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THE TROUBLE WITH DIVERSITY: FORK-JOIN
NETWORKS WITH HETEROGENEOUS CUSTOMER
POPULATION

By VIEN NGUYEN
Sloan School of Management, M.1.T.

Consider a feedforward network of single-server stations populated by
multiple job types. Each job requires the completion of a number of tasks
whose order of execution is determined by a set of deterministic prece-
dence constraints. The precedence requirements allow some tasks to be
done in parallel (in which case tasks would “fork”) and require that others
be processed sequentially (where tasks may “join”). Jobs of a given type
share the same precedence constraints, interarrival time distributions and
service time distributions, but these characteristics may vary across dif-
ferent job types. We show that the heavy traffic limit of certain processes
associated with heterogeneous fork—join networks can be expressed as a
semimartingale reflected Brownian motion with polyhedral state space.
The polyhedral region typically has many more faces than its dimension,
and the description of the state space becomes quite complicated in this
setting. One can interpret the proliferation of additional faces in heteroge-
neous fork—join networks as (i) articulations of the fork and join con-
straints and (ii) consequences of the disordering effects that occur when
jobs fork and join in their sojourns through the network.

1. Introduction and summary. We consider in this paper the class of
feedforward fork—join networks with heterogeneous customer populations.
The network, which consists of d single-server stations, is populated by
multiple job types. Each job requires the completion of a number of tasks
whose order of execution is determined by a set of deterministic precedence
constraints. The precedence requirements allow some tasks to be performed
in parallel, whereupon tasks would fork, or split, and require that others be
processed sequentially, in which case tasks may join, or match. (Incidentally,
fork-join networks are also known as “split and match” networks.) Jobs of a
given type share the same precedence constraints, interarrival time distribu-
tions and service time distributions, but these characteristics may vary
across different job types. We restrict attention to the case where the network
is feedforward, that is, stations are numbered in such a way that jobs always
flow from lower numbered stations to higher numbered ones.

We present a heavy traffic analysis for processing networks of the type just
described. In a previous paper [17], Nguyen showed that when the customer
population is homogeneous—that is, when all customers share the same
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2 V. NGUYEN

precedence requirements, interarrival time distributions and service time
distributions—the heavy traffic limit of the network is described by a d-
dimensional semimartingale reflected Brownian motion (SRBM) whose state
space is a nonsimple convex polyhedral cone in the nonnegative orthant.
Unlike the corresponding results for conventional queueing networks (that is,
networks with strictly sequential processing), the number of faces in the
polyhedral region is greater than its dimension, which throughout this paper
we will denote by d. One can interpret the presence of additional faces as
articulations of synchronization constraints embodied in the fork and join
constructs. :

In this paper, we show that the heavy traffic limit of certain processes
associated with heterogeneous fork—join networks can also be expressed as
d-dimensional SRBM’s with polyhedral state space. We will also show that
the polyhedral region typically has many more faces than its homogeneous
counterpart and that the description of the state space becomes vastly more
complicated in this setting. This result is surprising when compared to those
associated with conventional queueing networks, where the form of the
limiting process does not change in the presence of multiple customer types.
(This is an example of the “state-space collapse” phenomenon described in
[18] and [20].) The proliferation of additional faces in heterogeneous fork—join
networks arises from the disordering effects that occur when jobs fork and
join in their sojourns through the network.

Processing systems that are characterized by parallel as well as sequential
processing exist in many industrial settings. Readers may refer to Baccelli
and Makowski [5], Mandelbaum and Avi-Itzhak [15] and Nguyen [17] for a
survey of several interesting applications. From a practical point of view, the
generalization of [17] to allow multiple job types constitutes an important
extension. Most current studies of fork—join networks assume that all cus-
tomers are statistically similar [5]. Baccelli and Liu [4] consider a fork—join
network in which a job may send batches of tasks (which may include more
than one task) to processing stations, and jobs of different types send batches
of different sizes. Still, Baccelli and Liu require that all jobs share the same
feedforward deterministic routing structure. Such a model can represent, for
example, systems in which some processing stations are capable of perform-
ing more than one kind of task; Baccelli and Liu are motivated by multipro-
cessor systems running parallel programs.

The recent works by Adler, Mandelbaum, Nguyen and Schwerer [1-3]
propose a processing network model for studying new product development.
The model they describe, which they simply call a processing network model,
is more encompassing than the class of fork—join networks studied here. The
key restriction in this paper, which is not assumed in [1-3], is that jobs must
~ visit workstations in a feedforward manner. The possibility of feedback in

the network is an important generalization to be considered in future work.
Moreover, as the work by Adler, Mandelbaum, Nguyen and Schwerer demon-
strates, heterogeneity in the customer population is an essential characteris-
tic that must be captured.
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The paper is organized as follows. We give a formal description of the
model in Section 2 and define the processes of interest Section 3. In order to
state the heavy traffic limit results for these processes, one must refer to a
“sequence of systems.” Section 4 defines such a sequence. Before stating the
heavy traffic limit theorems, we introduce some additional notation and
preliminary results in Section 5. The main theorems are then summarized in
Section 6, where we also illustrate the heavy traffic limit theorem for several
special cases. The proofs of these theorems are then given in Section 7.
Finally, some concluding remarks are given in Section 8.

We end this section with some technical preliminaries. The space D"[0, «)
is the r-dimensional product space of functions f: [0,%) —» R" that are right
continuous on [0,®) and have left limits on (0,«). The space D"[0,x) is
endowed with the Skorohod topology [6]. For X" a sequence of processes in
D’[0,%) and X € D"[0,x), we write X" = X to mean X" converges to X in
distribution.

For f:[0,) —» &R, set ||fll; = sup, , .,/f(s)], and for a vector-valued func-
tion f=(fy, fo,---5 ) :[0,0) > R", we let

£l = (IHflles oo T

A sequence of functions {f"} converges to a function f uniformly on compact
sets (u.o.c) if, for each £ >0, [f/* — fll. > 0 as n —» ». For a sequence of
stochastic processes {X"} on D’[0,©) and X a process in D"[0,®), we write
X" - X u.o.c. if, almost surely, X" converges to X uniformly on compact
sets.

In our heavy traffic limit theorems, the weak limit obtained is a semi-
martingale reflected Brownian motion whose state space is a polyhedral cone
in the nonnegative orthant. A Brownian motion process having drift vector 6
and covariance matrix I will be denoted as (8, I')BM; likewise, a semimartin-
gale reflected Brownian motion with these drift and covariance parameters,
reflection matrix R and state space . is denoted as (%, 6, ', R)SRBM.

