z € X\ Y

implies

u(x) —u(y)
d(x,y)

liminf Tony (X, y)m, (dy)m,(dx
mint ff o } acre(% Y) M, (dy)m, ()

C f/B*(x)[ U()(;)(X_ ;Jg y) } 1Q(Y"')( X, y)mR(dy)mR(dX)-
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That is,

[ dn, = Cffa*(x)[u((xjix ;; y)} Loge( X, ¥) Me(dy) Mg (dx)

(independently of u and &). Hence, (by monotone convergence in &)

(x) —u(y)
fdﬂ<u> C/fB*(x)[u )C(J(X ;j)y } lowy( X, y)mg(dy) mg(dx)

for all u € CSP(X). O

6.B. The Poincaré inequality. It is a surprising fact that the MCP not
only implies the doubling property but automatically also implies a Poincaré
inequality. This is more or less a consequence of the lower estimate (5.7)
which allows estimating the limit form EO = I'-lim E = lim, EJ from below
by one fixed approximating form Ey ;. This lower estimate is rewritten in a
more appropriate way in Corollary 6.2 which is already something like a
Poincaré inequality.

THEOREM 6.3 (Weak Poincaré inequality). For any compact set Y c X\ Z,
there exist constants C, kand R > 0 such that forallu € F, all z € Y and all
r <R,

1 — 2
(6.4) ka,(z)dM<u> > ?fB,(z)[U(X) — u(x)]"m(dx)
where T(x) = (1/m(B,(2)) g (,, u(y)m(dy).

ProoF. Choose k = 49 and R > 0 such that Y, = B,x(Y) is a compact
subset of X\ Z with R(Y,) > 2R. We apply Corollary 6.2 with B,,(z) in the
place of Y and 2r in the place of r in order to obtain

u(x) —u(y)
kar(z)dM<u> > C'/'[B o d(x, y) } 1Q(Bk,(z))(xv y)m,, (dy)m,, (dx)
u(x) —u(y)
> CfB (Z)fB (z)[ a(x, v) } m,,(dy) m, (dx)
1 1 ,
MZCrZ '/B,(z) m(Br(Z)) fBr(z)[U(X) - U( y)] m(dy)m(dX)

%

! ! f d 2 d
> —— u(x) — ———— u m m( dx),
M2C2r2f3r(z) (x) m(B,(2)) ’/B,2) (y)m(dy) (dx)
where M denotes the doubling constant on Y. O

For subelliptic operators, Jerison (1986) has proven that a weak Poincaré
inequality (as above) always implies the corresponding strong Poincaré
inequality where the integration on the left- and right-hand sides is over
the same regions. This result was generalized in Sturm (1996) to general
Dirichlet operators.
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THEOREM 6.4 (Strong Poincaré inequality). For any compactsetY c X\ Z,
there exists a constant C such that for all u € F, all z € X and all r > 0 with
B.(2) Y,

1
(6.5) fB 9w = g fB (Z)[u(x) —a(x)]*m(dx)
where G(x) = 1/m(B,(2))[g (,, u(y)m(dy).

Proor. The result would follow immediately from Sturm (1996), Theorem
2.4, if d would be the intrinsic metric for the Dirichlet form (E, F) (which, in
general, will not be true). However, one easily checks that for the arguments
in that paper it suffices that d is a length metric on X with the property that
Mg,y <M for all ze X [with d,: x — d(z, x)] which will be proved as
inequality (6.8) in the course of the proof of the following Proposition 6.6. O

6.C. The intrinsic metric. The notion of intrinsic metric was introduced
and investigated in Sturm (1994) and (1995b). Here we use a slightly differ-
ent definition.

DerINITION 6.5. The intrinsic metric p on X associated with (E, F) is
defined by
(6.6) p(X,y) = sup{u(x) —u(y): ueC(X), py < m}.

A priori, we only know that p is a pseudometric on X. It might be
degenerate.

ProPosITION 6.6.  The intrinsic metric p associated with the Dirichlet form
(E, F) satisfies

(6.7) p>=d onX X X.

