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HARNACK INEQUALITIES FOR LOG-SOBOLEV FUNCTIONS
AND ESTIMATES OF LOG-SOBOLEV CONSTANTS!

BY FENG-YU WANG

Beijing Normal University and Universitdt Bielefeld

By using the maximum principle and analysis of heat semigroups,
Harnack inequalities are studied for log-Sobolev functions. From this, some
lower bound estimates of the log-Sobolev constant are presented by using
the spectral gap inequality and the coupling method. The resulting inequal-
ities either recover or improve the corresponding ones proved by Chung
and Yau. Especially, Harnack inequalities and estimates of log-Sobolev con-
stants can be dimension-free.

1. Introduction. Let M be a d-dimensional connected, compact Rieman-
nian manifold with boundary M either convex or empty. Consider L = A+VV
for some V € C*(M). Let du = Z texp(V(x))dx with Z = [exp(V(x))dx,
and let K(V) € R be such that Ric-Hessy > —K(V). Simply denote K(0) = K
The log-Sobolev constant for L is defined as

_ 2u(|Vf1*)
. T g 77

where 7 = {f € CY(M): u(f?) =1, f # constant}. A function in .7 is called
a log-Sobolev function (LSF) if it achieves the log-Sobolev constant.
Following the arguments of [5] and [10], a LSF is a solution to

(1.2) Lf= —%flog £2.

Conversely, a nonconstant normalized solution to (1.2) is a LSF. By an obser-
vation of [5], f # 0 if f € & solves (1.2). Without loss of generality, we may
only consider positive LSF’s. Starting from this point of view, [5] proved that
if V=0,9M = and K < 0, then for any f > 0 solving (1.2),

(1.3) sup f < exp(d/2)
and
(1.4) [Vieg f|? + alog f < ad/2.
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These then were used there to derive the following lower bound estimate of «
(V=0, oM =g, K <0):

(A 2
(1.5) azmln{ze,m},
where A, is the first eigenvalue (spectral gap) of A and D is the diameter of M.
Reference [5] suggested an alternative method to estimate «, although the
estimate (1.5) is not as sharp as some known ones. For instance, Deuschel—
Stroock’s estimate [7] (noting that A; > 72/D? for K < 0): if V = 0, then

M 37 —dK
(1.6) azmax{d K, 112 }
See [1], [4], [11] and [12] for more estimates, especially in the negative curva-
ture case.
In this paper, we adopt both the maximum principle and a dimension-free
Harnack inequality for heat semigroups due to [12]. Our first result is an
extension of (1.4): if V =0 and M = O, then

) 2 d 2 \*
(1.7) [Viog fI°+|a+ K |logf < —|a+ =K
3 2a 3
for any f > 0 solving (1.2). This implies
K
(1.8) sup f < exp d + dK
2 3a

and the Harnack inequality
2
(1.9) f(x) < fl_s(y)exp[(a—i—gK)(P(x, y) n ds>:|

4e pAe
for any ¢ € (0, 1), where p is the Riemannian distance.

The proof of (1.7) is based on the maximum principle as in [5]. Next, we
use a different method to derive a dimension-free Harnack inequality. Let P,
be the heat semigroup of L with reflecting boundary when dM # & and recall
that [12] presented the following inequality ([12], Lemma 2.1): for any positive
feC(M)and 6> 1, t >0, and for any positive g € C[0, £],

dp(x, y)? [y &(s)%ds }
4(5 — 1)(Jy &(s) exp(—K(V)s) ds)?
From this we prove that if f > 0 solves (1.2), then
K(V)D?
1- exp(—2K(V)t)}’ £€(0,1/(2a)).

Then, by using the above inequalities, we obtain some lower bound esti-
mates of a which can be dimension-free. For instance, if K(V) < 0 we have
(see Corollary 4.2)

(L10)  (P.f(x)) < Ptf5<y)eXp[

(1.11) (sup /)12 < (inf f)1 ' exp |:

2.73
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It has been claimed in [5] that (1.4) and hence (1.3) also hold for the convex
boundary case, since the authors believed that the maximum points for the test
functions, that is, ¢ and ¢ in Section 2, are interior points of the manifold. But
this observation seems suspicious in general; at least the following example
shows that a LSF may have no maximum points in the interior.

