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LIMIT DISTRIBUTIONS OF NORMS OF VECTORS OF
POSITIVE LID. RANDOM VARIABLES!

BY MARTIN SCHLATHER

Lancaster University

This paper aims to combine the central limit theorem with the limit
theorems in extreme value theory through a parametrized class of limit
theorems where the former ones appear as special cases. To this end the
limit distributions of suitably centered and normalized [.,,)-norms of
n-vectors of positive i.i.d. random variables are investigated. Here, ¢ is
a positive constant and p(n) is a sequence of positive numbers that is
given intrinsically by the form of the upper tail behavior of the random
variables. A family of limit distributions is obtained if ¢ runs over the posi-
tive real axis. The normal distribution and the extreme value distributions
appear as the endpoints of these families, namely, for ¢ = 0+ and ¢ = oo,
respectively.

1. Introduction. Combining the sum and the maximum of identically
distributed random variables has been of interest to various authors. The
joint distribution of the sum and the maximum has been investigated by Chow
and Teugels (1979), Anderson and Turkman (1995), Hsing (1995) and Ho and
Hsing (1996). The central limit theorem has been combined with the limit
theorems in extreme value theory by Greenwood and Hooghiemstra (1991)
and Hooghiemstra and Greenwood (1997). They study random processes of the
form X, =max{X,_;, aX,_;+Y,}, where the Y, are i.i.d. random variables
and « is a constant in [0, 1). Obviously, if the Y, are positive random variables,
then X, is a partial maximum for « = 0 and a partial sum for « = 1. Here a
different approach that combines the limit theorems is suggested.

Our starting point is a reformulation of the central limit theorem. Let

n 1/p
<Z|xi|P> , 0< p< oo,
|x1n|p=

i=1
where x;, = (x1,...,x,) € R",
max{xy,...,X,}, p = oo,
be the /,-(quasi-)norm of x;, and let X, = (X;,..., X,,) be an n-vector of

i.i.d. positive random variables. Then, the central limit theorem says that
under certain conditions the suitably centered and normalized /;-norm of X,
converges to a Gaussian variable as n — oo; that is, there exist constants a(n)
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and b(n), such that

lim P(M < x) = O(x),

n—00 a(n)

where

P(x) = \/% /_xoo exp(—é) dt.

Similarly, the distribution of the suitably centered and normalized [/, -norm
of X, converges under certain conditions to a generalized extreme value dis-
tribution GEV as n — oo; that is, there exist constants a’(n) and &'(n), such
that
X b

lim P(M < x) — GEV(x).

n—00 a’ ( n)
Depending on the form of the upper tail behavior of the random variable X,
the generalized extreme value distribution GEV is the Weibull distribution
V¥, with parameter a > 0,

¥, (x) = exp(—(—x)%), x <0,
the Fréchet distribution ®, with parameter « > 0,
P, (x) =exp(—x7%), x>0,
or the Gumbel distribution A,
A(x) =exp(e™), xeR.

For further details see Leadbetter, Lindgren and Rootzén (1983), Resnick
(1987) or Embrechts, Kliippelberg and Mikosch (1997), for example.

This paper investigates the limit behavior of |X,[.,,), Where ¢ can be
chosen freely in (0, cc] and the sequence p(n), n € N, is given intrinsically
and depends on the form of the upper tail behavior of X;. A family of limit
distributions is obtained if ¢ runs over the positive real axis. The normal
distribution and the extreme value distributions appear as the endpoints of
these families, namely, for ¢ = 0+ and ¢ = oo, respectively. If p(n) — oo as
n — oo, then the central limit theorem can be interpreted as the limit theorem
for a kind of diagonal sequence of the /., )-norms, namely, for constants ¢ =
c(n) converging to 0 such that c¢(n)p(n) = 1. The investigation of / ,-norms is
interesting on its own as such norms appear when self-normalized sums are
considered; see Logan, Mallows, Rice and Shepp (1973), Griffin and Kuelbs
(1991), Hahn and Weiner (1992), Horvath and Shao (1996) and Shao (1997),
for example. In each of these papers, p is independent of n.

In Section 2, the limit theorems for random variables that belong to the
domain of attraction of a Weibull distribution or a Fréchet distribution are
presented. However, only conjectures are given if the random variables belong
to the domain of attraction of the Gumbel distribution; a partial result is given
for exponential random variables. Proofs are presented in Sections 3 to 7. In
a brief final section some open problems are mentioned.
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2. Main results. As in extreme value theory, the limit distributions of
the [/ ,,)-norms depend on the form of the upper tail behavior of the random
variable X . The cases where, with respect to the [/ -norm, the random vari-
able X belongs to the domain of attraction of the Weibull distribution ¥, or
the Fréchet distribution @, are treated in Theorems 2.2 and 2.3, respectively.
If X, belongs to the domain of attraction of the Gumbel distribution A, some
conjectures are given; a partial result for exponential random variables is pre-
sented in Theorem 2.4. For a distribution function F, let F = 1 — F and let
F< Dbe the pseudo-inverse of F. The domain of attraction of a distribution F
with respect to the /,-norm is denoted by D ,(F).