Proor. For any X, y, z € X the triangle inequality yields
d(x,z) —d(y, z)
d(x,vy)

Hence, for each z € X, the energy measure of the function d,: x — d(x, z)
satisfies

d(x,z) —d(y,z

[ &) pca (@) = lim x""(x)fm[ e )}mxdy)mr(dm
< lim [ e(x) [ mi(dy)m,(d)
< tim [ [ Ve() Ve(y) mi(dy)m,(cx)
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for all nonnegative ¢ € C,(X). The last inequality follows from

JI. (00 = eCe(y) )m;(dy)m,(cx)
< ffB;k(x)lgD( X) - ‘P( y)l mr(dy)mr(dx)
S C R DLECHLECY

<8(r)f

[ m.(dy)m,(dx) -0
B.(K)’B{(x)

for r - 0. Here r — 8(r) denotes the modulus of continuity of ¢ € C,(X) and
K = supp ¢. That is,

. @(X) e(y)
f<p(><)u<u>(d><) < jmffo(x)\/ m(B.(x) \ m(B.(v)) m(dy) m(dx)

which by the Cauchy—-Schwarz inequality is less than or equal to
lim x)ym(dx) = x)m( dx
lim [o(x)m(dx) = [¢(x)m(dx)

for all nonnegative ¢ € C,(X). Hence,

and thus

p(X,y) = d,(x) —d,(y)
for all x,y, z € X. Choosing z =y, this proves the claim. O

ProposITION 6.7. For each compact set Y € X\ Z there exists a constant L
and a map @ satisfying (4.1) and (4.2) such that the intrinsic metric p
associated with the Dirichlet form (E, F) satisfies

(6.9) p=<Ld onQ(Y),
where as usual

QY)Y = {(x¥) € XX X: sup d(,(x. y). @ (X, ¥))
< infd(Dy(x, y), X\Y)}.

PROOF. We have to consider such u e Cy'P(X) for which ., <m.
According to (6.3), this implies

(6.20) [ fo(x)[%} Towe( X Y)M(dy)m (dx) < Cm(Y,)

for any open set Y, C Y and all r > 0 where C is a constant determined by
the MCP.
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Let L = sup{lu(x) — u(y)l/d(x, y): (x,y) € Q(Y), x # y} be the “Lipschitz
constant of u on Q(Y )" and fix (z,, z,) € Q(Y) with

lu(z;) —u(zy)l = %d(zl, z,) > 0.

Such (z,, z,) € Q(Y) can be chosen with arbitrarily small d(z,, z,) (just
replacing successively either z;, or z, by their midpoint ®, ,(z,, z,)). Let
r=3d(z;, z,). For x € B, 4(z;) and y € B, ,4(z,),

lu(x) —u(y)l = lu(zy) —u(zy)l = u(zy) —u(x)l = uy) —u(z,)l

Therefore, for x € B, 4(z;)

! u(x) —u(y)]*
e A e L

[u<x)—u(y) 2
(z,)

> m(BZr(zz))fB* a(x.y) } m(dy)

- L*> m ( r/B(ZZ)) L?
B 28 m(BZr(ZZ))

with M being the doubling constant. Together with (6.10) [applied to Y, =
B,,(z,)] this yields

M 4

Cm(BZI’( Zl)) Z fBr(Zl)fB?(X)[ U( Zix—, ;§ y) } mr(dY)mr(dX)
L2
> MM (B, a(2:))

L2
= ?Migm(BZr( 2,)).

Hence, we finally obtain
L? < 28CM&.
In other words,
u(x) = u(y)l < Ld(x, y)
for all (x, y) € Q(Y) with L = 16y/C M*. Since this holds for all u € C,(X) N
F we get
p(x,y) <Ld(x,y)
for all (x, y) € Q(Y) with L as above. O

THEOREM 6.8. Assume that the weak MCP holds without exceptional set.
Then the intrinsic metric p is locally equivalent to the original metric d. In
particular, it is nondegenerate and induces on X the same topology as d.
Moreover, (X, p) is a length space.
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We recall once more that for each result in this section, in particular for
Theorem 6.8, we require that (X, d, m) satisfies the strong MCP with some
exceptional set.

ProoF oF THEOREM 6.8. Let us prove the first assertion. For z € X, choose
R > 0 such that B,z(2) is relatively compact. Then Propositions 6.6 and 6.7
[with Y = B,(2)] imply that there is a constant L such that

d(x,y) <p(x,y) <Ld(x,y)
for all x, y € Bg(z) with d(x, y) < R. This proves the first claim. Next we
turn to the last assertion. It follows by a slight modification of the proof of
Lemma 3 in Sturm (1995b). Let ¢, be the function from that paper. In the
present case, we have to check that ¢, € C'P(X)[and notonly in C,(X) N F1.
But according to Proposition 6.7, the function y — p(x, y) lies in C}'P(X),
hence, also i, € CHP(X). O

COROLLARY 6.9. The volume doubling property and the weak (and strong,
resp.) Poincaré inequality as stated in Proposition 4.5 and Theorem 6.3 (and
Corollary 6.4, resp.) remain valid if all balls w.r.t. the metric d are replaced
by balls w.r.t. the metric p. The constants, however, will change.

