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It is easily seen that an “outer” estimate of p is still given by Us,,. However,
an ‘“inner” estimate is now given by Uy, , leading to a lower end point of the
confidence interval which is unnecessarily small.

The method of obtaining a confidence interval for p discussed in this note is
in a certain sense the reverse of the method discussed in an earlier paper of the
author [2]. There it was shown how confidence intervals for p can be used to
obtain confidence intervals for quantiles, which then can be used to obtain
tolerance intervals.
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ABSTRACTS OF PAPERS
(Abstracts of papers presented at the Minneapolis meeting of the Institute, September 4-7, 1961)
1. On Stieltjes Integral Equations of Stochastic Processes. MARIA CASTELLANI,
University of Kansas City.

This paper considers two methods of s'olvin;g certain S-integral equations.
a. A Fredholm-Stieltjes integral equation of generating functions. We give the F-S integral

equationf A(s, x) dg(z) = f(s), where A(s, z) = E:_o ar(z)s™* and f(s) = Zaws* for s —
E
¢(s) and @ = 0 if k = 0. Let us assume that u(x) and »(x) are respectively solutions of

/ A(s,z)-A(—s1, ) du(z) = 1/(S — S1) andf A(s, z) dv(x) = 0. If we consider
E E

f A(s, 2)A(—s1, 2)f(s1) du(z) = f(s1)/(8 — 8y)
E

and if v(z) is the coefficient of —1/8; in the serial expansion of A(—s, 2)f(s1), then under
fairly general conditions the required solutions are given, almost everywhere, by g(z) =

z x
const. f dv(z) + [ v(2) du(z). The proof is based on a Murphy D’Arcais linear operator

and on the p operatior of S-integrals.
b. A Volterra-Stieltjes integral of recurrent random functions. Let us have over a time
interval (r,¢) an unknown rfé(¢ — 7) satisfying the following recursive equation:§(t — 7) =
¢

&(r) — f 8(x — 1)p(x) dF (x) where F(z) is a df and p(x) is bounded. We assume the inter-

val divided into n parts and also that the set of the n discrete values of & satisfy the follow-
ing relation: §(t — 7)/8(7) = 2L — p(s)AF(s)). If F = F, + F,, where the F; is a con-
tinuous function and F, is a jump function over a set S of points, then by a generalized
method of Cantelli, taking finer and finer partitions, we obtain as a limit 6(¢t — 7)/8(z) =

t
l:exp (— f o(x) dFl(a:)>j| I;.e(1 — p(s) dFs(s)). This gives almost everywhere the re-
;]uired solutions.
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2. An Unfavorable Aspect of the Liklihood Ratio Test. L. M. Court, Rutgers
University.

The likelihood ratio test has many desirable properties. For example, it is not only
consistent, but as Wald has shown, unhiformly consistent. Still, it can at times be a poor
test, e.g., under certain circumstances when the size of the test region is properly selected,
the probability of rejecting the hypothesis to be tested when it is true exceeds the probability
of rejecting it when any alternative is true. Both Stein and Rubin have given examples of
this. Stein’s example, quoted by Lehmann in his notes on ‘“Testing Hypotheses’’ (pp. 1-5)
consists of a family of discrete distributions (five-valued, to be precise) in which a simple
hypothesis is tested against a composite alternative. The writer, using a geometrical con-
struction, gives an example (actually, a broad class of examples, much broader than Stein’s
which is a 2-parameter class) in which the distributions are continuous. The hypothesis to
be tested is first simple, then composite; the alternative, always composite.

3. Impartial Decision Rules and Sufficient Statistics. RAcau RAs BAHADUR AND
Leo A. GoopmaN, University of Chicago.

In the following, (1) refers to the paper “On a problem in the theory of k populations,’’ by
R. R. Bahadur (Annals of Math. Stat. Vol. 21 (1950), pp. 362-375). The present paper pro-
vides certain improvements of the main result contained in (1). The authors define the class
of impartial decision rules in terms of permutations of the k samples (rather than in terms
of the k ordered values of an arbitrarily chosen real valued statistic (cf. (1)). This definition
is intuitively more appealing than the one adopted in (1), and permits a unified treatment
of discrete and absolutely continuous populations. The authors show that if the same
function is a sufficient statistic for each of £ independent samples of equal size, then the
conditional expectation given the sufficient statistics of an impartial decision rule is also
an impartial decision rule. They also give a characterization of impartiality which relates
the present definition to that of (1). These results, together with Theorem 1 of (1), yield
the desired improvements. An illustration of the argument indicated here is given.

