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1. Summary. Let X;, -+, X,and Yy, -+ -, ¥, be ordered observations from
the absolutely continuous cumulative distribution functions F(z) and G(x)
respectively. If zy; = 1 when the ¢th smallest of N = m 4 n observations is an
X and zy; = 0 otherwise, then many nonparametric test statistics are of the
form

N
mTy = Z; Eyizni.
1=

Theorems of Wald and Wolfowitz, Noether, Hoeffding, Lehmann, Madow, and
Dwass have given sufficient conditions for the asymptotic normality of T .
In this paper we extend some of these results to cover more situations with
F = @. In particular it is shown for all alternative hypotheses that the Fisher-
Yates-Terry-Hoeffding ¢;-statistic is asymptotically normal and the test for
translation based on it is at least as efficient as the ¢-test.

2. Introduction. Finding the distributions of nonparametric test statistics
and establishing optimum properties of these tests for small samples has pro-
gressed slower than the corresponding large sample theory. Even so, it is not
possible to state that the basic framework of the large sample theory has been
completed. Dwass [3] has recently presented a general theorem on the asymp-
totic normality of certain nonparametric test statistics under alternative hypoth-
eses. His results, however, do not apply to such important and interesting pro-
cedures as the ¢;-test [11]. Many papers have appeared giving the asymptotic
efficiency of particular tests. Hodges and Lehmann [7] have discussed the asymp-
totic efficiency of the Wilcoxon test with respect to all translation alternatives.
In the same paper they have conjectured that the ¢;-test is as efficient as the ¢-
test for normal alternatives and at least as efficient as the ¢-test for all other
alternatives.

The beginning of our work came from a desire to verify the Hodges and Leh-
mann conjecture. Related to the conjecture is the hypothesis that the ¢;-statistic
is asymptotically normally distributed. Thus our work has two parts: developing
a new theorem for asymptotic normality of nonparametric test statistics and the
establishing of the variational argument required for determining the minimum
efficiency of test procedures.
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Our basic result on the asymptotic normality of statistics of the form Ty is
Theorem 1 of Section 4. This theorem is a partial generalization of results of
Dwass [3] summarized in our Theorem 4. Theorem 1 is not given in the most
general form possible. Our choice of the level of generality was to facilitate our
writing and your reading.

Section 3 contains our basic notation and assumptions. Section 4 contains
statements of the theorem on asymptotic normality as well as the basic portion
of the proof. Details regarding the negligibility of the remainder terms are given
in Section 7. The variational arguments are presented in Section 5 and Section
6 relates our Theorem 1 to Dwass’s results. Applications of Theorem 1 to several
nonparametric tests are given in Section 6.

3. Assumptions and notation. Let X;, Xz, --- , X,, be the ordered observa-
tions of a random sample from a population with continuous cumulative dis-
tribution function F(z). Let Y1, Y3, - -+, ¥, be the ordered observations of a
random sample from a population with continuous cumulative distribution func-
tion G(x). Let N = m 4+ n and Ay = m/N and assume that for all N the in-
equalities 0 < X < Ax = 1 — A < 1 hold for some fixed A < 3.

Let Fn(z) = (number of X; < z)/m and G.(z) = (number of Y; = x)/n.
Thus F.(z) and G,(z) are the sample cumulative distribution functions of the
X’s and Y’s respectively. Define Hy(z) = AwFu(z) + (1 — A)Ga(z). Thus
Hy(z) is the combined sample cumulative distribution function. The combined
population cumulative distribution function is H(z) = AF(z) + (1 — M)G(z).
Even though H(x) depends on N (or rather m and n) through Ay our notation
suppresses this fact for convenience. In fact F(z) and G(z) may actually depend
on N although this will not be stated explicitly. In Corollary 1 the distributions
do depend on N. The point for suppressing this fact is that our limit theorems are
“uniform” and hold, whether the distributions are constant, tend to a limit, or
vary rather arbitrarily with the sample size N.

If the 7th smallest in the combined sample is an X let zy; = 1 and otherwise
let zx; = 0. Then our concern is with statistics of the form

N
(3.1) ' mTN = E ENi 2Ni,
7=1

where the Ey; are given numbers. (The special case where Ex; = E(i/N) is
particularly easily handled by our methods. For the Wilcoxon test this condition
is met with Ey; = /N, and Freund and Ansari [6] have considered Ey; =
E(@/N) = |3 — i/N | in testing for the equality of dispersion of two popula-
tions.) The definition (3.1) of T'y is the one conventionally used. We shall, how-
ever, use the following representation:

32) Ty = [ Tyl Hy(@)] dFu(a).

The definitions (3.1) and (3.2) are equivalent when Ey; = Jx(¢/N). A repre-
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sentation like (3.2) was used by Blum and Weiss [1, page 243, Eq. 2.4] and R. v.
Mises considered [ o(x) dF ,(x) in detail [9].

Throughout our proofs K will be used as a generic constant which may depend
on Jy but it will not depend on F(z), G(z), m, n, N. Statements involving o,
or 0, will always be uniform in F(z), G(z), and H(z), and Ay in the interval 0 <
MEMWSEL—-NM<L

While Jy need be defined only at 1/N, 2/N, --- , N/N, we shall find it con-
venient to extend its domain of definition to (0,1] by some convention such as
letting Jx be constant on (¢/N, ( + 1)/N].