2. Model description. The network under consideration consists of d
single-server stations and hosts p types of jobs. Jobs of type g arrive to the
network at rate «,. Each type g job requires completion of a number of
activities. Hereafter, we refer to a job-type /activity pair as a task or a class,
interchangeably. Task % receives service from station j = s(k), and we
denote by 7, the mean service time for task k. Letting ./, denote the set of

tasks (or classes) in job type g, set
Y=o U U ={1,...,K}.

Our convention will be to index workstations by i,j = 1,...,d, job types by
qg,r=1,...,p and tasks by %,/ = 1,..., K. For notational convenience, we
define ), = a, for all tasks & €.%/, and we write g(%) to mean the job type ¢
for which k €4/

The order in which tasks are executed is determined by a set of determinis-
tic precedence constraints, which are articulated by way of a K X K prece-
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dence matrix P = (P,;) defined as follows:

_ |1, iftask k is an immediate predecessor for task I,
(2.1) Pk l = .
0, otherwise.

(Because all elements of the precedence matrix P are 0’s and 1’s, routing of
tasks is clearly deterministic within each job type.) We assume that there
exists a column and row permutation of P such that the resulting matrix is
strictly upper triangular. In terms of the model, this means that each task is
performed exactly once and is never repeated. From the precedence matrix P,
we can now define the set of immediate predecessors as

(2.2) P(l) = {k ca: P, = 1}.

From the modelling point of view, 92(I) is the set of tasks that must be
completed immediately prior to commencement of task /.

For the two job types depicted in Figure 1, &, = {1,2,3,4}, &, = {5,6,7},
2(4) = {1,3} and the precedence matrix P is given by

[0 0 0 1 0 0 0
0 01 00 0O
0 0010 00
P={0 0 0 0 0 0 Of.
0 000 0 0 1
0 000 0 0 1
[0 0 0 0 0 0 O

We allow tasks to map to stations in a many-to-one fashion, implying that
while each station may be capable of performing several types of tasks, each
task is performed at exactly one station. We define the constituency of station
i =1,...,d as the set of tasks that are served at station i:

(2.3) &(i) = {k € s(k) = i}.

We write c(i) to mean the cardinality of the constituency set #(i). Next,
define the predecessor and successor station mappings for station j = 1...,J
as follows:

(2.4) 7(j) = (i = s(k): k €2(1), 1 € ¥(j)},
(2.5) o(j) = {i = s(k): 1 e(k),l € &(j)}.
TYPE 1

F1G. 1. Tasks and precedence constraints of two job types.
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That is, m(j) denotes the set of stations whose output feeds directly into
station j; analogously, o(j) is the set of stations that receive input from
station j. In conjunction with the predecessor and successor station map-
pings, we now define a d X d “routing” matrix P = P;; whose elements are
given by

1, ifien(j)
2.6 P..= ’ ’
(2.6) Y {0, otherwise.

We assume that there is a column and row permutation of P such that the
resulting matrix is strictly upper triangular; in terms of the model, this
means that we assume jobs traverse the network in such a way that jobs
never return to a station it previously visited. In addition, this condition
implies that there are no precedence constraints among the tasks at each
station. This constitutes the feedforward routing assumption stated in Sec-
tion 1.

It will be useful to think of new arrivals to the network as originating from
a “dummy” station 0. With that interpretation in mind let us define, for each

job type g,
2.7 &) = {k €s,: P, = 0forall ] €}

(28) ¢ ={k €, Py = 0forall l €57,).

Clearly, processing of a type g job begins with those tasks & E.Mqo and ends
with the tasks k €. Next, set 2(k) = {0} if #(k) = I (or, equivalently, if
k E.Mqo(k)), let s(0) = 0 and redefine (2.4) and (2.5) accordingly. Finally, we
define
o(0) = {i: m(i) = (0}}.

Thus, the stations in ¢ (0) receive only external arrivals and the feedforward
assumption guarantees that o(0) # . Figure 2 shows how the two job types
depicted in Figure 1 are processed in a network consisting of four worksta-
tions. For this example, we have 7(1) = 7(2) = {0}, 7(3) = {0,2}, w(4) = {1,3}
and o(0) = {1, 2}.

FiG. 2. A sample fork-join network.
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A node j is said to be a fork node if it contains a task %2 € #(j) such that
k € 2(1) for more than one task /. Similarly, station j is a join node if (k)
contains more than one element for some constituent task & € #(j). At a join
node, a type k task is said to be complete, or a unit, if all of its predecessors
! € 2(k) have completed their service.

We assume that tasks are served at each station in a first-in—first-out
(FIFO) manner. At nodes that do not involve a joining of tasks, this simply
means that the tasks are served in the order of their arrival to the station. At
join nodes, the arrival time of a (complete) task is defined to be the time at
which its last predecessor completes service. Observe that this service disci-
pline considers only local, or station-level, information. For the special case of
fork—join networks with homogeneous customers, we argued in [17] that such
a policy is equivalent to the global scheme of serving tasks in the order of the
arrival of their associated jobs. In this setting, where multiple customer
types traverse possibly different routes through the network, one observes a
very different phenomenon in which jobs may overtake each other. As an
example, consider the scenario depicted in Figure 3, which shows the status
of five jobs in their intermediate stages of processing. The network contains
three type 1 jobs and two type 2 jobs, which arrived at the network in the
order la, 1b, 2a, 1lc, 2b. Each job type follows the routing requirements
described in Figure 2. Let us focus our discussion on the buffer between
stations 3 and 4, hereafter referred to as buffer (3, 4). Job 2a—the third job to
arrive at the network—has overtaken the first two arrivals, 1a and 1b, and is
the first job to reach buffer (3, 4). Moreover, if server 1 completes his next
task before server 3 can finish his, the first job to be processed by server 4
will be job 2a. In particular, the first job processed at station 4 may not be 1a,
the first job to arrive at the network. The policy of serving tasks in the order
of their arrival at a station may therefore result in serving jobs out of order.
As such, a downstream station may incur delays due to the need for rese-
quencing tasks (e.g., if the station is a join node) that have been overtaken by

Order of arrivals:
(from left to right) E_;I

Fic. 3. A fork—join network with jobs in intermediate stages of processing.
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other tasks at upstream stations (e.g., due to forks). In Figure 3, for instance,
server 4 must remain idle even though each of his incident buffers is
nonempty. One goal of this paper is to investigate how such a disordering is
manifested in the heavy traffic limit.

