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Let {X;, 1 < i < oo} be ii.d. with uniform distribution on [0, 1]¢
and let M(Xq,..., X, ;@) be min{} ., |e|]% T’ a spanning tree on
{X1,...,X,}}. Then we show that for a > 0,

M(Xy,...,Xp0) — EM(Xy,..., X, )

2
(d—2a)/2d — N(0, 07 ;)

in distribution for some 02 7> 0.

1. Introduction. Let {X;,..., X, } be a finite subset of R%, d > 2. For
given « > 0, a minimal spanning tree (MST) on {X;,..., X, } with weight
function ¢,(y) = y* is a connected graph 7' such that

M(X,,...,X,)=MX,,...,X,;q)
=2 el

ecT

= min{ > le|*; T" a spanning tree on {X,, ..., Xn}},
ecT’

where |e| = | X; — X ;| is the Euclidean length of the edge e = (X;, X ;). When

{X;, 1 <1i < oo} are i.i.d. with common distribution u, which has compact

support in R?, d > 2, Steele (1988) showed that for 0 < « < d,

(11) @ AM(X, . X, @) — cla, d) / @)@ dy as,
R

where [ is the density of the absolutely continuous part of u and c¢(«, d) is a
strictly positive but finite constant which depends only on the power « and the
dimension d. Moreover, if {X;, 1 <i < oo} are i.i.d. with uniform distribution
on [0, 1]¢, then Aldous and Steele (1992) showed that

(1.2) M(X,;,...,X,;d)— c(d,d)in L%

In this paper we prove a central limit theorem for minimal spanning trees on
uniformly distributed points in [0, 1]¢. Ramey (1982) already demonstrated
one approach to this problem. He argued that a certain property of continuum
percolation would imply a central limit theorem for minimal spanning trees for
d = 2, a = 1. However, he did not prove this property of continuum percolation,
and only very recently did Alexander (1996) prove a central limit theorem by
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496 H. KESTEN AND S. LEE

Ramey’s approach for (the Poissonized version of) minimal spanning trees for
d=2, a=1.

Here we use a completely different approach to the problem. We represent
M(X,,...,X,;0)—EM(X,4,..., X,;a) as the sum of martingale differences
[see (4.2) below] and apply Lévy’s martingale central limit theorem [see Lévy
(1937), Theorem 67.2]. In this way the proof of the central limit theorem for
minimal spanning trees is reduced to a kind of weak law of large numbers
estimate for certain conditional variances. Even though a weak law of large
numbers is much easier to obtain, in general, than a central limit theorem, it
still requires some independence. The required independence will be obtained
from a (deterministic) monotonicity property for minimal spanning trees which
allows us to approximate the conditional variances by quantities which “de-
pend only locally” on the X ;. This takes a surprising amount of work. This is
somewhat annoying because the monotonicity and the approximation which
we prove in Propositions 3 and 4 seems much stronger than needed for the
weak law of large numbers statement (4.19). Another drawback of our ap-
proach is that it is not quantitative. Further ideas are needed to obtain an
error estimate in our central limit theorem.

The next theorem is our principal result.

THEOREM 1. Let {X;, 1 < i < n} be i.i.d. with uniform distribution on
[0,1]¢, d > 2. Then, for any given a > 0,

M(X,,...,X,;a)— EM(X,,...,X,;q)
n(d—2a)/2d

(1.3) = N(0, 02 )

2
for some o, ;> 0.

It is more natural for the proof to rescale the variables, so that the density
of the point set { X, ..., X, } remains constant. In our proof we shall therefore
work with n i.i.d. points which are uniform in [0, n%/¢]¢. This also allows us
to work with more general weight functions than ¢,(y) = y*. Theorem 1 is
then a simple rescaled version of the following result.

THEOREM 2. Let ¢: [0, 00) — [0, 00) be a strictly increasing function such
that

(1.4) j/log J(y) >0 asy— oo

Let X(ln), X(Zn), e, Xﬁ,’” be i.i.d. and uniform on [0, nY/¢]% and define

mMx®, o xMy=m(x®, L xPg)

(1.5) : : (n) (n)
=min{ > ¥(le|): T' a spanning tree on {X; ',..., X, }.
ecT’
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Then

Mx, L xPy - EM(x, . X0 )

(1.6) e

= N(O, 0'3/711)

2
for some oy.q4>0.

To avoid a few technicalities, one step in the proof (Lemma 10) will be car-
ried out only for » = ¢,. Details for general strictly increasing ¢ are available
from the authors.

A byproduct of our proof concerns a linearity property of n®/¢EM(X., ...,
X ,;a). Alexander (1994) and Redmond and Yukich (1994) proved in the case
a = 1 with i.i.d. uniform X; on [0, 1]¢ that for a suitable constant 0 < ¢(1, d) <
oo,

(1.7) |[EM(X,,..., X,;1) — (1, d)n4 V4| = O(n'd-2/d),

The following is a corollary to the proof of Lemma 13.

COROLLARY 1. Under the hypotheses of Theorem 1, there exists for each
a > 0 a constant p(a, d) > 0 such that
(1.8) lim 7 E{M(X4,..., X,;a)} =p(a, d)

and
lim [(n + D)YYE{M(X4,..., Xpi1;0)} —nE{M(X4,..., X,;@)}]
(1.9) n—oo
= ﬁ(a7 d)

REMARK. We would like to mention here that Janson (1995) has proven
a central limit theorem for a minimal spanning tree on a large number of
points X, ..., X, under the assumption that all the “distances” between all
the pairs of points are i.i.d. uniform on [0, 1]. This setup is sometimes called
the complete graph case, whereas our situation is described as the Euclidean
case.

In Section 2 we collect all deterministic properties of MST which we need. In
particular we prove the monotonicity of D(o7, %) [see (2.5) for the definition of
D(o/, #)]. In Section 3 we estimate various moments of D(.o7, %#). In Section
4 we prove Theorem 2 in a Poissonized version first and then the original
version of Theorem 2.

In this paper there are lots of strictly positive but finite constants whose
specific values are not of interest to us. We denote them by C;, C(q) or D,.
For any random variable X and probability distribution u, we write u{X?} for
the expectation of X with respect to w.

2. Monotonicity of D(&4 #). In this section we study two algorithms
for an MST: Kruskal’s greedy algorithm and the “add and delete” algorithm.
Using these algorithms we establish the monotonicity of D(.o7, %).
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KRUSKAL’S GREEDY ALGORITHM. Let G =(V, E, w) be a connected weighted
graph with vertex set V, edge set E and weight function w: E — [0, 00). As-
sume that the cardinalities | V|, |E| of V, E, respectively, are finite. A minimal
spanning tree on (G, w) is a tree T with vertex set V (which makes it a span-
ning tree) and edge set contained in E (which we express by T' C E for brevity)
and such that

w(T):=> w(e) = min{ > w(e): T"C E, T' a spanning tree}.
ecT ecT’

A minimal spanning tree T on G can be constructed by the following greedy
algorithm due to Kruskal (1956).