Let Iy be the interval in which 0 < Hy(z) < 1. Then I is closed on the left
at the smallest observation and open on the right at the largest observation.
The interval, Iy, has a random location.

4. Asymptotic normality.
TueoreMm 1. If

(1) J(H) = lim Jy(H) exists for 0 < H < 1 and is not constant,
N->o0

@ [ UnHN = JHD AFae) = 0,7,

@) JIn(1) = o/N),

dJ j < KI[H( — B

@ 11°m | = |22

fori = 0,1,2, and for some 6 > 0,
then, for fixed F, G and \y ,

. TN = UN _ i 1 —z2/2
@D im P (P s o) = [ g e
where
(4.2) oy = L, JIH ()] dF ()
and

a=20-w{ [ 6@ - 00l HEW HOIFC) iF6

—0 <z <Y <0

L a ;NAN) ff F(2)[1 — F(y))J'[H ()] [H(y)] dG () dG(y)},

(4.3)

—0<z<Y<®

providing ox # 0.

In Eqs. 4.1 and 4.3 we put subscripts on u and o to recall that these depend
on F, G and Ay and are meaningful in the more general case where F, G, and Ay
are not fixed. Corollary 1 will extend Theorem 1 to obtain convergence to normal-
ity uniformly with respect to F, G, and Ay for a broad range of F, G, and Ay .
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To facilitate the proof of Corollary 1, we will regard F, G, and Ay as variable
throughout the proof of Theorem 1 except where it is specified otherwise.

Assumption 1 is likely to be filled whenever one speaks of a sequence of tests.
In the special case Ey; = E(i/N) of course Jy = E = J and Assumption 2
will automatically be satisfied. Theorem 2 shows that Assumptions 1, 2 and 3
are often satisfied when the Ex; are the mean values of order statistics. Assump-
tion 4 is the basic condition. The assumption has two functions: it limits the
growth of the coefficients Ex; and it supplies certain smoothness properties.
Both conditions are essential to our argument. We believe that the theorem is
true without the smoothness condition.

Proor. To begin the proof we rewrite Ty as

T, = [ " T, dFa ) = [ UsHn) = JHD)] dFale)

+ [ I aPa@) + [ TuH) dF.
Iy Hy=1
In the second integral we write dF,, = d(F.. — F + F), J(Hy) = J(H) +
(Hy— H)J'(H) + [(Hy — H)*/2)J"[Hy + (1 — ¢)H],where 0 < ¢ < 1,and
H = MF 4+ (1 — Ax)G. After multiplying out the expression becomes

6
Ty =A +Bw+Bm+Z;C.-~,
where

(4.4) A= v<rct J(H) dF(x),

85  Bu=| ne T AFA(&) = F@),

(46)  Bu=[ ey = D)) dF ),

@D Cw=[ (= AT dFue) - FE)

48)  Ca = (1 — ) f s G = O ) dIFae) — F@),

(HN - H)2 J”

| Sy + (= o) HIdFa(a),

4.9 Cow =
(4100  Cuy = fH = J(E) = (Hy — H)J'(E) dFa(o),
@11)  Co = f U n(By) — J(Hy)] dFo(z),

(4.12) Cow = . Jnv(Hy) dF u(z).

Hy=
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The 4, B, C terms represent the “constant,” “first order random,” and “higher
order random” portions respectively of Tx . In this section a detailed study of
the 4 and B terms is made and in Section 7 it is shown that the C' terms are of
higher order.

The “constant” term, 4 = [ocn<1 J(H) dF(z), is finite as a result of Assump-
tion 4 of Theorem 1; see Section 7.A.10. Since 4 depends on Ay as well as F(x)
and G(z) it need not converge as N — o, but it does remain bounded.

Integrating B.v by parts and using the fact that

[ " diFu@) — F@) = 0,

we obtain

Buiw + Buy = [1 — m{ [ B@ dipat@) - P
(4.13) ) .

- [[ 5@ ae.@ - s,

where
(4.19) B@) = [ J1HG) d6w)
(4.15) B'@) = [ JHG) dFG)
and

AB*(x) + (1 — Aw)B(z) = J[H(z)] — J[H(x0)]

with 2o determined somewhat arbitrarily, say by H(z) = 1/2.
Thus,

Bow + Bur = 11 = Wi{L 3 18%) ~ 8]
(4.16) . L
- 2 B ) - SB*(YM},

where & represents expectation and X and ¥ have the F and G distributions re-
spectively.

The two summations involve independent samples of identically distributed
random variables. Therefore, if F, G, and Ay are fixed, B(X) and B*(Y') are speci-
fied random variables and we may apply the central limit theorem to show that
Bix 4+ Bay when properly normalized has a Gaussian distribution in the limit.
The central limit theorem applies if the variances of B(X) and B*(Y) are finite
and at least one is positive.

