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ON THE BAYES CHARACTER OF A STANDARD MODEL II ANALYSIS OF
VARIANCE TEST"

By R. H. FARrELL

Cornell University

1. Introduction and notations. We consider here the model II analysis of
variance problem in which there are two effects and an interaction term. The
standard test of whether the first effect is zero uses the ratio of two chi-square
statistics, as described below and as may be found in Scheffé [2]. It is the purpose
of this paper to show the standard test described here is in fact a Bayes test. In
as much as the sufficient statistics of the problem are complete, Bayes tests are
admissible.

Below, in this section, we set up notation adequate for the problem. In the
next section we explicitly describe a priors probability measures on the hypothesis
and alternative sets. An easy calculation then produces the desired Bayes test.

Lt Xsj=pu+4:4+B;+E;,1<1=<1,1 =j=<J.pisthe unknown general
mean (a constant), 4y, -+, A; are the (random) first effects, By, - -+ , B, the
(random ) second effects, and Ev , - - - , E;; the (random) interaction terms. We
make the usual assumption that 4,, -+, 4;, By, ---, By, Eu, -+, E;; are
mutually independent normally distributed random variables having zero means.
In addition, var A; = -+ = varA; = o4, var By = --- = var B, = ¢4, and
varEBy = -+ = varEyy = o. Welet X = (Xu, -+, X1s) be the transposed
random vector of observations.

We will use IJ X IJ matrices in the sequel. The row indices (¢, 7) and column
indices (7', 7°) will be integer pairs, 1 < 4,7 < I,1 < j,; < J. We let Py be the
IJ X IJ matrix such thatif 1 < 4,7 < I'and 1 < j,7" < J then the (3, 7), @, )
entry of P is zero if and only if j > 5'; the (3,7), (¢, ) entry of Py is 1/I if and
only if j = /. Similarly P, is the IJ X IJ matrix such that if 1 < ¢, ' < I,
1 < 4,7 = J,then the (7, 7), (/,7') entry of P, is zero if and only if 7 = 7/, the
(4, 7), @,7) entry of P;is 1/J if and only if ¢ = ¢’. It is easily verified that P;
and P, are symmetric matrices, that P> = Py, P;> = Py, and that PLP, = P,P;
isthe IJ X IJ matrix having every entry equal to 1/(IJ). Write Id for the IJ X IJ
identity matrix.

A routine calculation shows that

S=EX - X —-p)' = (Jo'A2 + Iss + 0'2)P1P2
1.1) + {Tos + )Pi(Id — Py) + (Jou’ + o*)(Id — Py)P,
+ & (Id — Py)(Id — P,).

Received 26 March 1968.
1 This research was supported by the Office of Naval Research under Contract number

401(50). Reproduction in whole or in part is permitted for any purpose of the United States
Government.

1094

Institute of Mathematical Statistics is collaborating with JSTOR to digitize, preserve, and extend access to o)

£A

The Annals of Mathematical Statistics. EINOIN

Www.jstor.org



BAYES CHARACTER OF ANALYSIS OF VARIANCE TEST 1095

From this it follows that the exponent of the joint normal density function of X is
(%) trace [(@ — u)(z — )" (Joa" + Ios’ + o")"'PiPy
+ {os’ + ")7Pi(Id — Py) + (Jou' + ") (Id — P1)P;
(1.2) + o 2(Id — Py)(Id — Py))]
= (=DIE — w)'Jos’ + Ios’ + ") + o5’ + 67
+ pWod + )7 + yo 7,
where the corresponding sufficient statistics are
(13) X =2ia2iaXy/IJ); Y.=X"(Id — P)P.X;
Y1 = X"Pi(Id — P,)X; Y; = XT(Id‘ — Py)(Id — Py)X.
In the sequel we need to know that Y, and Y; are independent random variables.
This may be seen as follows.
E(d — P,)(Id — P,)X =0 and EP,(Id — P1)X = 0.

Also the covariance matrix E(Id — P1)P.X X"(Id — Pi)(Id — P,) =
(Id — Py)P=(Id — P;)(Id — P,) = 0 since all matrices involved commute.

The classical testing problem is to test the hypothesis s, = 0 against the alter-
native o4 > 0. The standard test of this problem uses the statistic

(1.4) Y = YZ/Y3 .
It is clear that *(J — 1)Ys/ (Jo.® + ¢°)Y; has a central F distribution and the
family of F density functions with scale parameters has monotone likelihood
ratios, so that within the class of tests based on Y there is a UMP size « test.
We wish to show these UMP tests to be Bayes tests within the class of all tests
based on the sufficient statistic (X, Y1, Y2, ¥3).