4. Contributions to the Statistical Theory of Counter Data. G. E. ALBERT,
University of Tennessee and Oak Ridge National Laboratory, anp M. L.
NEeLsoN, Oak Ridge National Laboratory.

Let a sequence f of events be such that the number occurring in time T is a chance vari-
able having a Poisson distribution with mean aT, ¢ > 0. A counting device generates a
new sequence g since, due to a resolving time » > 0, it fails to record all of f. An event in
f (i) can be recorded only if none has been recorded during a time u preceding it, (ii) will
be recorded if it follows its predecessor in f by more than time w, (iii) either will be recorded
with probability p or not recorded with probability 1 — p if it follows its predecessor in f
by time < u. The choices p = 0 and p = 1 give the so called Type I and Type II counters
respectively. The distribution theory of g is obtained as a generalization of the Type II
theory given by Feller in ““On probability problems in the theory of counters,” Courant
Anniversary Volume, 1948. The Cornish-Fisher normalization is applied to obtain confi-
dence intervals for the constant a from observations on g of either the time to a preassigned
count or the count to a preassigned time. These intervals turn out essentially independent
of p whenever the product au is small; thus the Type I theory reported at an earlier meeting
covers most of the cases of practical importance.

5. On the Use of Wald’s Classification Statistic. HarMAN LroN HARTER,
Michigan State College.
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In 1944 Wald published a paper introducing the statistic V and giving a general outline
of its use in problems of classification. Recently the author published a paper giving the
distribution of V in various cases. The present paper takes the form of an effort to relate
the two earlier papers and apply the results of the latter. The technique of classifying an
individual into one of two groups is studied in detail. Let the individual under considera-
tion belong to the population =, which is known to be identical with one orthe other of two
known populations =; and =, . Then one may wish to test the hypothesis Hiiwr = =1,
against the alternative hypothesis Hy:m = w» . The values of the statistic V under these
two hypotheses are given, and a method is outlined for testing H, against H, , where an
error of the second kind is k times as costly as an error of the first kind. A numerical ex-
ample is given for the univariate case, for which the distribution of ¥V is given in the author’s
earlier paper. The same procedure can be applied in the multivariate case when the dis-
tribution is known.

6. Polynomial Determination in a Field of Integers Modulo P. Epwarp C.
VarnuM, Barber-Colman Company. )

From a study of integers mod 2 applied to on-off relay circuits, a generalization to any
prime modulus, p, has been made to construct a p» X p® matrix by which a polynomial in
n variables may be determined when the p™ values of the polynomial are given for all the
combinations of the p values of each of the n variables.

7. About Some Symmetrical Distributions from the Perks’ Family of Functions.
JosepH TALACKO, Marquette University.

The Perks’ system of functions includes a family of symmetrical nonnormal distribu-
tions, from which two probability densities are of growing interest in theoretical statistics:
the Verhulst’s distribution (logistic distribution) and the hyperbolic cosine distribution.
In the first part of this paper properties of this family of probability functions are dis-
cussed and the characteristic functions for Verhulst’s and the hyperbolic secant distribu-
tions introduced. The Verhulst’s probability function f(f) = 8e—3 /(1 4+ e—%)% has C(») =
(7v/8) cosech (wv/8), and the hyperbolic secant probability function () = (25/7)(1/(e?* +
e-%%)) has C(v) = sech (r»/(25)). The second part is concerned with some previously uninves-
tigated distributions of certain statistics for samples from Verhulst’s population. In par-
ticular, distributions of sample means and sum of squares are discussed. In an appendix
a table of numerical values of Verhulst’s functions is given.

8. A Large-Sample Test for the Variation of Sample Covariance Matrices.
DavyLe D. Rippg, University of Michigan.

A test criterion is developed to determine whether a given sample covariance matrix
could be obtained as a result of taking a random sample of size N from a k-variate
normal population with a given covariance matrix. The test is based upon the fact that
the maximum: likelihood estimate of the population covariance wui; is 4i; = my; =
(N — D! Ef‘l (% — Zi)(®jo — %;). The test criterion for large samples is N\ =
(N — D(n | ui; | — In | ms; | + 2¢ 25 utime; — k), where \ is distributed as a chi-
square with 3%(k 4 1) degrees of freedom minus the number of independent linear restric-
tions among the variables (m:; — wui;). The results of the application of this criterion to
the sampling problems in correlation theory compare favorably with exact sampling re-
sults, and the range of application is extended considerably. The criterion is sufficiently
general in application to furnish a large-sample test for completeness of factorization in
matrix factorization (or factor analysis) for the case of complete initial estimates of the
communalities. It is applicable to any of the common orthogonal forms of solution. The
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degrees of freedom of the chi-square involved is 3(k — s)(k — s + 1) after s of the total of
k possible common components have been removed. The test may also be applied to deter-
mine the significance of component loadings in the common factor solution.

9. Probability Models for Analyzintg Time Changes in Attitudes. T. W. ANDER-
soN, Columbia University.

Statistical inference in Markov chains is studied with particular application to data
in which the finite number of states are states of attitudes of individuals in “panel sur-
veys.” Each individual’s sequence of states over a finite number of time points is considered
as an observation from a Markov chain with the same stationary transition probability
matrix P = (p:;). n:(0) individuals hold state ¢ at the time origin. The maximum likeli-
hood estimate of P is obtained. Tests are obtained for the hypothesis that P is a given
matrix (or that certain elements are given numbers) and for the hypothesis that the transi-
tion matrix is stationary against alternatives that it varies over time. Extension of results
to higher order cases is straightforward. A test of the hypothesis that the process is first
order against the alternative that it is second order is given. When the state is defined in
terms of two attitudes, a test is given for the hypothesis that the two attitudes change
independently of each other. Asymptotic distributions of the estimates and of the test
criteria are obtained under the assumption that n;(0) — .

10. The Variance of a Weighted Average Using Estimated Weights. PauL
MEIER, Princeton University. '

In various experimental designs (e.g., lattices) the problem of estimation involves
averaging of two or more means with different variances. The proper weights @invariances)
must be estimated from the experimental data. This problem has been treated by Cochran
for the case of a large number of samples of equal size. We consider the case of two or more
samples and find adjustments of order O(21/n;), both for the increase in variance and
the bias of estimating the variance. Bounds on the increase in variance due to the use of
estimated weights are given. Exact computations are made for several special cases. For
the case of two means with weights based on ten degrees of freedom the adjustments re-
duce the maximum bias from approximately 15 per cent to less than 2 per cent.

11. Distribution of Ratios of Quadratic Forms. Joun GurLAND, University of
Chicago.

The problem of finding the distribution of a quadratic form and of a ratio of quadratic
forms in normally distributed random variables is considered. By transforming the prob-
lem of ratios into one of linear combinations of independent variables each having a x?
distribution, a solution is given in terms of Laguerre polynomials which is more general
than that of Pitman and Robbins (‘‘Application of the method of mixtures to quadratic
forms in normal variates,’”’ Annals of Math. Stat., Vol. 20, 1949, pp. 552-560). The conver-
gence of the expansion is established, and a new system of polynomials is suggested which
would afford a solution for all distributions of quadratic forms and ratios of quadratic
forms in normally distributed random variables. Once the convergence of expansions in
terms of the new system polynomials is established, the system will be applicable in a
much wider class of distributions than the Gram-Charlier series.

12. The Large-Sample Power of Tests Based on Permutations of Observations.
(Preliminary Report.) WassiLy Horrrping, University of North Carolina.

“The results of this paper can be illustrated by the following example. Let t(x) =
t(z1, -+ , 2v) be the usual ¢-statistic for testing whether two samples x; , --- , z,» and
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ZTm41, *** , Ty came from the same (normal) population. The critical region of the stand-
ard test of size a is of the form | {(z) | > Ay . As N — «, \y approaches a value A\ = \(a).
A nonparametric test proposed by E. J. G. Pitman can be described as follows. Let
z® | ... | 2D be the N! permutations of the sample values £ = (z, , -+ , Zy), 50 num-
bered that [t(x®) | > --- > | t((z®) | . Let k be the largest integer <N! a + 1. Then
the hypothesis that the two samples carhe from the same (arbitrary) population is rejected
if and only if | t(x) | > | t(x®) |, and the size of the test is <a«. The critical value
| #(z®) | = Ay , say, is a random variable. It is shown that as N — «, Ay tends in prob-
ability to A under general conditions which cover the case of two samples from two normal
populations. It follows that in large samples the power of the nonparametric test approaches
that of the standard parametric test. Similar results hold for tests of certain linear hypoth-
eses, the correlation coefficient test, etc. (Work sponsored by the Office of Naval Research.)