First, we shall find a bound on the moments of B(X) and B*(Y):

| B(x) | =

/ JIHW6W) | s KIE@I — H@)I ™.
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Thus for & > 0 such that (2 + &)(—3 + 8) > —1,
&8f| BX) |} = K ] " H@I — H@ITO gp()

1
< Kfo [H(]. _ H)](—}+§)(2+5’) dH < K,

having made use of dG@ =< (1/X\) dH. (See Section 7.A.8.)

Similarly, we may bound the 2 + & absolute moments of B*(Y). The asymp-
totic normality of Bix + Baw follows providing B(X) and B*(Y) do not both
have zero variance.

We compute the variances of B(X) and B*(Y). These can be expressed in
terms of [ B(z) dF(z), [ B*(z) dF(x), etc., but we shall use a slightly different
approach.

B(X) — &B(X)

[ B@ dFi@) ~ F)

—f_: [Fi(z) — F(2)1J'[H(2)] dG(z)
has variance

oo = { [ 1e) — F@IRG) ~ POV HEWHG) 0t do6)},
and

@1 e =2 [[ FOI — FOWHEWIHG) i@ d66),
—RIELYL®

if it is permitted to interchange expectation and integral. That this may be done

follows from Fubini’s theorem when it is seen that for 2 < y,

&{| Fu(z) — F(z) | | Faly) — F(y) |} = KF(x)[1 — F(y)]

and that the last integral above is finite. (In fact this integral is bounded in the
argument dealing with (Cesy) in Section 7.B.)
Similarly, the variance of B*(Y) is given by

18) o =2 [[ @I — GO HEWIHE) dF) dF(),
—0LBLY<0
These two variances when combined give the variance result stated in (4.3).

We review the status of our proof. In Section 7, the C' terms are shown to be
“higher order uniformly.” The A term is non-random and finite. Finally

BlN + B2N

is the sum of two independent terms each of which is the average of random
variables with mean 0 and finite second moments. Theorem 1 follows.

The proof given can be extended to the case where F, G and Ay are not fixed.
To obtain uniform convergence to normality, we apply a theorem of Esseen
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(4], p. 43) which is a generalization of the so-called Berry-Esseen theorem
([8], p. 288)". Since the C terms are uniformly o0,(1/4/N) it suffices to obtain
uniform convergence for Biy + Boy . For this it suffices to bound psys for
B(X) and B*(Y). Since we bounded the absolute 2 + &' moments, all that is
required is to bound the variances of B(X) and B*(Y) away from 0 and to have
m and n — . Thus we have

CoROLLARY 1. If the conditions 1 to 4 of Theorem 1 are satisfied, and F, G, and
M0 < X = Ay S 1 — N < 1) are restricted to a set for which B(X) and B*(Y)
have variances bounded away from 0, then Eq. 4.1 (asymptotic normality) holds
uniformly with respect to F, G, and Ay .

CoroLLARY 2. If conditions 1 to 4 of Theorem 1 are satisfied, 0 < M = Av =
1—N<1,

F(x) = \I'(x - ON),

G(z) = ¥(z — on),

where ¥ has a density ¢, then Eq. 4.1 holds uniformly with respect to Av , 0y and
ox for ox — Oy in some neighborhood of 0. If ox — 6y — 0,

lim ()1\_N_].V Ny = 2 [0 = 776 asay

(4.19) Per<y<t

= jo‘lJz(x) dx — I:j;lJ(x) dx:r.

Proov. It suffices to show that B(X) and B*(Y) have variances bounded away
from zero and to establish Eq. 4.19. Since J is not constant and has a second
derivative, there is an interval of » in which J'(u) is bounded away from 0 and
in which J’(u) > 0 or in which J’(u) < 0. There is a corresponding interval of
z for which ¥(z) lies in the u interval and its density y(z) is almost everywhere
bounded away from 0. For o — 6y small enough, there is an z interval whose
length is bounded away from 0 where the densities f(z) = ¢(z — 6y) and g =
Y(x — ¢n) are almost everywhere bounded away from 0 and J'[H (z)] is bounded
away from zero. It follows that B(X) and B*(Y) have variances bounded away
from zero.

All that remains is to establish Eq. 4.19. The first equality follows directly
from Theorem 1 by letting F(x) = z* and G(z) — z*. The second equality can
be obtained by interpreting the double integral as

| f[ff J'(x)J" (y) du dz dy dv

o<u<z<y<r<1
2 Fisseen’s theorem states that if X; , X, -+, X» are independent observations from a
population with mean 0, variance o2, and finite absolute 2 + 8’ moment B,5’ , 0 < 8’ = 1,

1/8"

P45’ P48’

82 I 1/2
n n

then | F* — &*| < C(") [ ] where F* is the cdf. of X, ®* is the approximat-

ing normal cdf, C depends only on &’ and pss' = Bass’ Jor+d’,
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and integrating with respect to y first and z second. It can also be obtained by
considering a standard derivation [13] of the asymptotic distribution of Ty
when F = @ where Ty is regarded as the average of a sample of m from the
population of N numbers Jx(1/N), Jx(2/N), ---, Jx(N/N).

We remark that normalizing J so that [5 J(z)dz = 0 and [5 J*(x) dz = 1
will not affect the efficiency of the test. Furthermore, if J is the inverse of a cdf,
the right-hand side of (4.19) is the variance of that distribution.