ExaMPLE 1.1. Let M = [a, b] with b > a and take V = 0. Then, for any
LSF £, f’ # 01in (a, b). Actually, by the Neumann boundary condition, we have
(@) = f'(b) = 0. Assume that there exists ¢ € (a, b) such that f'(¢) = 0. For
any o, b € [a,b] with @’ < ¥, let I(a/, &) = (1/()/ —a')) [ f%(s) ds. We have
I(a,b) = 1. From this we see that min{I(a, ¢), I(¢c, b)} < 1. Without loss of
generality, we assume that I(c,b) < 1. Denoting by a(c, b) the log-Sobolev
constant on [c, ], we have

T )= 2 J? /() ds
(-0 7T rb(f2log £2)(s)ds — (b — ¢)I(c, b)log I(c, b)
2 [° f(s)2ds w2

=

< = .
T L2(f2log £2)(s) ds (b~ a)
This is a contradiction.

It should be pointed out that the author is not sure yet whether there always
exists a LSF. It seems that the LSF may not exist when V = 0 and M = S% .
Actually, for this case we have a = A; = d and « can be attained by

_1+ef(x)

P = T e,

as e | 0,

where f is the normalized first eigenfunction. Obviously, f. goes to constant
as ¢ | 0. From this we guess that « could not be attained by any nonconstant
function.

The nonexistence of the LSF will, of course, cause difficulty when we try to
use a LSF to estimate «. But we will see in Section 3 that this can be overcome
by an approximation argument.

Finally, the relationship between a LSF and (1.2) may help us find more
examples with an exact evaluation of «.

EXAMPLE 1.2. Take M = [a, b] and L = (d?/dx?)—(we/(b—a))(sin(mx/(b—
a)))(d/dx), e € R. Then V = gcos(wx/(b —a)) and o = 72/(b — a)?. We need
only consider the case that ¢ # 0. Let f(x) = exp[—&cos(7mx/(b — a))], then f
solves (1.2) with @ = 72/(b — a)? and wu(f?) = 1. Hence f is a LSF of L and
a=m%/(b—a)
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2. Harnack inequalities.

THEOREM 2.1. Suppose that V =0 and oM = @. If f > 0 solves (1.2), then
(1.7) and (1.8) hold.

PROOF. Let ¢y =log f and
¢ = |Vo[* + (a+rK)y,
where r € (0, 1) is to be determined. By (1.2) we have
Ay = |V > —ap = —¢ + Krip.
Letting x; be the maximum point of ¢, we have, at x,,

0>Ad =247 +23 ¥ ;(AY); + 2Ric(Vy, Vi) + (a + rK)Ay
i,J J
> §(A¢)2 —2K|VY|? + 2Kr|V¢ |2 — (a+ Kr)p + Kr(a+ Kr)y
2K2p2

= 2+ K(a+ Kr)(2—r)y.

2 , [4Kr
L

d ¢+K(2—r)+a}q')+

Letting s = /K da(r — 1) + (d2/16)[K(2 — r) + a2, we obtain

d(xo) < Krip + %[K(2— ry+al+s

r d r
= —m82+8+ Z[K(2—r)+oz]+16(1—_r)a[K(2—r)+a]2
- d(l—r)[ r(K(2—r)+a)]2
T dra 2(1—-r) '

This proves (1.7) by taking r = 2/3.
Finally, letting y, be the maximum point of f, by (1.7) we have

(a + gK) log f(y0) < ¢(xg) < %(a + gK)2

This proves (1.8) by the fact that « + %K > 0 following from (1.6). O

COROLLARY 2.2. Under the assumption of Theorem 2.1, if f > 0 solves (1.2),
then (1.9) holds.

PrROOF. By (1.7) we have

(2.1) |V10gf|5\/i<a+gK>2—(a+§K>logf.

2a 3
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For any x, y € M with p(x, y) > 0, let y: [0, p(x, ¥)] > M be any minimal
geodesic from x to y. Choose s; and s, such that

(22) f('YSl) max f(YS)’ f(YSg) = min f(ys)'
(x, ¥)] )]

[0, p [0, p(x, ¥

Noting that « + %K > 0, by (2.1) we obtain

f(YSl) M d
logf(Tsz)_'/SZ %logf(ys)ds

< ol y)\/ L (er 26) (v 26108 70,

Therefore,

2
F5) < Fln) = f(ysz)exp[pu, y>\/ so(a+3K) = (a+ 3K ) 10g f(vsz)]

<f 1‘E(ySz)exp[elog f(vs,)

+ p(x, y)\/%<a + gK)z - (a + ;K) log f(ySZ):|.

Letting s = /(d/2a)(a + 2K)2 — (a + 2K)log f(7,,), we have

) = () exp| - +§ ot s+ 0 (o 2k
< f"*(y)exp [(a+§K><p(Z’—;’)2+%)} O

THEOREM 2.3. Suppose that V e C?>(M) and dM is either convex or empty.
If f > 0 solves (1.2), then (1.11) holds.

