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shall discuss these two forms in the following chapters XI and XII, first the adjustment by
correlates whose rules it is easiest to deduce. In practice we prefor adjustment by correlates
when s is nearly as large as w, adjustment by elements when m is small.

XI.. ADJUSTMENT BY CORRELATES.

§ 47. We supposé we have ascertained that tho whole theory is expressed in the
oquations f[aw] = A, ... [cu] = C, whete the adjusted values u of the » observations
are the only unknown quantities; we prefer in doubtful cases to have too many equations
rather than too few, and occasionaly a supernumerary equation to. check the computation.
The first thing the adjustment by correlates then requires is that the functions [ao]... [co},
corresponding to these equations, are made free of one another by the schedule in § 42.

Let [a0], ... |c"0] indicate the » —m mutually free functions which we have got
by this operation, and let us, beside these, imagine the system of free functions completed
by m other arbitrarily selected functions, [d™o}, ... [4*0}, representatives of the empiric
functions; the adjustment is then principally made by introducing the theoretical values
into this system of free functions. It is finally accomplished by transforming back from
the free modified functions to the adjusted observations. For this inverse transformation,
according to (62), the » equations are:

o & 1 ) o
{[m ][ao]+ F[E"?’)T][”'”l+|.r";r"z,jw""' [ oy |,~o|'l (o)) (13)

and according tv (35) (compare also (63))

72 (00
2,(0) = {l"'"f:i‘;',’ PRI e ek liv’ J‘: ‘I’g,[,' |‘|
. (14)
[ a . am 9

= Vol P Hprong | it 19 vn!‘ “’”l

As the adjustment. influences only the » —m first terms of cach of these equations,
we have, because fun| == A, ... | "] = ", and d,[an] == .. = d4[c"u] = O,

[ « i i ‘

",“'; ‘A +| "l'"l.l !" lmd"'l ll‘r"j I" lg’!l'l |[y,”]' 1(01’ (7-))
and
Ay(n) ~ . {[d':fz:’:‘,l +.oo ;{; l=)’(”') (18)
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Consequently-
ot == 24000 {a‘[‘m Tt cr[i[:}—c——,,;.c]'f} an
and
Ag(0) — Ag(she) = 23(04) {[—d;%:] +.0+ fci::,‘:::a} == Ag(0i — ). (78)

Thus for the computation of all the differences between the observed and adjusted values
of the several observations and the squares of their mean errors, and thereby indirectly for
the whole adjustment, we need but use the values and the mean errors of the several
observations, the coefficients in the theoretically given functions, and the two values of
each of these, namely, the theoretical value, and the value which the observations would

give them.
The factors in the expression for o; — u;,
—4 [¢"o] —C"
K, =lod=4 , Ko €00
{aad,) [¢"¢"a4]

which are common to all the observations, are called correlates, and have given the method
its name. The adjusted, improved values of the observations are computed in the easiest
ray by the formula

w0 — A (o){aKe + ... 4 & Ken). (19)
By writing the equation (78)

Ag(or—mw) { al g\

-1 Foeiaiatd 50
" (04) [Ml.] l" +|_¢"'c");]l 2(0‘) ( )
and summing up for all values of i from 1 to », we demonstrate the proposition concerning
the sum of the scales discussed in the preceding chapter, vis.

~A)] _ [sads] | [M o
[-26 j@ar]t » @1

§ 48. It deserves to be noticed that all these equations are homogeneous with
respect to the symbol A,. Therefore it makes no change at all in the resnlts of the
sdjustment .or the compatation of the scales, if our assumed knowledge of the mcan errors
in the several observations has failed by s wrong estimate of the unity of the mean errgve
if only the proportionality is preserved; we can adjust correctly if we know only t -
relative weights of the observations. The homogeneousness is not bréxen till we reach the
oquations of the criticlem s
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‘I’,m] __A)‘l ([0"0] C")f -
PRI e e l
= Kjaody| oo K¢ hy ) = (82)

(o — )t

on wm (@Ko oo 4 " Ke ) Ag(0)]) = 0 —m Vﬂff—'—tﬂl

It follows that criticism in this form, the “summary criticism”, can only be used to try
the correctness of the hypothetical unity of the mean errors, or to determine this if it
has originally beon quite unknown. The special criticism, on the other hand, can, where
the geries of observations is divided into groups, give fuller information through the sums
of squares

(0 —u)? Ae (1)
2o = 2(-26)- )

taken for each group. We may, for instance, test or determine the unities of the mean
errors for one group- by means of observations of angles, for another by measurements of
distances, etc.