13. A Complete Class of Decision Procedures for Distributions with Monotone
Likelihood Ratio. HErmMAN RuBIN, Stanford University.

z
Let PX < z|7) = [ f(z, 7) du(z), where = lies in some interval of the reals, and if

Ty > Ty, 71 > 72, then f(z, , r)f (2 , 72) — f(22, 71)f (21, 72) > 0. This is a generalization
of the exponential family, where f(z, ) = w(r) exp (z, 7). Suppose the terminal decision
d ranges over a closed subset D of the reals. Then if the loss function W(d, =) satisfies cer-
tain monotonicity restrictions (which are usually met in multiple decision and estimation
problems), a complete class of decision procedures based on a single observation are those
which are unrandomized, except possibly at jumps of u, and are monotone.

14. Some Nonparametric Results for Experimental Designs. Joun E. WaLsH,
Bureau of the Census.

In experimental designs, the quantities investigated are often grouped into blocks as a
method of obtaining a higher precision for the experiment. This grouping may result in
high correlation among observations within the same block. Also there may be substantial
variance differences between blocks. Then the ¢-statistic is not necessarily applicable for
comparing the effects of the treatments under investigation. This paper presents some
nonparametric results which are usually valid for a well known type of experimental design
if there is statistical independence among blocks (number of blocks >4). These nonpara-
metric results are reasonably efficient, compared to those based on the ¢-statistic, for the
case where the totality of observations are independent, normally distributed, and have
the same variance. High precision can sometimes be obtained by designing the experiment
to yield large positive correlation within blocks and then using the nonparametric results.

15. Efficient Tests and Confidence Intervals for Mortality Rates. Joun E.
WaLsH, Bureau of the Census.

This paper presents large-sample tests and confidence intervals for the ““true value’” of
a mortality rate based on insurance data. These results have efficiencies of nearly 100%:;
i.e., they utilize nearly all the “information’ contained in the data. The procedure used
in obtaining the tests and confidence intervals consists in constructing a suitable ¢-statistic.
The construction requires that the data be divided into between 300 and 400 statistically
independent subgroups of approximately the same size. One possible way of accomplishing
this is by subdividing the data according to the first three letters of the last name of the
person insured and then appropriately combining the resulting groups. The amount of
%ork required in applying the results of this paper is not appreciably greater than that
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required in obtaining the usual point estimate of the mortality rate; in fact, a procedure
which yields the point estimate as a byproduct is followed.

16. Sufficient Statistics when the Carrier of the Distribution Depends on the
Parameter. D. A. S. Fraser, University of Toronto.

A “‘statistic of selection’ is defined by a mapping from the space of the distribution to
the space of Borel sets over that space. This statistic is sufficient if the parameter is a
‘“‘parameter of selection,” that is, if the parameter ¢ determines only the carrier of the
distribution, the relative density being independent of the parameter. For more general
distributions a theorem in this paper facilitates obtaining sufficient statistics, subject to
continuity conditions. .

17. Bayes Solutions and Likelihood Ratio Tests of Some Simple and Composite
Hypotheses. (Preliminary Report.) ALLaN BirnBauM, Columbia University.

Let Ho be a hypothesis concerning the density function ﬁo(e), to be tested against the
composite alternative H; , by means of the acceptance region A in the space of the minimal
sufficient statistic t(e). For various distributions in which #(e) is not real-valued, necessary
and sufficient conditions are givenfor A to be a Bayes solution or the limit of a sequence
of Bayes solutions. The likelihood ratio test, for a wide class of simple and composite
hypotheses, is proved to be the limit of a sequence of Bayes solutions. A condition which
is necessary and sufficient for the admissibility of the likelihood ratio test is derived. The
distributions considered include: (1) pe(e) of general Koopman-Darmois form; the result
here is applied to various examples. (2) pe(e) rectangular; generalizations of this result are
indicated. Methods of approximating these tests are discussed. Applications to problems
of ‘““combining’’ independent significance tests are made; a definition of admissibility of
methods of combination is proposed, according to which some current methods are inad-
missible; a minimax multidecision procedure is proposed and developed, to replace certain
current methods of combining tests.