The case where p(n) is identically 1 and X € D{(®) is considered first.

THEOREM 2.1. Let ¢ be a positive constant and let X, X,, ... be positive
i.i.d. random variables with distribution function F, where X{ € D{(®). If
a.(n) =c tA(n)(nEX$Y ! and b.(n) = (nEXS)Ye,

where the sequence A(n) satisfies

Am)
2.1) S [ EAR((E+EXDY) > 1,
X3

A(n)? )¢

then

lim I]:D<|X1n|c B bc(n) <
n—oo ac(n)

If all the moments of X, exist, then the suitably centered and normal-
ized [,-norm of | X,| converges to a normal variable for all positive, finite
constants c.

x) = O(x).

THEOREM 2.2. Let X, Xs, ... be positive i.i.d. random variables with dis-
tribution function F € D_(V,) and upper endpoint xp < oco. If p(n) = xpXx
(xp — F=(1 —1/n))71, then, for any positive constant c, there exist constants
a.(n) and b,(n), n € N, such that the unique limit distribution

©2.2) Fo(x) = ’}L%PCXlnch(:()n—) be(n) _ x)
exists and, furthermore,

(2.3) F.—,®, c—0

and

(2.4) F,—, v, ¢ — o0.

For ¢ < 1, the constants a,(n) and b,(n) may be chosen as

(2.5) a,(n) = xp2 2?1 (a + 1) 12 p(n)1
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and
(2.6) b.(n) = xp+ xpc log(I(a+ 1) ) p(n) ™,
respectively. For ¢ > 1, they may be chosen as
(2.7) a.(n)=xpp(n)! and b.(n)=xp.
For 0 < ¢ < oo, the distribution function F, equals
(2.8) F.(x) =G (exp(D.x +d,)),

where the Fourier transform of G, is given by

00 R
G.(u)= exp(c‘“I‘(a +1) > (i) )
by RRC
The constants d, and D, equal
2.9)  d,=log(l(a+1)c™) and D,=2"*2c¢ T(a+1)"? ifc<1,

and

d.=0 and D,=c ifc>1.

The distinction between ¢ > 1 and ¢ < 1 in the theorem requires comment.
The constants chosen in (2.7) are suitable to establish (2.2) for all positive
constants ¢, but the density functions shift to the right as ¢ — 0+. Thus, the
constants in (2.7) are not suitable to establish (2.3). For simplicity, a distinction
in the norming and centering constants is made for ¢ > C and ¢ < C, where
C is chosen arbitrarily to be 1. Indeed, a.(rn) and b,(rn) might also be chosen
as smooth functions in c¢ for fixed n in order to establish (2.3).

THEOREM 2.3. Let X, Xs, ... be positive i.i.d. random variables with dis-
tribution function F € D (®,). Then, for any positive constant c, there exist
constants a.(n) and b,(n), n € N, such that the unique limit distribution

F (x)= lim P(M < x)

o\ ag(n)
exists and, furthermore,
F, =9, c<a/2
and

(2.10) F,—»,®
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The constants a,(n) and b,(n) can be chosen according to the following table:

c a.(n) b.(n)
<5 e (REX3)
- ﬁ (REXS)Ve

@ _ IPA = a/e)l"(F(1 —1/m))" (REXE)L/e
2 c(n[EXi)1 e

F(1-1 ¢ ¢
e=a e (nB(n)"

a<c I'(1—a/c)Y*F<(1-1/n) 0
Here, A(n) = nY?(Var X¢$)1/2, if Var X is finite, and satisfies

2 A(n)
TZ’)Z_/O L(xl/c)x& dx — 1, n — oo,

otherwise. The function L is the slowly varying function given by the represen-
tation F(x) = x~*L(x). The function B(n) equals

B(n) = (F“(l _ %))[OOO sin(x[F“(l _ %)}) dF(x1/°).

For a/2 < ¢ < a, the derivative of F, equals the stable density

o0 -1
@11 fu(x)= % s Heke HD oot gy A

. O
Lf§<c<a,

1 k!
and
1 o . .
(2.12) fo(x)= —f e Mu"sin(mu)du if c = «a.
 Jo
For a < ¢ < 00, it equals the (nonstable) density
o0 -1
(213) f.(x)= < M( 1)kl g (ak+1) sin(kﬂ)1x>0.
T 1 k! c =

If F € D, (A), the behavior of the /,,,)-norms is more complex. In anal-
ogy to Theorems 2.2 and 2.3, where the norming and centering constants
as well as p(n) involve the norming and centering constants of the extreme
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value theorems, we conjecture the following. Denote the finite or infinite upper
endpoint of F' by xr and let