The criticism bas also other means at its disposal. Thus the differences (o — )
ought to be small, particularly those whose mean errors have been small, and they ought
to change their signs in such a way that approximately

0 — Uy
z o) 0 (84)
for natural or accidentally selected groups, especially for such series of observations as are
nearly repetitions, the essential circumstances having varied very little.

If, ullimately, the observations can be arranged systematically, either according to
essential circumstances or to such as are considered inessential, we must expect frequent
and irreguiar changes of the signs of o —w. If not, we are to suspect the observations of
systematical errors, the theory proving to be insufficient.

§ 49. It will not be superfluous to present in the form of a schedule of the
adjustment by correlates what has been said here, also as to the working out of the free
functions. We suppose then that, among 4 unbound observations o,, o4, 05, and o,, with
the squares on their mean errors 2,(0,), A,(04), 44(03), and 44(0,), there exist relations
which can be expressed by the three theoretical equations

[o4] == a4, + ay¥; + 8,uy a4, = 4
[b%] = b,%, + bysiy +bytiy + by — B
[eu] = e 4, +cquy +cytiy - co%, = C.

The schedule is then as follows:

10



The given Free functions Adjusted values Scales

4 B o B ¢ |cC |
o, ).(0') o, b‘ e, b’. L" t’: 0,—%, %, l:(o|—“|) ll(ul) 1-):(“:)“0(01)
o, 1.(0.) a, b, e, b', 0’, 0'.' 0,—4, U, )a(oa““n) ln(“:) l-—-l,(ﬁ,)ﬁl’(o,)
o, ).(0.) a, b, [ b’, 0.’. (.".' 0,—4%, %, l'(oa—“a) lt(“l) l—la(“n):lx(oa)
o, 4,(0,) a, b. [A b’. c" c’: o,—%, 4, A(o,—%,) 4,(s,) l——l,(u.):l,(o__,_)

{a0] [bo] [co] | [b0] [c] |[e"} = 8 s proof.

[aal] [ad2] [acd) Criticbam

[bal] [bb2) [bed)| [b0'2) (b'¢d) (0,--%,)*: 4,(0,)

[cad) [cdA) [ccd]| [¢¥'A) [cca) |[e'e"A) (0,—%,)* : 2,(0,)

{2 a.:li 3
poi) _feal P
B fea) T (aat)| 7= o) do)

bol—B' "ol—C" Sum for proof
Corrsates K, = [Maa A]A Ky o Al Kr—% and summary criticism

c'b'

The free functions are computed by means of:

B« B—p4 C'=C—7d C' = C'—yB
b == b — By 6 == —yo of = e y'bi
{¥0) = [bo] ~pla0) [¢0] = [co] —r[a0] [¢"0] = [¢'0] -y [t']

...................................................................

[OA] = [cbd]—Blcad] | [¢dd] w= [ocd] — y[cai] ["c"a] = [¢e¢2) - [¢¥]
By the adjustment properly so called we compute

o=ty = (UK, 45K, +ciKow) 2y (0)

ni—w) = (o + o+ o) ot
Ag(w) = 24(0)) — 24(0—w) ,
and for the summary eriticism

(0—u)* - =

o ] 8 4 VB.
In order to get a chack we ought further to compute [ax] = 4, [ix] = B, and
[eu] == C, with the values we have found for u,, u,, ,, and %,. Moreover it is useful to
8dd » superfiuous theoretical equation. for instanoé ;(a+b+c)|p] w= A+ B~+-C, through the

Ki[aady] + KV [402,] 4 K [¢""1y] =
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computation of the free functions, which is correct only if such a superfiuity leads to
identical results.

. § 80. It is a deficiency in the adjustment by correlates that it cannot well be
employed as an intermediate link in a computation that goes beyond it. The method is
good as far as the determination of the adjusted values of the several observitions sad
the criticism on the same, but no farther. We are often in want of the adjusted values
with determinations of the mean errors of certain functions of the observations; in order
to solve such problems the adjustment by correlates must be made in a modified form.
The simplest course is, I think, immediately after drawing up the theoretical equations of
condition to annex the whole series of the functions that are to be examined, for instance
[do}, ... [eo], and include them in the computation of the free functions. In doing so we
must take care not to mix up the theoretically and the empirically determined functioas,
so that the order of the operation must unconditionally give the precedence to the
theoretical functions; the others are not made free till the treatment of these is quite
tinished. The functions [0}, ... [¢a}, which are separated from these — it is scarcely
necessary to mention it — remain unchanged by the adjustment both in value and in
mean error. And at last the adjusted functions [dw], ... [ew], by retrograde transformation,
are determined as linear functions of 4, B, C”, [d"0], ... [¢0].