Step 1. Let Ty = ¢ and Ey = E\ {e € E: {e} is a circuit}.

Step 2. Once T'; and E; have been determined, choose an edge e;,; € E;
such that w(e;;;) = min,.5, w(e) and construct T;,; by adding the edge e;;
to T';, that is, take T';,; = T; U {e;,1}. Then take

E,.,={ecE;\{e;1}: T;.1U{e} does not contain a circuit}.

If there exists no such edge e;_{, that is, if E; = ¢, then let T' = T'; and stop.
Step 3. Replace i by i + 1. Return to Step 2.

PrROPOSITION 1. Let G = (V, E, w) be a connected weighted graph with
|V] < o0, |E| < oo and let T C E be a tree obtained by Kruskal’s greedy
algorithm. Then T is an MST on (G, w).

See Theorem 3A of Chartrand and Lesniak (1986) for the proof.

ADD AND DELETE ALGORITHM. Let G = (V,E,w) and G' = (V', E', w’) be
two connected weighted graphs with |V| < oo, |E| < 0o and such that V' =V
or V=V U{v'} for a single vertex v' ¢ V and E' = EU{e}, ..., ¢, } for a finite
number of edges e; ¢ E. Note that the connectedness of G’ requires that if v’
is present, at least one edge e, connects v’ to some v € V. We assume that
w'(e) = w(e) for all e € E so that w’ is an extension of w. We shall therefore
drop the prime from the w’ in the sequel and denote the weight function on
G’ also by w.

Now let 7' be an MST on G and assume that we want to construct an
MST 7" on G'. We may, of course, construct an MST 7" by directly applying
the greedy algorithm to the graph G’. However, the greedy algorithm is not
“effective” in this case, because it does not use the fact that 7T is already an
MST on G. We propose the following add and delete algorithm to construct an
MST 7" on G’ from T.

Step 1'. Let E'\ E ={¢}, €, ..., €,} in some order and take T =T

Step 2'. When T is given, add e;,; to T, that is, form T; U {e;,}. The
first time we add an edge to T, which is incident to v’ ¢ V there will be
no circuit in 7 U {e},,} and we take T, ,; = T; U {e; ,}. In all other cases,
T U {e;,} contains a unique circuit C; ;. Choose an edge [, , € C; ; such
that w(f; ;) = max,.c,  w(e). Delete f; ; from T; U{e; ,}. That is, define
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T,
let 7" = T'; and stop.
Step 3'. Replace i by i + 1. Return to Step 2.
In order to prove that a tree 7V on V'’ obtained by the add and delete
algorithm is an MST on G’, we need the following criterion for a spanning
tree to be an MST.

=T;U{e;, 1} \{f; 1} If i = n and there exists no more edges e;_ ;, then

LEMMA 1. Let G =(V, E, w) be a connected weighted graph with |V| < oo,
|E| < 00, and let T C E be a spanning tree on V. Then T is an MST on V if
and only if for each edge e € E\ T,

(2.1) w(e) =z max{w(f): f € C\{e}},

where C is the unique circuit in T U {e}.

PrOOF. Let T be an MST on V. If there exists an edge e € E\ T such that
(2.1) fails, then there exists an edge f € C \ {e} such that w(e) < w(f). Note
that f € T. Let 77 = T U {e} \ {f}. Then 7" is a spanning tree on V such that

> w(g)— 2 w(g)=w(e) —w(f) <0.

geT” geT
This contradicts the fact that T is an MST on V, so for each e € E\ T, (2.1)
holds.

Conversely, let T' be a spanning tree on V such that for each e € E\ T,
(2.1) holds. Assume that 7" is not an MST on V. For the moment assume that
w(f1) # w(fy) forall 1 # fy. Let T, ={ey,...,e,} be an MST on V obtained
by the greedy algorithm, where e; is the ith edge obtained by the algorithm.
Let e;, be the first edge in T'; such that e; ¢ T, thatis, e; € T for 1 <i < i,
but e; ¢ T (note that necessarily T' # T, if T is not an MST). Add e; to T}
then T'U{e; } contains a circuit C. This circuit C must contain an edgee ¢ T',
because T, does not contain a circuit. By (2.1) and by the assumption that
w(f1) # w(fs) for f1 # fa, w(e) < w(e;). Nowe ¢ T, and ey, ..., e; _1,e do
not form a circuit, because all those edges occur in 7. Moreover, w(e) < w(e; ).
Therefore, e; cannot be the i,th edge obtained by the algorithm for T',. This
contradiction shows that T" is an MST on V.

If w(f,) = w(f,) for some f; # f,, then we apply the preceding argument
to an MST T, = {ey, ..., e, } obtainable by the greedy algorithm and with the
following additional property:

7(Tg, T) = max{7(T, T): T, an MST obtainable by the greedy algorithm},
where, for T, = (€], €5, ..., €,),
(T, T)=max{j+1:e;eT, ey eT, ...,e; €T}

Let e;, be the first edge in 7', such that e; ¢ T, that is, 7(T,, T') = i,. The
tree T'U {e; } contains a circuit C, and C contains an edge e ¢ T';,. By (2.1),
w(e) < w(e;,). If we can find such an e with w(e) < w(e; ), then we reach a
contradiction as before. Assume then that w(e) = w(e; ) and construct an MST
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T% by the following greedy algorithm. For i < i, — 1 pick e; as the ith edge of
T%. At stage i, pick e instead of e; as the iyth edge of T';. Then complete 7",
by the greedy algorithm. This construction leads to

T(T;, T) > T(Tg, T)+1,

which is again a contradiction, so 7' is an MST on V. O

PROPOSITION 2. Let G = (V, E, w) be a connected weighted graph with
V| < o0, |E| < 00, and let T be an MST on V. Let G' = (V', E', w) be a new
connected weighted graph obtained by adding at most one vertex v' ¢ V to V
and a finite number of weighted edges ¢ ¢ E to E, and with w' an extension
of w. Let T' be a spanning tree of V' obtained from T by the add and delete
algorithm. Then T is an MST on V.

PrOOF. Let e ¢ T'. We will show that (2.1) holds, that is, w(e) >
max{w(f): f € C\ {e}}, where C is the unique circuit in 7" U {e}. Then by
Lemma 1, 7" is an MST on V'. Let the edges added to E be {¢}, ..., e,} and
let T"; be the ith tree obtained in the add and delete algorithm as described
above. Thus T, ; = T; U{e; 1} \ {fi 1} except for the first i for which e  is
incident to v'; in this case T ; = T; U{e;,;}. If e € E\ T, then, since T is an
MST on V, by Lemma 1 there exists a circuit C, in T\ U {e} = T'U {e} with
w(e) > max{w(f): feCy\{e}}.Ifec T,bute¢ T’ theneec Ty bute¢ T,
so that there is some i with e € T;_; but e ¢ T, that is, e = f and e belongs
to a circuit C; in T"; U{e;} and
(2.2) w(e) = max{w(f): f € C;}.