A(n)=n /M i) F(t)dt and B(n)=F< (1 - %)

cf. Theorem 3.3.26 in Embrechts, Kliippelberg and Mikosch (1997). As, for
B(n) # 0,

|X1n|cp(n) - B(n)

(2.14) A(n)

<x <& |B(n)'X,, <A(n)B(n)x+1

|0p(n)

we define
p(n) = B(n)A(n)™!

and conjecture that p(n) — oo as n — oo. In the limit, the right-hand side of
(2.14) is equivalent to

(2.15) lim 3 (B(n) "' X;)"" < e
n—oo i=1

We conjecture that the left-hand side of (2.15) has a proper distribution. Then
A(n)_1(|X1n|cp(n) — B(n)) converges to a random variable, Y, say. Further-
more, we conjecture that Y, converges to a Gumbel variable as ¢ — oo, and a
recentered and renormalized version of Y, converges to a normal variable as
c— 0.

As an example of a random variable that belongs to the domain of attrac-
tion of the Gumbel distribution, an exponential variable is considered. The
following theorem provides a partial result.

THEOREM 2.4. Assume that the X; are i.i.d. exponential random variables
with distribution function F(x) = (1—e™*)1,.,. Then the suitably centered and
normalized l.\oq ,-norms of X, converge in distribution to a normal variable
if 0 <c<1/2, but notif 1/2 < c <1/(2log2).

3. Auxiliary results. The following theorem and the subsequent lemma
are needed to prove convergence to the normal distribution in the theorems
of Section 2. Namely, by combining both assertions, we get that, under cer-
tain conditions, |X,,[, belongs to the domain of attraction of the Gaussian

distribution, if Y7 ; X" does.

THEOREM 3.1 [cf. Theorem 3.27 in Kallenberg (1997)]. Let I be an interval
in R. Assume that the functions h, : I — C converge uniformly on compact
sets to a continuous function h. If the real random variables X, converge in
distribution to a random variable X as n — oo and X € I a.s., then h,(X,)
converges in distribution to h(X).
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LEMMA 3.1. Let p,, n € N, be a nondecreasing sequence of positive numbers.
If the positive numbers e,, and o,, n € N, are such that o,e;! — 0 as n — oo,
then the complex valued functions

(o,x+e )1/pn—el/p"

_ 1/p,— ’
pn 10-nen !

nelN, xeR,

hy(x) =

converge uniformly on compact sets to the identity as n — oo0. So do the
pseudo-inverses h;” of h,,.

PrOOF. Let M be a positive number. Under the previous conditions the
Taylor expansion of A, yields

h,(x)=x+ O(M) for |x| <M and n — oc. 0

nt‘n

The next lemma gives a convergence criterion for sequences of numbers
with double indices. It can be proved readily by contradiction, for example.
A function g is involved to allow for direct application in the following
theorems.

LEMMA 3.2. Let v, , be real numbers forn e Nand t € Rand let g : N — R
be a function that converges to co as the argument tends to co. Assume that

w, = lim v, ,
n—oo
exists for all t € R. If lim,,_, vy, , exists and equals z for all functions § :

N — R that are less than g, but that tend to co as n — oo, then

lim w, = z.

t—00

4. Proof of Theorem 2.1. Theorems XVII.5.3 and VII1.4.1 in Feller (1971)
and Theorem 3.1 yield

", X¢—nEXS
[P’( i=1 AL( )n L <x)—>(I>(x), n— oo,
n

where A(n) is given by (2.1). If e, = nEX{ and o, = A(n), then

(4.1) ~ (EX$) 1 A(n)” / t2 dF((t+EX$Y°)

en
by (2.1). The right-hand side of (4.1) tends to 0 as n — oo, since A(n) converges
to oo by (2.1) and A fﬁEX; t2dF((t + EX$)Y¢) is a slowly varying function
by Theorem XVII.5.2 in Feller (1971). Thus, Lemma 3.1 and Theorem 3.1 can
be applied and yield the assertion of the theorem.
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5. Proof of Theorem 2.2. The following theorem recalls Potter’s theorem
in part (a) [cf. Theorem 1.5.6 in Bingham, Goldie and Teugels (1987)] and gives
a modification thereof in part (b).

THEOREM 5.1 (Potter’s theorem). Let L be a slowly varying function.

(a) For any constants A > 1 and 6 > 0, there exists a constant x, = xy(A, 8)

such that
L 8 8
(v) <Amax{(z> ,(f) } for x > x¢ and y > x,.
x Yy

(b) Let h(x) be a positive function that tends to oo as x — oo. Then there
exist two positive functions e,(x) and m;,(x), both tending to 0 as x — oo, such
that for all real functions g, and gy with g, > h and g4 > h the following
inequality holds:

< np(x).

