ESTIMATION OF PROBABILITY DENSITY

By V. K. MurTHY

Douglas Aircraft Company

0. Summary. Assuming that the distribution being sampled is absolutely con-
tinous, Parzen [3] has established the consistency and asymptotic normality of
a class of estimators {f.(z)} based on a random sample of size n, for estimating
the probability density. In this paper, we relax the assumption of absolute con-
tinuity of the distribution F(z) and show that the class of estimators {f,(x)} still
consistently estimate the density at all points of continuity of the distribution
F(z) where the density f(x) is also continuous. It is further shown that the
sequence of estimators {f,(z)} are asymptotically normally distributed. The ex-
tension of these results to the bi-variate and essentially the multi-variate case
with applications and a discussion on the construction of higher dimensional
windows will be presented at the International Symposium in Multivariate
Analysis to be held in Dayton, Ohio during June 1965.

1. A class of estimators for the density at a point of continuity of F(z) and
the density f(z). Let F(z) be a probability distribution function. Assuming that
the singular part is identically zero, F(z) can be decomposed into (see e.g.
Cramér [1] pp. 52, 53)

(1.1) F(z) = Fi(z) + Fa(x)

where Fi(z) is an everywhere continuous function and F.(x) is a pure step func-
tion with steps of magnitude, say, S, at the pointsz = z, ,» = 1,2, - - - and finally
both Fi(z) and Fe(x) are non-decreasing and are uniquely determined. If the
singular part is not identically zero as has been assumed here, the results are
only valid almost everywhere.

Let
(1.2) dFi(z) = f(z) dx.
At a point of continuity xo of F(z) its density is clearly f(xo). Let X;, Xo, -+ X,
be a random sample of size n from the distribution F(z),1i.e., X1, Xz, - - - X, are
independently identically distributed random variables with the distribution
F(x).

Let

(1.3) Fu(x) = 1/n [number of observations <z among X;, X., - -+ X,
Clearly F,(z) is a binomially distributed random variable with

(14) ElF.(x)] = F(z), and Var[F.(z)] = (1/n)F(z)[1 — F(z)).
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1028 V. K. MURTHY

A function K(w) is called a window if it satisfies the following condition
(1.5) K(w) 20, K(v)=K(—w),
limjgow wK(w0) = 0, and [2, K(w) do = 1.
Following Parzen [3] and Murthy [2] let us propose
(1.6) fa(20) = JZ0 BK(Ba(z — 1)) dFn(2),

as an estimate of the density f(2y) at a point of continuity z, of the distribution
F(z) and {B,} is a sequence of non-negative constants depending on the sample
size n such that

(1.7) limgae By = .

2. Asymptotic unbiassedness of f,(z) at a continuity point of F(x) and f(x).
We have from (1.6) :

(2.1) Jfa(2o) = foo B.K(Ba(x — 0)) dFa(x)
= (Bn/n) Z;‘—l K(B,,(X, — %)),

where 7, is a point of continuity of the distribution F(x) at which the density
f(z) is also continuous. Taking expectation on both sides of (2.1) we obtain

(2.2) E(fa(20)) = Bn [Z0 K(Bu(x — ) dF (x).
We will now prove that
(2.3) limgsw E(fa(20)) = f(20).

To prove (2.3) we need the following lemma.

LemMA. Let K(x) be a window satisfying (1.5). Let x,(z = 0, £1, £2, --+) be
the points of discontinuity of the distribution F(z) and S; the saltus of F(z) at z; .
Further, let An(z) = B,K(Ba(x — 20')) where B, is a sequence of non-negative
constants tending to infinity as n — o, and x, a point of continuity of F(x) and
also of f(x) the derivative of the absolutely continuous part of F(zx). Then

(2.4) 1iMse S (Ar) = liMpaw [Z0 Aa(x) dF(z) = f(2)

provided the series Y_: Si/|x: — 0| converges.
Proor. We have

(2.5) J(4,) = [20 B.K(Bu(z — 0')) dF ()
= [20 B.K(Bu(z — 0))f(x) dz + 2 B.K(Bu(z: — 20))8S:.
Now
S BuK(Bu(m: — )8t = it <m BaK(Ba(s — ') 8,
+ X iom BuK(Bu(zi — 2))8: = 21+ 22,  say.

Since z, is a point of continuity, 2; @, for all 4. Since |zK (z)| — 0asz — oo,
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we can choose an Ny > 0 such that
|Ba(i — 20 )K(Bp(2: — 20'))| < € forn > N,.

