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CONCENTRATION OF MEASURE INEQUALITIES FOR MARKOV
CHAINS AND &-MIXING PROCESSES

BY PAUL-MARIE SAMSON

University of Toulouse

We prove concentration inequalities for some classes of Markov chains
and ®-mixing processes, with constants independent of the size of the sam-
ple, that extend the inequalities for product measures of Talagrand. The
method is based on information inequalities put forward by Marton in case
of contracting Markov chains. Using a simple duality argument on entropy,
our results also include the family of logarithmic Sobolev inequalities for
convex functions. Applications to bounds on supremum of dependent em-
pirical processes complete this work.

1. Introduction. In arecent series of striking papers (see [15], [16], [17]),
Talagrand deeply analyzed the concentration of measure phenomenon in prod-
uct space, with applications to various areas of probability theory. A first result
at the origin of his investigation concerns deviation inequalities for product
measures P = u; ®---®u, on [0, 1]*. Namely, for every convex function f on
[0, 1]*, with Lipschitz constant |/ f ||, < 1, and for every ¢ > 0,

2
(1.1) P(If - M| Et)§4eXp(—tZ>,

where M is a median of f for P. This Gaussian-type bound may be considered
as an important generalization of the classical inequalities for sums of inde-
pendent random variables. The deviation inequality (1.1) is a consequence of
a concentration inequality on sets which takes the following form. To measure
the “distance” of a point x € R" to a set A, consider the functional (see “convex
hull,” [15], Chapter 4),

a Y€

feconv(A, x) = sup ing(giailxi#yi)’

where the supremum is over all vectors o = (@;)1<j<,, @; > 0, 227" a? = 1.
If we let AP = {x € R", foonv(4, x) < t}, Talagrand shows that for every

t > /2log(1/P(A)),

— 2
(1.2) P(AP™)>1-— exp|:—%<t - \/2 log ﬁ) :|

Besides the convex hull approximation, Talagrand considers two other approx-
imations on product spaces for which he proves similar concentration proper-
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ties. One of the main features of these inequalities is that they are independent
of the dimension of the product space, that is, of the size of the sample. We
will be mainly concerned with extensions of the convex hull approximation in
this work.

Recently, an alternate, simpler, approach to some of Talagrand’s inequalities
was suggested by Ledoux [7] on the basis of log-Sobolev inequalities. Introduce,
for every function g on R", the entropy functional,

Entp (g%) = /gz log g? olP—/g2 dP logfg2 dP.

Then, it can easily be shown that, for every product measure P on [0, 1]* and
for every separately convex function f,

Entp (ef) < %f|Vf|2efdP,

where Vf denotes the usual gradient of / on R” and |V f]| its Euclidean length.
This inequality easily implies deviation inequalities of the type of (1.1). In-
deed, the preceding log-Sobolev inequality may be turned into a differential
inequality on the Laplace transform of convex Lipschitz functions, which then
yields tail estimates by Chebyshev’s inequality. This type of argument may be
pushed further to recover most of Talagrand’s deviation inequalities for func-
tions [7]. It however does not seem to succeed for deviations under the median
(or for concave functions).

A third approach to concentration for product measures was developed by
Marton [8] using inequalities from information theory. This method, which lies
at the level of measures rather than sets or functions and also uses entropic
inequalities, allows her to recover Talagrand’s convex hull concentration (1.2).
Dembo [3] further developed this line of reasoning to reach the other types
of approximations in product spaces introduced by Talagrand (see also [4]).
Besides describing a new method of proof, Marton’s approach is moreover well
suited to extensions to some dependent situations such as contracting Markov
chains.

The main purpose of this work is to extend Marton’s information theoretic
approach to larger classes of dependent sequences such as Doeblin recurrent
Markov chains [13] and ®-mixing processes [5]. ®-mixing coefficients have
been recently introduced by Marton to control dependence and prove concen-
tration inequalitites with the Hamming distance for dependent sequences (see
[10]). Let, for example, (X;);.z be a Markov chain or a ®-mixing process. De-
note by P the law on R” of a sample X of size n taken from (X;);.,. We will
introduce a matrix I' of dimension n, with coefficients that will measure the
dependence between the random variables (X, ..., X,) of the sample X. In
the interesting cases, the operator norm ||I'|| of the matrix I" will be bounded
independently of the size of the sample. This condition is satisfied for con-
tracting Markov chains (see [8]), but also for more useful processes. Examples
include uniformly ergodic Markov chains (see [13]) satisfying the so-called
Doeblin condition (see Proposition 1). Other examples are the ®-mixing pro-
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cesses for which the sequence of ®-mixing coefficients is summable, for exam-
ple, ®-mixing processes with a geometric decay of their ®-mixing coefficients
(see [5]). All these examples are described at the beginning of Section 2.

Let now P denote the law of the sample X on R”". For every probability mea-
sures @ and R on R", let .Z(Q, R) denote the set of all probability measures
on R” ® R” with marginals @ and R. Define

d(@ B) = inf | sup [ 3 ai(9) ey, dllGx, )

where the sup, is over all vectors of positive functions a = (e, ..., «,,), with
n
[ () dR(y) < 1.
i=1

As a main result, we show in Theorem 1 below that, for every probability
measure @ on R" with Radon—Nikodym derivative d @ /dP with respect to the
measure P,

d
4@, P) = ||F||\/2 Bty ( Gy )

Furthermore,

d
ay(P, Q) = ||r||\/2 Bty Gy )

Such Pinsker type inequalities have already been investigated by Marton for
contracting Markov chains [8], and then by Dembo in the independent case
[3]. Recently, Marton also obtained related bounds with a parameter readily
comparable to ||I'|| [11]. Following these works, we could easily derive concen-
tration in the form of (1.2) [and thus (1.1)] from these information inequalities.
We however take a somewhat different route related to exponential integra-
bility and log-Sobolev inequalities. Actually, to get concentration inequalities
around the mean with the best constant (see Corollary 3), we adapt a duality
argument by Bobkov and Gotze [2] dealing with the equivalence between ex-
ponential inequalities on the Laplace transform and information inequalities.
Let P denote the law of a sample (X, ..., X,) of bounded random variables
0 < X, < 1. We will obtain deviation inequalities which include Berstein-type
inequalities. Namely, for every Lipschitz convex function f on [0, 1]*, with
Lipschitz constant || f||i;, < 1 and every ¢ > 0,

£2
13) PUF ~Bo(F)] = ) =2 exp( - 505 ).

Following this approach, we get in the same way some new log-Sobolev
inequalities (see Corollary 1). From these inequalities, we could also obtain
deviation inequalities such as (1.3) by the log-Sobolev method suggested by
Ledoux. Nevertheless, we get a worse constant 8||I'||? instead of 2||I'||2 in (1.3).
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Let us note that the constant 2|T'||? is optimal as can be seen from the central
limit theorem in the independent case (||I'|| = 1).

In Section 3, we present some applications of Theorem 1 to empirical pro-
cesses, in particular to tail estimates for the supremum of empirical processes.
Let S be a measurable space and let X = (X, ..., X,,) be a sample of random
variables on a probability space ({2, o7, P) taking values in S. For example, X
could be taken out of a sequence (X;);.7 which is a uniformly ergodic Markov
chain or a ®-mixing process. Let # be a countable family of bounded measur-
able functions g on S, |g| < C. Let Z denote the random variable

& I

= suplz )|-

HEE)

In the independent case, Talagrand proved sharp bounds on the tail of Z

around its mean that extend the classical real-valued setting (see Theorem 1.4,
[17]). More precisely, he showed that for every ¢ > 0,

(1.4) P(Z - E(Z) = t) < K exp<__ilog<1 N ﬂ))
where K is a numerical constant and

32 =sup Y g%(X;).
g€ i1
If one is only interested in bounds on P(Z > ¢ + E(Z)) above the mean, the
log-Sobolev method of [1] provides an efficient way to prove inequalities such
as (1.4) with a simplicity that contrasts with the argument of [17]. Sharp
constants in Ledoux’s method have been recently obtained by Massart [12].
For us, it will be more convenient to deduce deviation inequalities for empirical
processes from the information inequalities of Theorem 1. The method we will
use is still linked to the equivalence between exponential integrability and
information inequalities. However, we will only prove the Gaussian bound for
small #’s in (1.4), and we do not succeed in proving the Poissonian bound for
large t’s in this context of dependence. Our results are of some interest when
the functions g of & are nonnegative (see Theorem 2). Nethertheless, in the
case of arbitrary bounded functions, we could expect some improvement of the
deviation inequalities of Theorem 3 (this point is developed in the Section 3).

2. Information inequalities for processes and Log-Sobolev inequal-
ities. In this section, we present the central result of this work. On some
probability space ({, .27, P), consider a sample X = (X,,..., X,) of real-
valued random variables.