7. Heat kernel estimates and strong Feller property. Again, we
assume that (X, d, m) satisfies the strong MCP with exceptional set and we
denote the exceptional set for the weak MCP by Z.

7.A. The parabolic Harnack inequality. The Harnack inequality is a
uniform estimate for the growth of local solutions of certain operator equa-
tions (usually, partial differential equations). The elliptic Harnack inequality
deals with local solutions u: x — u(x) of the equation Au =0 on X; the
parabolic Harnack inequality with local solutions u: (t, x) — u(t, x) of the
equation (A — d/dt)u = 0 on R X X. For the precise notion of “local solution”
(which actually means local weak solution) of these equations, we refer to
Sturm (1995a).

THEOREM 7.1 (Parabolic Harnack inequality). For each compactyY c X\ Z,
there exists a constant C,; = C,(Y) such that for all balls B,,(x) € Y and all
te R,

(7.1) sup u(s,y)<C, inf u(s,y)

(s, y)eQ" (s,y)eQ”
whenever u is a nonnegative local solution of the parabolic equation (A —
d/0tu =0 on Q =]t — 4r?, t[ xB,,(x). Here Q =]t — 3r?,t — 2r?[ XB,(x)
and Q =]t — r?, t[ xB,(x).

Proor. The result would follow immediately from Sturm (1996) if d
would be the intrinsic metric for the Dirichlet form (E, F). Namely, Theorem
3.5 in that paper states that the parabolic Harnack inequality (7.1) follows
from a doubling property [like (4.8)] and a Poincaré inequality [like (6.4)],
provided the balls under consideration are balls w.r.t. the intrinsic metric.
However, here we have balls w.r.t. the metric d and (as pointed out in the
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proof of Corollary 6.4), in general, the intrinsic metric does not coincide with
d. But actually for the validity of Theorem 3.5 in Sturm (1996) it suffices that
d is a length metric with u 4 , < m for all z € Y. Fortunately, this is the case
due to (6.8). O

In order to be precise, one should replace the “inf’ and “sup” in (7.1) by
“ess inf” and “ess sup”. The following Proposition 7.3, however, states that all
functions u under consideration can be chosen to be continuous (more
precisely: admit a continuous version). Hence, there is no reason to use this
cumbersome notation.

REMARK 7.2. The parabolic Harnack inequality obviously implies the
elliptic Harnack inequality. That is, there exists a constant C = C(Y) such
that for all balls B,,(x) C X,

(7.2) sup u(y) <C inf )u(y)

yEB(x) yeB (X

whenever u is a nonnegative local solution of the elliptic equation Au = 0 on
B,,(x). Note that the elliptic Harnack inequality does not imply the parabolic
one.

It is a well-known fact that the parabolic Harnack inequality is quite a
powerful property which has many important consequences. We will state
only one of them.

CoroLLARY 7.3 (Hdlder continuity). Fro each compact Y € X\ Z there
exist constants « €]0,1[ and C such that for all balls B,,(x) cY and all
TeR,

s =t + 1y —zl)"
(7.3) lu(s,y) —u(t, z)| < Csup|ul .
Q2

whenever u is a local solution of the parabolic equation (A — d/dt)u =0
on Q,=]T —4r? T[xB,,(x) and (s,y) and (t,z) are points in Q, =
[T —r2, T[xB,(x).

The proof of Moser (1964) carries over without any essential change.

Of course, the precise assertion of (7.3) is that any local solution of the
equation (A — 4/4t)u = 0 admits a version which satisfies (7.3). This contin-
uous version is uniquely determined and without restriction in the sequel we
always assume that all local solutions of that equation are chosen to be
continuous on X\ Z.

Instead of considering “harmonic functions” u: X — R, one also could
consider “harmonic maps” f: X — X', defined on the metric measured space
(X, d, m) with values in some metric space (X', d’). More precisely, one looks
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for minimizers f of the energy form (or generalized Dirichlet form)

E(f) = lim

1 d'(f(x), f(y))?
raOEj;éﬂx) e M.

d(x, y)?

For details, we refer to Korevaar and Schoen (1993) and Jost (1994). The aim
is to prove existence and regularity of such minimizers. If one is interested in
minimal assumptions on the original data, one typically requires that (X', d’)
is a complete geodesic space with nonpositive curvature (in the sense of
Alexandrov) and that (X, d, m) is (derived from) a smooth Riemannian
manifold. However, the previous results together with recent results of Jost
(1997) indicate that in order to prove Hdlder continuity for such minimizers it
suffices that (X, d, m) is a metric measured space satisfying the MCP. This
problem will be addressed in detail in a subsequent paper.