In applying Theorem 1 the verification of condition 2 may cause some diffi-
culty. The following Theorem 2 gives a simple sufficient condition under which
conditions 1, 2, and 3 hold. In particular with the use of Theorem 2 it is simple
to verify that the distribution of the ¢;-statistic does approach a Gaussion dis-
tribution for alternative hypotheses.

TaEOREM 2. If JN(7/N) is the expectation of the ith order statistic of a sample of
size N from a population whose cumulative distribution function is the inverse func-
tion of J and

| TPu) | £ Klu( — w)] ", i=0,1,2,
then
lim Jy(H) = J(H), O0<H<I,
N>
Jn(1) = o(N'?,
and

‘/;N [JN(HN) - J(HN)] dF . (z) = O(N—M),

(We write o instead of o0, because the random sequence is bounded by a non-
random sequence which is o(N"%). In fact | [ [Jx(Hy) — J(HN)] dFn(z) | <
(1/N) [ | Jw(Hx) — J(Hy) | dHy(x) and our proof essentially shows that this
latter integral which is non-random and independent of F and G, is o(N""%).)

Proor. It is well known that Jy(H) — J(H). A proof of the other two results
is given in Section 7.C.

B. Variational argument. We have now established that the limiting distribu-
tion of the ¢;-statistic is Gaussian. Thus we may proceed with the study of the
efficiency of this test procedure. We will examine translation alternatives only.
Since the power of the c;-test approaches one when the distributions ¥ and @
are held fixed as N approaches infinity we restrict our consideration to the follow-
ing situation.

There is a distribution function ¥(x) which does not depend on N and F(x) =
¥(x — 60) and G(x) = ¥(x — ¢). We test the hypothesis that A = 0 — ¢ = 0
vs. “near” alternatives of the form A = Ay = ¢cN™2. We will also assume that

0<limAy=A<1.

N->oo

With this framework we are able to use the Pitman criterion (the one considered
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by Hodges and Lehmann) for finding efficiencies of test procedures. The follow-
ing conditions have been established for the ¢;-statistic if ¥ has a density and
clearly hold for the ¢-statistic if ¥ has finite second moments. There are functions
ax(A) and by(A) such that for A in some neighborhood of 0,

. bv(Aw)
(52) ot 5@~ &
T [av(Aw) —an(0)] ]
(5.3) By = 11&;‘?[ Ay N'72p5(0) ]

exists and is independent of c.

The quantity Er is called the efficacy of the procedure based on the sequence
of statistics T . Of course Er depends on ¥. In comparing two sequences of
tests, say T'~ and Tw , for the same pair of near alternatives the two tests will
have the same power only when the corresponding sample sizes, N and N¥,
satisfy the following relationship

*

(5.4) limit ¥ = P

N->o0 %

= Er,.

if Eze % 0. Ep, s 18 called the asymptotic relative efficiency of Tx with respect
to Ty .

Let E.,,.(¥) denote the asymptotic efficiency relative to the t-test of the ;-
test against translation alternatives. Then we have J = J, the inverse of the
normal N (0, 1) cdf ® and applying Corollary 1 and using derivatives in the ex-
pression for Er , we have

(5.5) E., (¥) = Ii¢/d,
where
(5.6) Ly = f Jo[¥ (@)Y’ () do

and o is the variance of the distribution with cdf ¥ (and density y).> Normalizing
¥ to have mean 0 and variance 1 does not affect E,, .(¥) which then becomes
equal to Iig . In this section we shall prove

TuEOREM 3. If V¥ 18 a cdf with a density and finite second moment, then E., (¥) =
1, and E., (%) = 1 only if ¥ s normal.

Proor. It suffices to show that the minimum of Iy subject to the restrictions

Iy = [W(x) dz =0

3 If ¥ does not have finite variance o2, E,,,; is not defined but it makes sense to regard
it as «.
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and
Tsg = f @) do = 1

is attained only for ¥ = ® and that I;s = 1.

A density y(x) assigns to each z a value of ¥ and a corresponding value of
Jo[¥(2)]. If ¢(x) = 0 a.e. on an interval, this interval corresponds to a fixed value
of Jo[¥(z)]. If z is then regarded as a function of Jy , it is multivalued at that
value of Jo. Otherwise z is continuous and it is increasing in Jy. Conversely
any monotone non-decreasing function = of Jo determines a corresponding cdf
¥. We have

u = ®[Jo(u)],

’ 1

7ol = S
and

o) = —— .

V2

Furthermore
(5.7) f_ ” W) di = ¥(z) = [:’ (1) dt
and

Y(z) dz = d¥(z) = o(Jo) dJs.

Consequently our problem consists of finding a monotone function z(J,) which
minimizes

_ 1 o(Jo) _ [ e(Jo)
(5.8) Ly = fm(—dijso(«fo) dJy = f(-‘-i-asdt]o
dJo dJo
subject to the restrictions and
(59) In = [ ov@) do = [ 270 a5 = o,
(5.10) Iy = [ 24(@) do = [ (7 dly = 1.