As described in the introduction, the case of independent X;’s, or of a prod-
uct measure P, has been extensively investigated in recent years. We are
interested here in a sample X of random variables which are not necessarily
independent. For example, the random variables X, ..., X, of the sample X
are taken out of a sequence (X,),;., which is a Markov chain.
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To measure the dependence between the random variables X, ..., X,,, we
define a triangular matrix I' = (y});; j<,. For i > j,

7%‘:{0’ ifi > j,
P, ifi=

Forl1<i< j<n,let Xf represent the vector (X, ..., Xj), and let
(XX =900 X =)

denote the law of X"} conditionally to X i’l = yifl and X; = x;. For every
1<i<j<nandforux;,y,...,y;in R, let

aj(yilil’ X, yi) = “j(erlle171 = yilfl, Xi — xi)

_=-/()(’Jl|‘}(ll_1 = yil_l’ X, = yi)”TV’
where || - |tv denotes the total variation of a signed measure. Set then
2 -

(2.1) (v/)"= sup sup a;(y7h %, p)

(%5, ¥;)eR? yi-leRi-1

To avoid the strong condition imposed by the supremum in the definition of

y;j , we consider another possible definition for the coefficients of the triangular
matrix I'. For every 1 <i < j <n, let

a;(y}) = | £(X% XL = y) = 2(X) | oy
and

N2 -
(2.2) ) =2 ess sup a;(y}),
yieRE, £(x})

where ess sup,icpi, (. is the essential supremum with respect to the mea-

sure (X ’i). By definition, for every measurable function a on a probability
space (E, &, w),

ess supa(y) = inf{a € RT U {0}, u(a(y) > @) = 0}.
yeE, u

Now, consider ||I'||, the usual operator norm of the matrix I' with respect to
the Euclidean topology. |I'|| appears in all the results we present in our paper.
Roughly speaking, it measures the “L2-dependence” of the random variables
X0, X,

Our main emphasis will be to describe cases for which |I'|| may be bounded
independently of n, the size of the sample (as is of course the case when the
X,’s are independent, for which I' = Id, and ||| = 1). Let us describe a few
examples of interest.
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A first class of examples concerns Markov chains. Assume X4,..., X, is a
Markov chain. By the Markov property, the coefficients y; or ¥/ take a simpler
form. Namely, for 1 <i < j < n,

2
(2.3) (v])" = ( SU?W [£(X;|X; =x;)— Z(X;|X; =y)|v
Xi, ¥i)€

and

(%) =2 esssup | A(X1X; = yi) = L(X )|y
yi€R, Z(X;)

There are many examples of Markov chains for which ||I'|| is bounded inde-

pendently of the dimension n. Let us briefly present two of them.

We first mention the Doeblin recurrent Markov chains presented, for ex-
ample, in [5] (see page 88). Let X, ..., X, be a homogeneous Markov chain
with transition kernel K(-|-) (for every 2 < i < n, A(X;|X,_1 = x,_1) =
K(-|x;_1)). Let u be some nonnegative measure with nonzero mass u,. The
next statement is due to Ueno and Davidov (see [5], page 88).

PROPOSITION 1. If there exists some integer r such that for all x; in R and
all measurable sets A,

K'(Alx;) = uw(A),
then, for every integer k and for every x;, y; in R,
(2.4) | K*([21) = K*C |y1) |y < 207,

where p = 1 — .

Markov chains for which the k-step transition kernels K* satisfy (2.4) are
called uniformly ergodic in [13] (see Chapter 16). In this book, there are sev-
eral conditions equivalent to (2.4), in particular the so-called Doeblin condition
(cf. [13], Theorem 16.0.2). The above proposition simply follows from Theorem
16.2.4 in [13]. In [5], Doukhan gives the analogue of Proposition 1 for nonho-
mogeneous Markov chains (cf. page 88).

If the Markov chain satisfies Proposition 1, it may be shown that

V2

Indeed, according to the definition (2.3) of 7ij ,for1<i< j<n,

(v)) = sup [K77Clx) = K771y | gy
(%, y;)eR?

Therefore, by (2.4), for 1 <i < j <n,

(26) ,yi_]'<\/§(pl/2r)j—i'
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Consequently,
In < v2ja+ T 5 (7|

()

where N, = (nt] )lgi,jfn

by

represents the nilpotent matrix of order % defined

(k>_{1, if j—i=k,
Y 0, otherwise.

Since for each 1 < k < n, | N,| < 1, it follows from the triangular inequality
that

n—1
T < V2 3 (o).

k=1

Finally, the geometric sum on the right-hand side is bounded independently
of n, since p < 1. We thus obtain (2.5).

A second class of Markov chains is called “contracting” Markov chains in
[8]. These Markov chains are not necessary homogeneous. As we already men-
tioned in the introduction, Marton obtains a concentration inequality for those
Markov chains. This result is equivalent to our deviation inequality (2.20) in
Corollary 4 applied to this particular case of Markov chains. Let K; denote
the transition kernel at the step i. In other words, K,(-|x;_;) denotes the
law of X; given X, ; = x;_;. The chain will be called contracting if for every
i1=1,...,n,

2.7 a; = sup HKL'(' lyi—1) — Ki(- |xi—1)HTV <1
(2;_1, yi—1)€R?

In this case, ||I'|| may also be bounded independently of the dimension n as

1

(2.8) ITh < 7>

where

a = max «;.
1<i<n

To prove inequality (2.8), we first show that for every 1 <i < j < n,

. J o
(2.9) ('yi])2 < J] gy <o/

I=i+1

Then, replacing /2" by a'/2 in (2.6), the conclusion follows as in the previous
example. The proof of (2.9) below is of particular interest since we will mention
there a recurring argument throughout this paper. For every 2 < i < n, define

bi(xi_1,yi-1) = H K;(-yi-1) — K;(- |xi—1)HTV
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and, for every 1 <i < j <n,
aij(xia yi) = “j(Xj|Xi =x;)— j(leXi = yi)”TV-
We thus have, for every 1 <i < j < n,

%’J= sup aij(xiayi)’
(xhyi)eRz

and for every 2 <1i < n,

o; = sup bi(x;_1,¥i-1)
(%1, yi-1)eR?

For every real-valued function v and for every probability measure K on R,
we denote

Kv:/vdK.

According to this notation, for every 1 <i < j <n,
(XX =x;) = K (c[x) - K ([
Set
Kl K (1) = Kl Cle).
We want to bound uniformly aij (x;, ;). First, note that
a{(xi, i)

= H/K{+2('|xi+1)Ki+1(dxi+1|xi) - /K{+2('|yi+1)Ki+1(dyi+1|yi)

vV

Define a coupling probability measure on R2,II(., -|x;, ¥;), whose marginals
are K; (-|x;) and K; (- |y;). Then,

a{(xi, yi) = I'/f KL'J+2('|xi+1) - Kij+2('|yi+1)n(dxi+1, dyi1l%is yi)
™v

By convexity of the total variation norm || - ||pv,

i Il i i [|
al(x;, y;) < / H Kij+2('|xi+1) - Kf+2('|yi+1)HTVH(dxi+1a dy;1lx;, ¥i)-

From the definition of v, ,, it follows that

. ;.
aij(xia yi) < (%’J+1) // lxi+1¢yi+ln(dxi+l’ dyii1lx;s ¥i)-

Recall now the “coupling” definition of the variational distance between two
measures of probability R and @ on R,

|@ — R|lrv = min 1

II(dx, d
Te./(@, R) x#£y ( X, y)7
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where .#(Q, R) is the set of all probability measures on R? whose marginals
are @ and R. Thanks to this definition, we choose the coupling probability
measure (., - [x;, ;) in .#(K;;1(-|x;), K;;1(- |y;)) such that

bian(i ¥0) = [[ Loy iy @1, Ayl 30):
Consequently,

A -
ai](xi’ yi) < (%‘J+1) bii1(xi, ¥i)-

Thus, we obtain the following recurrence inequality, for every 1 <i < j <n,
N i \2
(VLJ) = (7i1+1) Qi1

Note that (y§71)2 = a, for every 2 < j < n. By induction over i, the preceding
recurrence inequality immediately yields (2.9).

The second class of examples concerns ®-mixing processes. For this class
of examples, we refer to [5]. Consider X as a sample taken from a ®-mixing
random sequence (X;);.7. We briefly recall what is meant by this terminology.
For any set C of integer, C C Z, let X, = {X;, i € C}, denote the C-marginals
of the random process. 2 is the o-algebra generated by X, and |C| is the
cardinal of C when C is finite. Moreover the usual distance between subsets
A and B of Z will be denoted d(A, B). To measure the ®-dependence between
two o-algebras 27y and 275, definite

P{UNV)
P(U)
and for every integer &, u, v in N*,
@y (u, v) = sup{P(2y, 23);d(A, B) > k, |A| < u, |B| < v}.

We could observe that for each integer v and v, ®,(u, v) is nonincreasing with
respect to k. The process (X;),.7 is said to be ®-mixing, if for any integer, «, v,

|
O, ) = sup{ [P(V) - U e, PU) 0.V e 73,
|

]}im d,(u,v)=0.

Note also that for every integer &, ®,(u, v) is nondecreasing with respect to
u and v. We thus consider

sup sup P,(u, v) = ¢,

ueN* veN*

Now let us present the relation between the coefficients ®;, and the coefficients

¥!. We know that for all measures @ and R on a measurable space (E, &),
the variational distance can be defined as,

I@ — Rty = sup |Q(F) — R(F)|.
Fe&

Recall the definition of the coefficient a ;( yi), foreveryl1<i < j<n,

a;(yh) = | £(XYXE = y}) = 2(X)| gy
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According to this definition, we see that

ess sup. a;(y}) = P(Zaqy> Z3(j))»
yieRi, £(X1)

where A(i) ={1,...,i} and B(j)={J,...,n}. Note that
d(AQ@), B(J)) =J—i.
Consequently, form the definition (2.2) of the coefficient &ij , it follows that
(7)) <20,
Now, assume (X;),.7 is a ®-mixing process for which the sequence (¥, ) admits
a geometrical decay; that is, for every &,
@, < Cp,

where C is some constant and g is a real number with 0 < 8 < 1. In this case,
as for the previous examples, ||I'|| may also be bounded independently of n as
V2C
(T < T Q%ia-
1- Y
More generally, we easily see that if (X;),;.7 is a ®-mixing process for which
the sequence (P;) satisfies

> VB < oo,
k=1
then ||I'|| may be bounded independently of the size n of the sample X as
IT < 3= V@
k=1

There are probably other examples of samples X for which ||I'|| may be
bounded independently of n, but there are not developed in this paper. We
now present the central theorem of this paper.