18. The Impossibility of Certain Affine Resolvable Balanced Incomplete Block
Designs. S. 8. SHrRIKHANDE, Nagpur College of Science, India.

Three theorems on the impossibility of an Affine Resolvable Design (R. C. Bosk, “A
note on the resolvability of balanced incomplete designs,”” Sankyhd, Vol. 6 (1942), pp.
105-110) with parameters v = nk = n2(n — 1)t +n2,b=nr=nm% +n+1),\ = nt + 1,
withn > 2,6 >0 (n and ¢ integral) are proved. THEOREM 1. An Affine Resolvable Design with
the above parameters does not exist when n and t are odd and (i) n((n — 1)t + 1) is not a perfect
square, or (ii) n((n — 1) 4 1) is a perfect square and nt + 1 = 2 (mod 4), and the square-
free part of n contains a prime of the form 47 + 3. THEOREM 2. An Affine Resolvable Design
with the above parameters does not exist when n is odd and t is even and (i) (n — 1)t + 1 48
not a perfect square, or (ii) (n — 1)t + 1 is a perfect square and n 4+ ¢t = 1 (mod 4), and the
square-free part of n contains a prime 41 + 3. THEOREM 3. An Affine Resolvable Design with
the above parameters does not exist for any value of t if n = 2 (mod 4) and the square-free part
of n contains a prime 41 + 3. The proofs depend on showing the impossibility of a Group
Design obtained from the Affine Resolvable Design by making use of results due to Bose
and Connor (Abstracts No. 4 and No. 6, Annals of Math. Stat.,Vol. 22 (1951), pp. 311-312).
The theorem on the impossibility of finite projective planes (R. H. BRuck anDp H. J. RYSER,
““The nonexistence of certain finite projective planes,” Canadian Jour. Math., Vol.1 (1949),
pp- 88-93) is contained here as a particular case.

19. On Sufficiency and Statistical Decision Functions. RAcaEu RaJ BAHADUR,
University of Chicago and Delhi University, India.



610 ABSTRACTS

The first part of the paper contains certain characterizations of sufficiency. These re-
sults are then used to show that the justification for the use of sufficient statistics in sta-
tistical methodology which was described in an informal way by P. R. Halmos and L. J.
Savage in the final section of their work on sufficiency (‘“‘Application of the Radon-Nikodym
theorem to the theory of sufficient statistics,”” Annals. of Math. Stat., Vol. 20 (1949), pp.
225-241) is valid whenever the decisiort space may be taken to be a subset of Euclidean
k-space. This justification is proved first for the case of an arbitrary but fixed sample space,
and then generalized to sequential sample spaces. The result for the sequential case may
be outlined as follows. Let z; , z» , - -+ be a sequence of chance quantities having a joint
probability distribution p belonging to a family P. For each m = 1, 2, --- , let
tm(%1 , T2, - -+, Tm) be a statistic which is sufficient when the sample space consists of points
(®1, %2 +-+ , 2»). Then corresponding to any sequential decision function ¢ based on
Ty, T2, -+ there exists a sequential decision function n based on t (1), t2(x1 , 22), ---
such that the joint probability distribution of the sample size and the terminal decision
is the same under £ and » for each p in P. This result holds without restriction (other than
measurability) on the sampling scheme of £, so that in the spgcial case of point estimation
with a convex loss function it leads to an enlargement of the domain of Blackwell’s The-
orem and its generalizations.

20. A Two Sample Test Procedure. DoNaLp B. OweN, University of Wash-
ington. '

In testing hypotheses the standard procedure is to specify a test based on a single set
of observations. Sequential analysis introduced a new concept: that of making a decision
after each observation, either to accept the hypothesis, or to reject it, or to take another
observation. Here an approach is worked out that lies somewhat between these: an initial
set of observations is taken. Then a decision is made to accept, reject, or take one more
set of observations. After this second set of observations, a decision on the hypothesis
must be made.