Hence
|21 < eZHI <m Si/ |z — xo’l =

where A = D, Si/|z: — 2| < «», by assumption. Since zK(z) — 0 as || —
it follows that |zK (z)| is bounded. Hence [xK(z)| < K, (finite) for all z. There-
fore

[Z2] < Ko jim Si/|2: — 2.
Since Y _; Si/|z: — x| converges, we can choose m such that
2oasnSi/ (Jos — x]) < e
Therefore limp.e 2 i BoK (Bas(z: — 20'))S: = 0. Hence
(2.6) limp.d(4n) = limpse [Z0 BJK(Ba(z — 20'))f(z) dz = f(zo).

It may be noted that if the points of discontinuity of the distribution function
are isolated points then the condition > ; S/ |z; — x| < e« is automatically
satisfied. For, in that case inf; |x; — 25| > 0 for every point of continuity ;"
and consequently .

D iSi/|xi — @] £ (1/2") 20i 8 < 1/2"

where z” = inf; | — a:o'|.
It may also be mentioned that if as assumed in the lemma f 2o K(z)dr # 1
but is finite i.e. [Z, K(2) dz < oo, then the limit in (2.6) will be

(2.7) liMpwd (As) = f(20) [Z0 K(z) da.
Using the lemma it is at once clear that
(2.8) limp.w E(fa(%0)) = f(20).

at a point of continuity z, of the distribution F(z) and also of f(x). The proof
of asymptotic unbiassedness is now complete.

3. The consistency of {f,(z)} at a point of continuity of F(z) and also of f(x).
We will prove the consistency of f,(x) at a continuity point of F(x) and f(x)
by showing that the variance of f.(z) tends to zero as n — . This together with
the property of asymptotic unbiassedness proved earlier will establish the con-
sistency.

Taking variance on both sides of (2.1), we obtain

(31) Var[fa(z0)] = (Ba'/n)IE(K*(Ba(z — @))) — E*(K(Ba(z — 20)))].

Taking limit as n — o on both sides of (3.1), we have in view of (2.3) that
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(32)  liMpuw Var [fa(20)] = limpsw (B.'/n)E(K*(Ba(z — 1))
= liMyse (Ba'/n) [Z0 KX(Ba(z — 20)) dF ().

We now observe that the function K*(x) has all but only one of the properties of
K(z) namely f %o K*(x) dx # 1, but is finite. The lemma therefore holds for
K*(x) with the limit as given by (2.7).

We have therefore proved that

(3.3)  liMpuw Ba [Z0 KX(Ba(z — 2)) dF () = f(20) [Zw K*(2) da.

at a point of continuity xo of the distribution F(z) and also of f(x).
Combining (3.2) and (3.3), we discover that

(3.4) liMae (n/Ba) Var [fa(z0)] = f(w0) [Ze K*(z) do,

at a point of continuity xo of F(z) and f(x). Assuming now that B, — « more
slowly than 7 in such a way that (B,/n) — 0 as n — « we obtain

lim, . Var [f.(z0)] = 0.

We have thus proved the following

Taeorem 1. Let K(x) be a window satisfying (1.5). Let B, be a sequence of
non-negative constanits depending on the sample size n such that B, — « asn — «
m such a way (B,/n) — 0 as n — . Then the estimator

fn(xo) = fw BnK(Bn(x - C’Jo)) dF,,(iL')

18 a consistent estimate of f(xo) at a point of continuity xo of the distribution F(x)
and also of the density f(x).

4. Asymptotic normality of the sequence {f.(z,)} at a point of continuity of
F(x) and f(r). The estimator f.(zo) given by (1.6) can be written as

(4.1) Falzo) = (1/n) 251 V;

where V; = B,K(B.(X; — %o)). The sequence {V} are independently identically
distributed as a random variable

(4.2) V. = B.K(Bn(z — x0)).

A sufficient condition for the sequence {f,(z,)} to be asymptotically normally
distributed is (see Parzen [3] p. 1069) that for some § > 0

(4.3)  E|V. — E(V)I"/ ™ [Var (V)T >0  asn— o.
Applying the lemma we obtain
(4.4) E|V.["" ~ B "f(w) [ZoK ()" d,
Var [V,] ~ ,,f(xo)f K (z) dz,

at every point of continuity zo of F(z) and f(z). In view of 2o K(x)dx = 1
we have
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(4.5) JZe (K(2))dx < ©»  forallé = 0.

Taking (4.4), (4.5) and the condition (B,/n) — 0 as n — « it is easily verified
that (4.3) is satisfied. Hence

TueoreM 2. The sequence of estimators {f.(z¢)} are asymptotically normal
where x, 1s a point of continuity of F(x) and also the density f(x).

Acknowledgment. The author is greatly indebted to the referee for sub-
stantially improving the basic lemmma in the paper.
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