3. Representations for processes of interest. To construct the basic
stochastic processes associated with the fork—join network, let us assume a
probability space (,., P) on which are defined sequences of unitized ran-
dom variables {u,(i), i > 1} and {v,(i), i=1}, ¢=1,...,p, k=1,...,K,
where u,(i) and v,(i) are strictly positive with unit mean. As will be
explained in the next section, we require very weak assumptions regarding
the joint distribution of these sequences of unitized variables. However,
readers may find it helpful to think in terms of the concrete case where each
is a sequence of ii.d. random variables and the sequences are mutually
independent. From these sequences, the interarrival times and service times
for the network are constructed by setting the interarrival time for the ith
job of type g to be a; 1uq(i), and the service time for task % of this job to be
7,0;(2). Recall that «, is the average arrival rate for new type g jobs and 7,
is the mean service time for task k. Also recall that A, = a, for each k €.4/,.

To construct the external arrival process for type g jobs, set u,(0) = 0 and
define

N,(t) = max{m: f‘, a;tu (i) < t}.
i=0

For k= 1,..., K, let V,(¢) be the partial sums process associated with the
service times for tasks %,
[¢]
Vi(2) = X mu(d).
i=1

Next, define, for each k € #(j) and j=1,...,d,
(3.1) ij(t) = Vk(Nq(k)(t)) = Tkvk(].) + eee +Tkvk(Nq(k)(t)).

The process L;,(¢) is the class k total workload input process for station j; it
is the sum of all task & service times associated with those jobs that enter the
network during [0, ¢]. Note that L;(¢) includes service times corresponding
to tasks that may not arrive at station j until after time ¢. Set

(3.2) &(t) = ( ) ij(t)) -t
k() .

because ¢ is the potential amount of work that can be processed in ¢ units of
time, £(¢) is the difference between the workload input and the potential
.workload output, and for this reason it is called the total workload netflow
process at station j.

Let us choose an “external” station j € ¢ (0), fixing j until further notice.
For each k € #(j), set A;(¢) = Ny;(¢). Next let M, (¢) = L;,(¢) and X,(¢) =
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£(t). Because station j hosts only external arrivals, A;(¢) is the number of
tasks k that have actually arrived at station j by time ¢. Similarly, M, (¢) is
the amount of task & work that has arrived at station j in [0, ¢] and X;(¢) is
the corresponding immediate workload netflow process at this station.

From Section 2.2 of [10], we can verify that the processes W} and I; are
uniquely defined by the following three statements:

(3.3) Wi(t) =X;(t) +I;(¢) =0 forallt>0;
(34) I;(-) is continuous and nondecreasing with I;(0) = 0;
(3.5) I;(+) increases only at times ¢ when W;(¢) = 0;

moreover, [; is given by the continuous mapping

(3.6) I(t) = sup {X;(s))

O<s<t

One interprets I; as the cumulative idleness process for server j and W; as
the immediate workload process at station j. That is, W,(¢) corresponds to the
sum of the impending service times for (complete) tasks waiting at station j
at time ¢, plus the remaining service time of any task that may be in service.
If we define Z,(¢) to be the total amount of work for server j that is present
anywhere in the system at time ¢, then

(3.7) Z,(t) = £(2) + L(t),

and Z(t) = W(¢) as a consequence of j € o(0). Hereafter we refer to Z(¢) as
the total workload process for server j.

Next, let 7;(¢) be the arrival time at station j of the customer in service at
station j at time ¢ if W(¢) > 0, and set 7,(¢) = ¢ otherwise. Letting Y}, (¢) be
the amount of time server j has spent serving tasks & in [0, ¢], it follows from
the FIFO service discipline at each station that

(3.8) Y, (t) = My (ni(2)) + e1,(2),

where £,,(¢) is the amount of service the current task has received if that
task is of class k and &,;,(¢t) = 0 otherwise. As a matter of definition, 7;(¢) is
bounded by the immediate workload process as follows:

(39) W(n(1)) <t = m(2) < W(m(2)) + ea,(2),

where &,,(¢) = 0 if W;(n;(¢)) = 0 and otherwise &,(¢) is the service time of
the customer currently occupying server j. Letting S, = {S,(¢), ¢ > 0} be the
~ counting process associated with the task & service times {7,v,(1), 7,v,(2),...},

the number of tasks k2 to have departed from station j by time ¢, denoted as
D, (2), is then given by

(3.10) Dy (t) = S,(Yiu(2t)).
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Finally, defining U, (¢) to be the total amount of partial work associated
with tasks k& that is present anywhere in the system at time ¢, it follows from
the previous definitions that

(3.11) Un(2) = L () — Yy (2).

Moreover, it is a trivial consequence that Z,(¢) = L, < g(;,Ui(2).

In an inductive manner, these definitions can be extended to all stations in
the network. Consider a station j such that all immediate predecessor
stations have been “treated,” that is, if i € 7w (j), then for each I € #(i) the
processes X,(¢), W,(¢), I(¢), Z(¢), D,(t) and U, (t) have been defined. For
each task k € Z(j) one defines its arrival process to be

N,(2), if k € %04,
(3.12) Ap(t) = min D, (t), otherwise.
leP(k)

One can interpret A;(#) as the number of complete tasks k that have
arrived at station j by time ¢. (We take the convention that work is associ-
ated with complete tasks, so incomplete tasks present zero work to the
server.) The immediate workload input process and immediate netflow pro-
cess for station j are defined, respectively, via

(3.13) M;,(t) = Vi(Ap(2)) = mfvp (1) + - +v,(Au())]
and

(3.14) X;(¢) = ( Y Mjk(t)) —t.

ke?())
The workload process W;, the idleness process I;, the total workload process
Z;, the departure process D, and the partial workload process Uj, are then
defined exactly as in (3.3)—(3.11). The vector processes N, V, L, A, M, X, W,
I, Z, D and U are then defined in the obvious manner.