Such a C’ also exists if e is one of the edges e, ..., e, which does not belong
to the final 7".

Now let e ¢ T" and C; as just described. If C; \ {e} C T", then, by virtue
of (2.2), (2.1) holds. If not, let T’j, J > i, be the first spanning tree after T’
in our sequence such that C; \ {e} ¢ T’j. That is, C; \ {e} C T’j U {f’J} but
Ci\{e} ¢ T";. Then f"; € C;\ {e}. By choice of f';, T'; U{f";} contains a circuit
C', ;€ €, and w(f’;) > max{w(f): f € C;\{f";}}. Therefore (see Figure 1),
T"; U {e} contains a circuit C; C ((C; \ {f’;}) U(C’; \ {f’;})) such that

w(e) = max{w(f): f € C;\{e}}
=max{w(f): f € C;\{e, f;}} vw(f))
> max{w(f): f € C;\{e, f;}} vmax{w(f): feC;\{f}}
> max{w(f): f € C;\{e}}.

Therefore, if C; \ {e} ¢ T’, then for some j > i there exists a circuit C; in
T",U{e} with w(e) > max{w(f): f € C;\{e}}. We can now repeat the argument
with C; replaced by C ;. Applying this argument finitely many times, we see
that there exists a circuit C in 7" U {e} with w(e) > max{w(f): f € C\{e}},
that is, (2.1) holds. O
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[

Fic. 1. The circuit C jin (C;\{f";}) U(C; \ {f";}). Circuit C ; consists of the boldly drawn parts.

LEMMA 2. Let G = (V, E, w) be a connected weighted graph with |V| < co
and |E| < oco. If there exists a path m = (eq,...,e,)in G from v, € Vtovy e V
such that w(e;) < A, 1 <i < n, then in any MST T on G there exists a path
7 =(ey,...,ey,) in T from vy to vy such that w(e’;) <A, 1< j<m.

PrOOF. Let T be an MST on G. Then either e; is an edge in T or, if e; is
not an edge in 7', by Lemma 1, T' U {e;} contains a circuit C; such that for
all edges f in C; we have w(f) < w(e;) < A. Thus the endpoints of e; can be
connected in T by a path with edges e with w(e) < A. This is true for each i,
so also v; and vy are connected in T by a path with edges e with w(e) < A. O

Let ¢: [0, 00) — [0, 00) be a given function. From now on we shall take our
weight function to be of the following form: for the edge (x, y) between x € R?
and y € R?,

where |(x, y)| is the Euclidean length of the line segment from x to y. Accord-
ingly, we make the following definition for a finite subset .»7 of R¢:

M(s7) = M(=/;9)
(2.4)

= min{ > ¥(|(x, y)]): T a spanning tree on M}
(%, y)eT

Note that M(«7;¢) is just the weight of a minimal spanning tree for G =
(«, E, w) when w is given by (2.3) and E consists of all edges between any
two points of .o7. Define further, for two disjoint finite subsets .7, % of R?,

(2.5) D(o/, %) = D(L, B, ) = M(/ U %) — M(£).
Let @,, be the cube

Qn = [O’ nl/d]d'
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For x = (x1,...,%4), ¥y = (¥1,..., v4) € R¢ and L, [ > 0, we write

d
B[x7 y] = l_[ [xi7 yi]>

=1

U

C(x) =[] [x;, x; +1],

=1

d
[x; =l—L,y; + L+ LI\ ] (x; =L, y; +1).

i=1

We shall call B[x, y], C(x) and A(B[x, y],!, L) a rectangle, a cube and an
annulus, respectively.

e

Il
—

A(B[x, y];l,L) =

13

DEFINITION. Let 6 > 0. A separating set of width & for the rectangle B[x, y]
is a finite set ./ in the annulus A(B][x, y];1, §) with the property (see Fig-
ure 2):

Each line segment from Jll(x; — 1, y; + 1) to dll[x; — 1 — 6,

(2.6) y; + 1+ 8] passes within distance 1/3 of some point of ..

Most of the time we shall consider situations in which all vertices of interest
lie in @,, = [0, n¥/¢]%. For weight functions w of the form w(e) = (|e|) with ¢
strictly increasing, it is reasonable to think of the edge (x, y) as the straight
line segment between x and y. Thus the edges of interest will also lie in @,,.
In this situation it is useful to relax (2.6) to the following property:

Each straight line segment from a point in JI1(x; — 1, y; +
(2.7 1) N @, to another point in Jll[x; —1—-6,y, +1+8]N Q,
passes within distance 1/3 of some point .7 C Q,,.

FIG. 2. A separating set .7 for the rectangle B|x, y]. The asterisk (x) denotes a point of ./ within
distance 1/3 of the dashed line segment.
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We call a set .7 C @, NA(B[x, y];1, ) with this property an n-separating set
of width & for the rectangle B[x, y]. The reader should note that if dll[x; —
1-6,y; +1+ 8] lies outside @,,, then . = ¢ satisfies (2.7) so that ¢ is an
n-separating set. The term “separating set” is justified by the next lemma.

LEMMA 3. Let ¢ be strictly increasing. If ./ C A(B|x, y];1, 8) is a sepa-
rating set for the rectangle B[x, y], then in any MST T (with weight function
W) on any finite subset o/ of R? containing ./ (with all edges between a pair
of vertices in &/ allowed), there are no edges between vertices in B[x, y] and
vertices in RE\TI(x; —2— 86, y; +2+ ). If o/ C Q,,, then the same result holds
for an n-separating set ..

PROOF. We only deal with the first case, when ./ is unrestricted; the case
when all vertices and ./ are restricted to @,, is essentially the same.

Assume T contains an edge (v;, vy) between v; € B[x, y] and vy, € R? \
M(x; — 2 -8, y; + 2+ 8). This edge (v;,vy) contains a line segment from
Jll(x; — 1, y; + 1) to Jll[x; — 1 — 8, y; + 1 + 6], and hence there exists an
s € . C & within distance 1/3 of this edge. Removing the edge (v;, vy)
breaks up T into two components. If v; and s lie in the same component, then
connect v, to s. If vy and s lie in the same component, then connect v; to s. In
each case we obtain a new spanning tree 7. We claim that

2.8) > (el — 2 w(lel) = ¥(I(v1, vo)l) —max{y(|(v1, )), ¥(|(v2, $)D} > O.

ecT ecT’

This leads to a contradiction. To prove our claim, note that |(v{, s)| > 1 and
|(vg, )| = 1 because B[x, y] has distance 1 to dII(x; — 1, y; +1) and R\ TI(x; —
2—38,y;,+2+6) has distance 1 to dll[x; — 1 — 8, y; + 1+ 8]. Let ¢ be a point
on the line segment (v;, vy) such that |(¢, s)| < 1/3. Then

(01, va)[ = [(v1, 1) + (v, 2)]
= |(v1, )| + [(ve, $)| — 2[(s, 2)]
= max{|(vl, S)|, |(02’ S)|} + min{|(vl> S)|’ |(1)2, S)|} - 2|(S5 t)|

= max{|(vl, S)|, |(02’ S)|} +1- g

> max{|(vy, )|, [(vg, 9)|}-

The last inequality in (2.8) now follows from the strict monotonicity of ¢y. O
The next proposition is about the “monotonicity” of D(./, #).