Example §. In a plane triangle each angle has been measured seversl times, all
measurements being made according to the same method, bondfree and with the same
(unknown) mean error:

for angle A has been found 70° 0’5" as the mean number of 6 measurements
. . B ) » . m" (Y 3" » . » . . lo )
[] . 0 [ . [ mﬂ U r . [] [] [] [] lb L]

The adjusted values for the angles are then 70°, 50°, and 60°, the mean error for single
measurement = V30u == 17”3, the scales 05, 0-3, and 0-2,

Example 2. (Comp. example § 42.) Five equidistant tabular values, 13, 19, 29,
41; 55, have been obtained by taking approximate round values from an exact table, from
which reason their mean errars are all = VT—'i' The sdjustment is performed under the
successive hypotheses that the table belongs to a function of the 3%, 2%, and 1 degree,
and the hypothesis of the second degree is varied by the special hypothesis that the 2™
difference is exactly == 2, in the following schedule marked (or). The same echedule may
be used for all four moditications of the problem, so that in the sums to the right in the
schedule, the first term corresponds to the first modification only, sad the sum of the
two first terms to the second modification:

10°



o L) 4 V& & (VAY (4 =(8Y)
0 0 O0@2| O 0 (or2)
2% 1 0 o —-% }
19 & -4 -1 1 1 -}
2 & 8 3 -2 -
M4 & ~4 -3 1 -1 =}
& 1 1 0 3} }
1 0o 2 —} i
10 88 _130
13 13 1t
38 20 _10 8 0
11 18 12 24
20 _10 8 0 Y
1 13 te ‘2
B=1t. r=—1} =0
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TiKem= 5, FiKvm —, HKo==8(0r1)

(14 74160 (or 420)),
& (—4—14— 80 (or —10)),
#5( 64 0—160 (or —20)),
5 (—4-4+14— 80 (or —10)),
¥o( 1— 74160 (or +20)),

Ayfo—n)

L 14 T420)
o 6(164-28+ 5)
50 (364 0-1-20)
oho (164284 5)
avol 14 7420)

| &

For the summary criticism:

[ ] = s+

42, 7680 (or 120)

735

The hypothesis of the third degres, 4*=0, where the values of 70w and their

differences are:

839 1334 2024 2874 3849

495 690

195 160
-35

850 975

125

—35,

agrees too well with the observations, and must be suspected of being underadjusted, for
the sum of the squares of the summary criticism is only

%+ Where we might expeot 14 V2.
The hypothesis of the. second degres, 4* == 0, V4® == 0, gives for T0u; and

differences:

882 1348 2024 2860 3856

516 676

160 160

836 996

160,

The adjustment is here good, the sum of the squares is
42, and we might expect 2 V4.
The hypothesis of the first degree, 4% <=0, 148 == 0, 4* == 0, gives for the adjusted

values and their differences:

96 204 312 420 528

108 108 108 108,
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The deviations are evidently too large (0 —w is 4-2-4, —14, —22, —10, 4-2¥)
to be due to the use of round numbers; the sum of the squares is also
2208 instead of 3 4 V8,
consequently, no doubt, an over-adjustment.
The special adjustment of the second dogres, 4% =0, V4® = 0, snd J* =2, gives

for %, and its differences:
116 194 2902 410 548

78 98 118 138
The deviations 0 — % == . 04, —04, —02, 00, 402
nowhere reach §, and may consequently be due to the use of round numbers; the sum of

the squares 48 instead of 3L V8

also agrees very well. Indeed, a constant subtraction of 004 from w would lead to
(8:4)%, (4-4)*, (5°4)*, (6:4)%, and (7-4)*, from which the example is taken.

Exsmple 3. "Between 4 points on a straight line the 8 distances

013y Oy 0y
Og3v 044
Og4 »
are measured with equal exactness without bonds. By adjustment we find for instance
%13 = $0,3 + 1(0,3—043) + 1014 —044)}

we notice that every scale = §. It is recommended actually to work the example by a
millimeter scale, which is displaced after the measurement of esch distance in order to
avoid bonds.

XII. ADJUSTMENT BY ELEMENTS.

§ 51. Though every problem in adjustment may be solved in both ways, by
correlates as well as by elements, the difficulty in so doing is often very different. The
most frequent cases, where the number of equations of condition is large, are best suited
for adjustment by elements, and this is therefore employed far oftener than adjustment
by correlates.

The adjustment by elements requires the theory in such a form that each obssrva-
tion i3 represented by ome equalion which expresses the mean value 1, (o) explicitely as
linear functions of unknown values, the “dements™, z, y, ... 3:



