DETERMINING SAMPLE SIZE FOR A SPECIFIED WIDTH
CONFIDENCE INTERVAL

By FRANKLIN A. GRAYBILL
Oklahoma State University

1. Introduction. If an experimenter decides to use a confidence interval to
locate a parameter, he is concerned with at least two things: (1) Does the in-
terval contain the parameter? (2) How wide is the interval? In general the
answer to these questions cannot be given with absolute certainty, but must
be given with a probability statement. If we let « be the probability that the
interval contains the parameter, and let 8° be the probability that the width is
less than d units, then the general procedure is to fix « in advance and compute
B The value of 8 is in general a function of the positive integer n, the sample
size by which the confidence interval is computed. (8 is also a function of «).
In most confidence intervals, 8 increases as n increases. For any particular
situation 8° may be too low to be useful, hence an experimenter may wish to
increase 8° by taking more observations (increasing n). The problem the ex-
perimenter then faces is the determination of n such that (A) the probability
will be equal to a that the confidence interval contains the parameter, and (B)
the probability will be equal to 8° that the width of the confidence interval will
be less than d units (where , 8, and d are specified).

To solve this problem will generally require two things: (1) The form of the
frequency finction from which the sample of size n is to be selected; (2) Some
previous information on the unknown parameters in the frequency function.

This suggests that the sample be taken in two steps; the first sample will be
used to determine the number of observations to be taken in the second sample
so that (A) and (B) will be satisfied.

For a confidence interval on the mean of a normal population with unknown
variance this problem has been solved by Stein [1] for g = 1.

The purpose of this paper is to determine 7, to satisfy (A) and (B) for dis-
tributions other than the normal.

2. Theory. Suppose X is the width of a confidence interval on a parameter
u with confidence coefficient a. Suppose further that it is desired that the prob-
ability be 8° that X be less than d. The problem is to determine 7, the number
of observations, on which to base X. Since n depends on the random variables
used in step one, n is a random variable.

We will prove the following (we will use the notation P(4) for the prob-
ability that the event A occurs):

TureoreM. Lel the chance variable X be the width of a confidence interval on a
parameter p based on a sample of size n. Suppose that X depends on n and on an
unknown parameter 0 ‘0 may be the parameter p). Suppose also that there exisls a
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Junction of X, 6, and n, say g(X; 6, n), such that if ¥ = ¢(X ; 0, m), then the dis-
tribution of Y does not depend on any unknown parameters except n. Let f(n) be
a function of n such that '

(1) PlY <f(n)] =B forany 0<B<1.

Let the solution of the equation g(z; 0, n), = f(n) for z be x = h(6, n), and sup-
pose the following are true for x > 0:

(a) g(x; 6, n) s monotonic increasing in x for every n and 0.
@) (b) k(6, n) is monotonic increasing for every n.
(¢) h(8, n) is monotonic decreasing in n for every 6.
(d) z s random variable which is available from step one of the procedure
such that Pli(z) > 6] = B for O < B < 1, where #(z) is a function of z
which does not depend on any unknown parameters or on n.

Let d and B be specified in advance. Then if n is such that the equation

3) hli(z), n] = d
1s satisfied (£(2) is known) then the following inequality is true:
(4) P(X = d) z 6

Proor. Substituting into Eq. (1) we get
(5) Plg(X; 6, n) < f(n)] = 8.
Solving for X and using 2(a) gives us
6) P[X < h(8, n)] = 8.

For any 6, = 6 we can use 2(b) and obtain

™ P[X <h(6,,n)]|6, 2 6] = P[X < h(6, n)] = B.

By considering the joint distribution of X and #(z) we can write

(8) P(X =d) = PIX =d,1(2) > 6] = PIX < d| ) > 0]-P[i(z) > 6).

If n is any integer satisfying

(9) MR, 7] < d,
we can use (7), 2(c), and 2(d) in Eq. (8) and obtain
PX <d) 24

If the function in 2(b) is monotonic decreasing, then the theorem is also true
but the inequality in 2(d) must be reversed. The theorem is also true if the
function in 2(a) is monotonic decreasing. The conditions (2) may appear quite
stringent; however, many of the functions in common use in statistics satisfy
these conditiong.
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3. Ilustrations
Ezample 1. Suppose we want an a confidence interval on the variance o* of

a normal population to be less than d units in length with probability of .
We will define