PROPOSITION 3. Let ¢ be strictly increasing and let . C A(B[x, y];1, 8)
be a separating set for the rectangle B[x, y]. Let o/ and % be finite subsets of
R? such that o/ C B[x,y], . C % and o/ N % = ¢. Then for any finite subset
%' of R? such that BN % = ¢ and

(2.9) e%‘/ﬂl_[(xl—Z—ﬁ,yl—i—Z—i—S):qb,
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we have
(2.10) D(o, %)< D(A, BIA).
Proor. If % ={vq,...,v;}, then it suffices to prove
D(ot, BU{vy,...,0,.}) < D(L, BU{vV1,...,0,,V,01})
for r =0,1,..., k2 — 1. Thus we may restrict ourselves to the case when we

add only one point to 4, say
BIAB = 5U{v}.
Also, if &/ = {uq,uq,...,u;}, then

D(o/, B) = M(/ U RB)— M(%)
l
=Y [M(#Y{uy,...,u})—MBU{uy,...,u,_1})]

r=1

and

l
Do/, BUB)=Y [M(BUS U{u,...,u})— M(BUB Ufuy,...,u, 1}
r=1

We therefore only have to prove

M(‘%U{ul’--"ur})_M(‘@U{ulﬂ'“’ur—l})
<M(BUAB U{uy,...,u})—MABUAB V{uq,...,u,_1})

for r =1,2,...,1. Thus it suffices to prove the proposition for the case .o/ =
{u}, # = {v}.

Let {f1,..., [} be the edges from v to all the vertices of 4 in order of
increasing length; m is the cardinality of the set #. Let E be the set of edges
between all pairs of %. Let T' be an MST for (%, E). Then by the add and
delete algorithm construct an MST 7', on # U {v}. Next let {h{,..., h,,} be
the edges from u to % again in order of increasing length. Again apply the add
and delete algorithm to T' to construct an MST T', on # U {u}. Also construct
an MST T, on # U {u, v} by applying the add and delete algorithm to T,.
Since # contains a separating set ./ for B[x, y], by Lemma 3, T',, does not
contain the edge (u, v) (recall (2.9) and u € & C %[, y]). So when we apply
the add and delete algorithm to 7', in order to construct 7',,, we do not need
to add the edge (u, v). Thus when carrying out the add and delete algorithm
to form T, from T',, we only have to add the same set of edges A{,..., A,
from u to %4, as when forming T, from T'. Let T'; be the tree obtained from T
after adding [, ..., f; and deleting appropriate edges g, ..., g;, that is,

T, =TU{fy,...,fir\{82 .-, 8i}-
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By Proposition 2, T'; is an MST on (Z U {v}, EU{f,...,f;}). Also,let T ;
be the tree obtained from T'; after adding %4, ..., h; and deleting appropriate
edges k; 5, ..., k; ;. We shall prove

(2.11) > e — X wlel = X wllel— > (el

e€T; jn ecT; ; e€Tiyy jn el ;
fori=1,...,m—1land j=1,..., m — 1. This will give (by summing over j)

> e — X wle) = >0 wle)— X w(lel)

eeT; , ecT; el 1, ecT ;1
and, by iteration,

(2.12) > wlleD— X vled = X w(leD— > w(lel).

eeT ,, ecT eeT,, » ecT,, 1

Note that T'; ,, is the tree obtained by adding f; and then adding A, ..., A,
and deleting %y 5, ..., ky . As long as we only add the single edge f; from v
to %, v is a leaf and f'; is never deleted, so that T, ,, is the same as T, plus
the single edge f;. Therefore,

> Y(lel) = M(2 U{u}) + (I f1).

ecTy ,
Similarly
> Wle) = M(2) + ¢(If1]) + (1),

ecT

> (e = M(2 U{u,v}),

ecT,, n

> (lel) = M(# U{v}) + (| hi)).

eeT,, ;
Thus (2.12) says
M(#BU{u}) — M(B) < M(BVU{u,v}) — M(%U{v}).

This is the proposition for the case &/ = {u}, ' = {v}. To prove the proposi-
tion, it therefore suffices to prove (2.11).

To prove (2.11) we construct T';,; ;jand T'; ; ;. By Proposition 2, T'; ;, which
is obtained by first adding f4, ..., f; to T' and then adding A, ..., h; to T, is an
MST on (#U{u, v}, EU{f1,..., i, h1,..., h;}). Toconstruct T, ; we should
first add f4,..., f;;1 and then A4, ..., h;. By Proposition 2, T;; ; is then an
MST on (#U{u, v}, EU{f1,..., fis1, A1, ..., h;}). Consider instead of this the
following construction. First construct 7'; ;, then add f;,; and delete an edge
of maximal weight in the circuit formed in T'; ;U{f;,}. Let this circuitbeI'; ;

and the deleted edge y; ; and let the resulting tree be T, +1, j- By Proposition

2, T;,, ;is also an MST on (Z U {u,v}, EU{f1,..., i1, h1,..., h;}). We
may therefore replace Yeer,,, ¥(le]) in (2.11) by 3.7, ; U(|e]). Similarly, we
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may form a tree T); j+1 by adding % ;4 to T; ; and deleting an edge §; ; of

maximal weight from the circuit A; ; in T'; ; U {A;,1}. We may then replace
ZeeT,pm J(Je]) in (2.11) by Zeei,m ¥(|e]). Finally we can form a tree T,y ;4
by adding first f;,; to T; ; and deleting v; ;; this gives Ti+1, ;- Then add 4,
and delete the edge 9, ; of maximal weight in the circuit A; ; of T';,; ;U{h; 1}.