This theorem is an improvement of the theorem by Marton [8]. For every
measure of probability @ and R on R", let .#(Q, R) denote the set of all
probability measures on R” x R"™ with marginals @ and R. Define

d = inf (y)1 II
@100 @ R)= inf  sup [ 3 ai(9)ey, Nl )
where sup, is over all vectors of positive functions a = (a;, ..., «,), with
[ X a¥(»)dR(y) = 1.
i=1

This definition is due to Marton. Let us note that Marton rather uses the
normalized distance dy = dy/+/n. It is clear that dy(@, R) is not symmetric
and that dy(®, @) = 0. Marton proved that d, satisfies a triangular inequality
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(see [9]). Therefore, do( @, R) is quite a distance between the measures @ and
R. Another expression for the distance do( @, R) is the following (see [8]):

. 12
dy(@, R)= inf (/Z Pri(X; # y|Y; = yi)dR(y)> )

nesQ R\ 5

where (X, Y) denotes a pair of random variables taking values in R” x R”",
and with law II.

Let X = (X4,...,X,,) be a sample of random variables taking values in
R”. For example, X is one of the previous examples. Let I" be its corresponding
matrix of mixing coefficients defined in (2.1) or (2.2). As defined previously, P
denotes the law of the sample X.

THEOREM 1. For every probability measures @ on R™ with Radon—-Nikodym
derivative d @ /dP with respect to the measure P,

d
(2.11) ds(Q, P) < ||F||\/2 Entp<d—§>.
Furthermore,

d
(2.12) dy(P, Q) < ||I‘||\/2 Entp (d—g)

As a consequence of this main result, we present a few corollaries of inter-
est. X = (X4,...,X,) is a sample of bounded random variables. It will be
convenient to assume that each X; takes values in [0, 1]. The results easily
extend to arbitrary bounded random variables as for inequality (2.22). The
support of P is also on [0, 1]”. We just have to change the definition of the co-
efficients of the matrix I', replacing the set R by the set [0, 1] in (2.1) and (2.2).

The first corollary concerns log-Sobolev inequalities for the measure P and
convex or concave smooth functions on [0, 1]”. As already mentioned in the
introduction, this corollary extends Theorem 1.2 of [7] which concerns log-
Sobolev inequalities for product measures on [0, 1]* and for separately convex
smooth functions.

COROLLARY 1. For any smooth convex function f: [0, 1]" — R,
(2.13) Entp (ef) < 2|72 / |Vf|2e! dP.
For any smooth concave function f: [0, 1]" — R,
(2.14) Entp (ef) < 2||r||2/|Vf|2dP/ef dP

(where V[ is the usual gradient of f on R" and |Vf| denotes its Euclidean
length).



CONCENTRATION OF MEASURE INEQUALITIES 427

Theorem 1 yields lower bounds for the informational divergence between
measures. Conversely, we bound the entropy of functions in Corollary 1. We
could say that the log-Sobolev inequalities (2.13) and (2.14) are the dual ex-
pressions of the information inequalities (2.11) and (2.12).

PROOF. On the basis of Theorem 1, the proof of Corollary 1 is quite simple.
Our aim is to bound efficiently Entp(ef) with the usual gradient of f. By
Jensen’s inequality, for any function f,

Entp(ef) -
)

ef )
Ep(el)

dP(y) - [ f(x)dP(x).

Let P’ be the probability measure on [0, 1]* whose density is e/ / Ep(e/) with
respect to the measure P. Let II be a probability measure on R” x R" with
marginals P and P/. Then

Entp(ef)
Foen =T f@dnc. y).

Let f be a convex function on [0, 1]*. For every x and y in [0, 1], we can
bound f(y) — f(x) independently of Vf(x). More precisely,

f(ylﬂ"'7yn)_f(x1""7xn)S ijf(yl"'-ayn)Hyj_xj-
Jj=1

For every y;, x;in [0, 1], |y; —x;[ <1 so that

YjFEX?

n

(215) f(yb cee yn) - f(xl’ tee xn) = Z |(?jf(y1’ e yn)|1yj9éxj'
Jj=1

Let us recall that .# (P, P’) denotes the set of all probability measures on
R” x R* with marginals P and P’. Therefore, for every probability measure
IIin .#(P, P7),

Entp(ef) &
m < zl Jla,F [, 00 TG, 9).

Similarly, if f is a concave function on [0, 1]", for every x and y in [0, 1]", we
can bound f(y) — f(x) independently of Vf(y).

(2.16) F(Vis ooy yn) = F(x1, .0, %,) < Z|(9jf(x1, ...,xn)‘lyﬁéxj.
j=1

Therefore, we get in this case

Entp(el) &
%S)) = J-Z_lffwjf(x)ilyﬁéxj’ Mz, 3).
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According to the definitions of dy(P, P/) and dy(P’, P), by the Cauchy—
Schwarz inequality, for every convex function f on [0, 1],

Ent (ef) n ) 1/2
Epief) = da(P, Pf)</£|‘91f(y)| de(y)) :

Similarly, for every concave function f on [0, 1],

Entp(ef) n v

ntp(e 2

— 2 L < d,(PI,P d:f(x)" dP(x .

e = % )<ij_1' @ dP( ))

Apply then the results of Theorem 1 to dy(P, P/) and dy( P/, P). Since

dPf _ ef
dP o Ep(ef),

we get, for every convex function f on [0, 1],
Entp(e/ Entp(ef)\ 2 ef 1/2
# < ||r||<2#) (/|Vf|2 . dp) _
Ep(e’) Ep(e) Ep(e’)
Similarly, for every concave function f on [0, 1]",

Entp(ef) _ Entp(ef)\"? 5 o\ 2
Ep(el) —”F”<2 Ep(el) ) (f v/ aP ) |

The proof is thus complete. O

A direct application of Corollary 1 is Poincaré or spectral gap inequalities
for convex or concave functions. Let f be a convex function. For any ¢ positive,
apply (2.13) of Theorem.1, to ¢f. A Taylor’s expansion of the second order in
g in (2.13) yields the following corollary.

COROLLARY 2. For any smooth convex real function f on [0, 1],
2
(2.17) /f2 dP — (/fdp> < 2||r||2/|Vf|2dP.

Note that this inequality has been proved with a better constant in the
independent case (||I'|| = 1) in [1] and [7].

We now present new concentration inequalities. Obviously, using the clas-
sical method developed by Ledoux (see also [7]), we easily derive deviation
inequalities from the log-Sobolev inequalities (2.13) and (2.14). However, we
get the constant 8 instead of the better constant 2 in the deviation inequali-
ties (2.18) and (2.19). The way to obtain the optimal constant 2 is to adapt a
proof by Bobkov and Goétze [2] to the information inequalities of Theorem 1.
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COROLLARY 3. For any smooth convex function [ on [0, 1]* satisfying
|VF| <1 P-almost everywhere, for every t > 0,

2
For any smooth concave function f on [0,1]" satisfying [|Vf|*dP < 1, for
every t > 0,

t2
(2.19) P(f zEp(f)+1) = exp(_ZIIFIIZ)'

These deviation inequalities are of particular interest if |I'||is bounded in-
dependently of the size n of the sample X. Let us note that for the same
exponential deviation inequality (2.19) or (2.18), the condition on the gradi-
ent is stronger for convex functions than for concave functions. This is rather
intuitive on the graph of a concave function and its mean. Equation (2.19)
thus improves some aspects of the results in [6], recalled further in this paper
[see (2.21)]. On the other hand, we do not deal with separately convex func-
tions as in [7]. It might be of interest to find the information inequalities that
would cover this class of functions.

Corollary 3 yields a concentration inequality for convex (or concave) Lip-
schitz functions. Let f be a convex Lipschitz function on R” with Lipschitz
constant

£l = 1.

Let P,f be the convolution product of f with a Gaussian kernel, for every &
positive, for every x in R”,

dA(y) _
V2me
where A is the Lebesgue measure on R", and B denotes a Gaussian variable

on R" whose law is N(0, I). Clearly P,f is a convex function on R". Since
[£llLip < 1, for every x in R”,

|P.f(x) - f(x)| < VeE|B|.

Therefore, for every x in R*, P, f(x) converges to f(x) as ¢ tends to 0. More-
over, by Rademacher’s theorem,

2
P = [ Fyexn( 2520 B(f (x + V5 B).

2e

[VF] <1 A-almost everywhere.
Consequently,
[VP.f| <1 everywhere,
since

VP, f(x) = E(Vf(x + VeB)).
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We then apply (2.18) to P.f and (2.19) to —P_f. This yields the following
result, for every ¢ > 0,

/2
PUP.f ~Bp(P.f)] = 1) = 2exp( 0 ).

Since P, f(x) converges to f(x) everywhere as ¢ tends to 0, we get the following

corollary.

COROLLARY 4. For any convex Lipschitz function f on [0, 1]" with Lipschitz
constant | f|, < 1, and for every t > 0,

2
(2.20) P(f —Ep(Hlz 1) = 2eXp(‘zntrnZ)'

If P is a product measure u; ® --- ® u,, on [0,1]", ||[I'| = 1, the latter
inequality (2.20) is the analogue of Talagrand’s deviation inequality with the
median M instead of the mean (See also [15], [16], [17]). Talagrand showed
that for every convex Lipschitz function f, with ||f|;, < 1, for every ¢ > 0,

(2.21) P(If — M| > t) < 4exp(—t2/4).

Marton extends this result to contracting Markov chains. Talagrand and Mar-
ton first prove the concentration of measure phenomenon in terms of sets
(see Theorem 6.1, [16]). (2.21) follows by considering the set {f < M} (see
Theorem 6.6, [16]). Actually, concentration inequalities around the mean or
the median are equivalent up to numerical constants (see, e.g., [14]). Let us
briefly sketch the argument. Corollary 4 indicates that, for a convex Lipschitz
function with Lipschitz constant ||fy;, <1, if ¢ > 4|T)/log 2,

P(f ~Ep(/) <t) > 3.
Therefore, the definition of the median implies that

|M —Ep(f)] < V2.
Thus, from (2.20), we get that, for every u > 0,
—J92)2
P(f - M| = u) < P(If —Ep()] = u—3) = zexp(—%).