ProOOF. Let x4 and y, be, respectively, the maximum point and the mini-
mum point of . By (1.2) we have

Pif (o) = Puf(0) = [ ESLf(v,)du=—a [ E*f(x,)log f(x,) du

> —alog f(xo)/t P, f(x))du, t=s=>0.
This implies
(2.3) P,f(x0) = f(x,) exp[—atlog f(x0)] = £~ (o).
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Similarly, we have

(2.4) P.f(y0) < (o).

On the other hand, by taking 6 = 2 and g(s) = exp(—K(V)s) in (1.10), we
obtain

K(V)D? :|
1 —exp(—2K(V)t)

K(V)D? }
1—exp(-=2K(V)t) |
The proof is now complete by combining this with (2.3) and (2.4). O

(Puf(xo))? < Ptfz(yo)exp[

< f(xo)Ptf(yo)eXP[

COROLLARY 2.4. Under the assumption of Theorem 2.3, if f > 0 is a LSF,
then

(2.5) suplog f < D?a+ D?*K(V)*,
(2.6) inflog f > —?—ZD2a — gDzK(V)+.

PrOOF. Let x, and y, be, respectively, the maximum and minimum points
of f. By taking 6§ = 2 and g(s) = exp(—K(V)s) in (1.10), we have
K(V)D?
P Z<Pp,f? :
By combining this with (2.3) and the fact that u(P,f?) = u(f?) = 1, we obtain
K(V)D?

! 1).

08 /(x0) = Sa  hA —exp(—2k (V). €O
Next, it is easy to check that

K 1
— < _4+ K" t > 0.
1 — exp(—2Kt) TR g

(2.7)

Then
D%((1/2t) + K(V)*)

2 2 +
B = ab < D%a+ D?K(V)

log f(xo) <

by taking ¢ = (1/2a).
Next, By (2.3), (2.4) and taking g(s) = exp(—K(V)s) in (1.10), we obtain

_ _ 8K(V)D?
1-8at 1-at
L=< f77(x) = {7 (¥0) exp [4(8 - e_QK(V)t)], dat < 1.
By taking § = 1/at, we obtain
_ 2
K(V)D at < 1.

log /(¥0) = 53— aiy2(1 — exp(—2K(V)D))’
By (2.7) and taking ¢ = 1/3a, we prove (2.6). O
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3. Estimates of the log-Sobolev constant. In case the LSF may not
exist, we turn to consider the weak log-Sobolev constant «, for small & > 0,
which is the largest possible constant such that

W(Flog %) = Zu(VFP) be,  fes

Then «, | « as ¢ | 0. By [10], the constant «, can be achieved and the
corresponding LSF could not be constant since £ # 0. Let f, be such a LSF,
then by [10],

1
(3.1) Lf,=-%flog 2+ sa.efe.

By the remark in [5] following Theorem 1, we may assume that f, > 0. There-
fore, by the proofs of Theorem 2.1 and Corollary 2.4, we have

(3.2) suplog . < D*a+ D*K(V)* +h,,
d dK
(3.3) suplogf€§—+3—+h€ ifV=0o0M=¢,
a

where A, — 0 as ¢ > 0.
THEOREM 3.1. Under the assumption of Theorem 2.3, let A, be the first
eigenvalue of L. We have

_ A+ D?RK(V)")* +4D?\; — 1 - D2K(V)*
o .
= 2D?

(3.4)
Especially, if K(V) <0, then

. V14+4D2); -1 _VY1+4m?-1 268
a = =

(3.5) 5D? 5D? > D
Finally, for the case that V = 0 and dM = &, we have
61, —2dK
3.6 T ——
(3.6) “Z73d+2)

PROOF. By the spectral theory we have

(3.7) m{(Lf.)?} = Ap(IVE).
Next, by (3.1) we have

82C¥2
w{(Lf)*) = aiu{filog f.)*} + == — saiu{filog f.}
(3.8) ) s
= oZu{filog f.)?} — sa,u(IVF,[%) — ==
Noting that

FoL(f.10g f.) = —a,f20g f.) + 5 f210g f, + foLf o+ IVF.I2,
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we have

ea,

a,u{filog f,)*} = TM{fi log o} + p{(1+1log f,)IVf.[?}

o2

_ gmvm?) n % +u{(1+1og £)IVS,I?)

2
< (1 5 +suplog £, w9 F. P+ 5.

By combining this with (3.6) and (3.7), we obtain

)\1/.L(|st|2) = as(l + Suplog fe)lu’(lvfs|2)
This implies

M

3.9 >_ 1
(3.9) Fe = 1+suplogf,
By (3.2) and letting ¢ | 0, we obtain

o> /\1 .
~ 14+ D?a+ D?2K(V)*

This proves (3.4), and (3.5) then follows from the fact that A, > #2/D? for
K (V) < 0; see, for example, [3]. Finally, (3.6) follows from (3.3) and (3.9). O

We remark that, for the free boundary case, one may also extend (3.6) to
the case V # 0. But the resulting estimate will depend on both K(V') and
[VV] s, due to the maximum principle. We omit this extension here since the
resulting estimate of « is usually less sharp.