Again ¥,cp ¥(le)’ = Teer,,, .., ¥(le]). This gives

> wleD = > w(lel) = ¢(lhjnl) — w(8; ;D).

e€T; i1 eeT; ;
> wleD = X wllel) = w(|hjal) — w(18; D)
eETHL J+1 QETHI,J'

Thus (2.11) is equivalent to
(2.13) ¥(18; ;1) = (|5, 1)

This, however, is easy. If y; ; ¢ A; ;, then A; ; is present in Ti+1,j Uik} =
Ti,j U {fi-l—l’ hj+1} \ {YI7J} Consequently, Ai,j = Ai,j’ 8i,j = 6&" and (2.13)
is trivial. If y; ; € A; ;, the situation is as in Figure 3. Circuit A; ; is formed
from a piece of A; ; and a piece of I'; ;, but then by the choice of §; ;,

$(18;, ;1) = max g(le]);
el ;
i, j € 4; ; and the choice of y; ; in I'; ; further imply that
¥(18;, j1) = ¥y, ;1) = max g(fe]).

fin1

F1G. 3. The trees TJ‘H,J‘ =T; jY{fisa\ v b T; jp1=T; jU{hj 3\ {8; j}and Ty jiq =
Tit1,j U1} \ {9, j}. Edges v; j, 8; jand §; j are the longest edges in the circuits T'; j, A; j,

and A;, j» Tespectively; A; ; is the boldly drawn circuit and A, j is the dashed circuit.
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Therefore

0D 2 max (lel) = max vlel) = (15 )

1, ]

Thus (2.13) holds. [In fact this argument shows that if §; ; € A; ;\T; ;, then

¥(18;, ;1) = ¢(8;,;), but we do not need this fact.] O

> J?

We close this section by stating that the degree of an MST is “uniformly
bounded.”

LEMMA 4. Let  be strictly increasing. Then there is a finite constant D g,
which depends only on d, such that, for any MST T on a finite subset of R?,
T has maximum vertex degree bounded by D,.

The same proof works for all strictly increasing weight functions. See
Lemma 4 of Aldous and Steele (1992) or Talagrand [(1995), proof of
Lemma 11.3.1].

3. Moment estimates. In Section 4 we represent M(X (ln), X 5:1)) -
EM(X (ln), e X 5{1) ) as the sum of martingale differences and then we approxi-
mate (in the sense of Proposition 4) the martingale differences by some random

variables which depend only on the “local configuration of {X (1), e X Sln)}.”
This can be justified by the estimates of moments in this section.

We denote the (random) set of a Poisson point process of density A in R? by
#(A) and the corresponding probability measure by u?™). If we are interested
in the process only on @,,, we denote the Poisson points and the corresponding
probability measure by #,(1) and u?"), respectively. Thus £,(\) = 2(A) N

Q,.
In the case A = 1 we simplify the notations (1), u”@®, 2,(1) and uD to
2, ut, 2, and uln, respectively.

LEMMA 5. There exist constants 0 < C,, Cy < oo such that for all rectangles

B[x, y]and for 1/2 <A <2,
w? (A){there is no separating set of width & of Poisson points
(8.1 for the rectangle B[x, y] in the annulus A(B[x, y];1, 6)}
< C1y*7 exp(-Cy9),

where y=[Y(y; —x; +2+ 28)2]1/2 is the diameter of the rectangle T[x; — 1 —
8, y; + 1+ 8]. Moreover, for B[x, y]N Q, # &,

ufr® {there is no n-separating set of width & of #,(\)-points
(3.2) for the rectangle B[x, y] in the annulus A(B[x, y];1, 6)}

< C1y247D exp(—Cy6).
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PROOF. Partition dll(x; — 1, y; + 1) into at most Cs[y — 28] (d — 1)-
dimensional cubes of edge length at most 1/[3(d — 1)'/2]. Similarly partition
dM[x; —1— 8, y; + 1 + 8] into C53y?~! such cubes. Assume there exists a line
segment from Jll(x; — 1, y; +1) to Jll[x; —1— &, y; + 1 4+ 8] such that no point
from the Poisson process in the annulus II[x; —1—38, x; +1+8]\II(x; -1, y;+1)
lies within distance 1/3 of the segment. Let the segment run from a point p;
in a (d —1)-dimensional cube F; on Jll(x; —1, y;+1) to a point p, in a (d —1)-
dimensional cube F'; on dll[x; —1—38, y; +1+6]. Let f; be the center of F; and
note that |f; — p;| < 1/6. Then no Poisson point 7 in the annulus lies within
distance 1/6 from the line segment connecting f; € F; to fy € F,, because
|[m—api—(l—a)ps| < |m—af1—(1—a)fy]+1/6,0 <« < 1. For each f; and
f27

uP@®{there is no Poisson point in the annulus within
distance 1/6 of the segment (f, f5)}

< C4 eXp(—CQS)

The number of choices for each of F; and F, is at most C5y?~! so that the
probability in (3.1) is at most

1729 exp(~C,9).

This proves (3.1) and the proof of (3.2) is essentially the same. O

We shall also choose m vertices uniformly in the cube @,, and independently
of each other. We denote these random points by X (1n), e X 5,?) and denote the
set of these random points by %,,(m). The corresponding probability measure
governing %,(m) is denoted by uUY»(™). In the case m = n we simplify the
notations %, (m) and uU-(™ to %, and uU-, respectively.

LEMMA 6. There exist constants 0 < Cy, C,y, Cg, C; < 00 such that for all
rectangles B[x, y] with B[x, y]N @, # ¢ and for all 3n/4 <m <5n/4

wUr™ {there is no n-separating set ./ C %, (m) for the
(3.9) rectangle B[x, y] in the annulus A(B[x, y];1, 8)}

< C1y*47V exp(—Cy8) + Cg exp(—Cyn),

where, as in Lemma 5, vy = [Y(y; — x; + 2+ 28)2]1/2 is the diameter of the
rectangle Il[x; — 1 -6, y, + 1+ 6].

PrOOF. Choose points in @, according to a Poisson process with density
1/2. If the Poisson process has [ points in @, with [ < m, then add m — [
independent points, chosen uniformly in @,. If [ > m, then choose m new
independent points uniformly in @,. It is easy to see that the resulting set
of m points in @, has the distribution uU»("™). Therefore, since increasing the
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number of points can only create more separating sets, the left-hand side of
(3.3) is at most

/.LP(1/2){Z > 3n/4} + Mp(l/z){there is no n-separating set of
(3.4) Z(1/2)-points for the rectangle B[x, y]
in the annulus A(B|x, y];1, 6)}.

Now
(3.5) uP2(] > 3n/4} < Cg exp(—Cqn).
So (3.3) follows from (3.4), (3.5) and (3.2). O

We shall apply Proposition 3 when .27 is the set of Poisson points in C(x)N@Q,,
and £ is the set of Poisson points in @, \ C(x). In this case we shall want
to approximate D(C(x)N @, N Z(A), (R, \ C(x)) N Z£(A)) by D(C(x)N @, N
P(N), BN #(N)), where (for a suitable L') B = (Il[x; — L', x; + 1+ L'| N
®,) \ C(x). We shall also want to approximate D({x}, (@, \ {x}) N Z()\)) by
D({x}, B" N (1)), where B” = (Il[x; — L", x; + L"] N @,) \ {x}. For these

situations it is convenient to have some abbreviated notation. For a locally
finite set # of points in R? we define

Dp(x;7) = D(C(x) N, ([x; — L, x; + 1+ L]\ C(x)) N 7)),
Dp(x;7) = D}, (H[x; — L, x; + L]\ {x}) N 7).