The throughput time of a job is the length of time between the job’s arrival
and its subsequent departure from the system. Let T,(¢) be the throughput
time of the next type g job to enter the network after time ¢. The intermedi-
ate process T;,(t), k €/, is defined to be the “throughput time through task
k,” which is the amount of elapsed time until task %2 is completed. As a
matter of definition, we have the relationship

T,(t) = ;1;2;(; {T,..()}.
To define the intermediate processes T, ,(¢), we first define for each job type q
the process

®,(t) = ag'u(l) + o +ag u(Ny(2)) + a;'u(Ny(¢) + 1),

interpreted as the arrival epoch of the next type q job to enter the network
after time t. For each task % E.Mqo, let

Dyp(t) = @,(t) and Tou(t) = Wy Pau(t))-
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Because a type g job begins immediately with tasks % G.MO ®,(¢) is the
arrival time of this task at station s(k). Furthermore, because tasks are
served in a first-in—first-out manner, the amount of time this task must
spend at station s(k) is precisely the amount of work found at station s(k)
immediately after its arrival (which includes the service time associated with
the new arrival). Thus T,(¢) is the total sojourn time of the job through task
k.

For other stations in the network, the random processes ®,,(¢) and T,,(¢)
are inductively defined as follows. Suppose that k is a task such that T, ,(¢)
has been defined for each [ € #(k), and set

(3.15) @u(1) = @,(t) + max T, (1)
(3.16) Tu(t) = ,2}?(" l(t) + Wiy (P (2)).

Recall that the arrival time of a task is the time at which its last predecessor
task is completed. (If task % requires a join, there may be a delay between
completion times of its multiple predecessor tasks.) Thus, max; ¢ » ;) T;,;(¢) is
the amount of time that elapses until task % “arrives” at station s(&), <I>q 2 ()
is precisely its time of arrival and T,,(¢) is the throughput time through task
k.

4. A sequence of systems in heavy traffic. The limit theorems stated
here apply to systems that satisfy conditions of “heavy traffic.” For k € &(j),
let p;, = A,7, be the workload factor at station j associated with tasks &, and
define the total traffic intensity at station j to be

(4.1) pi = Z Pjr = Z AT
kEZ(j)) 2346

The system is said to be stable if p; < 1for j =1,..., J, and it is said to be in
heavy traffic if p; is “approximately” 1 for each j. The precise formulation of
our heavy traffic limit theorem requires the construction of a “sequence of
systems,” indexed by n, whose corresponding traffic intensities p‘”) converge
to 1 for all j.

Recall that the interarrival times and service times for the network are
defined in terms of the basic sequences of unitized random variables {u (i):
i>1), {v,(i):i=>1},9g=1,...,p, k=1,...,K. To construct a sequence of
fork—join networks we further require sequences of positive constants {a(")
n>1, {tf", n>1}, ¢g=1,...,p, k=1,...,K. In the nth system of the
sequence, the interarrival tlmes and service times are taken to be ug")(i) =
u()/a® and vf"(i) = 7{"v, (i), respectively. For the nth system, a{® is
the arrlval rate of type g jobs and 7{™ is the mean service time for task k.
" Setting A(Y = (™ for k €4 deﬁne the traffic intensities p{™ as in (4.1)
using A{® and T,g"> in place of Ak and 7.

The convention here is to denote a parameter or a process associated with
the nth system by the superscript “(n)”: For example, N refers to the
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external arrival process for type ¢ jobs in the nth system. Define the centered
processes

N(t) = NO(t) — e, Vin(e) = Vio(t) — 7t
Ap(t) = AP(t) — AP, Ep(e) = Lp(2) - Pt

$((1) = 8(() — () e, MP(1) = MP(t) - pipt.
The results in this paper apply to processes that have been “scaled.” Let X

denote a “generic” process associated with the nth system. The scaled version
of the process X, denoted as X", is defined via

X"(t) =n"12X™(ne).
Hereafter, when we say a “scaled” process and write the process with a
superscript n, we mean a process whose space and time dimensions have
been scaled in the manner specified previously.

It is assumed that the following conditions hold for the input processes of
the network. First, the arrival rates and mean service times converge to finite
constants, AyY — A, and 7{” = 7,, k£ =1,..., K. This implies that p{® —
Pj = Li cw(yAxTe- Furthermore, it is assumed that there exists a d-vector
0 =(8y,..., 8;) such that, for each j=1,...,d, —® < §; <« and

(4.2) n?(p® 1) > 6, asn— =

Condition (4.2) is called the keavy traffic condition. It requires not only that
p; = 1 at each station, but also that the rate of convergence is “sufficiently
fast” and is uniform for all stations. Finally, it is assumed that there is a
d X d covariance matrix ( such that the following functional central limit
theorem holds as n — o

(N, V" [r) = (N*,V* L*), where L* is a (0,) Brown-
(4.3) ian motion and N* and V* are also Brownian motions with

zero drift.

To explore the implications and restrictions of assumption (4.3), write the

centered and scaled netflow process (3.2) as

&)= L Ly +n?(p” - 1)t
2346))

It follows from (3.1) and (3.2) and assumptions (4.2) and (4.3) that
(4.4) Ly () = Vi (Mt) + 1 Ny (2)
and

(4.5) ()= X Liy(t) + 6.
Ee®())

- Defining the d X c constituency matrix C with elements
1, ifke®(i)

4.6 C,={" ’

(4.6) ik {0, otherwise,
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and setting
(4.7) r=cac’,

one can conclude that
(48) (N, Vn Lr gn) = (N*,V* L* £*) where é*is (6,T)BM.

Next, recall that S, is the counting process associated with the partial sums
process V,. From [23], (4.3) implies that

(4.9) Sp = — 32V,

Finally, consider the special case in which {u (i), i = 1} and {v,(i), i > 1}
are mutually independent sequences of i.i.d. random vanables such that u (i)
and v,(i) have squared coefficients of variation cZ, and cs > respectively (the
squared coefficient of variation of a random varlable is defined to be its
variance divided by the square of its mean). Then N is a renewal process
with rate )t(”), and a simple application of the functional central limit
theorem for renewal processes [6] proves that N . = Nj, where NS is
(0, Ac? ,)JBM. Because L( is a compound renewal process L" converges to
(o, Q)BM by Theorem 2. 1 of [22]. In particular, the covariance matrix is of the
form

MTE(Ch + clomy)s k=1,
(4.10) le = AkaTlCZq(k), k * l’ q(k) = q(l)’
0, otherwise.

It is not necessary to assume i.i.d. sequences for the convergence in (4.3) to
hold. See Glynn [9] for examples regarding sequences with dependencies and
nonstationarity.