Hence, since |I'|| > 1, for every u > 0,

u?
PP - M2 w0 = 6omp( - 15 )
4T
Corollary 4 of course extends to probability measures P on [a, b]". Assume
P is the distribution of a sample X = (X, ..., X,) of random variables on
some probability space (), o7, P). Each random variable X; takes values in
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[a, b]. By a simple scaling, we get from Corollary 4 that for any convex Lip-
schitz function f on R", with Lipschitz constant ||f|;, < 1, for every ¢ > 0,

2
(2.22) P(f —Ep(f)] = 1) < 2exp(—m).

Let us also recall one typical application of this deviation inequality to
norms of random series. For 1 < i < n, let Z,; be random variables on some
probability space (Q, &7, P) with |Z,| < 1. T denotes its triangular matrix of
mixing coefficients. For 1 < i < n, let b; be vectors in some arbitrary Banach
space E with norm | - ||. Then, for every ¢ > 0,

t2
= t) = eXp(‘&rznrnz)’

n

2. Zib;

i=1

(2.23) IP( —E

2. Zib;
i=1

where

% = sup an(g, b;)2.

él<1;=1

We now turn to the proof of Corollary 3. Instead of using the method sug-
gested by Marton, dealing with a geometric description of concentration, we
prefer to follow the functional approach of [7]. Our approach is inspired by [2].
The following proof of Corollary 3 is an adaptation of the proof of Theorem 3.1
of [2] to the particular case of a nonsymmetric dy-distance between probability
measures on R". The proof is based on the relation between the information
inequalities of Theorem 1 and exponential integrability.

PrOOF OF COROLLARY 3. Let f be a convex function on [0, 1]*. Let @ be a
measure on [0, 1]* with Radon—Nikodym derivative d @/dP = g with respect
to the measure P. For every measure Il in .Z (P, @), that is, for every measure
IT on R™ x R™, whose marginals are @ and P,

[ F»dQ») ~ [ Fx)dP = [[(f(y) = f(x)) dII(x, y).

As already mentioned in the proof of Corollary 1, if f is a convex function on
[0, 1], we can bound f(y) — f(x) independently of Vf(x). Namely, for every
x and y in [0, 1]7,

f(yh LR yn) - f(xb ’xn) = Z |(?]f(y)| lyﬁéxj'

=1

Therefore, for every measure Il in .#Z(P, @),

[ £ @) - [ F)dP) < [[ Y10, DL, b, dTI(. ).
j=1
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The assumption that |Vf| < 1 P-almost everywhere is still true @-almost
everywhere. Therefore,

[ X 10,£2dQ < 1.
j=1
Finally, according to the definition of do( P, @) (2.10), we get that,

(2.24) /fdQ - /fdP < dy(P, Q).

Similarly, if f is a concave function on [0, 1]*, for every x and y in [0, 1],
we bound f(y) — f(x) independently Vf(y). Therefore, we get in this case,

[ F(0)dQ) — [ fx)dP) < [[ X 10,f ()11, 40, dlI(x, ).
j=1
Under the assumption that
[ 10;¢2aP <1,
j=1
it follows that

(2.25) /fdQ - ffdP < dy(Q, P).

Assume now that f is either a convex function, or a concave function, satis-
fying the assumption of Corollary 3. Applying the results of Theorem 1, (2.11)
or (2.12), we get from (2.24) or (2.25) that

[raq-[rap= \/2||F||2 Entp(%).

That is,

[ fedP — [ fdP < /2|I|? Entp(e).

We then use the following variational equality:

2 IIFII2 1
2|12 Entp(g) = 1nf + n Entp(g) ).

Thus, for every A > 0,

[t ~Enrpgap < A

In other words, for every A > 0,

3 "~ En ntp(g).

[(37 =Bt - LEE ) g < Bt
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Then, choosing g = ¢!/ Ep (el) where

RS
2 2

I=Mf—-Ep(f))—

it follows that for every A > 0,
~ IN Y
ME-Ep(f)) < exp AT
Ep(e ) < exp( 5 )

By Chebyshev’s inequality, for every A > 0, ¢ > 0,

232
IKf—-Ep(f)Zt)fexp(_At+JE%fl).

Optimizing in A proves the deviation inequalities (2.18) and (2.19) of Corol-
lary 3. O

We now turn to the (some what lengthy) proof of Theorem 1. To better
explain the idea, let us first outline the scheme of the proof. We first assume
that P admits a strictly positive density g with respect to a product measure
w1 ® - ®u, on [0, 1]". This assumption is not restrictive. Indeed, consider
the case of a nonnegative density g. Let then

8= g 1 £>0-
Here g is a strictly positive measurable function. So we can consider the
probability whose density is g with respect to u; ® --- ® u, on [0, 1]*. We
then apply Theorem 1 to this measure. Noting that 1;_, is a measurable
function, we easily extend the results of Theorem 1 to the case of a nonnegative
density g.
Let @ be a probability measure on R", with Radon—Nikodym derivative

d @ /dP with respect to P. Let a be a vector of positive functions a = (ay, ...,
a,), with

fﬁ;a?(y)dQ(y) <1
Let B be a vector of positive functions 8 = (B4, ..., B,), with
[ ¥ B dP@) < 1.
i=1
The key of the proof is to find a good measure Il with marginals @ and P
to bound efficiently the two following expressions independently of a or .

Precisely, we will construct a measure II such that, for every « and 8 with the
above conditions,

//i:ilai(y)lxﬁéyi dll(x, y) < ||F||/2 Entp (j—g)
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and

[ % B e, ) = ||r||/ 2 Entp (%5 )

To this task, we introduce conditioning notation. If g is a strictly positive
density, we can write,

(%155 %) = Gu(2p]21, -, Xy1) - Ga(22|%1)81(%1),
where for 1 < j < n,

[ &(x4, e Xy 2yt e 21 (dZ ) pa(dzy,)

g('x '|x15 s X ‘—1) =
A J fg(xl,...,xj'il,Zj,...,Zn)[.Lj(de)"'[.Ln(dZn)
For 1 < j < n, we denote by G (- |x4, ..., x,_1) the probability measure whose
density is g;(-|xy, ..., x;_1) with respect to the measure u j,

GJ(de|x1, ey xj_l) = gJ(xJ|x1, ey xj_l),u,](dx])

Let h denotes the density of the measure @ with respect to the product mea-
sure u; ® --- @ u, on R,

_ 99

h=2p%8

Similarly for the density A,

h(yl’ e yn) = hn(yn|y1, R yn—l)' : h2(y2|y1)h1(y1)
with

fh(yl’"'9yj92j+1"--,Zn)/-"’j+1(dzj+l)"'/-"“n(d2n)
hj(yj|y1>-~~>yj—1)=
fh(yl’ "’yj—l’zj’"'7Zn)lu’j(dzj)"'ﬂ’n(dzn)

We set similarly

H](dx]|x1, ey xj_l) = h](xj|x1, ey xj_l)MJ(de)

To clarify all the proof, we need some additional conditioning notation. For
every 1<i< j<k<n,let

Ry oo Yaly1s s 30)
:/"'/h(ylz---,yiazi—t-l’---,zj—l,yj,---aykazk+17---a2n)

X piy1(dzigg) - Mj71(dzjf1)Mk+1(de+1) s (dzy).

To simplify the notation, H ’;(~ yeues |¥1,..., ;) will denote the probability
measure whose density is hf( oot Y105 ;), that is,

H%dy s .. dyglyrs -5 3) = RSy oo yilyn - v (dy ) - wp(dyy).-
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Similarly, with the same definitions for gf- and Gé‘-,
Gl;(dyj, v AYRlye, oY) = g?‘(yj’ s YelYs s yi)#’«j(dyj) e pug(dyg)-

Moreover, we sometimes write y{ for (yq,...,%;), 1 < j < n. Let us note that,
forl<j<n,

R ey =hy (Yl Y e 31) - ha(yaly1)Ba(y1)
and
P=G;, P/ =H].

With these notation, we set, for 1 <i < n,

hi(Cly1s -5 ¥ic1) i—-1
E; = /EntGi(~y1,...,yi1)<gi(_|y1’ v Hy (dyys .-, dy;iy)-

Let us recall the well-known tensorization property of entropy.

LEMMA 1.

Together with Lemma 2 below, this property is one main argument of the
proof of Theorem 1.
PrROOF. We have
h h h
Ent (—) = [ —log —dP.
"\e / g g

Since
h(yl’ e yn) — hn(yn|y1’ e yn—l) hl(yl)
g(y17"'7yn) gn(ynlylw"’ynfl) gl(yl)’
it follows that

h) ‘ hi(yily1s---» Yic1)
Entp | — | = .- | log Hi(dyq,...,dy,).
P<g l;/ / g&i(yilyt, - s yil1) i(dyy )

Integrating, this yields
h - h'(y'|y17"'7y'—l)
Ent (—) = oo [ log == :
@227  \g 2/ / gi(yilys - yi0)

x Hi(dy;|y1, ..., yio)H N (dyr, -0 dyiy).
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According to the definition of entropy,

RiCClyis -5 ¥ic1)
G Ay o) (82('|y1, s yz_1)

hi(yily1s > Yic1)
= ].O Hi d i seees Yic1)-
/ ¢ gi(yilyi, - s ¥io1) (dyily1 Yi 1)

Consequently, with the definition of E;, we see that (2.27) is equivalent to
(2.26). O

For 1 < j < n, consider
Aj=[a;(5)?dQ)
and
A, =/Bj(x)2 dP(x).

To be more precise, to prove Theorem 1, we will construct a measure Il such
that, for every 1 < j < n,

Joo.
(2.28) J[ @y s, A1y, %) = 3 ¥ (2E) (A )12
i=1
and
Jo )
(2.29) [ B0, L0 ATy, x) = 3 v/ (RE)2(E )2,
i=1

Then, according to the definition of the usual operator norm of the matrix I'
with respect to the Euclidean topology, it follows that

N " 2, , 1/2
J] i)t sy, dNI(x, 3) < T (2 )y El) (Z Aj)
i=1 i=1 j=1

1/2
Aj) |

and

n n 172
J[ X Bio1,, 4, i, ) < T (2 E,-) (
i=1 i=1

e

By the definitions of A ; and A s

and
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The information inequalities (2.11) and (2.12) of Theorem 1 will then follow
from Lemma 1.