‘L<gl<x>) <g2<x>)f<x> 1
L(g2(x)) g1(x)
Here ¢ is a suitable real function depending on g, and g, and satisfying the
inequality || < &,

(¢) Let q(x) be a positive function that tends to oo as x — oo. Then there
exists a function {(x), tending to 0 as x — oo, and

L(4(x)q(x)) 1
L(q(x)) ’

PROOF. (b) The function L has the representation [see, e.g., Theorem 1.3.1
in Bingham, Goldie and Teugels (1987)]

(5.1) L(x) = c(x) exp(/x ulﬁ(u)du) for x > 2,

where c¢(x) - ¢ € (0, 00) and 6(x) - 0 as x — oo, and z > 0.
In the following, assume that x > z and, wl.o.g., inf ., c(x) > 0. Then

L(gl(x)) C(gl(x)) ( gl(x)>
(5.2) = log 2127
Liga®) ~ elea(x) “PVE % )
for some number £(x) satisfying
inf 0 o(u).
uzmin{gg%x), 82(x)} () < &(x) < uzmin{:’:;(lf)a 82(x)} )

Thus,

L(g:(x)) (gz(x)>§(x) 1= c(g1(x))
L(ga(x)) \ 81(x) c(g(x))
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and the assertion of part (b) holds if
SUPy>n(x) c(u)
ep(x) = sup [8(u)| and mu(x)= -
g u>h(x) 4 1nfuzh(x) C(u)

(c) Assume wl.o.g. that g(x) > 1 for all x € R. Let 6 be given by (5.1),
h(x) = {/q(x),
¢(x) = max{ (o), sup (o).
u>h(x)

g1(x) = {(x)q(x) and gy(x) = g(x). Then, both g; and g, are bounded from
below by h. The functions {(x) and g;(x) tend to 0 and oo, respectively, as
x — oo. If g5, and ¢ are given by part (b) and ¢,(x) < 1, then

gl(x)I _
gz(x)I

< gp(x)|log &,(x)| — O, X — 00.

if(x)log |£(x)| min{| log(A(x) )], |log &, ()|}

Equality (5.2) provides the assertion. O
The proof of Theorem 2.2 is mainly based on the following theorem.

THEOREM 5.2 [Theorem 4.1.3 and the references in Bingham, Goldie and
Teugels (1987)]. Let L be a slowly varying, locally bounded function of order
O(1) at 0+. Let k be a real function and let & be a positive constant such that
Jo" t7|k(t)| dt converges for —8 < o < 6. Then,

[ ROLGtydi~ Lx) [ kydr, x> oo
0 0

Let k(t) = t 2%V o > 0, and U(¢) = ¢ *L(t), where L is a slowly
varying, locally bounded function of order O(1) at 0+. Then, Theorem 5.2
yields

(5.3) /Ooo e

~1t

t2

U(Bt)dt = B /OOO R()L(Bt)dt ~ T(a + DU(B), B — oo

LEMMA 5.1. Let X be a positive random variable with distribution function
F ¢ D_(V,) and assume that the upper endpoint xp equals 1.

(a) EXP ~T(a+1)F(1 —1/B) as B — oc; that is, B+ EXP is a regularly
varying function with index —a.

(b) Let p(n) = (1 — F(1—1/n))"! and let ¢, be a fixed positive number.
Then, there exist a constant C and positive functions e(n), n(n) and 8(n),
n € N, all of them converging to 0 as n — oo, such that, for all ¢ > c,

nEX P _ @’ < 8(n) + C[exp(|log c|e(n)) (1 + n(n)) — 1].
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(c) Let p(n) = (1—F<(1-1/n))"Y. If c(n), n € N, is a sequence of numbers,
such that c¢(n) — 0 and c(n)p(n) — oo as n — oo, then

nEX P 5 o n — oo.

PrOOF. (a) As F belongs to the domain of attraction of V¥,, it has the
representation F(1 — 1/x) = x “L(x), where L is a slowly varying function.
Thus, it follows directly from the asymptotic equivalence that 8 — EXP is
regularly varying with index —a.

For B > 0, the expectation of X# equals

ro 0 1\ - 1
[EXB:,B/O xP F(x)dx:,B/l (1—;) x F(l——)dx

X
0o e—l/x _
(5.4) =/ S (- dx
0
00 (1 —1/x)B"1 — e B/x _ 1
+3/ (1-1/%) - F(l——)dx,
1 X X

where F*(1-1/y) = F(1-1/y)1,.,. The first term on the right-hand side

of (5.4) is asymptotically equivalent to I'(a+ 1) F(1—1/8) by (5.3). The second
term is asymptotically negligible since

- 1\ 7' o (1—1/x)F "t — e Bl _ 1 l
\ I _ = |
Flip) o) SR (e

| =) et 1Y
~|L(B) 1 x2 x) "

e3) e

As the functions x — (1 — 1/x)?~! and x > e #/* take their maxima within
[1, +/B] at /B the right-hand side is less than or equal to