In the above form it is immediately obvious that if ¥ = &, = J, and hence
Ii; = 1. This form is also more suitable for our variational approach.

Suppose now that z is replaced by z* = cz. Then I, I and I; are replaced
by If = Ii/e, Iy = cl,, and I3 = ¢*I;. Thus if I, = 0 and I; < 1, we can
obtain I3 = Oand I3 = 1 with I < Iy . This discussion is relevant to the proof
of the following lemma.
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LemMA 1. The solution of the minimization problem is unique of it exists.
Proor. Suppose z; and z. are distinct functions with non-negative derivatives.
Then let z = (1 — w)z; + wze, where 0 < w < 1. Then, by convexity

Il(w) = fﬂ(@)—dJo < (1 - w)f ‘P(Jo) dJo + w f¢(J0) o,

(&) & &)

L) = [ w01 alo = (1 = w) [0 dlo+ w [ 200 o,
and
1) = [ @) ale < (1 = ) [ a0 &+ w [ el do.

Hence z; and z, cannot both be solutions of the minimization problem since
otherwise a multiple of (71 + 22)/2 would then satisfy the side conditions and
yield a smaller I, .

With this lemma, all that remains is to show that £ = J, is a solution of the
problem. To this end we establish a sufficient condition for the solution of the
problem as follows. Suppose that z; and z, are monotone functions satisfying
the restrictions where z, gives a lower value for I; than does z; . Then using the
convexity again, we have

d(zz — 1)
T dJ,

Lo = - [ % ( )
dJy

f (x2 — 21)0(Jo) dJo = 0,

o(Jo) dJo < 0,

1,(0)

and

I:(0)

2 f xl(xz - xl)go(Jo) dJo <0.

Consequently we have
LemmMa 2. If 7, satisfies the restrictions and if for each x; which does so also there
is a £ = 0 such that

I:(0) + £13(0) = 0

then x; is the unique solution of the minimization problem.!

4 This sufficient condition is essentially the usual Euler equation except that with the
convexity at our disposal and the monotonicity restriction, it plays the role of a sufficient
instead of a necessary condition.
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Now
%tp( 7o)
I;(O) = :'"<%2x~3—_¢(~]0) + f(xz 1) ( (Jo))2 - dZ:lm 3 dJs.
aJs dJs d_h)

Now let 2;(Jo) = Jo. Then
LO) + &0 = [ @ — @)/ (0) + 26T00(I0)] do,

which vanishes for § = 1/2. Applying Lemma 2 establishes our theorem.

If we regarded the ci-test as one tailor made to compete against the best
parametric test for translation when F and G are normal, we may inquire about
nonparametric tests designed to compete against the best parametric tests when
F and G have some other form.

Suppose F and G are known to be of the form Fo(x — 8) and Fo(x — ¢) respec-
tively where Fy has a twice differentiable density fo . Then an efficient’ test statis-
tic for A = 6§ — ¢ = 0 would be the maximum-likelihood estimate

B=b-19
for which the asymptotic distribution is normal with mean A and variance
[NA(1 — M\)(infg,)] ™, where

(5.11) f

providing the above integral exists. The relatlve efficiency of our nonparametric
test based on the test statistic T with a specified normalized® J to the A test is

[f 0(33)]2

2
(5.5a) Era(Fy) = Diro
1 f Fo
where
(5.62) T, = f T (Fofi(a) da.

It can be shown that the best J in the sense that it maximizes Er 4 (Fo) is given
by

(5.12) J) = ff("()“’) (infe)) ™2

8 There seems to be no clear-cut statement in the literature which would establish the
test based on A as an efficient test invariant under the same translation of the X; and Y; .
The authors wish to thank the referee who pointed out the following elegant proof. The
efficacy of the ) — o testisA(1 — M) infr, , where infp, is the information of F¢ . No invariant
test of A = Ay vs.A = 0 can have greater efficacy than the likelihood ratio test for testing
A = Ay vs. A = 0 when the densities of X and Y are fo(x + (1 — )\)A) a,nd fo(x — N). A
standard ealculation gives this test efficacy A(1 — \) infro . Thus our 8 — ¢ test is efficient.

6 Let J be normalized so that /'J(u) du = 0 and JS'J2(u) du =1.
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where u = Fo(z). In fact for this J, we have

— ez [[£0@)  [fo@PT 1 . e i
Ir, (infr,) f [ 0) H0) ] o) fo(@) dz = (infr,)

and
ET'K = 1.

As it is to be expected, if Fo = &N (0, 1)), the corresponding J = J,, the
inverse of ®. The problem of comparing the nonparametric with the parametric
procedures designed for Fo when F and @ are translates of ¥ s F, is hindered
by our ignorance of the behavior of the parametric procedure when ¥ = F, .