So, to prove Theorem 1, we just have to show (2.28) and (2.29). Before
considering the general case, it is of interest to see the case of dimension one,
n = 1. In this proof, we present Lemma 2 which is at the center of the proof of
Theorem 1. Then, to extend our approach to any dimension, we use a result
of Fiebig in [6] recalled in Proposition 2.

If n = 1, we want to construct a measure Il on R x R with marginals P and
Q. Let I be the probability whose density {; with respect to u;(dy;) ® ui(dx;)
is defined by

ll(xl’ yl) = 1x1:y1 min(h(yl)a g(xl))
[A(y1) — 8(y)].[8(x1) — A(x1)],
1Q — Plirv ’

where [a], denotes the positive part of the real number «. Integrating one
of the variables, it is clear that the marginals of Il are @ and P. With this
definition, we have,

J[er(y1y, e, (dyy, dixy)

= [ a1y, OO E LI SR Gy (),

+ lxl?ﬁh

We know that
[Tg(e) = A(xl, pa(daer) = [Q = Pllny.
Therefore, integrating with respect to the variable x,, it follows that

J[ a1y, e Wy, dixy) = [ar(w)la(31) = &(31))s ().

Since
[en(y)?dQ(y) =1,

by the Cauchy—Schwarz inequality, we get that

230 [ a1y M d) = (|1 g(”)r h(yom(dyl))l/z-

h(y1)
Similarly, with the same definition for the measure II, we have
@30 [ Bt e ass ) = ([[1- 20T g cann)
n#En ’ B g(xl) +

Finally, to end the proofin the case n = 1, we just have to apply the following
lemma.
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LEMMA 2. For every probability measures R and @ with density r and ¢
with respect to a measure v, define

ario) = ([[1- ] dv)m.

Then, we have

dX(rlq) + d(qlr) < 2Enty (7).

Consequently,
q 1/2
(2.32) d,(rlg) < (2 EntR(;>>
and
1/2
(2.33) d,,(q|r)§<2EntR(%)> :

This result is an improvement of Lemma 3.2 of [8]. Indeed Marton proves
(2.32) and (2.33) without giving the upper symmetric version. Moreover, we
will present a simpler proof of it. However, let us note that the proof of Theo-
rem 1 will only use the nonsymmetric inequalities (2.32) and (2.33).

Note that for n = 1, we exactly have, with our notation,

d(rlg) = do(R, @) = _inf ([Pr(Z#nlY =y)*dQ(y))

1/2
b

where (Z,Y) is a pair of a random variables taking values in R x R, with
law II.

PROOF. Let u = q/r. We have
(2.34) Entp(u) = /(ulogu —u+1)rd.
Let
Y(u)=ulogu—u+1
and

d(u) = ‘I’iu)

An elementary study of the functions ¥ and ® shows that, for every 0 < u <1,
P(u) = (1 -u),

D(u) > %(1 - %)2

whereas for u > 1,



CONCENTRATION OF MEASURE INEQUALITIES 439

Since
ulogu —u+1=Y(u)l,.; +ud(u)l, .,

it follows that
1 9 1 142
ulogu —u+1> 5[1—u]++u§[1— ZL'

Making use of this inequality in (2.34) ends the proof of Lemma 2. O

PrROOF OF THEOREM 1. We want to generalize the preceding argument to
any dimension n. We just have to construct a measure Il on R” x R" with
marginals P and @ satisfying the inequalities (2.28)and (2.29). In fact, we
will construct a measure II on

R*"xR*"xR" ! x...xR

with marginals P and @. The construction of II is not as simple as in the
case n = 1. Before giving the expression of II, we will present step by step the
structure of dependence between random variables

(Yy,...,Y,), (X‘l”, o Xﬁ}’), (X;Z), o Xi?’), o (X("_l) XE{“”), xM

n—-1 »
taking values in
R* xR* x R* ! x ... xR,

with law IT on (Q, »7, P). To simplify the notation, for every 1 <i <n, X®
will denote the random vector (X El) XD ). The marginal P = G7 of II will
be the law of X = (X'", ..., X" and the marginal @ = H” of TI will be
the law of (Y¢,...,Y,).

The structure of dependence between all these random variables is based
on the following remark.

REMARK 1. Assume that X, Y, Z are three random variables. Assume that
the law of (X, Y) admits the density o(x, y) with respect to du(x) dv(y), and
that the law of (Y, Z) admits the density p(y, z) with respect to dv(y) dA(z).
Let k(y) denote the density of the law of Y with respect to dv(y). If the random
variables X and Z are independent given Y, then the law of X, Y, Z admits
the density

o(x, y)p(y, 2)
k(y)
with respect to du(x) dv(y) dA(z).

Let us first consider the random variables X (11) , Y. The law of (X (11), Y,)
is given by its density /; that will be denoted

L1(dx(11)> dy1) = l1(x§11), y1) ,U»1(dx§1)) pi(dyy)-
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As in the case of dimension one, L, is defined so that the law of X (11) is G,
and the law of Y, is H,. Given X\", Y, the law of

(x5, xD, x50, x5

on R* 1 x R"1 will be denoted

sp(daf’, . dat, da?, . dxP) X, 1)
= o-é‘(xgl), e x%l), x(zz), cee, x;2)|X(1), Yl)
1 1 2 2
X ,U~2<dx(2 )) e Mn(dxﬁl )>Mz(dx§ )) g (dx% )>-

321X, Y,) is defined so that the law of (X", ..., X\") given X', Y, is

G2(-1XY), and the law of (X3, ..., X)) given XV, Y, is G2(-|Y ). To sim-

plify the notation, for every 1 < i < n let x(¥) denote the vector (xgi), D)

on R*+1 The law of (Y, X, X®) is given by the product density,
d1<y1’ x(1>7 x(2)> = ll (x(ll)’ yl)ag<x;1)7 sy xgll)’ x(22)7 ey x£l2)|x<11)’ yl)

In this construction, we easily see that the law of X(!) is G} = P.
Now assume that for 2 < i < n, the law of

(Vi Yoy, X, XO)
is given by a density
di—1<y1> e Yie1s x(l), ey x(L)>

such that the law of (Y, ..., Y, ;),is H:"! and the law of the random vector
X given Yq,...,Y; ;is

G?( |Y17 ceey Yi—l)'
Then we first introduce the random variable Y; for 2 < i < n. The law of

(x\7,Y,) given Y1,..., Y, , will be denoted

Li(dx, dy; V1, Yia) = L, il Y, Yoo pa(dl”) pa(dys).
L,(-|Y,...,Y;_ ) is defined so that the law of Y; given Y,,...,Y;_; is
H,(|Yy,..., Y1),
and the law of Xgi) given Yq,...,Y;_;is
Gi(' |Y1> ) Yifl)'
Using Remark 1, the density of the law of
(Yy,...,Y, .Y, X X®)
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will be given by the density
di(y17 L) yi: x(l), sy x(l))
(2.35) _ di_l(yl, e Yic1s x(l) x(l)) L. (xL , yl|y1’ o yi—l)

gl(xg )|y17 cees yi—l)
Thus, according to Remark 1, Y; is independent of

xO, . ox6h (xW xD)

given Xgi?, Y,...,Y, ;. For 1 <i < n—1, we then introduce the random
vector X(+D_ The law of

(X, X, (x 0D, X))
on R"~i x R~ given Y,,...,Y,, X\ will be denoted
sPoda), L da, dD, L de T X Y, Y
= ol (=, ) DX YY)
X priga () (o)) g (D) - (dal ™),
3P C1XY, Yy, ..., Y;) will be defined so that the law of
(x\, ..., x%)

conditionally on Y4, ..., Y, Xgi) is
G 1Yy, Yy, X)),
and the law of X(*+1 conditionally on Y;,..., Y}, Xgi) is
GlaClY .. Y, Y.
Using Remark 1, the density of the law of
(Yy,...,Y,, XM x® x(+b)
is given by the density

di(y1s .. v, D, x@) D)

_ . i 1 j+1 1
_ di(y1, ..oy, a0 x@) a'inﬂ(nggl, e ng), ngl ), cee, (H )| @) yl)

gt+1(xz+l’ cee xff)Iyl, <o Vi1 xgl))
Thus, according to Remark 1, X(*1) is independent of XV, ..., X(~1 given
X0, Y, ...,Y,

In this way, by induction over i, we construct the law II of the family of
random variables,

Yy,...,Y,, X® X0
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so that the law II is given by the density
= cZn(yl, cees Vs M, .., x(”)).

Now, we will set with more details the expression of 7. Let us first give the
exact expression of the density /;(-|yi™"), 1 <i < n. For every 1 <i < n, we
have

l (xL > yllyl]:il)
=1,0_, min(h;(y;yi™), g% 1yi™)
+1 0 [hi(yil v — &i(valyi D]s [gi(xiwiil) — hi(xilyi Dl
B #N IHC 1y = GiClyi Dy

As for the case n = 1, integrating one of the variables x( ) or ¥;, it is clear
that the marginals of L,(-|y{™1) are G;(-|y%™!) and H,(-|yi ™).
Now, let us describe, for every 2 < i < n, the measure

( |x§l 11)7 Yis oo yi—l).

To present the condition satisfied by 7 (- |x(l s Y15 -+-5 ¥i—1), we need the
following result by Fiebig [6] [see inequality (2. 1) page 482].

PROPOSITION 2. Let @ and R be two probability measures on RF with
strictly positive densities q and r with respect to a measure v on R*. Let
(Z1,...,Z}) (resp. (Wy,...,W})) be a random vector on R* whose law is
Q (resp. R). Then, there exists a probability measure whose density is o with
respect of v @ v on R* x R* such that, for every 1 < j <k,

[[1: 20, o2, w) dv(z) dv(w) < |Q = Rllay.