BaJrl
(1= B3Pl e VF)

L(B)
+ /Oﬁe—x exp[x +(B - 1)10g<1 _ %)] 4 %

The first term tends to 0 as B — oco. So does the second, since, by Taylor’s
expansion,

dx.

sup
x€[0, vB]

exp[x—k(,[%—l)log(l—%)]—1'—>0, B — o0,

and fo‘f e *x*L(B/x)/L(B)dx is uniformly bounded by Potter’s theorem
[Theorem 5.1(a)] for B sufficiently large.
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(b) Part (a) of the lemma states that
EXP BEXP

F(1-1/8)  L(B)

The assumption that p(n) = (1 — F—(1 —1/n))! is equivalent to

(5.5)

- I(a+1), B — oo.

(5.6) p(n)* = nL(p(n)).
Let B = cp(n); combining (5.6) with (5.5) yields first
L
MNa+1) - nC“M[EXcP(”) -0, n — 0o,
L(cp(n))
but then also
L
(5.7 é(n)=cy*sup |I'(a+1) — nc”MEX"p(”) -0, n— oo,
c>c L(cp(n))

since the convergence rate is determined by the lower bound ¢,. An application
of Potter’s theorem [Theorem 5.1(a)] to L(p(n))/L(cp(n)) in equality (5.7)
provides finite constants n, and C = C(cy, n,), such that nEX™ is uniformly
bounded by C for n > n, and ¢ > ¢;. Theorem 5.1(b) provides positive functions
n(n) and &(n), n € N, which tend to 0 as n — oo, such that

exp(|log[L(p(n))/L(cp(n))]]) < exp(|log c|e(n)) (1 + n(n)).

Then, for n > ny and ¢ > ¢y, the triangular inequality yields

L(p(n))

8(n) = l% — nEX P - n‘—L(Cp(n)) — 1|[EXCP(”)
- F(ac;i- 1) nEX ™| _ C(exp(| log c|e(n))(1+ n(n)) — 1)_

The second inequality is true as, for arbitrary u > 0, the inequality |u — 1| <
lelog“l — 1| holds.
(c) Part (a) of the lemma and equality (5.6) give

nEX WP LT (q + Dne(n) *p(n)~*L(c(n) p(n))
(5.8) L
(et 1»@)“%,

and the assertion follows from Potter’s theorem, Theorem 5.1(a). O

PROOF OF THEOREM 2.2. As p(n) = xp(xp — F(1 —1/n))7! is invariant
to any rescaling of X; and

|X1n|cp(n) - b(n) _ |X1n/xF|cp(n) - b(n)/xF
a(n) a(n)/xp

(5.9)

b
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it can be assumed w.l.o.g. that xy = 1. Subsequently, we first show that

|X1n|cp(n) -1
5.10 Y., = = X -1
( ) c,n 1_ F<_(1 — l/n) p(n)(l 1n|cp(n) )

has a nondegenerate limit distribution H, for all nonnegative finite constants c.
Then we demonstrate that

(5.11) H,—», V¥, ¢ — oo.

Finally, we show that suitably rescaled versions of H, tend to the normal
distribution as ¢ — 0.

1. As EXT <1 for all m > 0, the Taylor expansion for the characteristic
function ﬁc’n of X7 () i5 valid. Lemma 5.1(b) yields

~ & ()R kep(n) Ta+1) & (iw)*
(5.12) F. . (u)= ]g) o EX, =1+ e, kgl P + R, (u),
where the remainder R, satisfies

o]

InR,(w)| <}

k=1

Jul*

klk

8(n)
(5.13) . .
+C kgl %(kg(”) exp(|log cle(n))(1+ n(n)) — 1).

The remainder R,(u) is of order o(1/n) for fixed u, since k=¢(k&(Mellogcle(n)
(1 + n(n)) — 1) is uniformly bounded in %2 and n for n large enough, and
converges to 0 for fixed 2 as n — oo. Hence, the characteristic function of
Yr.X ip (n) converges pointwise to
G.(u) = lim (1+ (at+1) 3 (i) ) - exp(c_af(a+ Hny (i) )
n—o00o k

cn 7 Rk ~ Rk

which is continuous at the origin; that is, its inverse Fourier transform G, is
a probability distribution. Let p,(n) = k= p(n); then (1 — p,(n)~1)P™ —
exp(—ckY*) > 0 as n — oo and

P(Xy > 11— pp(n)™") = kp(n) " L(k~*p(n))

by (5.6). Let &, =[{j €{1,...,n}: X ;> 1— py(n)"'}|. If k > 4, then

n

n _abl/a
lim [P’(Z XM < %) < lim P(¢, = 0) < %

n—o0 .
i=1

by Chebyshev’s inequality. This shows that G_.({0}) = 0. If we choose I =
(0, 00) and A(x) = c~'log x in Theorem 3.1, we get