6. Orientation and applications.

6.A. Orientation. In Fraser’s book [5] it is shown that the ¢;-test has a limiting
normal distribution for normal alternatives. We have now shown this to be the
case for all alternatives (if we include the cases where No& = 0 or No> — 0
as degenerate cases). Hoeffding’s U-statistics include many nonparametric test
statistics and he, Lehmann, and Dwass have shown that U-statistics are asymp-
* totically normal under the alternative hypothesis. The U-statistics do not in-
clude all statistics of the form

N
(31) mly = Z EN,'ZN,‘.
t=1

In particular ¢; is not a U-statistic. Dwass’s results [3], summarized in Theorem
4, appear to be the only useful results for statistics of the form (3.1) under gen-
eral alternative hypotheses.
TrEOREM 4. Suppose
(1) The conditions of the first paragraph of our Section 3 hold (Dwass has
written to us indicating that it is sufficient to have m and n approach «);
(2) The polynomial

h
P@) = 2 b t*
k=1
18 non-degenerate, 1.e.,

max(| bul, -+, [Ba]) > 0;

B) Xu, X, Y1, ,Ys) = (Us, -, Uy) and R; is the number of
U’s less than or equal to U; ,
‘ a = (n/mN)'"”, i=1--,m,

(4) ani =
a2=_(m/nN)1/2’ i=m+1"“3N;

(5) ty = é ani P(Ri/N);
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then
. v — E(tN) ) 8 6_3212
‘;.‘.’E:,P( o f)= L. v
First note

ty = i P (—%) [ar 2vi + a2(1 — zx0)]

t=1

£+ () DB ()

3 1 — Ay 12 ( Ax 1/2)
—\/NTN(( o ) + I_M) + K,

where in Ty wehave Ey; = P(i/N). Thus there is a non-stochastic linear relation-
ship between ¢y and T~ . Hence, from the statistical viewpoint ¢y is equivalent
to Ty, a statistic of the form (3.1). Now let us compare Dwass’s conditions
with ours.

(1) Requiring Ay to be bounded away from 0 and 1 seems to be essential in
our Theorem 1.

(2) The condition Ey; = Ju(i/N) = P(i/N) = > i1 b(i/N)* is much
stronger than our condition 4 in Theorem 1 in two respects: We only require that
Jy(z) have a limit and the limit need not be a polynomial in z. Of particular
importance we do not require J(z) to be bounded on 0 < =z < 1. The require-
ment max (J by, -+, |bx]) > 0 is to insure that Ex; X 0, a trivial case which
causes no difficulty.

6.B. Applications.

Example 1: Let Ey; = ¥ :7 " Then Savage has proved [10] that Ty has a
limiting Gaussian distribution under the hypothesis and is the test statistic for
the locally most powerful rank test of 6, = 6, against the alternative 6 = 6,
where F(z) = "® and G(z) = ¢, —w <2 =0 and F(z) = G(z) = 1,
2 > 0. In order to verify that Ty has a limiting Gaussian distribution under the
alternative hypothesis let us check the conditions of Theorem 1. To do so we
note that Jx(i/N) is the expected value of the 7th smallest observation of a
sample from the exponential distribution and that Theorem 2 is applicable.
Hence Ty is asymptotically normal in all cases.

Example 2: Van der Waerden [12] has developed the theory of the test statistic

Ty = f_ : J (N H”(x)) AP (@),

N +1

where J is the inverse of the normal N(0, 1) cumulative distribution. It can be

shown that
[ : J (AA’[H_’L(’”I)) — J(Hy(@) | dHx(@) = o (\—/l—ﬁ)

Then conditions 2 and 3 of Theorem 1 are established and the asymptotic nor-
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mality and efficiency properties for this statistic are verified to be the same as
those of the ¢;-statistic.

7. Higher order terms. In proving that the C terms of Theorem 1 are uni-
formly of higher order the following elementary results are used repeatedly.
7.A. Elementary resulis.

1. H = MF = M\F.
2. H= (1 - MG = \G.

1-H _1—-—H
— < < .
3. 1 F < S T
1-H 1-H
-0 < <
4. 1 G=1_)\N= N
H(1-H H(1 — H
5. P - s T D AL
N 0
H(1 - H
6. G(l—G)é(T—).

. dH = Ay dF = \dF.
8. dH = (1 — A\y)dG = MdG.
Let (ax , by) e the interval Sy., where
(7.1) Sye = {x:H(l —H) > ”}VM}.
Then 7. can be chosen independently of F, G and Ay so that
(72) P{X;e8ve, Yie8ne,i=1,2,--+,mji=12--,n}21—e

10. f J(H(x)) dF (z) is finite.
Proor. Using assumption 4 of Theorem 1 and A.7

i f_ : J(H() dF(z) | = K fo 1 [H(1 - DI dH

(7.3)

' dH
S K [ e g S K-

7.B. Detailed consideration of the second order terms of Theorem 1. We are now
ready to show that the C' terms are uniformly of higher order. We begin with
Ci» and prove the following identity:

Cuw = My [: (Fo — F)J'(H) d(Fulz) — Fz)

(74)

=¥ | [ aws - mr+ L [ ara)
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Let R be the set of points of increase of F,, . Then the right-hand side of the iden-
tity becomes

%” [ [ 7@ awn - B + [ 7D aE. - P + Z:: J(H(X) %]

M [2 [ 7@ Es — F) aFa — F) + i::l J(H(X))
(G- F(X,;)>2 - )]+ LEran L]
= "2_N[2 f . J'(H)(Fp — F) d(F, — F) + Z:Zl J'(H(X,))

B[E - ron] - S|+ S 4]

= [ (B — F)I'(H) d(Fo ~ F).