The following lemma provides a simple estimate for the various functions D.

LEMMA 7. Let i be strictly increasing. Let &/ be a finite subset of the rect-
angle B[x, y] with cardinality |o/| and let % be a finite subset of R? which
contains a separating set .7 for B[x, y] in the annulus A(B[x, y];1, 6). Then

(3.6) D(/, (#\ )| = Cslo/ |y + 2d2),

where vy is the diameter of Il[x; — 1 — 6, y; + 1+ 8]. Similarly, if 7 is a locally
finite set of points in R? which contains a separating set for C(x) in the annulus
A(C(x);1,8), then

BT 1Dy )| = CslC(x) N #1$((26 +5) A 2L + 1))dV2),
and if ¥ contains a separating set for {x} in the annulus A({x}; 1, 8), then
(3.8) 1D (x;7)| < Cep(((28 + 4) A (2L))d"?).

Finally, if 7 N @, contains an n-separating set for C(x) in the annulus
A(C(x);1, 6), then

ID(C(x) N7 N Q,, (7 N A\ C(x))]

3.9
@9 < C5lC(x) N 1 Q,W(((25 +5) A nt/H)d"2).
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PROOF. We begin with (3.6). It is trivial that
M(o/ U B) < M(%)+ |/|§(y)

because we can connect each vertex of &/ to an MST on &% by connecting it
to some vertex of .~ C #. Conversely, if we take an MST on o7 U 4, then
we can obtain a spanning tree on % by deleting all the edges incident to
any vertex in &7 \ 4 (by Lemma 4 we delete at most D,;|o7| edges) and by
reconnecting the at most (D,|.27|+1) components, which by Lemma 3 all have
a vertex in Il[x; — 2 — 8, y; + 2 + &]. Note that the diameter of the rectangle
O[x; —2 -8, y; + 2 + 8] is at most y + 2d"/2, so

M(%) < M(o/ U B) + Dg| o |§(y + 2d*?).

This proves (3.6). Equations (3.7)—(3.9) can be proven in the same way if one
takes into account that any pair of points in Il[x;— L, x;+1+L], [I[x;,— L, x;,+L]
or @, are at most a distance (2L + 1)d/2, (2L)d"? or n'/?d1/2, respectively,
apart. O

LEMMA 8. Assume that s is strictly increasing and that
1
(3.10) lim p log (x) = 0.
Then, for each q > 0, there exists a constant C(q) such that

wPMLD, (x; 2(M))7} < C(q),

(3.11)
/.LP(/\){|DL(DC;=@(/\))I(I} < C(q) uniformlyin L, x, 1/2 <A <2,

3.12) pPOD(C(x) N Q, N Z,(1), (Q, \ C(x)) N Z,(1))|7}

' < C(q) uniformlyinn, x€ @,, 1/2 <A <2,
3.13) P D( 2,07} = C(q) uniformly in n,

' xeQ, L, 1/2<1<2,
g1 HOUDAXEY %, 0m = 1)) = Clg) uniformly in n,

' 3n/4 <m < 5n/4,
(3.15) ,LLU"('”){|DL(X£,?); Z,(m —1))|7} < C(q) uniformly in n,

3n/4 <m <b5n/4 and L.

PROOF. Consider a Poisson field 2(1), 1/2 < A < 2, in R?. Let

5= inf{&: 3 separating set . C Z()) for C(x)
in the annulus A(C(x);1, 8)}.
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Then, by (3.7),
(3.16) | Dy(x; 2(N))| < Cs|C(x) N 2(N)]$(((25 +5) A (2L +1))d"?).
Therefore
PO Dy (2 2(0))|)
= ;LP("){|5L(O; Z2(A))|7}  (by translation invariance)
< Co[uPM{|C(0) N 2(W) P[PV {y (25 + 5)d'/?)P0 3]
< Crol W™ {P((25 + 5)d"*)*1}]'/2,

Now by Lemma 5 and (3.10), u?®{y((25 + 5)d1/2)24} is bounded for 1/2 <
A < 2. Thus we get the first part of (3.11). Almost the same argument works
for the second part of (3.11). Similarly, for (3.12) and (3.13) we merely have to
replace 5 by

8 =inf{8: 3 n-separating set .” ¢ 2,(\) for C(x)
in the annulus A(C(x);1, 8)}

and use (3.6) and (3.7). For (3.14) and (3.15) we use Lemma 6 instead of
Lemma 5. O

(3.17)

We remind the reader that u?» is the distribution of 22, = 22,(1) = 2(1) N
Q, = 2(1) N[0, n'/)°.

LEMMA 9. Let ¢ be strictly increasing. For all ¢ > 0, there exists an L =
L(e) such that for x € [L,nY? — L —1]? and L' > L,

(3.18) puP{|D(C(x) N Z,(1), (Q, \ C(x)) N, (1)) — Dy (x; Z,(1))] = &} < &.
PROOF. Choose 6 so large that
w? {there is no separating set for C(x) in A(C(x);1, 8)} < &/3.
Such a § exists by Lemma 5. Also choose N so that

wP{C(x) contains more than N Poisson points} <

Ll ™

On the event
{3 separating set for C(x) in A(C(x);1, ), C(x)

3.19
( ) contains at most N Poisson points}

we have, by (3.16),
|Dp(x: 2(1)] = CaNy((28 +5)d"?)
and, by Proposition 3,
5L(x; #(1)) is increasing in L for L > 6 4 2.
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Therefore, D .(x; 2(1)) converges to a finite limit a.e. u” and one can choose
L = L(g) > 6+ 2 so large that

(3.20) /.LP{(3.19) fails or sup |I~)L,(x;,@(1)) - f)L(E)(x;@(l)N > 8/2} <e.
L'>L(e)

Note that this estimate is uniform in x, by the translation invariance of u”.
Ifxe[L,nY—L—-1]¢ L',L" > L and @, c l[x; — L", x; + 1+ L"], then
by Proposition 3 one has on the event

(3.21) {(3.19) holds and sup |Dy,(x; 2(1)) — Dy (x; 2(1))| < 8/2}
L'>L

that
0 < D(C(x) N Z,(1), (@ \ C(x)) N Z(1)) = Dy (x5 2,(1))

= D(C(x) N 2(1), (@ \ C(x)) N P(1) = Dy (x; 2,(1))
(3.22) < D(C(x) N 2(1),(Q, \ C(x)) N 2(1)) — Dy (x; Z,(1))

= D(C(x)N2(1),(Q, \ C(x)) N 2(1)) - Dp(x; 2(1))

< Dy (x;2(1)) — Dy(x; 2(1)) < e.
So (3.18) follows from (3.20), (3.21) and (3.22). O

We next want to use Proposition 3 when .27 is a single (random) point and %

is the collection of Poisson points in @,,. That is, we want to see what the influ-
ence of adding a single point is on the weight of an MST. Choose £()), the set
of Poisson points in R? of density A, and then choose a point Y ,, independent
of (1), uniformly in @,,. We denote the corresponding probability by u?*):Yx,

Similarly, we denote by u?»(*)-Yx the joint distribution of £,(A) = 2(A\) N Q,,
and Y,,.

