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BALANCED DESIGNS WITH UNEQUAL REPLICATIONS
AND UNEQUAL BLOCK SIZES

By A. C. KULSHRESHTHA,! A. DEY AND G. M. SAHA
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Using two distinct BIB designs with the same number of treatments, a
method of construction of balanced binary and ternary designs with une-
qual block sizes and unequal replications is given. The method is a gener-
alization of the method of construction of balanced designs, given by John

[6].

1. Introduction. It wasshown by Rao [8] that a necessary and sufficient condi-
tion for a design to be balanced, i.e., Var (#; — #,) to be the same for all pairs
(i, j), i # J, is that the matrix C of the adjusted intrablock normal equations
shall have its diagonal elements all equal and its off-diagonal elements equal.
If r, denotes the number of times the ith treatment is replicated (i=1, 2, . - -, v), k;
denotes the number of plots in the jth block (j = 1,2, ..., b) and N = (n;;) is
the v x b incidence matrix, then C is given by

C= dlag (rl’ LTI rv) - Ndlag (kl_l’ k2_1’ MR kb-l)N’ .

A design is said to be equi-replicate, if r; = r for all i, proper, if k; = k, for
all j and binary, if n,; takes only the values 0 or 1. Tocher [9] defined a design
to be ternary as one m which r;; takes only the values 0, 1, or 2. Tocher pre-
sented some examples of proper balanced ternary designs. Das and Rao [2]
generalised Tocher’s definition of ternary designs and defined a ternary design
to be one in which #;; takes only three integral values, say, p,, p,, p; (where p,,
Ps» Ps are not necessarlly 0, 1 or 2). Methods of construction of balanced ternary
designs (proper and equi-replicate) are available in Das and Rao [2], Murty and
Das [7] and Dey [3].

Using the results of Atiqullah [1], Graybill [4] and Hanani [5], John [6] gave
a simpler proof of Rao’s [8] theorem and presented examples of balanced binary
and ternary designs with unequal block sizes and unequal number of replicates.

This communication presents a method of construction of balanced binary
and ternary designs with two unequal block sizes and unequal replicates. The
designs of John [6] are particular cases of the designs obtained in this paper.

2. The balanced designs.

2.1. We consider designs of two block sizes, say k, and k,, k, + k,. Let there
be n, blocks of size k, and n, blocks of size k,. Further, let N; be the incidence
matrix of the n; (i = 1, 2) blocks. Clearly, N; isof order v X n;(i = 1, 2). Then,
the C-matrix may be written as
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2.1 C = diag (ry, ryy -+ +» 1) — (1/k))N, N, — (1/k;)N, N, ,

where v is the number of treatments in the design. Also, the design is balanced,
if and only if C is of the form

(2.2) C=(a—b)l,+bJ,,

where I, is a unit matrix of order v, J, is a square matrix of order v with every
element equal to unity and a and b are two constants.
From (2.1) and (2.2) we easily find that the design will be balanced, if and
only if :
2.3) r,— R"k, — R,®[k, = constant , forall s=1,...,v;
APk, + A? [k, = constant, forall s+##s,¢t=1,2,...,v,

8t

where r, denotes the number of times the sth treatment occurs in the design,

(1) — i
Rs V= Z?Z:ln

85 (1) 9

(%) — P > .
AY = 3" m0 0 i=1,2;s+1¢,

and n,;;, denotes the (s, j)th element of N,.
Equations (2.3) help us in deriving balanced ternary (as well as binary) designs

with variable replications and two unequal block sizes.

2.2. Method of construction of balanced ternary designs. The designs involve
(v + 1) treatments, ¢, ¢, t,, - - -, £,. Each design consists of two portions. The
first portion consists of a balanced incomplete block (BIB) design in #,, f,, - - -, ¢,
with parameters v, b, r, k, 4 and each of the b blocks is augmented with k* plots
containing the treatment #,. The second portion consists of a BIB design in ¢,
ty, - -+, t, with parameters v, b’, r', k"’ and 2’. Further, each of the b blocks with
(k 4 k*) plots each is repeated n times and each of the 4’ blocks containing &’
plots each is repeated m times.