2. Description of the a prior: measures. In order to write down the a priors
measures we need the constant that multiplies the exponential part of the density
of X. This constant is:

2.1) {@r) (ol + Ios + ) (Jou + o)
. (IO_BZ + 0_2)—(J—1)a—2(1—1)(J—1)}i'
We consider first the alternative set. We restrict the parameters o4 , o3 and

o to be in that subset of the alternative such that 1 = (Iss* + ¢*) ™" and such that
the following equations are solvable for real numbers 2; and 2. .

(2.2) A+2°) = Joi'+6) 14z’ +2' =2
These equations clearly imply that
(2.3) o =1 Joit £ 1; and Ios < 1.

We follow the method developed by Kiefer and Schwartz [1]. Conditional on the
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values of 2; and 2, we let u be a normal (0, 3 — Jo.* — Iss’ — ¢°) random vari-
able. We let 2, , 2, have the density function

(24) constant (1 + 212)_(1'1)/2 a+ 2 + 222)~(1-1)(J—1)/2.
Thus the joint density of u, 21, 2. is integrable if and only if
(2.5) -1 —-1) =2

Multiplication of the density functions of X and of (u, 21, 22) together and
integration gives the value of the integral to be

(2.6) constant [exp ((—3)@/3 + w1 + v + vs))[(w + ys)ysl .

On the hypothesis set we restrict the parameters ¢4 , 05 and o to satisfy o4 = 0,
(Ies* + ¢*) = 1, and ¢® < 1. We consider all possible real number pairs (2 , z2)
such that 1 + z® + 2’ = ¢ °. Conditional on z and 2, we let u be a normal
0, 3 — Jou’ — Iss’ — ¢’) random variable, and assign to 21, 2; the density
function

2.7) constant (1 + 2,° + 2°)" VP72
This is integrable if and only if
2.8) (I —1)J = 3.

Multiplying the joint density functions of X and (ui, 21, 22) together and
integrating gives the answer

(2.9) constant [exp ((—%) (/3 + y1 + o + y))llwe + vl
Taking the ratio of the quantities in (2.6) and (2.9) gives for the Bayes test
statistic
(2.10) Yo+ Y3)/Ys =1+ (Yo/Y3).
Therefore, by considering all possible relative weighings of the a prior: proba-

bility measures on the hypothesis and alternative sets, we see that the following

theorem has been proven.
TurorEM. Suppose (I — 1)(J — 1) = 2. Within the class of all tests based on
the suffictent statistic the class of tests having acceptance regions

{z|2"(Id — P1)Pyx < cz"(Id — Py) (Id — Py)z}, 0=<c¢c< o,

are Bayes tests and hence are admissible tests.

Nore. I — 1)(J — 1) = 2 implies I — 1 = 1. Therefore (I — 1)J = 2
+ (I — 1) = 3, which is (2.8).

3. More complex designs. The next level of generality discussed by Scheffé
[2], Section 7.4, allows several observations on each level. The random variable
formulation becomes

3.1) if 1241, 1=sj=J, 1=sk=K then
Xipg=p+ Ai+ Bj + Ci; + Eijp..
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Notationally we now need to consider IJK X IJK matrices. The calculations
are aided if we introduce IJK X IJK orthogonal projections P; , P, and P; de-
fined in a manner similar to those of Section 1 such that P; averages over the
first index position, P, averages over the second index position, and P; averages
over the third index position.

Let Ay, -+, Ay, B, -+ ,Bs,Cu, -+, Coyy, Bm1, -+, Epsx be mutually
independent normally distributed random variables having zero means. The as-

sumption on variances is now
2 2
g4 =varA; = --- =vard,, o = varB, = --- = var B;,

o =varCy = --+ = var Crs, o =varBm = -+ =varEpx.
With these notations we may write the covariance matrix as
S = (JKo.® + IKos + Koo' + o)P,P,Ps

+ (JKo.' + Ko + o) (Id — P;)P,P;

(3.2) + (IKos' + Koo + o*)Pi(Id — P;)P;s
+ (Kod* + ¢*)(Id — Py)(Id — P,)Ps
+ & (Id — Ps).

The stochastic independence of
Y, = X"(Id — P1)PyP,X and Y; = X"(Id — P1)(Id — P,)P:X
follows from the fact that P; , P; and P; commute so that
E(Id — P,)P,P;X X7 (Id — Py)(Id — P;)P;
= (Id — Py)PyP:Z(Id — Py)(Id — P,)P; = 0.

Therefore if o4 is zero then (I — 1)(J — 1)Y1/(I — 1)Y; has a central F dis-
tribution. By reconsidering the calculations of Section 2 it is easily seen that UMP
tests based on Y,/Y; are Bayes tests in which the prior measures are supported
on the subsets of the hypothesis and alternative sets such that ¢ = 0.

The tests which have been discussed here are similar tests. In the complete
n-way random effects layout,n = 3, we do not know of good similar tests based on
the sufficient statistic of the hypothesis that the variance of a specific effect is
Z€ero.
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