4. Estimates of « by using coupling. The coupling method has been
used successfully to estimate the first eigenvalue; see, for example, [2] and [3].
The Harnack inequalities proved in Section 2 enable us to use this method to
estimate «a. By the approximation procedure as in Section 3, we may assume
that the LSF exists. The coupling method then works as follows.

THEOREM 4.1. Let f > 0 be a LSF. Define B, = sup f and By = sup|l +
log f|. Next, let (x,, y;) be a coupling for the L-diffusion process with coupling
time T = inf{¢t > 0: x, = y,}. We have:

(i) a > {sup, yem E~YT} (B, — 1)/(Bylog By).
(ii) If there exists p € C(M x M) with p > cp for some ¢ > 0 such that

(4.1) E*p(xy, y;) < p(x, y) exp(—5t)

for some 6 > 0 and all t > 0. Then a > §/B,.
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Proor. (i) Let x;, and y, be, respectively, the maximum point and the
minimum point of f. We have

1 0> Yo — ‘ X0,Y0 _
lzm{E [f(x) f(yt)]+/0E [Lf(x,) Lf(ys)]ds}

< P*o-Yo > M ‘ X0,Y0 >
= PR > 04 = b BT > 9)ds
where
0(flog f):=sup flogf —inf flog f
= f(x9)log f(x0) — [f(¥0) Vv exp(—1)]1og[f(y,) V exp(—1)]
f(x0)

= (1+1logs)ds
f(yo)vexp(-1)

< (f(x0) = f(y0) v exp(-1))

< (Flao) ~ o) PLERL,

1
B1—1

B1
/ (1+logs)ds
1

Here, we have used the facts that f(y,) <1 and [1/(B8; — r)]frﬁl(l +logs)ds
is increasing in r. Therefore
(B - )P NI <)
Bilog B E¥0 3T

This proves (i) by letting ¢ 4 oo.
(ii) For any ¢ > 0, choose x, # y, such that

[E) =100 | o0 10 = 1)

oy S hyy SO
Noting that
[F(x)log £(x) = F(y)Iog F(W| _ Balf () = W _ (o
p(x, y) - p(x, y) -

by (4.1) we obtain
(C - S)ﬁ(xm ys) = f(xs) - f(ys)
< E* % |f(x) = f(5,)l

n “/Ot E*|(flog f)(x,) — (f log f)(y,)| ds

t
< CE* (%, y,) + «CPs /O E=Yep(x,, y,)ds

= Cp(x,, yg)[exp(—ﬁt) + apy(1 — ‘ZXP(—&))]

The proof of (ii) is then completed by letting # + co and ¢ | 0. O
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We remark that by [2], we have A; > 6 if (4.1) holds. Then, (ii) of Theorem
4.1 is implied by the proof of Theorem 3.1. As has been shown in [2], [3] and
[13] for A;, one may obtain explicit lower bounds of « by Theorem 4.1 and
using the coupling by reflection due to [6] and [8]. For instance, we have the
following result.

COROLLARY 4.2. (1) If K(V) <0, we have

Co
>
o = 3

where ¢y > 0 solves ¢ = 8(1 —e~°). It is easy to check that c, > 2.73, then
(1.12) holds.
(ii) Suppose that V =0 and oM =@. If K < 0, then

16(1 — e~%/2)
o> .
= dD?

PROOF. For the coupling by reflection, we have (see [2] and [13])

(E*YT) ! > % if K(V)<o.

Then (ii) follows from (1.8) and Theorem 4.1(i). Next, by Corollary 2.4, 8; <
exp(aD?). By Theorem 4.1(i) we obtain

8(1 — exp(—aD?))
o > .
- D«

Letting ¢ = D?a, we have ¢ > 0 and
2 >8(1—e°).
Therefore, ¢ > ¢, if ¢, > 0 satisfies c2 = 8(1 —e ). O
Finally, we would like to point out that this paper gives a line to estimate

the first eigenvalue for the nonlinear problem (1.2). Actually, the coupling
method may also apply to a more general version of (1.2),

Lf = —AF(f);
see, for example, Lu [9]. Especially if | F'| ., < oo, we have
A= 8/ F ||

for any positive eigenvalue A, where § satisfies (4.1). This then enables one
to present a general formula for the lower bound of A in the spirit of [3],
Theorem 1.1.
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