(5.14) H,(x) = lim P(p(n)(| X 11opn) — 1) < %) = G(e).
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2. In order to show (5.11), it suffices to apply Lemma 3.2 for v, , = P(p(n)
(U X1ulpmy =1 < x) = P(Y,, < x), w, = Hy(x), 2 = V,(x) and a specific
distribution function F € D_,(¥,). For simplicity, we choose F(x) =1 — (1 —
x)* for x € [0,1], p(n) = n'/* and g(n) = logn; see Lemma 3.2. If B(n) =
c(n)p(n), then Lemma 3.2 states that (5.11) is implied by

(5.15) Tim P(p(n)(| X 1lg0) — 1) < %) = Wo()

for all x € R and all sequences c(n) < log(n) that tend to co as n — oo.
Subsequently, we show that (5.15) holds. Let M(n) = max{X,,..., X,,}. As

P(p(n)(M(n) = 1) < x)
= P(p()[M(2) ~ 1] + M) p(O[| X1l g/ M) — 1] = )

= P(p()[M(n) = 1] + p(W)[| X 1] puy/ M(n) — 1] < x)
and
1 <|X 1.l pny/M(n) < n'F™ — 1, n— oo,
equality (5.15) is equivalent to [Theorem 25.4 in Billingsley (1995)]
1= lim P(p(n)(| X 14]p()/M(n) = 1) < &) for all &> 0

= P(c(n>1 log 3" (X,/M(n))"") < )

i=1

— lim P(Z xPm - M(n)B(”)e“(”)>.

Let & € (0, 1), ¢ > (—log(s/3))"/*,

n n n
B(n) B(n) B(n)
R,= ) X7, S,= Y X7, T,= > X
i=1 =1 =1
£+logn=p(n)(1-X,) p()(1-X;)<¢ £<p(n)(1-X;)<é+logn

Let Ng and N be the random number of summands of S,, and T',,, respec-
tively. Then, by (5.6),

Var Ng ~ENg ~ &°
and
Var Ny ~ ENp ~ (¢ +logn)*.
Assume in the following that n is large enough; then R, < n(1 — (¢ + logn)/
p(n))P ~ pl-cm)g=te(n)

RO
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and

Va <ENg+VarN, < 3¢¢

" M(n)2p =
Formula (8.357) in Gradshteyn and Ryzhik (2000) for the incomplete gamma
function yields

1—n-Vag
ET, = naf P11 — x)*Ldx
1-n-12(¢+logn)
a—1
e—c(n)¢

é+log
=< 2a/ " e—c(n)yya—l dy < 3aé
¢

~ c(n)
Similarly, Var T', < Cc(n) e 2°(®¢ for a suitable finite constant C = C(¢, a).

Furthermore, M(n) > 1— p(n)~'&. Thus M(n)P™ > e~ /2, with probability
at least 1 — /2, and

n
lim P (Z xP < M(n)B(”)e“(”)>

1—
> lim P<e—50<">+sn+ T, <M(n)PMe*™ | M(n)>1— i) <—8>
n—o00 p(n) 2
>1—¢

by Chebyshev’s inequality and the asymptotic independence of S, and T,,.

3. In the following we show that a rescaled version of H, converges to the
normal distribution ®. To this end, Lemma 3.2 is applied for v, , = P(p(n)
(I X1nlipeny = 1) < %), wyyy = Hy(x), 2= P(x), ¢ > 0 and F(x) =1— (1 - x)"
for x € [0, 1]. Let B(n), n € N, be an arbitrary sequence converging to co and
let 7 be an arbitrary positive number. The inequality x2/(") > 72nEX ?B ™ /9 is
equivalent to

2
(xﬁ(”) - EXf(")) > 7°n Var(Xf(n)) + 7'2nl]EX?B(n)(—1/2 + fa()),

where f,(x) = (=2xFMEXP™ 4+ (120 + 1)(EXP™)2)/(r2nEX?™). Since
|fn(x)] > 0 as n — oo for x € [0, 1], by Lemma 5.1(a) we have

{x e [0,1]: (xP™ — [EXf(n))2 > 72n Var Xf(n)}
(5.16)
C Hx €[0,1]: x2P(M) > frzn[EX?B(n)/Z}
for n large enough. If ¢(n) converges to 0 and B(n) = c(n)p(n) = c(n)n/®
tends to oo as n — oo, then Lemma 5.1(c) yields that the right-hand side
of (5.16) is empty for n large enough, and the central limit theorem holds