Using this identity we integrate by parts and obtain

(7.5) Cixy = — )%N (Cuny + Ciex — Cuaw),

where
Cuy = f (F., — F)J"(H) dH,
SNe

Cuv = [ (Pa = F)3"(8) aH,
Cuv = - [ J(HG) dFule)

1 -,
= ; J'(H(X)),

where Sy. was defined in 7.A.9.
Now let us consider the random variable Cy;x . We find

" . F 1 V4
1 Cur | = o{ [ (ku— B2\ |t} = [ TE=D 5y am
SNe SNe
Now using assumption 4 of Theorem 1 and 7.A.5 we obtain
H(1 — H)dH
61 Cur | 5 1 fs,v, m1— B
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Now using the Markoff inequality ([2], p. 182),
K N* K
N g T oV’
where K may depend on e. Now consider Cry .
Let H, = H(ay), H; = H(by) as in 7.A9. Then H, =1 — H; < K/N.
With probability greater than 1 — e we have

Pr (| Cun| > aN %) <

Hy 1
Cion = fs (F. — F)*J"(H) dH = f F*J"(H) dH + fH 1 - P’ (H) dH

|CI2N| = K[foyl(_ﬁ‘(‘in_iI:{[‘j)_ﬁ—F/H, (I}(l_%;l)—lia]

Hy
<K f H¥ g < KN,
0

Hence Cuy + Ciw which does not involve ¢ is 0,(N?). Now to complete the
study of Ciy we investigate Cpy :
i | 2 HX)

| Cuow | = s £33 mxya - mxo.

We may assume § < § or & < % without loss of generality. Then using 7.A.5
|Cuv| = 5= Z [F(X)[t — P,

which is distribution free. By a theorem of Marcinkiewicz ([8], pp. 242-243)
if a random variable Y has rth order moment finite (0 < r < 1), then the sum
of N independent observations on Y is o,(N'"). If X has cdf F,

FXOIL — FEOIH
has a finite moment of order 2/(3 — 8) and hence

Cisw = 0p l:ni N ;_-] = Op[N— *]

Consequently Ciy = 0,(N 7).
Next consider

(76) Cow = 1=\ [ G = Q) dlFale) — F).

We have
CzN = (1 - AN)(CZIN + 022N)
where

Cax = [ (@ — @) dlFa@) — F@),

SNe

Caay = f (@~ OJ'(H) dlFa@) — P
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With probability greater than 1 — ¢, there are no observations in Sy, and

N

Since the two samples are independent and &(G, — G) = 0, we have
8(szzv) = 8{80221\1 l X] Py Xz g "
8(C§2NIX1)X27 Tty

| Can| = K/; HQ — H)[HQ — H)]—%‘H dH(z) < K(m)*ﬂ

’ Xm} =0,
Xn) = Cuv + Caux,

Cav =2 [[ 6@l - 6 HGHG)]
e
d[Fu(@) — F(@)] d[Fa(y) —F(@)],
Couy = ;}”-1 L @)1 — G@(JH@)]) dFn),
8w = 2 [[ 6@ - GV H@WHE) @) dF Q)
xuze <s1;\’s
< & [[ B@n - B | ME@EG) | dHE) EHE)
z<yY
§ f f ZHA — ) T - ) e dy < ]I\{rz’
0<=ﬁ<11<1
8Cu) = — [ 60— QWIH) aF@) s . O - B aHE)
—14+28
= KN:+25 = oN 7).
Hence

8(C§2N|X1,X2,"‘

Xn) = Ko,(N7Y),
where K may depend on e and

l Coan I = KOP(N_”z)
since

P(C§2N > aS(CgN I Xy, -
Consequently Coxy =

Xn) < 1/a.
(1 — Ax)(Cay + Caaw) which does not involve e, satisfies
Con = 0,(N'%).

7 This integrand has already appeared as part of the variance in Eq. (4.3)
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Now consider

Can = [Hy(z) — H (x)]2J ”[goHN(x) + (1 - oH ()] dF (@),
7.7 0<Hy(2) <1

0<op<l.

With probability greater than 1 — e, the range of integration 0 < Hx(z) < 1
can be replaced by Sx, without changing Csy . Since

H(z) | _
(7.82) S\ Ty |~ 0,(1),
and
1—H@) | _
(7.80) 22 | Ty | = O

for each e > 0, thereis an ¢ > 0 such that with probability greater than 1 — e,
we have for 0 < Hy(z) < 1,

(7.9) [eHy + (1 — o)HI[1 — (pHy + (1 — @)H)] > n¥H(z)[1 — H(z)].
Then
| Cov | < fs [Hy(z) — H@)GH ™ (HIL — H}7 dF () = () Ca,

&(| Can|) §]—1\7fsml:)wp(l —F +(1 —F)]irl — 2F)

41— G — G)]{H(l — ) ()

=¥l

Kﬂ:H’5 K'ﬂ- §+o

yie Ty

(1~ D7 aH + 5 [ G - mrar

IIA

Consequently /
CaN = Op(N_llz).