LEMMA 10. Let i be strictly increasing. For all € > 0, there exists a K =
K (&) and an ny = ny(&) such that uniformly for 1/2 <A <2, n>nq,

pP O DAY, (@AY, D) N 2,(0) = D(Y 13 2,(V)] = 6}

(323) = pPOY DY} (Qu \ (Y, }) N 2(N) — D(Y 3 (V)| = &}
and
P(A), Y,

(3.24) o {there is no separating set for {Y ,}
' in A{Y ,}: 1, K)Nn P(A)} < /4.

PrROOF. We give the proof only for ¢(y) = ¢,(y) = y*. When A = 1, then
(3.23) is very similar to (3.18) except that in (3.18) the {Y,} is replaced by
C(x), x € [L,n'? —1 — L]%. However, the basic estimate is the same, except
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that an extra term comes in to take care of the case when Y, is too close to
dQ,. Specifically, choose §, independent of 1/2 < A < 2, so large that for all
n>1,

uP®-Yulthere is no separating set for {Y,} in A({Y,};1, 6)} < ¢/4.

This can be done by virtue of Lemma 5 and the translation invariance of u?®.

The inequality (3.24) will hold if we take K > 4. On the event
(3.25) {3 separating set for {Y,} in A({Y,}; 1, 8)}

we have, by Lemma 7, |[Dg(Y ,; Z(1))| < Cgh((26+4)d"/?) for K > 6+ 1 and,
by Proposition 3, Dg(Y,; P(A)) is increasing in K for K > § + 2. We claim
that one can choose K(¢) > 6+ 2 and n,(¢) so that uniformly for 1/2 < A < 2,
n=> ni,

PO Y {Yn ¢ [K,ne — K]¢ or (3.25) fails or

sup |Dig (Y s 2(0) = Do (Y1 (V)] = 2/2] < .
K'>K(z)

Indeed, since, for any fixed x, A~/ 2(1)+x has the same distribution as 2(\),
and y(A"V%y) = A=99y(y), we have

WP sup Dy (Y5 20) ~ DY, 2(0)] = /2]

=MPvYn{ sup [ Dg(0: P) — Dipua(0: 7)) = (e/zna/d}.
K'>K\vd

Choose K(£)27V/? > § 4+ 2 so that

wk Yn{ sup  [Dg/(0;P) — Dig(oyp-«a(0; )| = (8/4)2_a/d} = ¢/4.
K'>K(s)2-/d

Finally, we choose n,(¢) so that for n > n,(¢),
P{Y, ¢ [K,n"? - K7} < g/4.

The rest of the proof is the same as that of Lemma 9. O

Next we prove an analogue of Lemma 10 when &,()) is replaced by %,,(m),
a configuration of m i.i.d. points, each one uniformly distributed in @,,. Let us

write X(ll), cee, XS,?) for m such points in Q,,.

LEMMA 11. Let i be strictly increasing. For all ¢ > 0, there exists a K =
K (&) and an ny = ny(€) such that uniformly for n > ny, n—n3* < m < n+n?/4,

(3.26) uU™{IDUXWY, (Qu\{X W HN%,(m))—~D i (Xo; %, (m))| = &} < &.
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PrOOF. Consider two independent Poisson variables N; and W with
means n — 2n%/4 and 4n3/*, respectively. Then N, := N; + W is a Poisson
variable with mean n + 2n%/%. We now choose in succession N, i.i.d. uniform
points on @,. The first N, of these points forms a realization of 22(1 —2n~/4)
on @, and the total forms a realization of 2(1+2n"1/4) on @,,. On the event

(3.27) {N,<n-n¥*<n+n®*<N,}

we further take the first m points as our realization of wU:(™) say,

X(ln),...,ngf) (recall that n — n%* < m < n + n34%). If (8.27) is not the
case, we pick m new i.i.d. uniform points on @, to get a realization of uU»(™),
Finally let Y, be another uniform point on @,, independent of N;, W and
the X"

Let K = K(¢) and ny = n;(&) be such that (3.23) holds and such that (3.24)
holds even with K replaced by K — 2. Assume that for some given n > nq,
(8.27) occurs and

(828)  |DUY .} Z4(1+2n74) = D({Y , };: Z,(1+2n74)] < e.
Assume further that

(3.29) none of the W points numbered N, ..., Ny
fall in I[(Y,);, — K —2,(Y,); + K + 2]
and that
(3.30) 3 separating set in £,(1 —2n"Y4) for {Y,} in A{Y ,};1, K — 2).
We claim that, if (3.27)—-(3.30) hold, then
(3.31) DAY} %, (m — 1) = DY, }: Zu(m—1)| <&
for n—n3* < m < n4+n®*. Indeed, by (3.27) and (3.29), for each N; <m < N,
PN AR AR L CATE ACATRR )
= DHY,}, 2,1+ 20" ) NTI(Y,,); — K, (Y,); + K)).
Moreover, by (3.30) and Proposition 3, as we keep adding points,
(3.33) D{Y,},%,(r)) increases in r, N; <r < N,.
Therefore, if (3.27)—(3.30) hold, then for n > ny, n — n%* < m < n + n?4,
0= D{Y,}, %,(m —1)) - Dx({Y,}; %,(m —1))
[by (3.30) and Proposition 3]
< DRY .}, Z(1+2n74) — Dx({Y,}; %u(m — 1))
[by (3.27) and (3.33)]
=D{Y,}, 2,1 +2n"Y*)) - Dx({Y,}; 2,(1+2n"Y%)) [by (3.32)]

< €&.
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This proves our claim (3.31). Next we show that the probability that (3.27)—
(3.30) hold is close to 1. It is trivial that P{(3.27) fails} < &/4 for large n, say
n > ny. By Lemma 10, for n > n,(e/4), P{(3.28) fails} < ¢/4. Also

P{(3.29) fails} < (EW)

d
M = (2K + 4)d4n—1/4_
n

We assumed that (3.24) holds with K replaced by K — 2 and we may further
assume that ny > n, is so large that, for n > ny, P{(3.29) or (3.30) fails} < /2.
Then for n > ng,

(3.34) P{(3.27)~(3.30) hold} > 1 — .

