ON THE INFLUENCE OF MOMENTS ON THE ASYMPTOTIC
DISTRIBUTION OF SUMS OF RANDOM VARIABLES

By Leonarp E. Baum anp MEeLviN L. Kartz
Institute for Defense Analyses and University of Chicago

1. Introduction. Let {X;:¢ = 1,2, --- } be a sequence of independent, identi-
cally distributed, nondegenerate random variables with common distribution
function F(z). Let S, = 2 .r—y X:; denote by F,(x) the distribution function
of S, ; and let @, = P(S, < 0). In this paper it is shown that if EX; = 0 and
E X" < w for0 < a < 1, then > goyn” @@y, — 4| < . In [3] Spitzer
showed that if EX; = 0 and EX < o then D oamyn” l(a,. 1) < , while in
[2] Rosén showed that this series was absolutely convergent. The methods of
this paper follow closely the methods of [2].

2. Preliminaries. We require the following results of [2].

(1) Let X be a nondegenerate random variable with distribution function
F(t) and characteristic function ¢(¢). Then there exist two constants 6 > 0 and
C > 0 such that |(f)] = 1 — C¢ for || < 6.

(2) Let {X;:¢ = 1, 2,---} be a sequence of independent, identically dis-
tributed, nondegenerate random variables. Let I, denote an interval of the real
line of length I(I,). Then I(I,) < n®,0 < p < %, implies P{S, ¢ I} = cn??
Where C is some constant mdependent of n and I, . Further sup, P{S, = a} =
Cn™* where C is again independent of n.

(3) Let X be a random variable with distribution function F (z) and suppose
[2elog (1 + |a:|)F(dx) < . Then

3{F(z+0) + F(z — 0)}

. 1 v 1 iz — iz
14 th"”ZTifo 7 {e™'o(—1) — ¢ ™p(t)} dt

where 8 > 0 and R(1, z, 8) = (1/7)[Z F(dy) % [sin (x — y)t/¢] dt. The cor-
responding remainder term for the distribution function F,(z) will be denoted
'R(n, z, 6).

The fol]owmg lmproven’lent of a lemma in [2] is also required.

LemMa. For any €, 0 < e < 3, there exists a constant C, independent of n and =,
such that |R(n, z, 8)| < Cn*.
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Proor.

wlB(n,2,0)| 5 [ Futay) | [ E =Wy

f ,f Sm(” dt’F(dy)

lz—y|=ne

" "E"‘ f "/;” sin (xt— Yt &t

J=1
in<l|z—y| £ (G+1)n¢

F.(dy)

+ [j;”‘iiﬂ(x_t‘lltdt’F”(dy).

|z—y|>nlte

From (2) and the fact that | [¥ (sin'ut/t) df| < C it follows that

/

lz—yl<ne
From (2), again and the estimate |f§° (sin ut/t) dt| = C/(8]u|) it follows that

"Z_:l ‘f sin (x dt

=1
.7”‘<|1—1I|<(.7+1)ﬂ‘

[ - M_t:_y_lt dt | Fo(dy) < Cn.

F.(dy)

n—1

st 1/t £ Cntin .
J=1
Finally it is clear that
f 'f sin (x dt F, (dy) 0,9

lz—y|>nlte
and the lemma is proved.

3. Theorem. Let {X;:¢ = 1,2, --- } be a sequence of independent, identically
distributed, nondegenerate random variables. If EX; = 0 and E| X" < » for
some o £[0, 1) then D meyn *®|P{S, < 0] — 4| < o.

Proor. Setting x = 0 in (3) it follows that .

a, — 3 =P{S,. <0} — 3%
= 1{F,,(0+)+F(0 )} — 3P{S, = 0} — 4
1

5 h T {¢”(—j) —¢'(t)} dt + R(n, 0,8) — 3P{S, = 0}

8 n
_1 f L‘P—(Ql— sin {n arg ¢(t)} dt + R(n,0,8) — 3P{S, = 0},
T Jo t

where & > 0 is to be determined later. Since |sin 6| < /6], it follows that
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+ 2, n R, 0,8)] + 3 X a7 P(S, = 0).
n= n=1

It follows from the lemma with ¢ chosen less than (1 — «)/2 that
> R(n, 0, 8)| < w.
n=1

From (2) it follows that Y e—y n*T?P{S, = 0} < =.

By hypothesis, E|X|*** < o, and thus it follows that (t) = 1 — (EX?*/2)#’ +
£7[R(t) + 4I(t)], where R(t) and I(t) are bounded real functions on any
finite interval (See [1], p. 199). Therefore,

arg ¢(t) = arc tan {£*°I(t)/[1 — (EX*/2)f 4+ R(t){*))
and for &; > 0 chosen sufficiently small one obtains
(5) larg o(¢)| < CE|I(2)|.
Next, by a well known Abelian theorem ([4], p. 182 Corollary 1a) one has

(6) limyi- (1 — %)™2 3 n*™u" = const.
n==1
and thus for 0 < u < 1
(7) Znamuﬂ < 0(1 — u)—(1+a/2).
n=1

Letting u = |¢(2)| one obtains for ¢ 0 that
2 o))" = C(1 — Jo(t)) ™.
n=1
Thus from (1), (5), and (7) for sufficiently small §,
1 ' & af2 n —1 s —1
(8) L[S w e Pl ol ae s [l at

The proof is concluded by showing that [ |I(¢)|f™ dt < « and this is accom-
plished as in the proof of Lemma 3 of [2].

Finally it may be noted that the theorem fails if & = 1; this is easily seen by
choosing X; to be the random variable taking the values 41 and —1 each with

probability %.
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