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SPACINGS GENERATED BY MIXED SAMPLES

By LioNEL WEerss!
Cornell University

1. Summary and introduction. Suppose X(1, 1), X(1, 2), ---, X(1, m),
X2, 1), -, X2, ng), -+, X(k, 1), ---, X(k, m;) are independent chance
variables, X (7, ) having the probability density function fi(z), forj = 1, -- -,
ng,1 =1, ---, k. We assume that for each 7, fi(z) is bounded and has at most
a finite number of discontinuities. We denote n, + ne + --- + n, by N, and
we assume that n;/N is equal to r;, where r; is a given positive number. Let
Y, £ Y, £ .-+ £ Yn denote the ordered values of the N observations

X(ly 1)7 Tt X(k’ nk)'

Define W;as Y;yy — Y;fors = 1,--- | N — 1. For any given nonnegative ¢,
let Rx(t) denote the proportion of the values W, --- , Wy_; which are greater
than ¢/N. Let S(¢) denote

Za (nfi(@) + rafa(@) + - + nifu(2)) exp {—tnfilz) + - + nfu(@)]} do

and V(N) denote supezo| Bw(f) — S(¢) | . Then it is shown that V(¥N) con-
verges stochastically to zero as N increases. This is a generalization of [1],
where k& was equal to unity. The result is applied to find the asymptotic be-
havior of ranks in a k-sample problem.

2. Proof of the stochastic convergence of V(N). As in [1], if it can be shown
that Ry(¢) converges stochastically to S(f) for each positive ¢, the convergence
of V(N) follows. Therefore we fix a positive value for ¢.

We define the chance variable Z(z, j, N) to be equal to unity if no observa-

tions fall in the half-open interval [(X (s, 7), X (¢, j) + ¢/N], and equal to zero
otherwise. We denote 1/N > 5., > 3% Z(3, 5, N) by K(N). Clearly,

K(N) = (1 — 1/N)Rx(#) + 1/N,
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so our purpose is accomplished if we show that K(V) converges stochastically
to S(¢) as N increases.
We denote [Z fi(x) dz by Fy(z).

81265 M) = [ [1-Fis+ §) + @]
I [1 ~ Py (x + %) + Fh(a:):ln dF ().

hs

ni—1

But with the exception of a finite number of points, Fi(x + f/N) — Fy(z) can
be written as [fi(x) + ez, t/N)Jt/N, where ez, {/N) approaches zero as N
increases, for each z. Since fi(z) is bounded (z = 1, -+ , k), it follows easily
that E{Z(s, j, N)} approaches

2. exp { —Hrfi(z) + - - + rfi(@)]} dF(z)

as N increases. It follows immediately that E{K(N)} approaches S(f) as N

increases.
Next we examine variance {K(N)}, which equals N 2D 5D 7%, variance
{Z(, 5, N)} + 1/N’(Z)E(Z)MZ‘, cov {Z(i, j, N), Z(g, h, N)}. The first term in this
$,7)# (g,

last expression clearly approaches zero as N increases, since there are N uni-
formly bounded terms in the sum. We shall show that the second term also ap-
proaches zero by showing that the covariances approach zero uniformly. Since
there are N(N — 1) covariances, the factor 1/N? guarantees the approach ta zero.
If ¢ %= g, E{Z(s, 7, N)-Z(g, h, N)} is equal to

[[ T[1-r(e+d)+r@-rn(v+h)+ne]"

by#s,g
¢
lz—vl >ﬁ

. [1 —~ F; (:c + 2%) + Fyz) — F; (y + %) + F‘(y)]ﬂg—l

ng—1
[1-m(+d)+r@ -r(v+E)+ R wre wo.
By computations similar to those used on E{Z(, j, N)}, it follows that
E{Z(i, j, N)-Z(g, h, N)}
approaches
[: [: exp {—trfilx) + -+ + rful@)]l} -exp {—trnfi(y) + - + nfi@)]}
-dF l'(x) dFy(y)

and from this it follows that cov {Z(z, 7, N), Z(g, h, N)} approaches zero as N
increases. Im the same way, it follows that

cov {Z(s, §, N), Z(3, h, N)}
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approaches zero (j#h). Thus variance {K(N)} approaches zero as N increases,
so K(N) converges stochastically to S(¢), as does Rx(¢). Therefore we have
shown that V(N) converges stochastically to zero as N increases.

3. Application to ranks in k-samples. Define T'(z, 7) as Fi(X(, j)). Then
T, 1),---, T, ny) have unform distributions. Let Gi(z) denote the result-
ing distribution function for T'(s, 7). We assume that Gi(z) allows a density
function gi(z) (then g.(x) is zero outside the interval [0, 1], is bounded, and
has a finite number of discontinuities). Let Vi < V, < --+ £ Vy_,, denote
the ordered values of T'(2, 1), ---, T(k, m), and let Vo equal zero, Vy_n 41
equal one. Let S; denote the number of T(1, 7)’s which lie in the interval

[Vi—])Vi]) 7;=1,°°',N—n1+1.

For each nonnegative integer r, let Q.(r) be the proportion of values among
Sy, -+, Sy—ny+1 Which are equal tor. Define g(y) as Y 1=z (r:/(1 — 71))g:(y), and
a as (r/(1 — n)). Define Q(r) as

o / ! gz(y) dy
o [a+ g@IH ™"

Then it follows from the results above, using also the argument in [2], that
sup-zo | @nv(r) — Q(r) | converges stochastically to zero as N increases. This
can be used to show that certain tests of the hypothesis

Fi(z) = Fy(z) = --- = Fi(z)
are consistent. The discussion parallels that found in [2].
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CORRECTION TO “AN EXTENSION OF THE KOLMOGOROV
DISTRIBUTION”

By JEROME BLACKMAN

Syracuse and Cornell Universities

1. Summary. It has been pointed out by J. H. B. Kemperman that an error
in [1] invalidates the formulas arrived at in that paper. It is the purpose of this
note to supply the correct formulas for the probabilities of Theorems 1 and 2.
An Appendix by Professor Kemperman is included.
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