The problem is to formulate these decision rules at the two stages of the process, to
optimize them if possible, and to evaluate the performance of the tests. These depend on
various parameters and it is pertinent to inquire how these parameters affect the answers
to the questions noted. More precisely, the problem is to maximize (or minimize) with

b d
respect to a, b, ¢, d expressions of the type: f f(z) de, f g(z) dz, subject toside conditions
a

[

(which are also expressed as integrals). The functions f and g are probability density funec-
tions: here those associated with the normal probability density function. There are two
main sections, the basis of division being whether the final decision is based only on the
second sample or on the whole set of observations. The second procedure is the more eco-
nomical, but mathematically it is much more difficult. Much less complete results are given
in this section. In the direction of finding the optimum of this type of rule, the results are
chiefly negative. Several theorems are given which show the difficulties in obtaining a solu-
tion to this problem For the rules given the performance of the tests is evaluated and
various theorems worked out concerning them. Some of the lemmas have interest in their
own right as properties pertaining to important probability density functions.

21. A Combinatorial Central Limit Theorem. WassiLy Horrrpixg, University
of North Carolina.
Let (Yar, -+, Yaa) be a random vector which takes on the n! permutations of

1, --- ,n) with equal probabilities. Let ¢.(¢, 7),%,5 = 1, -+ , n, be n2? real numbers. Two
#ufficient conditions for the asymptotic normality of S. = Z7_, ca({, V) are given. In
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the special case ¢n(Z, j) = aa(2)ba(j), which was considered by Wald and Wolfowitz, the
first condition generalizes a condition given by Noether (‘“On a theorem by Wald and
Wolfowitz,” Annals of Math. Stat., Vol. 20 (1949), pp. 455-458). The second condition is
slightly stronger but simpler as it involves not an infinity of limiting relations but only
a single one. Applications to the theory of nonparametric tests are‘indicated. (Work spon-
sored by the Office of Naval Researcht)

22. Necessary Conditions for the Existence of a Symmetrical Group Divisible
Design. R. C. Bose anND W. S. CoNNOR, Jr., University of North Carolina.

"An incomplete block design with » treatments each replicated r times in b blocks of size
k is said to be group divisible if the treatments can be divided into m groups each with n
treatments, so that the treatments of the same group occur together in A; blocks, and treat-
ments of different groups occur together in A blocks, A\; # A2 . The combinatorial properties
and the methods of construction for these designs have been studied by the authors else-
where (cf. Abstract-No. 4, Annals of Math. Stat., Vol. 22 ¢(1951), p. 311). An incomplete
block design is said to be symmetrical if the number of treatments » equals the number of
blocks b, and in consequence k = r. If N is the incidence matrix of a symmetrical group
divisible design, the Hasse invariate C,(NN’) of the quadratic form with matrix NN’
(where N is the transpose of N, and p is any odd pnme) has been obtained i in a simple form.
Its lvalue is C,(NN') = (P, M)o(P, n); (P, —1); " %@, m);(@, —1); 7" /**mm~0/%,
where P=1r*—9y\,Q =1 —2A,and (a,b), is the Hilbert norm residue symbol. For the
existence of a symmetrical group divisible design C,(NN’) = +1 for all odd primes p,
and P7»~1Q™(»~D must be a perfect square. This shows that necessary conditions for the
existence of a symmetrical group divisible design are (i) if m is even then P must be a
perfect square, and if further m = 4t + 2 and n is even then (Q, —1), = +1 for any odd
prime p; (ii) if m is odd and n is even then Q must be a perfect square and ((—1)*nA; , P), =
+1 for any odd prime p, where a« = m(m — 1)/2; (iii) if m and n are both odd then
((=1)*ANs , P)p((—1)fn, @), = +1 for any odd prime p, where « = m(m — 1)/2 and 8 =
n(n — 1)/2. The impossibility of a large number of symmetrical group divisible designs
can be proved by using these conditions.

23. On a Problem of Mapping of One Space on Another with Applications in
Sampling Distributions. S. N. Roy, University of North Carolina.