876 M. SCHLATHER

for 7, X f () [see, e.g., Theorem 49.2 in Gnedenko (1963)]. Lemma 5.1(b)
yields that, for any fixed positive constant ¢, < 1,

sup log

fp=<c=1

Let ng(1) = 1 and ny(%) be such that ny(k) > ng(k — 1) and

e SR —— 0 .
F(a—l—l)c“)‘)_) , n — oo

a/2 1
B 0g<F(a+1)c‘”‘

) < k™! for all n > ny(k) and k > 2.
k-l<c<1
Define {;(n) = k! for all n with ny(k) <n < ny(k+ 1) and k > 1. Then,

n[EXi(n)p(n)
I'a+ 1)e(n)—

for all sequences c¢(n) — 0 such that {;(n) < c¢(n) for all n € N. The sequence

{(n),

(5.18) {(n)= max{gl(n), p(n)_l/(2+“)}, neN,

(5.17) c(n)=/? 1og< ) -0, n — 0o,

tends to 0 as n — oo, and {(n)p(n) — oo as n — oo. In the following let c(n)
be any sequence tending to 0 as n — oo such that ¢(n) > {(n) for all n € N.
Let

a.(n)= 2_"/2c"‘/2_1F(a + 1)_1/2p(n)_1
and

b(n) =1+ c p(n)tlog(l'(a+ 1)c™).
Then, by Lemma 5.1(a),

T o) ¢ tp(n) -1
a.(n) ~ c_lp(n)_l\/n Var Xip(n)(n[EXip(n)) .

The Taylor expansion for the exponential function and relation (5.17) yield

_ 1/B(n)

= ac(n)(n)*1 + ac(n)(n)’l[exp<ﬁ(n)’1 log(n[EXf(n)» - 1]
= @y (n) "+ 2%2T(a + 1)2c(n)"*?1og(I(a + 1)e(n) ™) + o(1)
= bc(n)(n)/ac(n)(n) + 0(1)

Since

\/n Var Xf(n)/(nEXf(")> ~ ¢c(n)*?T(a+ 1)"1227/2 - 0, n — oo,
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by (5.8) and > ; X f(") obeys the c.l.t. as shown previously, Lemma 3.1 and
Theorem 3.1 yield

X nlB(n) — bcn n
p( Xinlsm = b (™) _
ac(n)(n)
On the other hand, the distribution of

|X1n|cp(n) - bc(n) _ Yc,n - c_ldc
a.(n) N cD, ’

x) — O(x), n — oo, forall xeR.

where
dc _ log(F(a + 1)c—a) and Dc — 2—01/2601/21'*(0[ + 1)—1/2,

tends to G(exp(D.x + d.)) as n — oo. Since the distribution of Y, , tends
to H, for any distribution function F' € D_(V¥,), the coefficients d, and D,
can be chosen independently of F. Then the coefficients a, and b, are given
by (2.5) and (2.6) in the general case. O

6. Proof of Theorem 2.3. If ¢ < «a/2. Theorem 2.1 can be applied and

yields directly the statement for ¢ < «/2. If ¢ = /2, let X(n) = A(n) + EXS§
and assume that the variance of X is not finite. Partial integration of (2.1)
and changing to the integration measure d(1 — F') give

e ((EX0) = 42 (E )

6.1 ~
o A EXS

Since L(A(n)V¢)/ [A™ 1L (£'/*) dt — 0 [Bingham, Goldie and Teugels (1987),
relation (1.5.8)] and [;° ¢t~2L(¢¥/¢)dt = [;° F(t'/¢)dt is finite, condition (6.1)
is satisfied if and only if

2n A L(the)

(6.2) An)? /0 ; dt — 1, n — oo.

Since ¢t 1L(tY/¢) — 0 as ¢ — oo, the upper bound of the integral in (6.2) can
be replaced by A(n).

In the following we consider the case ¢ > «/2. Theorem 1.8.1 in
Samorodnitsky and Taqqu (1994) states that (| X§,|; — b.(n))/d.(n) converges
to a stable variable with characteristic function

exp (—|§|"/C exp (—(sign Q)i (216 - 1))) , ifg <c<a,
w(¢) = { exp (—1¢1[ 5 + (sign )i log|¢l]) ifc=a,

exp (_|g|a/c (_(sign g)m%)) , ifc> a
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where
a,(n)= :F‘_(l— %)} r<1—%) C/a, b.(n)=nEXc, if g <c<a,
an=[F(1-1)]. o) =nd(n)

x/oosm( o ))dF(xl/”) if c=ax
a,(n)= :F“<1—%>]CI‘(1—%>C/&, b,(n)=0, if ¢ > a.