5. Additional notation and preliminaries. We devote this section to
developing some additional notation and preliminary results that will be
useful for future reference. For a station j € o(0) we define its “depth” to be
d(j) = 0. The depths of all other stations are then defined recursively as

(5.1) d(j) =1+ max{d(i):i > 0,i € w(j)}.
It follows from the feedforward structure that such a notion of depth is well
defined and that d(j) < d for all stations j =1,...,d.

In Section 2 we defined 7(7) to be the set of predecessor stations to station
i. It will also be useful to define the set of tasks preceding station i. Recall
that #(i) is the constituency of station i and c(i) is the cardinality of this set.

Rather thap labeling tasks in (i) by £ = 1,..., K, we now enumerate these
’ tasks by aj, ..., al;. Set 7(0) = {0} and, for each station i = 1,..., d, define

(5.2) (i) = {x = (%p,00s Xoy) Xy eﬂ”(af)}.

Each element of J(i) is a vector of c¢(i) components, and each component
corresponds to a predecessor task of a constituent task in station i.
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Set
T i) =),
(i) = {(xl, x?): 2t e g(Q); % = (xf,..., xf(i)), x? e7(s(x,1))},
and define 9 "(i) recursively as follows:

TMi)

i

{x = («1,...,x"): xt € I(Q), ] e?(s(xlll)),...,

Ak h—-1
gy, €T (s(2lE) lh_l))}’

where I, = 1,...,¢(), Iy = 1,...,c(s(x})), ..., Ly =1,...,c(s(x/ ;2 . )

and we take the convention that ¢(0) = 0. For a station i with depth greater
than or equal to & and x € (i), we define the set of indices

ZM(x) = {I= (e ) =1, e(D)s =1, efs(=1));
,,;lh=1,...,c(S(xlhlz_z,l..,,l,,_l))}

(5.3)

(5.4)

In addition, let

(5.5) Zh(x) = {1 = (l,...., 1) €22 s(xh ) =)

Taking the network in Figure 2 as an example, we have d(4) =2 and
T%*4) = (w, x, v, z), where

w'=(1,5), wi=(0,0), wj=/(0,0),
«'=(1,6), x7=(2,0), x3=(0,0),
yl= (3,5), yf = (0,0), yg =(2,0),
2! =(8,6), 22=(2,0), =2Z=(2,0).

(5.6)

For the moment, consider x € 92(4), for which we have

32("6) = {(1’ 1)’(1’2)’(2’ 1)’(2’2)}’

Z(x) ={(1,1)}.
One may think of each element x € 7°“(;) as describing a “path” of tasks
traversed by the various job types on their sojourns toward station i. More-
over, 5’3”( x) identifies the particular “branch(es)” in the path x that would

include a visit to station j. Using the notation established above, the follow-
ing lemma can be verified directly.

LeEmMA 5.1. For each station i = 1,...,d and for each sequence of num-
bers b, associated with tasks k and [,

Y (max bk,) = max ( Y ba;'x,)~

keg() (sPkR) €T\ je #(x)
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6. The main results.

THEOREM 6.1. Suppose that assumptions (4.2) and (4.3) hold. Then
(fn, Un,Zn,Wn, In) = (f*’ U*’ Z*7 W*’ I*)7
where, for each i = 1,...,d and k € %(i), the following hold: U}, = 0;

(6.1) ¢*isa (0,T) Brownian motion;
(6.2) Zr = &+ 17
i
6.3 Xr=¢r— ) p~(max > );
€ ke® @) *\ ream Psy
(6.4) W =X+ IF;
l]s’l(‘l)l U's’l(gn)n
(68) Ui = pup|Zf + max —— — Pim| MAX ——— ||;
1eP(k) Psqyl me®(G) neP(m) Psin)n
(6.6) I}* is continuous and nondecreasing with I (0) = 0;
(6.7) I} increases only at times t with W;*(t) = 0.
Set
0, ifk=0o0r/=0and k # 0,

_ps(l)l’ ifk#lk#oandl#o.

For notational convenience, we henceforth write s™ to mean s(x]’ ;).

Denoting by % the depth of a station i, define for each x € 9"(;) and
Jj=1...,d the following factors:

Bij(x) = Z Pid; + E piaflyx}laizl
1eZMx) 1=(y, 1) (x)

(6.9)
+ o+ Z piaflyx}lale ’szhlj.?.,l;,_laf:_l'
I=0Uy,..., 1)eLMx)

We then define the convex polyhedral cone . to be
d d

(6100 =N N {z=(zl,...,zd)’:zi— Eﬁij(x)zij}.
i=1 xeg9);) j=1

. It is easily verified that z > 0if z €.%. For each i = 1,..., d, we also define
the boundary set

d
6.11 Fi= z€Fz;— Y, Bi(x)z; =0}.
i tJ J
xeT903) Jj=1
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THEOREM 6.2. Foreachi=1,...,d, the following hold:

(6.12) &£*isa (6,T') Brownian motion;
(6.13) Zy =&+ IT e
d
6.14 W* =27 — max Bii(x)ZF |;
( ) xéyd(l)(i) (ng J( ) J )
(6.15) I* is continuous and nondecreasing with I* (0) = 0;
(6.16) I* increases only at times t with Z*(t) € F*.

That is, the process Z* as defined in Theorem 6.1 is a d-dimensional SRBM
whose state space is the convex polyhedral cone .. The SRBM Z* has drift 0,
covariance matrix I and reflection matrix R = I, where I is the d-dimensional
identity matrix.

REMARK. That such an SRBM is well defined in the strong sense follows
from the feedforward structure of the network. Readers may refer to Nguyen
[16] for details of the proof.

To interpret Theorem 6.2, note that statements (6.13) and (6.15) are
reiterations of the characterizations given in (3.7) and (8.4), respectively.
Moreover, the approximation (6.12) of the netflow process by a Brownian
motion was justified in Section 4 under assumptions (4.2) and (4.3). Next,
recall that each element x € 7%Y(;) describes a “path” of tasks traversed by
the various constituent jobs on their way to station i. Equation (6.14) states
that the immediate workload at station i is the minimum amount of work
found among all the “paths” leading up to station i. In other words, (6.14)
articulates the constraint that a task at station i cannot be processed until
all of its predecessor tasks have been completed (this is the definition of a join
node). With this interpretation in mind, statement (6.16) is then equivalent to
(3.5). Thus, each idleness process is associated with potentially multiple
boundaries on the state space .. In [17], Nguyen showed that the additional
faces correspond to the fork and join constraints in the network. As we will
demonstrate in an example, the polyhedral state space associated with
heterogeneous fork—join networks typically has many more faces than its
homogeneous counterpart. These additional faces may be interpreted as
results of the disordering effects that occur when jobs fork and join in their
sojourns through the network.