2 _ 1 S~
$2 = oy 2 0= 0,

where v; is distributed normally with mean x and variance o*. An o confidence
interval on ¢° is given by
P[(n —1 o< (n—1) si] e,
x1 (n) xz (n)

where xi(n) and x3(n) are such that
2

X (n) —_
f T Wiin) dxt = 122,
) 2
f WO dxt = =2
x3(n) ’ 9

where W (x*; n) is a Chi-square frequehcy function with n — 1 degrees of free-
dom. The width of the interval is
' : 1 1
X = (n—1) sf.[———— — ——] .
xi(n) xi(n)
If we let
_r o1
x:(n) xi(n)
we have g(X; o®, n) = X/6°C,, = Y, and we see that Y is distributed as W(x*; n)
and is independent of any unknown parameters except n.
Also f(n) is given by [}'™ W(x*; n) dx* = 8, and k(8, n) = o’Caf(n).
Suppose in step one of our procedure we observe u;, Uz, - -+, 4m Which is a
random sample of size m from a normal population with variance o If we let

z= i}(w— a)’,

then since z/¢® is distributed as W(x*; m), it is clear that P[(z/0") > fm] = 8,
where fn is such that

Ca,

[ wosm) axt = g
Hence #(z) = 2/fm , and since all the conditions in (2) are satisfied, the sample
size for the desired length of the confidence interval is the smallest integral

value of n satisfying
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f(n)'Cn’zéd.
Im
Ezample 2. Next, suppose it is desired to determine the sample size such
vhat an a confidence interval on the mean of a normal population will have
width less than d with probability 8°. Let v;, vs, -+ , v, be a random sample
of size n(to be determined) from a normal distribution with mean x and vari-
ance o° = 6. If we let

sh = 1 Z(vs -9,
n—1

then an o confidence interval on u is
loSn

£
A
=
A
<
_l_

7 —

S
S

where £ is such that
1 —«a
2 b
where U(¢, n) is “Student’s” distribution with (n — 1) degrees of freedom.
The length of the interval is

f Ut n) dt =
to

to Sn

X =2 .
Vn

If we let

(n — sy _ n(n — )X
a2 - 42 o2 ’

Y =¢g(X;6,n) =

then Y is distributed as a Chi-square variate with (n — 1) degrees of freedom,
and is independent of any unknown parameters except ‘n.

If W(x’; n) is a Chi-square frequency function with (n — 1) degrees of free-
dom, then f(n) is given by

f(n)
- fo WS n) d' = B,

and
X = h(B,n) = 2t00'———‘t—(——n—)—— .
' VvVl — 1)
Suppose %1, Uz, * -+, Um is a random sample of size m from a normal popula-

tion with variance ¢ which is available from step one of our procedure.
If we let

2= i (uo' - ﬁ')27

=1
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then we have P[(2/0") > fu] = B, where f, issuch that [7, W(x*; m) dx’ = 8.
Hence, t(z) = (¢/. f,,,)*, and since all the conditions in (2) are satisfied, the sample
size for step two is the smallest integral value of n satisfying

2to\1 2 . \/fm <

Vin Vnoln —1)
It is interesting to compare the method in this paper with the method pre-
sented by Stein [1] for setting a confidence interval on the mean of a normal

population with unknown variance.
The procedure presented by Stein is to select a two step sample. Suppose

the sample in the first step is w3, 42, - - , 4 and is taken from a normal popu-
lation with mean u and variance ¢°. An « confidence interval on u is
_ s _ s
I LEP I L L
m m

where s* = 1/(m — 1) D_ (u; — @)* and ¢, is the appropriate value from “Stu-
dents” distribution with m — 1 degrees of freedom. The width of the interval
is 2¢ms/m* and if this is less than the desired, width d, no second step is required.
If 2¢,s/m* > d, then n additional observations w; , ws, - - - , w, are taken where
n = (4t5s/d*) — m, and the o confidence interval is

_ tm 8 _ tm 8
Z— ———— =S p S+ ———
vm 4+ n \/m—l-n’
where
2___m’v+m12
m +n

The width of the interval is 2¢.s/(m + n)!, and this is less than d.

It is to be noted that observations in the second sample are used only to
compute the mean, z.

Let us assume that the observations in the first step are taken from a normal
population with mean u; and variance o1, and in the second step the mean is
ue and the variance o3 . Stein’s method is valid if u; = u, and or = o5 . How-
ever, if u; % pz, but of = o3, the method can still be used to set a specified
confidence interval on u; ; the only alteration is that the second step requires
a sample of size n + m and Z is the mean of this sample. That is to say, the
sample mean from step one is not used in computing the interval. In this case
if the inequality )
4ty 8

in Stein’s procedure is compared with the inequality

20Vzfn) 4
V fm'n(n - 1) -
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for the method presented in this paper, it is evident that Stein’s procedure is
to be preferred.

Next suppose that u; # s and o3 5 o3 . Then Stein’s procedure gives a con-
fidence interval on u, with known probability (equal to 1) of a specified width
but the confidence coefficient is not known. The method presented in this paper
will give a confidence interval on u, with unknown probability of a specified
width, but with known confidence coefficient.

Therefore, there may be cases when an experimenter would prefer the method
in this paper over the one given by Stein for the mean of a normal distribution.
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