If ¢ < a, we apply Theorem 3.1 and Lemma 3.1 with e, = b.(n), o, = a.(n)
and p, = c. Namely, o,/e, — 0 by Potter’s theorem if ¢ < a. If ¢ = «, we have
a,(n) = nL(a,(n)"¢) and

b.(n) O
0(25 </ sin =

> —1—sin(1) 4+

) dF(x'/¢) - F(a, (n)l/“))

1 a.(n) L(x1/¢) x
TE h " am

} 05 %0 L)
> -2+ TE7) /

X

Thus, d,(n)/b.(n) — 0 by relation (1.5.8) in Bingham, Goldie and Teugels
(1987). The density functions (2.11) and (2.12) follow from (XVII.6.1) and
Lemma XVII.6.1 in Feller (1971) and from equality (14.32) in Sato (1999),
respectively. If ¢ > «a, then

(|Xin|1 - Ec(n))/dc(n) = (|)(1n|c/dc(n)1/c)C

and suitable norming and centering constants for | X, |, are a,(n) = d.(n)"¢
and b,(n) = 0. As the limit density function of (| XS, |; — b.(n))/d.(n) equals

1 & T(clka+1)

a . (ko
gc(x) = a = T(_l)k+lx ke Sln(T)1x>0

by Lemma XVIIL.6.1 in Feller (1971), the coordinate transformation x' = x1/¢
yields equality (2.13). Integrating both sides of (2.13) gives

F(c‘lka +1) _a)kcsm(kﬂ'a/c)

F(x)—1+Z (-

kra

and the right-hand side tends to ®, as ¢ — oc. This proves (2.10). O
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7. Proof of Theorem 2.4. Stirling’s formula [formula 6.1.37 in
Abramowitz and Stegun (1984)] yields

(7.1) I'(1+ clogn) ~ V27 (1 + clog n)c1o8(m+1/2g—clog(n)—1,

It follows that

(7.2) [EXilOgn =T(1+clogn) ~ \/zc_,n.\/@nc(log(c)flﬂoglogn)’ n— 0o
and

(7.3)  Var X8 ~ EX218" ~ 2. /cmr/log n n2(loso)—1Hloglogn) -, o
Then

o \/n Var Xilogn nclog2-1/2

e, nEXS8" (cmlogn)t/4’

n— oo,

and Lemma 3.1 holds if ¢ < 1/(2log2). It remains to show that ¥ , X¢'%¢"
obeys the cl.t. for ¢ < 1/2 but not for ¢ > 1/2. Lindeberg’s condition [see
Theorem 49.2 in Gnedenko (1963)] requires that, for any positive constant 7,
(xclogn _ [E)(ik)gn)2

K(n)=Var(X<en)1 /‘m

1.4) N

xe *dx — 0, n — oo.

Equalities (7.2) and (7.3) imply that there exist functions n(n) = n(n, 7) and
&(n) which tend to 1 and (4cm)~1/2, respectively, as n — oo, such that

00
K(n) — §(n)(log n)—l/Zn—Zc(log(Zc)—l+loglogn) regn chlogne—x dx,

where
T = T(n) = 2ce”@)1y(n).
Here it has been assumed that

(n[EX?clogn)l/(chogn) _ (I’LF(]_ + 2(,‘10g n))l/(chogn)

~ 2cet/?) 1 ogn, n— oo,

and that both x2'°¢" JEX ilogn for any sequence x, > T(n)logn and
VnVar X<logn JEX'8" tend to oo as n — oo.

If ¢ < 1/2, then /291 >~ 1 and T(n) is finally greater than 2c + 2/log n
as n — o0o. As the function x > x2t2¢1087e=* ig decreasing for x > 2+ 2clogn,
it follows that, for large n,

K(x) < &(n)(log n)~Y/2n~2:og(2e)-L+loglogn)

00
x (TlOg n)2+2010gne7T10gn/ x72 dx.
Tlogn
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The prefactor of the integral equals
é_—(n)TZ(log n)3/2n2010g T—T—20(10g(20)—1)‘

As the function ¢ — 2clog ¢t —t — 2¢(log(2¢) — 1) takes its unique maximum at
t = 2c¢ that values 0 and as T is finally greater than 2¢, the prefactor converges
to 0 as n — oo; that is, Lindeberg’s condition (7.4) is satisfied.

If ¢ > 1/2, then e/(29-1 < 1 and T is finally smaller than 2c. As the function
X > 0 x2clo8ne=% takes its minimum within the interval [2clogn, 2clogn +
\/ log n] at the upper endpoint, it follows that, for n large enough,

2¢1 1
K(n) > §(n)(log n)—1/2n—2c(10g(20)—1+10glogn) clognryiogn x2clogne—x dx
2clogn

> g(n)n—Zc(log(ZC)—l+loglogn) (20 log n4 \/log n)2clog ne—chogn— ogn

\/1 2clogn
ogn —4/logn
- 14 Y087 Viogn,
§(n)( + 2clog n) ¢

The right-hand side converges to (4cm) 1/2e /(%) ag n — oo and Lindeberg’s
condition does not hold.

8. Open problems. The paper leaves some questions open. Clearly the
behavior of the [ ,,ynorms in the Gumbel case remains to be investigated.
Discrete positive random variables with upper endpoint obey the central limit
theorem if they are not deterministic. However, they lead to trivial limit dis-
tributions with respect to /.-norms. Their behavior with regard to [, ynorms
is not known yet. Furthermore, it is unclear how to generalize our approach
to multivariate or nonpositive random variables.
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