ExXAMPLE 1 (The sample fork—join network). The heavy traffic limit of the
network pictured in Figure 2 is given by the following:

(6.17) £*isa (60,I') Brownian motion;
(6.18) CZF =&+ I,
(6.19) I¥ is continuous and nondecreasing with I;*(0) = 0;

(6.20) I¥ increases only at times ¢ with Z*(¢) = 0,7 = 1,2;
(6.21) 4 increases only at times ¢ with Z3 (t) — pg3Z5(t) = 0;
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I} increases only at times ¢ such that one of the following four conditions
hold:

(6.22) Zi(t) - Zi(t) =0,
(6.23) Zi(t) = (PsaPss — ParPs3)Z3(t) — Z5(t) =0,
(6.24) Zi(t) — psaZi(2) + parpssZi(t) — pnZi(t) =0,
(6.25) Zi(t) = parZT(t) — paapseZs(t) — pasZi(t) = 0.
Hence, setting
[ 1 0 0 0]
0 1 0 0
0 P33 1 0
A=]-1 0 0 1
Y —(PaPss — Psrpss) —1 1
Py P47 P33 ~ P47 1
| T Par T P44 P36 T Pasg 1

and letting ¥ = {x: Ax > 0}, Z* is a four-dimensional SRBM with drift 6,
covariance matrix I', reflection matrix R = I and whose state space is the
convex polyhedral cone . with seven faces. We now turn to the interpreta-
tion of conditions (6.20)—(6.25). Because the immediate workload is identical
to the total workload process at stations 1 and 2, condition (6.20) states that
the idleness processes at these stations increase only when the immediate
workload at the respective stations is zero. Emulating the arguments in
Harrison and Nguyen [12, 13], one may think of A,Z}(¢) as the number of
tasks 2 occupying station 2 at time ¢. Consequently, 751, Z3(¢) = p33Z5(¢) is
the amount of work associated with tasks 3 destined for station 3 that still
reside at station 2 at time ¢. Hence W;*(¢) = Z%(¢) — p33Z%(¢) and condition
(6.21) specifies that the idleness process at station 3 increases only when
there is no immediate work at that station.

Conditions (6.22)-(6.25) describe the four scenarios under which server 4 is
forced to remain idle. It can be verified that conditions (6.22), (6.23), (6.24)
and (6.25) correspond to the paths described by w, z, y and x of equation
(5.6), respectively. The first path, w, contains the predecessor tasks 1 and 5,
hence condition (6.22) states that the total amount of work destined for
station 4 is contained in those tasks currently waiting for service at station 1
either in the form of task 1 or task 5. That is, the immediate work content in
buffer (1, 4) (the buffer joining stations 1 and 4), given by Z(¢) — Z}(¢), is
zero. Path z, on the other hand, contains the predecessor tasks 3 and 6, and
one can apply a similar argument to arrive at the conclusion that condition
" (6.23) corresponds to the scenario in which buffer (3, 4) is empty. That is, the
immediate work content in buffer (3, 4) is given by Z(¢) — (py psg —
Pz P33)Z%(t) — Z%(t). Because station 4 is a join node for both types of
customers, it seems clear that both buffers (2, 4) (the buffer joining stations 2
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and 4) and (8, 4) (the buffer joining stations 3 and 4) must be nonempty if
server 4 is to remain busy. However, these are not the only times at which
server 4 may be idle. Condition (6.24), which corresponds to path x, states
that the total work destined for station 4 is completely contained in tasks 3 at
station 2 and tasks 5 at station 1. That is, buffer (1,4) contains no tasks
corresponding to type 2 jobs and buffer (3, 4) does not have any type 1 work.
Because there are no complete tasks for station 4, the server is forced to
remain idle although both of its incident buffers may be nonempty. Similarly,
condition (6.25) describes the converse situation in which buffer (1,4) has
only type 2 tasks and buffer (3,4) contains only type 1 tasks.

ExaMPLE 2 (Multiple customer types with common routing structure).
Consider a fork—join network in which all customers share the same routing
constraints, but the interarrival times and service times may be different
across job types. This class of networks corresponds to a particularly simple
case of the networks considered in this paper. For stations j € ¢(0), it follows
from (6.5) that U? = p,, Z¥. By induction on the depth of stations, one can
verify that equation (6.5) becomes
(6.26) = Pl + py max ZT, = pikme%(i)pimnrerﬁrfn)zim-

Because all customer types share the same the same routing structure, the
sets {s(n): n € #(m)} are identical for each task m € #(i). Hence the last
term on the right-hand side of (6.26) is equal to

‘Pik( ) pim) max Z} = —p;, max Z}
me®@) jen(@) jen@)
and equation (6.26) reduces to

Ui = punZ}.
Hence, for i = 1,...,d and k € (i), the following hold:

¢*isa(0,I') Brownian motion;

Zr =g + I
W* =Z¥ — max Z};

jen(@)
Ui = pnZ};

I* is continuous and nondecreasing with I;*(0) = 0;
I increases only at times ¢ with W;*(¢) = 0.

Fork—join networks with one customer type (i.e., homogeneous fork—join
networks) are clearly a special subset of the networks discussed in this
section. It is straightforward to verify that the results above agree with those
given in Nguyen [17].