Denoting a p X n matrix M by M(:p X n), a triangular matrix (with the upper right
hand corner zero) by T (with elements t;), a diagonal matrix with diagonal elements
0,0, ,0,byDs,andapXp unit matrix by I(p), consider the transformations
i) z(:p X n)=T0p X p) L (:p X n), where p < n; zisof rank p; LL' = I(p); i > 0,
1=12--,p

(i) z(:p X n) = M(:p X p)Dys(:pXD)L(:p X n), where MM’ = M'M = £ L' = I(p);
p < n; zis of rank p; the first row of M consists of positive elements; 6 stands for the
p positive characteristic roots of zz’, and /6 stands for the positive square root of
0.

These transformations have proved extremely useful for almost the entire range of
problems on sampling distributions based on multivariate normal populations. In (i),
by virtue of ££’ = I(p), we could choose from £, in various alternative ways, a set of
pn — p(p + 1)/2 independent elements to be called £;, and in (ii), by virtue of MM’ =
I(p), a similar set of p(p — 1)/2 from M to be called M , and by virtue of ££’ = I(p) a
similar set of pn — p(p +1)/2 from &£ to be called £; . In this paper is discussed the nature
of the transformations (ia), from z to T£ under ££’ = I(p); (ib) from =z to TLy; (iia)

2 from z to 6M £, under MM’ = M'M = £L£’ = I(p); and (iib) from z to 8M;L;. In this con-
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nection certain problems are also posed for mathematical statisticians which the author
has not been able to solve so far.

24. On a Theorem in Jacobians with Statistical Applications. S. N. Roy, Uni-

versity of North Carolina.
N

IF:y,  yUn, %, yTmin) =0(@ =1,2,--- , m 4+ n) are such that we could
select any set of m z;’s (to be called without any loss of generality z; , 22, --+ , Z») and
could find real values of (y1 , *** , Ym) and of (Tm41 , -+ , Tmyn) for real values of
(%1, ,%m), then, assuming that the numerator and the denominator on the right-hand side
of the equation below are nonvanishing, and assuming certain other restrictions, we would
have J(yl y Y2, 00 3 YmiT, o, v, zm) = —[a(Fl y Tt Fm+n)/a(xl y " zm+n)]/
[0F1, s Fmyn)/0Wry *** , Ym s Tmyr, *** , Tmyn)], Where absolute values of the de-
terminants are to be taken. Important special cases of this general theorem with various
statistical applications are discussed in this paper.

25. The Inventory Problem. A. Dvorerzky, J. Kierkr, AND J. WoOLFOWITZ,
Cornell University.

The inventory problem is the general problem of what quantities of goods to stock in
anticipation of future demand, where loss is caused by inability to supply demand or by
stocking goods for which there is no demand. Let z; be the initial stock of a given com-
modity in the ¢th interval (¢ = 1, --+ , N) before any ordering is done, and y; the starting
stock after an amount y; — = > 0 has been ordered and instantaneously received by the
stocking agency. The amount demanded in the ¢th interval is a chance variable with known
distribution function F; . W(x; , y: , d;) is the loss incurred in the 7th interval when z;
is the starting stock, y; the initial stock, and d; is the amount demanded in this interval.
F; ,W., and the expected value of W; with respect to the demand may also be functions
of the ‘‘past history’’ as given by 8; = {z;, y;,d; : 7 < ¢}. An ordering policy Y is a set of
functions Y;(z: ,B8:) (+ =1, --- , N), where one orders an amount Y;(z; , 8;) — ; in the
ith interval. With each Y and =, there is associated a quantity A(Y | z,) which is the total
expected loss over all intervals (the loss in the 7th interval being discounted by a factor
1 — ;) when Y is used and z; is the initial stock in the first interval. An optimal (e-optimal)
policy is one which minimizes this quantity (within €) for every z; . A method for con-
structing such policies is given. The case of an infinite number of intervals is similarly
treated. Analogous results are obtained in more general cases, e.g., when there is a time
lag between the ordering and delivery of goods, when there are several commodities, etc.

The second part of the paper deals with the case when the set of distributions F; is
known only to be a member of a certain class 2. Constructive methods for obtaining Bayes
solutions and complete classes are given. (This research was sponsored by the Office of
Naval Research.)
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Mr. Fred C. Andrews, Teaching Assistant and Research Assistant, Statistical
Laboratory, University of California, Berkeley, was promoted to Lecturer and
Research Assistant effective July 1, 1951.

Dr. Dorothy 8. Brady, formerly Professor of Economics at the University of