The Cuv term vanishes unless the greatest of the N = m 4 n observations
is an X. In that case

(7.10) Civ = %1- { —JHX)] — [1 — HXW)J'THXW)]}

Using 7.A.9, however,

_ 345 oy~
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with probability at least 1 — e. Hence

L JUH(X)] = 0p(N.

Similarly
— -4
< {[H(Xm)le(X%Xmm o (V0D = 0N,
Hence

Cov = 0,(N 7).

The neglibility of Cs» and Cey follows immediately from Assumptions 2 and 3

of Theorem 1.
7.C. Proof of Theorem 2. First we note that

(7.11) I <%) = Ey; = j;l J(u)g,-,N(u) du,
where
(7.12) gin(u) = =) J'V('N — !ui—l(l _ u)(N—i?

is the density of the 7th order statistic from the uniform distribution on [0, 1]
and incidentally has mean /(N + 1) and variance {(N — ¢ + 1)/[(N + 1)
(N 4+ 2)]. Then we have

| Exa| £ KN fo 1 [u@ — WIQA - )" du

(7.13)
_ KNIV = 3+ OTG +8) _ ppors

I‘(N ¥ 29)

By a symmetric argument the desired result Jy(1) = o(N'?) follows. Further-
more we have

Ty (%) —J (]%,) ' < KN*® +K []% (1 - ]lv)]—w < KN

Before proceeding to bound Jw(i/N) — J(@E/N) for 1 < 72 < N/2 we apply
the Stirling formula

(7.14)

log 2! = log I'(x + 1)

(7.15) ) . o
—log21r—a'+<x+§>logx+m, 061,

l\’)
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with a rather standard argument to obtainforl <7 < N/2,0 <u = (¢ — 1)/
(N - 1);

v2 (N—1)

. . N — 1 -7 (i—l)(N—i)] K
(7.16) giw(w) = ,‘/ G — DN = ° [1 + JV]’

where
(7.17) v=QON—-1Du— (G-—1).
Forl <1 =< N/2,

(7.18) I (@ -7 <§) - fol [J () =7 (le)] gin(u) du

= Du + D + Du + Dy + D; + D,,

where

Dy = fo " J(w)g:,x (W) du, Dy, = f J(w)gi.x () du,

1—u,

Dy = —f ( )yuv(u) du, Dy = —f . ( >guv(u) du,
pe [ o= D)0 (D) e
D =1

i 'L) " (,,%
5., ( -5 J" (u*)g: x (u) du,

u* between u and ¢/N, and u; = (z — 1)/[2(N — 1)].

_ au T T = W) N —a)! NI G —1-—a)!
(19) 9w =u Go1l—-a)l N -9 W—a)! (=D

< Ku'N°gi—a,n—a (w),

where @« = 3 — & and we assume § < % and thus & > 0 without loss of general-
ity. Let ® be the normal cdf. Then

L3
|Du| = f Klu(l — W] *Ku*N°gi—an—o (w) du < KN*
0
<u - l.:i.iﬁ) (N —1— o)
@|\" N—-1-a ,
‘ VE—1—a)(N —79)
(7.20) |Du| £ KN*® <"I}/ ’).
8 K represents a generic constant independent of ¢, N, Ay, F, and G. This equation is

related to the asymptotic normality of order statistics and is derived by an operation similar
to the direct proof of the asymptotic normality of the binomial distribution.
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Since gix(u) = gin(1 — w) for1 <4 = N/2 and0 < w < 1/2, | Diz | has the
same bound as | Dy |. Similarly

(721) |Da| < K % >_a¢ [(w \—/éi\,il)z_(zv“;) 1)3/2] < KN“® ("—Kﬁ)
i— DV — s

and | Dy, | has the same bound too. Since the expectation of the sth order statistic
from the uniform distribution is /(N + 1),

D3 = —J' <j.:r._> {j;“‘ (u -_ %)gi,zv (u) du
7

+ f;ul (u - 1'\7> gin (w) du + N—————(Ni_i_ 1)}

Now

hu) = |u — % gin (@) < Kh(1 — w) foru < ui.
Hence

AN —\/i'> i ]

IDs] = K(?\?> [KN¢< k)T v+
(7.22) - Vi
< KN°® (‘K ’) + KN*!

Finally

.\ 2
| Ds| = Ku,H [ 1 <’M - ]iV) giv (w) du,
Jo

e Pt (N i z‘tr‘)]

2 —3+9 3
(723)  |Di| = Ko™ [K“N + K%_] g K KN

| Ds| £ Ku;*”[

Thus, for 1 <7 = N/2,
i i « -1 1 1
(7.24) JN[N]-J[N]§KN [<1>( % )"‘N*’F:]

and

[(~(Hy) — J(Hy)] dFn

1S NF,<N/2
(7.25) 1 s | X2 e -1 1, 1
g."_l{KN +;KN [@(K )+F+¢Tﬁ]}

< KNP
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since 211 ®(—Vi/K) and Dty ¢« converge. By a symmetric argument
we can cover the range N/2 < NF,, < N and our theorem follows.
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