Fiebig proves this result for probability measures on a countable set S. The
proof is easily extended to probability measures on R* with strictly positive

densities yielding thus Proposition 2. Thanks to Proposition 2, we may as-

sume that, for every 2 < i < n, 27(,,.. |x(L 11), ¥4 ~1) satisfies the following

conditions. For every 2 < i < n, the marglnals of
P (dxgifl), o daY, dxgi), .. dng)|x5l 11), Yiseeor Yic1)
are
Gr(dal™, L dx Iy e, 207Y)
and
G?(dxgi), e, dng)|y1, s Yilos Yil1)-
Recall that if X = (X,,..., X,) is a sample whose law is P,

G:L( |y17 cees Vie2s xEl—_ll))
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is the law of (X, ..., X ) given X, ; = x( ) and X2 = yi~2, Similarly,

Glﬂ(. |¥15 -5 Yi_a, yifl)

is the law of (X;,..., X,,) given X; ; = y;_; and X! 2 = y'2, According to
Proposition 2,

>3 P )

satisfies the following additional property, for every 2 <i < j < n,

2.56) /...f1xyfl)#x<;>2?(dx§i‘”, o dal Y, dxgi), . (l)|xil 11), ¥
' (i-1)
Saj(yl X1 5 Yi- 1)
where

a;(yi2 0, v y)

i— j— i— j— (i—
= |A(X3XT =y - A XX TP =075 X = 2 Nllzy-
Let us now present the expression of 77. For 2 < i < n, define

g?(yia LD xslifl)’ @)

i 5 ee ey

1
,...,xn)|x§l1),y1 1)

O_in(xgi—l)’”‘ (1—1) (L) (l)| (L

5 PR

-1
(i) ). i-1 : yl )l (x(l)
gi(x; ..., xn |y1 )

s yilyth.

We have

F(yp vy Yo M, x(”))
ZEn(yl’ ey yn,a x(l); ,x(n))

n
1 —1 1—1 1 —1 i
= LY,y ) T €8 (e 2570, 280 20, DD, i,
=2

This density 7 has all the properties to be a good candidate to prove (2.28)
and (2.29). Indeed, integrating successively 7 with respect to the variables
(x(l) (1)) (x(z) ...,xf)) ot

sy Mpn_1»
and then with respect to the variables

2, al,

we see that the law of (Y ,...,Y,) is @. Similarly, integrating successively
with respect to

yn> x(n)’ yn717 x(n_l)a MR y2> x(2)’ yl’
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shows that the law of the random vector X is P. Therefore, our aim is to
prove that for every 1 < j < n,

[ it o dlin g a® 1)
J

(2.37) -
= > v QE)VA(A )Y
and
/ /B (x(l) ...,xgl))lyj#x(_u dT(y1, ..oy ¥y, 6D, 0, 2™
(2.38)

< Zv (2E;)'*(A )",

i=1

Equations (2.37) and (2.38) are very similar and the scheme of their proof is
identical. First, we present the proof of (2.37) and then of (2.38). For every
1 < j < n, we have,

1).

1, o<1l _,un+1 NN lelz)#xj

YjFR; Y jFX;

Hence, we get

/.../aj(yl, Ly L Ty 2 ™) < A+ ZIB“)

where
AJ = /.-./aj(y19-..’yn)]-yj?éxgj) dﬁ(yl’ ’x(n))
and
B‘(]l) - /. . ./aj(yl’ e yn)lx(JHrl);éx(Jl) dﬁ(yl, ceey x(n))_

Thus, the proof of (2.37) is now divided in two parts, the study of the integral

. (@) . . .
A; a}nd then the study of t.he integral B J-L . Integrating successively the density
7 with respect to the variables

(x(1> (1)) (x(z) . )) (n)

Xn-1>

we show that the law of
(Yy,...,Y,, X" x)
is given by the density

1)

LY, yy) - L, yalyi ).

Consequently, the law of (Y{,...,Y,, X(-j)) is

H" (dy s - dyalyd) Li(da, dy j|lyi™) H Ndys, .. dy o).



CONCENTRATION OF MEASURE INEQUALITIES 445

Thus, for every 1 < j < n,

A= [([asr s vn) Ha(dy s s dyaly]))
<1, Lo Ldx dy;ly] H (dys,. dy;o).
From the definition of /;, we have
j i—1
1, Lol y,lvi 7
- 1 . -
[yl — il D) Le eIy ™) = Ryl H
i—1 i—1 :
IH ;(-1y1 ) = GiClyi Dy
Integrating with respect to x(jj), it follows that
A= [[([ain o y) Hia(dy s dvaly))
i—1 i—1 i—1
x [hi(y;ly1 ) — gi(vilyi D] wi(dy;) Hi (dyq, ..., dyj_1).
Then, by the Cauchy—Schwarz inequality,

Ay = [(fasn e v By oo dal i)

1/2

1.

gj()’jb’{ )] -1 j-1

X 1-———"—"—| Hi(dy;ly; ) Hy (dyy,....dy;_q).
(./|: h](yj|y{ 1) N J J J

According to its definition,
i 1/2
. . g,y H7 .
d,, (g,;Clyi DInC1y] 1>)=</ [1——1] H(dy;ly] ) -
hi(yilyr )4+

From the inequality (2.32) of Lemma 2, we have

=1
y,-sﬁx(j’)

- ~ hiCla )
d, (g;,ClyI Rl ™h) < <2EntGw 1 (%)) .
ui\8j J iClyi) gj('|3’i 1)

By the Cauchy—Schwarz inequality again, it follows that

1/2
A= ([ajnes 20" Qs - dy)
. 1/2
Ry DY i
x 2Ent; 1 (J—> H{ (dyi,....dy;_1) .
</ O g1y ’
Finally, with the definitions of £ ; and A ;, we get
(2.39) A < (2E)*(A )"
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We now want to bound similarly B(jj). Recall that
BY = [+ [aj(yi, syl oll(dy, ..., dx™).
Let here T1(- [x®, x(+D i) denote the law of (Y,,1,...,Y,) given
X0 = g0 XD _ )y i
Integrating successively the density 77 with respect to the variables
(=0, aD), (Y a ), 2, LY,

cey PR

and then with respect to
Yns x(n)’ Yn-1> x(n—l), < Yiv2s x(i+2)’
we see that the law of (X®, XG+D 'y, ... Y,)is given by

srodaly, o da, dxD, L dal YD,y
X Li(dxgl)’ dyl|y§__1) Hé__l(dy]_, o dyiil),
Thus, we have
By) = //a](yl’ sy yn)ﬂ(dyl+1, ey dyn|x(l)’ x(i+1)’ yz,l)

i i+1
x 1 (L+1)# “>21+1(dx5l+)1a e, dxsl), dngl ), B (L+1)| )

x Li(dal”, dy;|y7™") Hi N (dyy, ..., dy;_y).
Consequently, by Cauchy—Schwarz inequality,

: ~ \1/2
BY < [([a;jyi s 3 T(@yipns s dyal”, 31))
@) @ @+1) @+, @) i 12
X (/ 1x3i+1)¢x3i)2?+1(dxi11, v dxn, dxy e dxn s |xg y‘l))

x Ly(da”, dy;|yi™) Hy  (dys. . dyia),
where H( |x(L) %) denotes the law of (Y,.1,...,Y,) given
X0 o, i
Actually, we have
T 17, 50) = HEA ()

and therefore 11 is independent of xgi). By the property (2.36) of the measure
37 1, we know that

j i 1 1 i
/ Lo o3k (da)y, o da daf 0, do Vel )

(@)
Saj(yl zl’yt)
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Thanks to this inequality, we bound B(ji), either with the coefficient yij , or

with Vij , as follows. By definition, we know that for every real number y,, ...,
(@)
Yis X s

(2.40) (i, v = 0,
Therefore
. . . \1/2
BY <yl [([ ey 9 Hii(ins - dya]9))
(2.41) '
x 1o, Li(dx, dy; |y ™ H ™ (dyy, - dy; ).

The second way to bound B(ji) with 37{ is quite different since we do not take the

supremum over all y,..., y;, xEl in R. By the triangular inequality applied

to the norm || - ||y, we have

1 ..)

a;(y7h g, ) <@yt

L)+ a7 v Lo,
where
a;(yih y) = 1 2(XHXL = y1) = LX)y
The density g;(- | y‘fl) is strictly positive. Therefore, the measure
Ly(dal”, dy|yi™)
is absolutely continuous with respect to the measure
Gi(dx" |y Gidyilyi™).
Moreover, the measure
HiNdyy, ..., dy; 1)
is absolutely continuous with respect to the measure

Gil_l(dyp s dy;iq),

since gi’l is a strictly positive density. It follows that the measure
Li(dx,”, dyilyi ™) Hy Ny, dyi )
is absolutely continuous with respect to the measure
G(dx)|yi") Gildyilyi ) Gy Ay, - dyiy).
According to the definition of Vlj , it follows that

(v y) = 5’
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for almost every y! with respect to the measure G, the law of X'. Therefore,
@)

i

Gi(dx |y Gy(dy; |y ) Gy N (dy, - -, dyia),

for almost every yi~, y;, ;" with respect to the measure

we have

i—1 (@) ~Jj
(2.42) a; (¥ %, ) < (yiJ)ZIin)#yi.
This inequality is still true for almost every yifl, Yis )

. with respect to the
measure.

Ly(dx?, dy; |y HH  (dyy, -, dy; ).

It follows that
i ~J n i 1/2
BY < 5] [([aj0rs s 3 HEa(@igns o dyalyh)

x 1o, Li(dx, dy;|y™) H(dyy, . dyiy).