THEOREM 7.4. There exists a measurable function p: ]J0,o XX X X —
[0, ], (1, X, y) — p(X, y) with the following properties.

(i) For every t > 0, every u € L2(X, m) and m-a.e. x € X,

(7.4) e Mtu(x) = [ p(x y)u(y)m(dy):

(ii) The function (t, x,y) = p{x, y) is locally Holder continuous on
10,0 X (X \ Z) X (X\ Z) and identically 0 on the complement of that set in
10,09 XX X X

(iii) Foralls,t >0 and all x,y € X,

(7.42) P(X, y) = Pi(Y. X)
and
(7:40) Pese(X,Y) = [ Pu(3,2) P2, y)m(d2).

By these properties, the function p is determined pointwise uniquely. It is
called heat kernel for A.

Proor. The proof follows the lines of the proof of Proposition 2.3 in Sturm
(1995a). Fix t > 0 and let B,(x,) be any ball with 4r? < t and B,,(x,) being
a relatively compact subset of X\ Z. Put Q,(t, x,) =]t — r?, t + r’[ X B,(x,).
For f< LX(X, m) N L2(X, m) the function u: (s, X) — e *%f(x) is a local
solution of the parabolic equation (A — d/dt)u = 0 on ]0, o[ X X. Hence, the
subsolution estimate, Theorem 2.1 in Sturm (1995a), together with the
contraction properties of e ' on L*(X, m) and L*(X, m) imply

ess-supu(t,-) < ess-supu < C u(s, x)m(dx) ds
B,(Xo) Q,(t, Xg) Qa(t, Xo)

c[‘_”if e A*f(x)m(dx) ds < C8r? [ f(x)m(dx)
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for all f e LX(X, m) N L2(X, m). By monotonicity and continuity of e At on
L*(X, m), this extends to all f € L'(X, m). That is, for any such B = B,(x,),
the map T.2: f— (e "'f)|g defines a positivity preserving, bounded linear
operator

TE: LY(X,m) - L*(B,m)

with norm < C8r2. From the theorem of Dunford—Pettis it now follows
that T2 is an integral operator with a density p2(-,-) satisfying
SUP, < g SUPy c x PC(X, ¥) < C8r? and

e Mf(x) = [ pP(x, y) F(y)m(dy)

for all f < L}(X, m)and m-a.e. x € B. Covering the space X \ Z by countably
many such balls B, we obtain a function p?(:,-) which satisfies

e At (x) = fxpP(x, y) f(y)m(dy)

for all f € L}X(X, m) and m-a.e. x € X.
The operator identity e AC*Y = g=ASo e~ At implies

(7.40) P2 (X, ) = [PI(x, 2) (2, y)m(dz)

for all s,t€]0,«[ and m-a.e. X,y € X. The symmetry of e **' [which is a
consequence of the symmetry of the Dirichlet form (E, F)] implies that

(7.4d) pe(X, ) = pe(y, x)
for m-a.e. x, y € X. From these two properties it follows that

[p2(y, 2)*m(dy) = [p(z,y)p{(y, Z)m(dy) = pS(2, 2) <,
that is, that p(z,-) € L2(X, m), for all t > 0 and m-a.e. z € X. Put f(y) =
p2(y, z) and consider
u(t, x) = e At 9f(y).

This is a solution of the equation (A — d/dt)u = 0 on ]g, o[ X X. On the other
hand, having in mind the choice of f and using (7.4c) we get

u(t,x) = [P, (%, y)p2(y, z)m(dy) = pi(x, 2).
That is, for m-a.e. z € X the function

(t,x) = pl(X, z)
is a solution of the equation (A — d/dt)u = 0 on ]0, o[ X X. By Corollary 7.3,
it admits a version which is Hdlder continuous on ]0, o[ X (X \ Z). But accord-
ing to (7.4d), for m-a.e. x € X also the function (t, y) = p{(x, y) admits a
version which is Hdlder continuous on ]0, o[ X (X \ Z). This finally implies,
that the function (t, x, y) — p2(x, y) admits a version p,(x,y) which is
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Holder continuous on ]0, [ X(X\ Z) X (X\ Z). By continuity, properties
(7.4c) and (7.4d) carry over from m-a.e. x,y € X to every X,y e X\ Z
Without restriction, one can put p,(x, y) = 0 if either x € Z or y € Z [since
m(Z) = 0]. With this convention, the function p, is determined uniquely and
obviously satisfies (7.4c) as well as (7.4d) for all x,y € X. O

ProposITION 7.5.  Assume that the weak MCP holds without exceptional
set. Then the diffusion process (X, P,) properly associated with (E, F) can be
chosen to be a strong Feller process. By this property, it is uniquely deter-
mined for every starting point x € X.

Proor. It suffices to prove the strong Feller property of the semigroup
(e~AY),. For each u € L?(X, m) the function

(t. %) = e™u(x) = [ p(x, y)u(y)m(dy)

is a local solution of the equation (A — d/dt)u =0 on ]0,[ XX [Sturm
(1995a), Section 1.4C]. Therefore, by Corollary 7.3 this function (admits a
version which) is Holder continuous on ]0, o[ X X. Approximating u € L*(X, m)
by u, € L2(X, m), n € N, yields the Hdlder continuity of (t, x) — e A'u(x)
for all u € L*(X, m). In particular, for any t > 0 the function

x — e *tu( x)
is (Holder) continuous on X. This proves the strong Feller property for the
semigroup (e *Y,. O

CoRroLLARY 7.6. The diffusion process (X,,P,) properly associated with
(E, F) can be uniquely determined for every starting point x € X\ Z by the
property that

X = EX[U( Xt)]

is continuous in x € X\ Z for every u € Cy,( X).

7.B. Gaussian estimates for the heat kernel. In the sequel we derive
pointwise estimates on X\ Z for the heat kernel p,(x, y) of the operator A
on X. We emphasize that p,(x, y) is the heat kernel on the whole space X
whereas the (weak) MCP is only required on the subset X\ Z. Using the
parabolic Harnack inequality, one easily derives pointwise estimates for
p(x,y) with t > 0and x,y € X\ Z

THEOREM 7.7. For every compact set Y € X\ Z and every &> 0 there
exists a constant C such that for all points x, y € Y and all t > 0,

C
P( X, y) <
75) V(B () m(Blg ()
X exp —M)exp(—(l + &) At).
(2+ &)t
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Here t, = inf{t, d®(x, X\ Y), d?(y, X\ Y)}. Furthermore, A = inf{E(u,u)/
ull?>: u € F,u# 0} >0 denotes the bottom of the spectrum of the selfadjoint
operator A on L%(X, m).

For the proof, see Sturm (1995a), Theorem 2.4. O

REMARKS 7.8. (i) The number A in the estimate (7.5) can always be
replaced by 0. That is, the last term on the RHS of (7.5) can always
be dropped.

Let us mention that the bottom of the spectrum of A is zero if X is
complete and if the volume of balls grows subexponentially [Sturm (1994),
Theorem 5]. For instance, the latter is satisfied if the doubling property holds
true uniformly on X (which even implies that the volume grows at most
polynomially).

(ii) In addition to the assumptions of Theorem 7.7, assume that there
exists an arc y of length L,(y) < C,d(x, y) joining x and y and that the
doubling property holds true on the neighborhood Bi(y) = {x € X: d(x, y) <
R} of y. Then the usual chaining argument yields

d(x,y)
(7.6) m(By(x)) < C,m(B ( y))exp(CzT :
Hence, for every ¢ > 0 there exists a constant C’ such that

!

( d?(x,y)
m(B‘/t—o(x)) (2 + &)t
for all x, y € Y and t > 0 with t, as above.

Estimate similar to (7.5) also hold for the time derivatives (3/dt)%p,(x, y)
of the heat kernel. See Sturm (1995a) for details.

(7.7)  pxy) < )exp(—(l + £)At)

THEOREM 7.9. For each compact set Y C X\ Z there exists a constant C

such that
Cdz(x, y) Ct
)exp o2t exp( F)

(7.8)  pux,y) = Cm(B.on(x)

for all t > 0 and all x, y € X which are joined in Y by an arc vy of length
d(x, y). Here R = d(y, X\ Y) =inf,_,_; d(y, X\ Y).

REMARKS 7.10. (i) Theorem 7.9 together with the symmetry of p,(---)
immediately implies the following symmetrized version of (7.8):
1

Cy/m(Byinr(¥))M(Birr(Y)

d?(x,y) Ct
T exp(‘?)

P(X,y) =
(7.9)

X exp

for t, x, y and R as above.



DIFFUSIONS ON METRIC SPACES 47

(ii) If x and y are not joined by a geodesic in Y of length d(x, y) but only
by some arc y:[0,1] = Y of length L,(y) then the estimate (7.8) remains
true with L4(y) in the place of d(x, y).

7.C. Estimates for Green functions and first exit times. Integrating the
heat kernel p,(x, y) against t we obtain the fundamental solution or Green
function

G(x,y) = fowpt(x, y) dt

for the operator A on X. Theorem 7.4 immediately implies that G(x, y) =
G(y, x) for all x, y € X and that

[ G(x y)f(y)m(dy) = Ex[/;f(xo dt]

for all fe L2(X, m) and m-a.e. x € X. Even more interesting is the Green
function

GY(X,y) = G(X,y) = E[G(X, vy, ¥); 7(Y) <
for A on a given open set Y c X. Here 7(Y) = inf{t > 0: X, € X\ Y}. The
strong Markov property implies that

(7.10) [&*(xuntnmiay) = & [r0x)
Y 0
for all fe L?(X, m)and m-ae. x €Y.

CoroLLARY 7.11. For every compact set Y € X \ Z there exists a constant C
such that for all balls B = B,(x) c Y and all y € B, ,,(x),

(711) ¢t LsGB(x,y)scfr _%
d(x,y)m(Bs(X)) d(xyy)m(Bs(X))

Biroli-Mosco (1995), Theorem 1.3, together with some simple covering
arguments gives the proof.

THEOREM 7.12. For every compact set Y C X\ Z there exists a constant C
such that for all balls B,(x) C Y,

(7.12) C'r? <E,(7,) <Cr?,
Here 7, = inf{t > 0: d(X,, X,) > r}.

Proor. According to (7.10),

Eln] = [ G*(x y)m(dy).
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By (7.11), the RHS is comparable with

r sds r sds
fB,(x)(fd(x,y)m(Bs(X)) )m(dy) - fo (st(y)m(dy)) m(By(x))
r 1
= f sds = Erz. O
0

8. The local dimension and Dirichlet forms with general normal-
ization function. Throughout this section, we assume that the weak MCP
holds without exceptional set and that the strong MCP holds with some
exceptional set.

8.A. Dirichlet forms with general normalization function. Denote the pre-
viously defined Dirichlet form (E, F) from now on by (E', F'). For u e
Cy'P(X), let ,u%u> denote the energy measure of u w.r.t. the Dirichlet form
(EY, FYH.

For any Borel function N > 0 on X and u € CtP(X) define

(8.1) EQM (U, 1) = 3 | NOX) mhuy ().

THEOREM 8.1. (i) Let N > 1 be any locally bounded Borel function on X.
Then (EgY, CE'P(X)) defines a closable symmetric form on L2( X, m). Its closure
(EN,FN) is a regular, strongly local Dirichlet form with energy measure
given by

/J*?‘u>( dx) = N( X)/*"“%u}( dx)

for each u € CP(X).
(ii) Assume in addition that N € C(Y ) for some open set Y with m(X \ Y)
= 0. Then

u(x) —u(y)
d(x,y)

for all u € C'P(X). In this case, the energy measure of u € CH'P(X) w.r.t.
(EN, FN) is given by the formula

1 ’
(82) EM(u,u) = lim E/XN(X)LM[ } m, (dy)m,(dx)

N _ u(x) —u(y) J°
(83) [ o) () = lim | ¢(x)N(x) me)[ a0y) }
xm,(dy)m,(dx)
for all ¢ € Cy(X).

(iii) Assume that N € L, (X, m) and N > 1. Then the intrinsic metric

pM(x, y) = sup{u(x) — u(y): u € CEP(X) N F, ulf, < m)
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associated with the Dirichlet form (EN, FN) is locally equivalent to the
original metric d.

Proor. (i) EN is the increasing limit of the EN"¥ k € N. Each EN"¥ is
comparable with E?!, hence, closable with closure being a strongly locally
regular Dirichlet form with core CLP(X). For k — « these properties carry
over to the increasing limit EN; (ii) is an immediate consequence of Theorem
6.1; (iii) follows from Theorem 6.8. O

CoROLLARY 8.2. Assume that N € L (X, m) with N > 1. Then all the
regularity assertions stated in Chapter 7 for (local solutions, heat kernels,
Green functions, diffusion processes associated with) the Dirichlet form (E, F)
remain valid for (the respective quantities associated with) the Dirichlet form
(EN, FN).

8.B. The local dimension. In the sequel we will introduce functions N
and N on X, which play the role of the (upper and lower, resp.) local
dimension of the space X. For this purpose, let us fix throughout this chapter
a core C* c CHP(X) which is dense in C,(X) as well as in F (w.r.t. the
respective norms) and which defines the intrinsic metric in the sense that

p(x,y) = sup{u(x) —u(y): ueC*, Kouy < m}
for all x, y € X. Note that the results below may depend on the choice of C*.