Then we have the following

THEOREM 2.1. The designin (v + 1) treatments and (nb + mb') blocks is a balanced
ternary design withry = nbk*, r,=nr+mr', i=1,.-..,v), k,=k + k*, k, =K,
whenever m and n are such that mjn = (k*r — D)K'[{X(k + k*)}.

Proor. We have, for the above design,

r, = nbk* , r; = nr 4+ mr,
R = nbk**, R =0,
RY = nr, R, =mr ,
A((,:.) = nk*r, A((hz-) =0 .
AY = n2, AZ = mi, (G#jij=1,--,0).

Substituting these values in (2.3) we get

nkk*b/(k + k*) — nr(k + k* — V))(k + k*) = mr(k' — 1)JK',
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and
n(k*r — D)[(k + k*) = mA' [k’ .
Since m and n should be so chosen such that both the above equations are
satisfied simultaneously, we must have

(2.4) min = {ki'k*b — rk'(k + k* — DY{r'(K' — 1)(k + k*)}
= k'(k*r — )){X(k + k*)}.
Also, it is verified easily that for any two BIB designs with parameters v, b,
r,k,2and v, b, ¥, k', ', the relation
(kKb — (k4 k* — DY{r K — )k + k%) = Kk r — DXk + k*))

is always true.
Hence the theorem.

2.3. Balanced binary designs. In the above method of construction if k* = 1,
the design is balanced binary. Thus, we have the corollary to Theorem 2.1.

COROLLARY. In Theorem 2.1 if k* = 1, then the design with v 4 1 treatments
and (nb + mb') blocks is a balanced binary design with ry = nb, r; = nr + mr,
i=1,-- v, k=k+1, k,=F, whenever m and n are such that mjn =
(r — DK [{A(k + 1)}

ExAaMPLE. We present an illustration of a balanced ternary design. Let k* =2,
v = 7. The design with 8 treatments has the following 28 blocks:

(00124), (00235), (00346), (00457), (00561), (00672), (00713),
(124), (235), (346), (457), (561), (672), (713).

The last seven blocks are repeated twice. For convenience, the treatments
are denoted by 0, 1, 2, ..., 7 instead of ¢, ¢,, - - -, t,.

In conclusion, we remark that the values of m and n may get large as the
number of treatments and/or block sizes increase and thus these designs might
not find much use in the field of agriculture. However, they may be of use in
the industrial field (cf. the discussion in Tocher [9]).

Acknowledgments. The authors are thankful to the referees for their helpful
comments on an earlier draft.

REFERENCES

[11 ATiQULLAH, M. (1961). On a property of balanced designs. Biometrika 48 215-218.
[2] Das, M. N. and Rao, S. V. S. P. (1968). On balanced r-ary designs. J. Indian Statist. Assoc.

6 137-146.

[3] DEy, A. (1970). On construction of balanced n-ary block designs. Ann. Inst. Statist. Math.
22 389-393.

[4] GrayYBILL, F. A. (1961). An Introduction to Linear Statistical Inference 1. McGraw Hill, New
York.

[5] Hanani, H. (1961). The existence and construction of BIB designs. Ann. Math. Statist. 32
361-386.



BALANCED DESIGNS 1345

[6] Joun, P. W. M. (1964). Balanced designs with unequal numbers of replicates. Ann. Math.
Statist. 35 897-899.

[7] MurTy, J. S. and Das, M. N. (1967). Balanced n-ary block designs and their uses. J. Indian
Statist. Assoc. 5 73-82.

[8] Rao, V. R. (1958). A note on balanced designs. Ann. Math. Statist. 29 290-294.

[9] TocHERr, K. D. (1952). The design and analysis of block experiments. J. Roy. Statist. Soc. Ser.
B 14 45-100 (with discussion).