(2.43)

The end of the proof is obviously the same from inequality (2.41) or (2.43).
From (2.41), integrating with respect to the variable xEl), we obtain

i ] n i 1/2
Bi) < ‘Y{[(/aj(yl’ sy yn)2 Hi+1(dyi+15 ’dynlyl))
X [hi(yi|yi1_1) - gi(yilyil_l)L_ wi(dy;) Hi N (dyy, - .., dyi_y).
Then, by the Cauchy—Schwarz inequality,

i j n i— 1/2
B(J) < 75/(/‘1](3’17 sy yn)2 Hi (dyi> rdyn|y1 1))
gi(svily‘fl)]2 ) it
X 1——1_ Hl(dyl|yl ) Hl (dy 9"-7dyi—1)‘
</[ hi(yilyi 1 ' P
We finish as for the bound of A ;, applying (2.32) of Lemma 2. We thus get
(2.44) BY < v/(a)V2(2E,)">.

From (2.44) and (2.39), we deduce (2.37). This ends of proof of (2.11) of Theo-
rem 1.

As we already mentioned, the scheme of the proof of inequality (2.38) is the
same as the one of inequality (2.37). For every 1 < j <n,

yj;éx(j ) = yj;réx(jj) xgj);ﬁx(jj D x(J );éx(J )
I [e]lce,

i—1
[ B, i@ dx) <, + Y DY
FCSUERERREZ 00 L NG Y1, ..., dx™) < C; J

i=1
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where
1 1
/ /B (Y, ...,xﬁl))ly Leolldys, ..., dx™)
and

D(l) f /B (x(l) (RS xgll))lx(F+1)¢x(F+l)ﬁ(dy1’ Tt dx(n))
J J

First we study the integral C; and then the integral D(L) Let IT; ;G |x(JJ ), yl)
denote the law of

(XD, ., X6 (XD

x{)
given
X(J) (]J), Y{ _ y{.
This law is independent of y ;. Indeed, as we already deduced from (2.35),
(XD, XD (XD (x))
is independent of Y ; given X (jj ), Y4, ..., Y ;. We therefore denote

012, y1, 9 = TG, 7.
The law of (X', Y,,...,Y ) is given by
L(dx, dy;|y{ H{  (dy1, ..., dy ;).
Therefore,
C. —//3 (D) I, da 1Yy
<1, LoL(dx dy;ly{™) Hi ™ (dys, ... dy;0).

From the definition of /;, we have
. -
1, Lol il
i1 i1 . i1 7 i—1
D) - it D), [ — v,
e — — .
Y IH,;Clyi ) = GiClyi Dl
Integrating with respect to y ;, it follows that
1 Dy 1
;= [[([ B, i, . dal? 1), viTh)

x< (g, P1yi ™) = A1y D], wy(dey B (dys, ... dy o).

=1
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Then, by the Cauchy—Schwarz inequality,

1 \2 7~ 1 -1 N1\ 12
C </(/B x(l)"”> ()) (d () (J)|x(JJ),y1 )Gj(dx(jj)b’{ ))
by 9] 72 R S
" (f[l_%} Gi(d= 1)) H{ (v dyj).
gj(xj ly1 4+
By definition,
(D, i—1y2 1/2
. . ha(x |yl ) NP
1 1 1 1
d, (i1 Dlg (1Y) = (/ 1= 22 6@ )
gj(xj lyp )4+
From the inequality (2.32) of Lemma 2, we have that
i 1/2
- 2 hyClyi )
1 1
d, (h;Clyi lg ¢ 1yi™) = <2Entg,,(.|y{1 (—1) .
' gj('|y1 )
By the Cauchy—Schwarz inequality, it follows that

1/2
C, < (fB 0 a2 pdal, dxﬁLl)))
i 1/2
RiClyi DY e
X 2EntG” J-1 (J—_ H'{ (dyl"“’dyjfl) .
(/ N g1y
Finally, from the definition of £ ; and A j» we get
(2.45) C; < (2B )X,
Now we will bound D(ji) with the same tools as for the bound of B(ji). Let
(- |9, 2D, y1)
denote the law of (X, ..., X(-D) given
(XD = 5O, X+ = g0+ yi = i),
The law of (X, XG+D Y1) is

o P 2D, a0, )

X Li(dxii Ldy |y Hy Y (dyy, - dy; ).
Let
T (2", y)

- f Lo, @zm(dxm,.. dat, dal" D, dxTY 10,y
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and

U (x(l) yl) — /B (x(l) e, X ))ZH (d (1) .,dxg_1)|x(i),x(i+1),yi1)

i 1 i+1 i
) 32 (daly, o da), dxl Y da ey,

Recall the definition of D(-l ),
i 1 1 = n
D(j) = / /B (x( ) R xﬁl ))lx.(fiﬂ)#x.(fiﬂ)n(dyl, R dx )).
By the Cauchy—Schwarz inequality, we have
i i 1/2 i 1/2
D()<// ()7y1)/( (() ))/

X Ll(dxil Ly |y H N dyy, -, dyig).

Actually, U j(xgi), y’l) is independent of y,. Indeed, integrating with respect to

the variables ngll), ce ngﬂ), we get

U, ) = [ Bt D) Ta(dat?, . a1, 7,

where I1,(- |x£l), y471) has already been defined as the law of

(XD, ..., x60 (x L xW)

given
X0, ¥ieh
Recall that this law is independent of y;. Therefore, we will write

U-(x y1)_U (x; ’y1 )

By the property (2.36) of the measure X7 ,, we have

i+10
Tj(xil Ly < aj(y1 , El), ¥i)-
From inequality (2.40), we get that for every y,..., y,, x (~L) n R,
T -(x(-i), yh) < (yij)Zl 0,

From inequality (2. 42) We get that for almost every y'~1, y,, x
to the measure L; (dxl L dy; |y Y Hi Y (dy, ..., dy;_q),

T (x(l) yl) < (’Yi) lxﬁi);éyi'

( with respect

The end of the proof is identical for yij and 371] . We have
i i 1/2 i i—
DY <] [[(U =", yi) 1,0, Li(dx{", dy;lyi™)

x Hi7N(dyy, ..., dy;_1).
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Integrating with respect to y,, it follows that

DY <ol [[(U ", i) P [g:x1yi ) = RV lyi ], s
x Hi N dyy, ..., dy;1).

Then, by the Cauchy—Schwarz inequality,
(0 (<) i) yim1y)
DY <y, /(/U Y, 97 Gi(da |y‘11))

hi(x 1y ) T : v
x(/ [1—?11} Gi(dxﬁ"wa-l)) H{ N dyy, - dyicy):
gilx lyi) 1y

We conclude the argument as in case of C ;, using inequality (2.33) of Lemma 2
for d,, (h;(- |yi1‘1)|gi(~|y"1‘1)). We get in this way

(2.46) DY < y/(X)V2(2E,)">.

We then deduce (2.38) from (2.46) and (2.45). This ends the proof of Theo-

rem1l O

3. Deviation inequalities for empirical processes. In this section,
= (X4,...,X,) is a sample of random variables on a probability space
(Q, o7, P), taking values in some measurable space S. We extend the defini-

tion of the mixing coefficients 'yij and 371] as follows. Forevery 1 <i < j<n
and for x;, y{,...,y;in S, let

a;(yi7h x5 34)
= | /XX =y X =) - AKX = 0L K= )|

and

. 2 7 —
(—ylj) = sup sup aj(yll L X5 ¥i)-
(i, y;)eS? yitesi-t

Similarly, for every 1 <i < j <n, let

a;(y1) = | L(X51X1 = 1) = LX) |y
and
(Vij)2 =2 esssup dj(y‘i).
yieSt, Z(XY)
As previously, we are interested in samples X = (X, ..., X,) for which ||I'|

may be bounded independently of n, the size of the sample X. Such samples
have already been described in Section 2.
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Let .7 be a countable class of bounded measurable functions g on S. Our

aim is to give some exponential deviation inequalities for the supremum of
empirical processes. To this task, let

| n
sup| 3 g(X,)|.
|:

If 7 is a finite family of nonnegative functions, a quite simple application
of Theorem 1 provides the following deviation inequalities for the random
variable Z.

THEOREM 2. Under the previous notation, assume that 0 < g <C, g€ J.
Then, for every t > 0,

2
(3.1 P(Z=EZ)+1) < exp(— QC“FHZ(t[E(Z) + t))
and

2
a2 P2 2 52) -0 = 0 gtz )

For further purposes, observe that (3.1) is equivalent to saying that, for
every t > 0,

Y
P(Z > E(Z)+1t) < exp<——4“p“z mm(E’ C[E(Z))>'

Inequalities (3.1) and (3.2) give the exact control of the deviation from the
mean. This statement extends in this case the result of Talagrand for Gaus-
sian bounds (see [15]). Actually, this theorem is exactly the extension of The-
orem 2.1 [7], in case of dependence. However, this result is limited to the
supremum of empirical processes over classes of nonnegative functions. This
assumption is restrictive and we want to present now some deviation inequal-
ities for which .7 is a class of arbitrary bounded functions. Assume that for
every real function g in .7, |g| < C. Define the random variable V,

VZ =Y supg(X,)”

i—18€7

THEOREM 3. Under the previous notation, for every t > 0,

(Y
(3.3) P(Z2E(Z)+1) < exp(‘snruz mm<5’ 4[E(V2)>)

and

1 [t
(3.4) P(Z=<KZ)-0t)= exp(—Wmm(a, W))
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In the independent case (||I'|| = 1), Talagrand actually got a much better
result. Namely, for every ¢ > 0,

(3.5) P(Z -E2Z)|zt) <K exp(‘%ék’g(l " E(CEI;)))’

where K is a numerical constant and where

3% =sup ) gX(X)).

8€T ;1

In particular,

1 . [ ¢
(3.6) P(Z-EZ)|=t) < K eXP(‘fml‘l(E’ [E(EZ)))'

Clearly 32 < V2 so that our results are less precise on this side. It is an open
question to prove (3.3) and (3.4), with 32 instead of V2. Let us recall that in
the independent case, for the bound of P(Z > E(Z) + ¢) above the mean, [7]
and then [12] present an efficient simple proof of (3.5) based on log-Sobolev
method. Note also that in the independent case, E(32) may be bounded by
CE(Z) and the supremum of the variances which are then of direct interest
in applications (see [16], [7]).