ExamMPLE 3 (Feedforward multiclass queueing networks). Consider now
the feedforward multiclass queueing network studied by Peterson [18]. The



18 V. NGUYEN

networks described in Peterson [18] are essentially similar to those consid-
ered here with one important exception: The networks in [18] require that
(k) contains at most one element for each task k, that is, there are no join
nodes. (Peterson’s work does not explicitly consider the case in which tasks
may fork, but the inclusion of the forking structure would not pose much
hardship to his analysis.) Recall that Z}(¢) = L, c ¢, U} (¢). Hence (6.2)-(6.5)
imply

Uy
6.27 U = p;, |W* + max ——|,
( ) ik Pik i leP(k) Poty ]
" % l]sﬂ(cl)l
(6.28) ZF=W*(t) + ), max p,

kre® () LsPR) " psay

We denote by p(%) the one predecessor task of task &, and define p(0) = 0.
Setting p(k) = p(k), we recursively define p”(k) = p(p"~(%)). Letting
Uy = W = 0, equations (6.27) and (6.28) thus reduce to

*
Us(p‘(k»p‘(k) ]
b

Ps(p(kyp'(k)

* =

Ui = pin | W +

(P (k)p'(k)
Z}=Wri)+ Y pp—————.
re®()  Psekplt)

Similarly to the previous example, we can use induction to show that, for a
station i of depth 4,

h
U;II; = Pir [Wfl* + E W’.@Tpg(k))},
g=1

h
Zz?k = VVL* (t) + Z Z pikWsTpg(k))'
g=1ke?(@)
Readers can verify that this agrees with the result obtained by Peterson [18].

THEOREM 6.3. Under assumptions (4.2) and (4.3), (T7,...,T)) =
(Tf,...,T)), where
Tg(2) = maxTg(¢),

q

T (t) = lg%)Tq*z(t) + Wiy,  Tho(t) =0.

If we denote by [, the PERT /CPM “longest path operator” for type g jobs,
. Theorem 6.3 implies the representation

(6.29) T (t) = 1,(Wk), k €,).

As discussed in Nguyen [17], expression (6.29) is an example of Reiman’s
“snapshot” principle [19]. That is, in the heavy traffic scaling, the fluctuation
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in workload levels is insignificantly small relative to the length of time that a
job spends in the system, hence a “snapshot” of the system at the time of a
job’s arrival remains representative throughout the job’s sojourn in the
network. Equation (6.29) expresses the remarkable result that sojourn time
analysis of a fork—join network may be phrased in terms of the familiar
longest path analysis of PERT /CPM methods, where traditional task times
are now replaced by waiting times at stations corresponding to the tasks.

7. Proofs. By Skorohod’s representation theorem and the continuity of
Brownian motions, we can and will assume that the convergence in (4.3) is
almost surely uniform on compact sets; that is, we henceforth assume

(7.1) (N, V", L") > (N*,V* L*) uo.c.

We begin the proof of Theorem 6.1 with a few preliminary results. The first
lemma is an immediate consequence of assumptions (4.2) and (7.1).

LEMMA 7.1. £&" > &* u.o.c., where ¢* is a (0,T') Brownian motion with
r=cac..

LEMMA 7.2. For k=1,...,Kand j=1,...,d, let e},(t) = n~1%{™(nt)
and &3(t) = n~/%{)(nt). Then &}, — 0 and &3; = 0 u.o.c.

Proor. Note that

0<e&P(t) < max 7Mv,(7)
1<i<NE\®)

and

0<e&fP(t) < max max 7{Vv,(i).
keB() 1<i<NE®)

The lemma follows directly from assumption (7.1) and Lemma 3.3 of Iglehart
and Whitt [14]. O

Let %"(t) = n~'m{"(nt) and 7*(¢) = n~/%(nt — n{"(nt)).
LemMA 7.3. If W* > W* u.o.c., then W — e u.o.c., where e(t) = t.

ProoF. Because 7'(¢) < ¢, it follows from equation (3.9) that, for each
t>0, .

le() = A, = =W @), + n 2 5O
<0 VW), +n 28 ()
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From Lemma 7.2 and the assumption that W - W* w.o.c,, it follows that
lle(:) = 7Ol - 0. O

LEMMA 7.4. If W > W* w.o.c., then 7' > W* u.o.c.

Proor. It follows from equation (3.9) that, for each ¢ > 0,
197 C) = WO, < () - W,
+[wr@re) = WO, 13Ol
As a result of Lemma 7.3 and the continuity of W;*, the first two terms on the

right-hand side of (7.2) converge to zero. Invoking Lemma 7.2, one concludes
that 4 > W* wo.c. O

(7.2)

The proof of Theorem 6.1 proceeds by induction on the depth of stations.
We begin with the following result for stations of depth 0.

LEMMA 7.5. Theorem 6.1 holds for all stations of depth 0, namely, stations
j € o(0).

Proor. Note that (k) = & for each task & € #(j) when j € o(0). Be-
cause X' = & for j € 0(0), it follows from Lemma 7.1, equations (3.3), (3.6)
and (3.7) and from the continuous mapping theorem that (X}, W, I, Z}") —
(X}, W*, I¥, ZF) uwo.c., where X = £*, I*(t) = sup, ., . (X[ (s)}", W*(2) =
XF (@) + IF () and ZF(t) = &*(¢) + I*(¢). Because

Ui(t) = L (t) — Ly(0/(2)) + o) (2) — efa(2),
it follows from Lemma 7.2, Lemma 7.4, and the continuity of L%, that
[x = U} wo.c., where Uj(¢) = p, W*(t) = p;;, Z¥(¢). Joint convergence of the
processes of interest is a natural consequence of their continuity. O

Proor oF THEOREM 6.1. Define
Yi(t) = n~2(Y0(nt) — pfot) and Yip(t) = n7Y0(nt),
and note that as a consequence of (3.11),
(7.3) Yi(t) = L(1) - Up(e).

With Lemma 7.5 we may assume inductively that the convergence in Theo-
rem 6.1 has been established for all stations with depth 4 or less. Consider a
station j with d(j) = h + 1. For each task &k € (), it follows from (3.12)
that

Nyo(t), if #(k) = &,
w(t) =

A — 1 R
min ¢ S| Ysan(2)) + Y0y ()}, otherwise.
le?(k){ s el (1)) 7 st )}
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[Note that A, = A, for all I €22(k).] Setting A" (¢) = n~'A(nt), equation
(3.13) gives

15,(t) = V(AL (1)) + 7{An(¢).

Because d(s(I)) <h for all tasks I €%(k), it follows from (7.3) and the
induction hypothesis that YJ,, - Y, wo.c, where Y, (¢) = L%, (t) —
UZt), and Y;r(ll)l = pyy € u.0.c., where e(t) = t. Consequently, if P(k) + J,

% = M}, u.o.c. with

M}, (t) = V¥ (A t) + 7, min {'Tf3/2Vz*(Ps(1)zt)
1eP(k)

+r WL gy (t) - TZILISTl)l(t)}
= V(M) + 7 min (-7, 1V (ML)

(74) leP(k)
+T;1(Vl*(Alt) + Tquﬁzz)(t)) - TlAlUsTl)l(t)}
Un(t)
=VX(At)+ 7, NX (t)— 71 max-L,
w(At) 1 Ngr)(2) b T

and the last equality follows because g(k) = q(1) for [ € 2(k). On the other
hand, if #(k) = &, we have M}, — M}, u.o.c. with

&= ViE(At) + 1, Ny ().