Of course, one can always choose C* = CHP(X).
We define the dilation of a function u: X — R at the point x € X by

: : - - : lu(z) —u(y)l
dil,u = limsup dilu wheredil,u = lim sup ——————.
z-x >0 ycpiy  d(Z,Y)

We will compare it with the following L2-versions:

D,u = ess-limsup D?u and D, = ess-limsup D%u,

where
2 1/2
o 1 u(z) — u(y)
Pet = P Vm(B.(2)) fo(z) d(z,y) mr(dy))
and
2 1/2
o 1 u(z) —u(y)
L)Zu_hml(’nf(\/'f71(E3r(Z)) fB?(z) d(z,y) mr(dy))
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DeriNiTION 8.3. The upper local dimension at x € X is

(8.4) N(x) = sup [Du]”?
ueC*
dil,u=1

and the lower local dimension at x € X is

(8.5) N(x) = [D,(d,)]

[Here d, denotes the function y — d(x, y).] If N(x) and N(x) coincide, then
the common value is called the local dimension (of the space X) at x € X.

-2

RemARKs 8.4. (i) Fix z € X. If

m(B.(x))
(8.6) x,ys:EI;O,(z) m(By(y))
for r - 0 then
u(z) —u(y)
d(z,y)

for all u and therefore the triangle inequality obviously implies

D%u = limsup
r-0

2 1/2
m(dy))

1
m(B,(2)) fB?(z)

D/(dy) <1

for all x € X. Hence, if (8.6) holds for all z € X then N(x) > 1 for all x € X.
(ii) If C* = C§'P(X) (or, more generally, if d, € C* for all z € X) then

N(x) < N(x)
for all x € X (since N(x) > [D,(d,)]"2 > [D,(d ] 2 = N(x)).

LeEmMmA 8.5. (i) Assume that the doubling property holds on some open
subset X, € X. Then N™*, N € L (X,, m). In particular, the (weak) MCP
implies

(8.7) N1 N e L. (X\Z, m).

(i) If some open subset X, € X is an n-dimensional Riemannian manifold,
then for all x € X,

(8.8) N(x) =N(x) =n.
Proor. (i) The triangle inequality implies

d(z, x) —d(x, ) 2< .
d(z,y) B
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for all x,y, z € X. Hence, for any compact Y C X,,

Do(d li 1 m(dy) v
@0 = | oy oo Yite )
| M2 mdy) N\
< "T_,S:p ‘/m Br(z)\/m) =

for all z € Y with M being the doubling constant. That is,
N(z) > M 1/2,
This proves that 1/N € L7,.(X,, m).

loc
The proof of the assertion N € L .(X,, m) is essentially the same as that

of Proposition 6.7. Fix a compact set Y C X,. Given x € Y and u € C*, let
u(y) —u(z)
d(y., z)

Then dil,u = sup, . , L,. As in the proof of Proposition 6.7, for each £ > 0 one
finds (z,, z,) € Q(B,(x)) [with arbitrarily small d(z,, z,)] such that

lu(zy) —u(z,)l = 3L.d(z4, 2,) > 0.

L£=L8(u,x)=sup{ ‘:(y,z)eQ(Ba(x)),ya&z .

Hence, for some 8 > 0 and all z € B,4(z,),
lu(z) —u(z,)l = 5L,d(z,z,) >0.
Following the argumentation from the proof of Proposition 6.7, this implies
1 u(z) —uy) |’ L,
—_— —— | m(dy) = ——
Vm(B,(2)) /B;k(z)[ d(z,y) () 2°m*
for all r < 3d(z, z,). Therefore,
L

Dou> ——
= 16M?
for all z € Bs(z,) < B,(x) and thus
L, dil ,u

D,u >
=4=16m? 7 16M2
for ¢ —» 0. That is, N(x) < (16 M?)2,

(ii) Fix x € X,. By local regularity, we may choose C* such that ulx, €
C”(X,) for all u € C*. That is,

N(x) = sup [D,u]™.
ue C”(Xy)
dil,u=1
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Moreover, without restriction we may assume X, € R". For u € C*(X,) and
all y near x,

u(y) =u(x) +vVu(x)(y —x) +o(ly — xlz).
Now dil,u = 1 implies [Vu(x)| = 1 and without restriction we may assume
that, for example, Vu(x) = (1,0,..., 0). Then
u(y) =u(x) + (ys = x5) +o(ly = xI*).
Hence,

2 1/2

1 lz, —
D?u = liminf / Ly
-0 | M(B.(2)) Js) |z —

But for each r > 0 and z € R",

1 lz, —y |2 1
j’ . 1 1 > dy= -
m(B.(2)) /Br)1zy — y4|* + - +1z, — ¥,

=
Therefore, D,u = 1/vVn and N(x) = n for all x € X,.
Similarly, one obtains D2u = 1/vVn for all u which are C* in a neighbor-

hood of z. In particular, D2(d,) = 1/vn for all z # x. Hence, D,(d,) = 1/Vn
and thus N(x) = n. O

PropPosITION 8.6. Let N be a bounded Borel function on X with N € C(Y)
for some open set Y with m(X\ Y) = 0.