PrOOF OF THEOREM 2. By homogeneity, it is enough to deal with the case
C = 1. Assume 7 is a finite class of positive measurable functions,

I =In=1{81,---> 8n}

We will prove Theorem 2 for & = . The result of countable classes of
positive measurable functions will follow by monotone convergence. Let

n
fN(x19'--axn) = 1I§nka;](\,§gk(xl)
For 1 <k < N and for every x4, ..., x, in S, define

1, ifk:inf{lngN, fa(x, ..., %,) =

Z gi(x;)
i=1

I

ap(xq,...,%,) =

0, otherwise.

According to this definition,

N n
fN(xl’ cees xn) = Z Zak(xb R xn)gk(xz)
k=1i=1
and
N

> ag(xy, ..., x,) =1

k=1
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Let us observe that for all x = (x4,...,x,) and y = (y,...,y,) in S",

N n
fn(y) = fn(x) < D0 3 (8r(y) — 8r(x))ar(y).

k=1i=1

Let a(x) denote the vector (a;(x), ..., ay(x)). For every x in S”, a(x) is one
of the basis elements of RY. Actually a(x) is the derivative of the supremum
norm on RY. Let g(x;) = (g1(x;),..., gn(x;)), g(x;) € R*YN. We have, for
every x and vy,

n

() = fn(x) = Y(aly), 8(y:) — g(x,)).

i=1

As a consequence, if £y = —fy, we get, for every x and y,

n

Fn() = Fu(x) < Yla(x), g(x;) - &(y)))-

i=1
Since g, are nonnegative, it follows that

n

(3.7) fn(y) — fn(x) < Y (a(y), g(yi)>1xﬁéyi
i=1

and

(3.8) () — Fux) < > fa(x), g(xi))lxi#yi'

i=1

From this stage, the proof is similar to the proof of Corollary 3. P is the law
of (X{,...,X,)on S"” Let @ be a probability measure on S™ with density g
with respect to P. For every measure Il on S” x S" with marginals @ and P,
that is, [l € .#(P, @),

[ v () dQ) ~ [ Fi(x)dP@) = [[(Fx(3) = Fi(x)) dll(x, ).

Therefore, by (3.7),
[ e dQ) — [ Fu(x) dP() = [[ 3 (a(y). £ Leuy, I, ).
n=1

Integrating with respect to the variable x and then using the Cauchy—Schwarz
inequality, we get

[ () dQ(y) — [ fi(x)dP(x)
1/2

n 12 n
= [/Z(a(y), g(yi)>2dQ(y)} [/ Y PHX £ yilY, = yi)dQ(y)} ;
i=1 n=1
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where (X, Y) denotes a pair of random variable taking values in R" x R", and
with law II. According to the definition of dy( P, @), minimizing the right-hand
side over all measures Il in .Z (P, ) yields

n 1/2
[ Fx(9)dQ(y) ~ [ fiv(x)dP(x) = { [ X a(y). g(yi)>2dQ<y>} dy(P, Q).
i=1

Similarly, for the function £, we get from (3.8),

n 1/2
[ Fx(»)dQ(y) — [ fx(x)dP(x) < { [ 3 (atx), gl dP(x)} dy(Q, P).
i=1

Let us now define h%, on S by

n

Ry(x) = Y (elx), g(x,))',  xe S

i=1

With our previous notation, h%v(X ) = 32. Applying (2.11) of Theorem 1, we
get

[fxdQ~ [ fyaP < / 2|1|2E o(h%) Entp (%),

Therefore, as in the proof of Corollary 3, for every A > 0,

T|2Eq(h3%) 1
[ fvgdP~ [ fydP < MIPEeBY) | L (g,
2 A
Finally, for every A > 0,

2 [ITI*A%
2

(3.9) / [A(fN — Ep(fy)) - A }gdp < Entp(g).

For the function f ~» the result is quite different. For every A > 0,

(2 ITIE p(h

2
(3.10) /|:)\(fN — Ep(fy)) - 5 N):|gdP < Entp(g).

The exponential inequalities then follow with a good choice for the density g.
From the inequality (3.9) we get

(3.11) /exp|:/\(fN —Ep(fy)) — /\2%} dP < 1.

Similarly from (3.10), we get

2 2
(3.12) /expl:A(fN _ EP(]EN))i| dP < exp(/\2 1T E2P(hN )
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Recall that
Z = fy(X)=—fn(X)
and that
= h?V(X).

If, for every 1 <k < N, 0 < g, < 1, then, 32 < Z. Thus from the exponential
inequality (3.11) we get that for every A > 0,

(3.13) [E(exp|:Z)\<1 - @) - AE(Z)]) <1

and from (3.12) we get, for every A > 0,

(3.14) [E(eXp[—)\(Z _ [E(Z))]) dP < ex ()\2 ||F||22[E(Z)>

Using inequality (3.13) we get, by Chebyshev’s inequality, that for every
0 < X <2/|T||?, and for every ¢ > 0,

P(Z>E(Z)+1t) < exp[—tA(l — @) + A2—||F”22[E(Z)].

Choose then

_ t

T +E(Z))
and (3.1) follows. From (3.14), we get in the same way that for every A > 0
and every ¢ > 0,

P(-Z > -EZ)+t) < exp[—tA + )\Z—HFHQ[E(Z)]

2

Optimizing in A yields the deviation inequality (3.2). The proof of Theorem 2
is thus complete. O

We now present the proof of Theorem 3.

PROOF OF THEOREM 3. As for the proof of Theorem 2, we may assume that
F is finite. Let

(e, ... x,) = max
k<n
For 1 <k < N and for every x{,...,x, in S, define

1, ifk:inf{lflSN, fa(xg, ..., x,) =

ap(xq,...,x,) = i=1

0, otherwise.
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According to this definition,
N

| n
fN(xl’ RN} xn) = Z ak(xla cees xn)i ng(xi)
k=1 i=1
and
N
> ag(xg, ..., x,) =1
K=1

Let us observe that for all x = (x4,...,x,) and y = (¥, ..., y,) in ",

N

) — Fu(®) = 3 an(3)] S (gn(3) — galx).

k=1 i=1
By the triangle inequality,
}gk(yi) - gk(xi)| = |gk(yi)|1xﬁéyi + }gk(xi)uxﬁéyi'

Therefore, if |g(x;)| denotes the vector (|g,(x;)l, ..., |gn(x;)]), we have

In(y) = fn(x) < (@), 18yl e 2y, + 22 (¥, |8(x) )y 2y, -

i=1 i=1
Bounding (a(y), |g(x;)|), by max;_,n |g(x;)|, it follows that
(315) fN(y) - fN(x) = Z(a(y)a |g(yi)|)1xﬁéyi + Z lglkag](\f |gk(xi)|1xﬁéyi'
i=1 =115k

Let @ be a probability measure on S™ with density g with respect to P. For
every measure Il in .Z(P, @),

[ Fx(9)dQy) — [ fv(x)dP() = [ [(Fy(y) = () dTI(x, ).
Then, by the Cauchy—Schwarz inequality, from (3.15) we get

[ Fn(»)dQ(y) - [ fy(x)dP(x)

n 1/2 n 1/2
[ / 2 {aly), 8(v))? dQ(y)} ( [ S PAX A yilY = y»dQ(y))
i1 i=1

1/2

n 12 n
+ |:/Z max g%(xi)dP(x)j| (/Z PXY; # x| X; = xi)dP(x)) ,
i= 1=k= i—1

where (X, Y) denotes a pair of random variables taking values in R"” x R"
whose law is II. From the proof of Theorem 1, we know that there exists a
measure Il in .Z(P, @) with

1/2 —_—

& dQ

(3.16) PYX,; # y,|Y; = y,)d <|T \/2E tpl ==
(/gl (X; # il ¥i) Q(y)> < T np<dp>
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and
\ Y TN
(3.17) (@1 P2(Y, # x,| X, = xi)dP(x)) < IIFll/z Entp(d—g)

Recall the definition of A%,

n

R (x) = Y (a(x), g(x;)), xS

i=1

For every x in S™, let
l%v(x) = L:Xilrfnkzgv gi(xi).
Choosing the measure Il satisfying (3.16) and (3.17), we get that
[ () dQ(y) — [ fu(x)dP(x)

d d
/2||r||2EQ(h Bnts (57 ) + \/2||r||2Ep(l Ents( 7 )

Therefore, using the same argument as in the proof of Theorem 2, for every
A>0,

[ Fx(»)d@Q(y) = [ fy(x)dP(x)

IIFII2
—(Ee(hR) +Ep(ly)) + + Entp(g)

Finally, for every A > 0,

zIIFII

/ B(fN ~ Epl(fi)) — A2 (B + Bp(l ))}gdp < Entp(g).

With a good choice for the density g, we get that
/ exp[ (=) — 02, ))} aP <1
Since Z = fy(X), 3% = h%(X) and V2 = [%(X), we have
/exp[%(z ~K2Z)) - )\2@(22 + [E(Vz))} dp < 1.
By the Cauchy—Schwarz inequality, it follows that

/exp(%(Z - [E(Z))) dP < [/ exp()@@zz) dPT/2 exp()@@ﬂv%).
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Applying inequality (3.13) to the random variable 32 yields that, for every
0 <p<1/C?T|?

[E(exp(%22)) < exp(nE(Z?)).

Choosing u = A?(|T'||%/2), we get for every 0 < A < 1/C||T||?,

I?

22> dP < ex p</\2 It ||2[E(22)>

/ exp()\z Ir

Finally, for every 0 < A < 1/C||T||?,

[exp(3(2-E2)) d < exp(12155 " I vy ssy ) < om0 15

I” [E(Vz)>

Then the proof of (3.3) is easily completed by Chebyshev’s inequality. The proof
of (3.4) is identical to the one of (3.3). This ends the proof of Theorem 3. O
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