~ Applying the continuous mapping theorem to equation (3.14), X — X*
u.o.c., where

Ty
X (t)y= X (VE (M) + 7 .;’Zk)(t)) - X max —Uk¥,(t) + 6t
keg(‘]) keg(‘])leg(k) Tl

Ul (t
& (1) - ) Pj, max Lﬂ(—),
ke %(J) leg(k) ps(l)l

and we use the convention that max(J = 0. That (W", I', Z") — (W*, I, Z¥)
u.o.c. is again a consequence of the continuous mapping theorem by virtue of
equations (3.3), (3.6) and (3.7). All that remains is to prove the convergence of
U". From Lemmas 7.3 and 7.4, we have 7" — e u.o.c. and % - W* u.o.c.

Consequently, it follows from (3.8) that
Y(t) = Mj(n/(¢)) — pi 0 (¢) + efi(t),
from which we can conclude Y;" — Y/* u.o.c., where

(75) Y (2) = MA(1) — oW (2).
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Because Uj(¢) = A;?k(t) - l?j;;(t), it follows from (7.4) and (7.5) that U}, - Uj
w.o.c. and

Ui (t) = Li(t) - TH(e)

= [* Vi * UsTl)l(t) %
= L5 (1) — (Vi (M) + 1 N (2)) + Ty MAX + Wi (t)
eP(k) T
[Js?l)l ( t) Us?n)n( t)
= ppZ;(t) + py max —=——=—p, )} p, max ————.
leP(k) ps(l)l me®() neP(m) ps(n)n

PrROOF OF THEOREM 6.2. Define vy,, as in (6.8), and rewrite equation (6.5)
as

u:
(n)
(7.6) Ui =pa|2f+ X Ykm( max _snn) .
meg(i) nE.@(m) ps(n)n

Recall that al, I =1,...,c(i), enumerate the elements of #(i). Applying
Lemma 5.1 to (7.6), we obtain

c(@) []s’:x )e
DEZ]

(7.7) Ugt = pu| 28 + max | X yp—c2 |,
2x€I@) \ 121 Ps(x))x,

Similarly, equation (6.3) is equivalent to the following expression as a result
of Lemma 5.1:

(@) U ’2‘ )
7.8 X} = ¢ — max o |-
(7.8) ¢ x50 E’l Piat P,
Substituting (6.2) and (6.3) in (6.4) and applying (7.8), we have
c(i) *
W =25 - max | T pn|
xeI W)\ =1 Ps(xp)x,

Substituting (7.7) in the above expression, we obtain

(i) c(s(x}) Us?x?, s
L - *k * 1¢2 12
W’i - Zi - fnax. Z pia;1 Zs(xlll) + 2 max . Z 7x}1aféfl)—
x'egG) | ;=1 x; €T (s(x1)) [,=1 s(x71,)%F0,
c(i)
(7.9) =ZF — max Y i ZE
. (x7;)
x=(xl,xed?@ | =1 L8
5y c(s(x}) *
. cld) €5 7 l]é‘(x?llz)xlzllz
+2 X Piaj YehaiGd
Li=1 Iy=1 s(xf1.) 201,

For notational convenience, we henceforth write s™ to mean s(x;” ).
Substituting (7.7) in (7.9) recursively, one can verify that, for a station of



HETEROGENEOUS FORK-JOIN NETWORKS 23

depth A,
c(@) c(@) c(sh
Wr =2 — max | ¥ pgZi+ X X Piag Yalat 23
xeI"G) \ 1,=1 li=11,=1
(7.10) W
4+ e + E Z pzazlyxz ‘112 7x11 ~~~~~ s 101: IZh
=1 Iy=1

It is straightforward to verify that (7.10) is equivalent to equation (6.14) and
the theorem is thus proved. O

REMARK. Substituting (6.2)-(6.4) in equation (6.5), we obtain

Uiy
U pzk W + max _S(‘)_
leP(k) Psyl

Because Z}(t) = L, c ¢;,U;3(¢), it follows that
U*
s(Dl

(7.11) Z¥=W*+ Y max p, .
reg() lsP®) Psay

Proceeding in the same manner as in the proof of Theorem 6.2, we can show
that for a station i of depth A, (7.11) can be written as

(1.12) Z¥ = W* + max{ Y pg W+t X szW"}
2@ \ | coi(y) 1eZ"(x)

Readers may recognize that equation (7.12) is an “inverse” formulation of the
relationship described in (6.14). It states that the amount of total work in the
system for station i is the maximum of the amount of immediate work
destined for station i found along each path to that station.

PrROOF OF THEOREM 6.3. Define d)”(t)—n‘ld)(”)(nt) and CI) () =
1<I)(”)(nt) In addition, note that

t<®M(t) <t + max  u,(i) /A
1<i<N{M(@)+1

hence by Lemma 3.3 of Iglehart and Whitt [14],
(7.13) o e uo.c.
We begin with tasks k €%, for which
O (¢) = By(t) and Tp(t) = Wi (De(2))-

It follows from (7.13) and Theorem 6.1 that ®, — e u.o.c. and Ty}, - T,
where T, = W;(¢). The theorem is then proved by applying induction on
(3.15) and (3.16). O
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8. Concluding remarks. We presented in this paper a heavy traffic
analysis of feedforward fork—join networks with heterogeneous customers.
We made several assumptions to simplify the exposition, but the results
proved here apply for more general networks as well. For example, we
assumed that each station is staffed by a single server. Using the machinery
developed by Chen and Shanthikumar [7], one can extend these results to
fork—join networks of multiserver queues. Second, whereas we assumed that
all servers are reliable, it is possible to analyze networks in which stations
may experience server breakdown [13, 8]. Lastly, batch arrivals can be
accommodated within the framework presented here [19]. (The model dis-
cussed by Baccelli and Liu [4] is an example of such networks.) In this case,
the issue reduces to calculating (), the covariance matrix of the total work-
load input process [19].
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