(i) If ess-liminf,_ , N(z) > N(x) for all x € X then
(8.9) pN <d onX X X.

In particular, the topology induced by p"

on X (induced by d).

(ii) If ess-limsup, _, , N(z) < N(x) for all x € X then the topology induced
by p" is finer than the original topology on X (induced by d) and the length
metric pN derived from pN satisfies

is coarser than the original topology

(8.10) pN>d onXXx X.

Proor. (i) Assume ess-liminf N > N on X. That is, for all x € X and for
all u e C*,

1
ess-liminf N(z) ess-limsup lim-inf

z-x 75 r—0 X/m(Br(z))

u(z) —u(y) [ I
XfBr(Z) d(Z—,y) mr(dy) > [dllxl,l] .

(8.11)
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Now consider such u € C* for which ,u,z\'u> < m. That is, for which

Ilmfgo(z)N(z)f 0. )%

for all nonnegative ¢ € C,(X). By Fatou’s lemma, the latter implies

N(z)
liminf ————— fB -

r-0 /m(B,(2))

for m-a.e. z € X and thus

m(dy)m,(2) < [ ¢(z)m(d2)

u(x
S d(xy)

m,(dy) <1

1
ess-liminf N(z) ess-limsup liminf

z-X 755 r—0 ‘/m(Br(z))

2
u(x)—u
X —— | m,(dy) <1
'[Br(x) d( X, y) I"( y)
for all x € X. Together with (8.11) this yields
(8.12) dilbu<1

for all x € X. This, however, easily implies

lu(y) —u(z)l <d(y, 2)
for all y, z € X and thus
(8.13) p"(y.z) <d(y,z)
forall y,z € X.

(i) Assume N(z) > ess-liminf,_ , N(x) for all ze X. Fix ze X and a
number «a > 1. Choose R > 0 such that

i in 1 d(x,z)—d(y,z)‘2 4 . 1N
iminf| ——— m > —N(x
r-0 | /m(B,(x)) fB,(x) d(x,y) () o ()
for m-a.e. x € Bg(z). That is,
8.14) i N 2 d
. imsu m <
(819 tmsup T ool — ey () <
for m-a.e. x € B,(z). Therefore (by Fatou’s lemma),
fX<P( X)M?d(z,»}(dx)
. d(x,z) — ?
= lim [ e(x)N(x) fm) 3y m, (dy)m,(dx)

IA

afxqo( x)m(dx)
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for all nonnegative ¢ € Cy(Bg(2)). That is,
(8.15) Mld(z,-yy < @m on Bg(X).

Now consider the function u: x = (1/Ya )R — d(z, x)),. Then Wy < M
on X. That is,

(8.16) My <M on X.

Therefore, for all x, y € Bg(2),

(8.7) P y) = —d(x, ).

Since the whole space is covered by such balls Bg(z) we get (8.17) for all
X,y € X with d(x, y) sufficiently small. In particular, the topology induced
by pN on X is finer than the original one (induced by d).

Now let y: [0,1] - X be any arc in X and let L,n(y) and L,(y) be its
lengths w.r.t. the metrics pN and d, resp. Then (8.17) implies

1 1
(8.18) Lon(y) = ﬁLd('y) > ﬁd(')’o:’)’l)
uniformly for all « > 1. That is,
- 1 _
(8.19) pl(x,y) = —d(x,y) =d(x,y)

for all x,y € X.

REMARK 8.7. Let again N be a bounded Borel function on X with
N € C(Y) for some open set Y with m(X\Y) = 0.

(i) In order to deduce (8.9) it suffices that

(8.20) ess—limsup(\/N(x) qu) > dil,u
X—>Z
forall ze X and all u € C*.
(ii) In order to deduce (8.10) it suffices that

(8.21) ess-lim sup(\/N(x) Ef(dz)) <1

X—>Z

for all z € X.

THEOREM 8.8. Assume that N = N € C(X) and choose N = N. Then the
intrinsic metric pN coincides with the original metric d.

ProoF. Proposition 8.6 implies that pN >d on X x X and pN <d on
X X X. Moreover, pN and d induce the same topology on X. The latter
implies that (X, p") is a length space [Sturm (1995a)], that is, pN = pN on
X X X. This proves the claim. O
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