Since the joint distribution of Y, and %, (m — 1) is the same as that of X @)
and %, (m — 1), (3.31) and (3.34) together imply

wUr M DUXWY, Zy(m — 1)) = D(XW; Z(m — 1))| = &} < &.

The inequality (3.26) follows because D({Xg,’f)}, (@, \ {ng)}) Nn,(m)) =
D{X3"}. %, (m — 1)) and D(X3s %, (m — 1)) = D(X): %, (m)). ©

4. Central limit theorem for an MST. We order the vertices v in Z¢ N
[0, n'/?]? in some way, say lexicographically, as v(1), ..., v((|n/?¢] + 1)¢) and
define &, by

7i=o(2@n]Ucwi])

i<k

(F, is the trivial o-field). Also define M . and A, by

ﬂn = min{ > ¥(le]): T' a spanning tree on .@n(l)},

ecT’

(4.1)
Ak = Mpn{Mn | ‘%e} - /-'LPn{Mn | '%efl}'

From now on we assume that iy is strictly increasing, continuous, and satisfies
the growth condition (3.10).

LEMMA 12. The quantity M . 1S a function of the independent random vari-
ables o/, = 2,(1)NCv(1),..., o4 = 2,(1)NCu(l), | = (|n'/?] +1)¢. Moreover,

~

l
(4.2) M,—EM,=Y A,
k=1
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and

Ak = /,u,P"(dak, dak+1, ey dal)

(4.3) [(%[Uk&/} [Uk D (ak[Uk”} [Uk m

where utr(day, ..., da,;) is short for utr(o4, € day, ..., o € da;).
ProOOF. Clearly M ,» 1s a function of ©, ..., o4. In fact, with the appropri-

ate topology on the range of (.24, ..., %), Mn is a Borel function of .24, ..., 4.

Equation (4.2) is then immediate from the fact that M . 18 F-measurable.
Moreover, by definition,

A = /Mpn(dak, dag,1,...,da;)

<[ y]o[yel])-m(u=]o[ya])]

Now subtract and add Mn([ Ui<z ] U[Ui-r a;]) to the expression in square
brackets and note that

(YY) (Yo [ye])
=oe[Y o [ys])

and similarly if 7, is replaced by a;. O

Now we write A, ;, for the expression in (4.3) when D(.2%,, #) and D(a;,, %)
are replaced by 5L(v(k); o, U AB) and 5L(v(k); a, U %), respectively. That is,

A = [ wP(day, dags, .., day)
Tl y]o[yel)-mlor[y o[ye])]

PROPOSITION 4. Forall ¢ > O there existsan L = L(¢) and, foreach L' > L,
an ng = ng(L’) such that for L' > L, n > ng,

1
@5 S T8 =8 <
k
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PROOF.
Ak — Ak, L

— fﬂpn(dak,...,dal)

@0 oo [Ya] o] Yal) - B Y] o[ Ua])}
~{p(ee[u]o[yal])-Bues[ U)o [ya])]]

By (4.6), (3.12) and (3.13), |A, — A, 1| is uniformly [in (n, k, L)] integrable.
By (3.18), |A;, — A, /| = 0 as L’ — oo (uniformly in n and & with v(k) €
[L',nV/? — L' —1]%) in uPr-measure, that is,

(4.7) P {|Ay = Ay ]} = 0

as L' — oo uniformly in n and k with v(k) € [L',n¥/? — L' — 1]?. This is
close to what we want. First we note that the number of % for which v(k) ¢
[L',n — L' — 1]% is at most C;;L'n(?~1/? and the sum of uf"{|A7 — A% | |}
over those % is therefore at most C1,L'n(?=1/¢ by (4.3), (4.4), (3.12) and (3.13).
Thus, this part of the sum in (4.5) contributes at most C;,L'n"1/?. For the
remaining summands we note that

A — A%,M =[Ap = Ap |- [Ap + A 1|

(4.8) <2K|Ap = Ay ] - I[|A:] = K, |Ag, 1| < K]
+ARI[|A] > K]+ A% (1A, | > K]

By (4.7),
(4.9) 2K {|A, — Ay |} — 0
as L' — oo uniformly in n and k with v(k) € [L’, n¥/¢ — L’ — 1]¢. Moreover, by
(4.3), (4.4), (3.12) and (3.13),
(4.10) WAL > KT} < ouPr ) < 92,

1 C
(4.11) w07 LA, 1] = KT} = P {Ia, 1) < 22,

Now, for a given ¢ > 0, choose K large so that C,3/K < ¢/4. Then choose L
large so that 2Kuf"{|A, — A 1|} < e/4 for L' > L, v(k) € [L/, nV/¢ — L' — 1]¢
and finally for given L' > L choose ng large so that C;,L'n /¢ < g/4 for

n > ng. The proposition follows from (4.8)—(4.11), together with the fact that
the boundary part of the sum in (4.5) contributes at most C1,L'n"1/¢. O

LEMMA 13. Define pg by
(4.12) pr = W {Dg(0;2(1))}.
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Then
(4.13) p= lim pg

K-

exists and p is finite. Moreover, for ¢ > 0 and A > 0, there exists an ny =
ny(e, A) such that, for n > ny,

U AT x L XY
~M(X, . X))~ (s —n)p| = en?
for some n — AnY? <s<n+ Anl/z}

< (14 12&* +48C(2)e + 24 As)e.

(4.14)

PrROOF. By the same argument as for (3.18), as K — oo, Dg(0; #(1)) is
eventually bounded and increasing, so D (0; #(1)) converges a.e. as K — oo.
Moreover, by (3.11), Dg(0; 2(1)) is uniformly integrable, so (4.13) holds and
p is finite.

Fix K such that

lpx — pl < &/[4(2A + 1)]

and such that (3.26), with & replaced by €%/ A, holds for n > ny(£%/A). Now
take t = [n — An'/2] and note that

4.15) M(X", . xPy=m(x™, .. X"+ > DAXY, w,(p - 1)),

p=t+1
and
| S2 n
sup > [DAXSY 2, (p - 1))
n—Anl/2<s;<s,<n+Anl/2 |p=31+1

(4.16) — Dx(XY);%,(p - 1))

n+Anl/?

< Y |DUXYY, % (p — 1) - Dr(XS; %, (p - 1)).

n—Anl/2

Introduce

Ox(X5) = DUX Y, 2,(p = 1) = Dg(X}; %,(p - 1)).
Then, by virtue of (3.14), (3.15) and the fact that

1/2
pO ALY = U D F)
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if £ depends only on X\, ..., X(,,”), p <n+ An'? one has
P |ok (X37)])
6
< w0 o (X) ok (X5 = 5}

+ 2MU”(p)hD({X§nn)}, %y (p— 1))

DX} wp - 1) = 5}

&

>

n n A
+ Mn“’){ D (X5 %,(p — V) ;| D (X5 %(p — D) = 83}
U (o) (n) N (n) A
+p {|DK(XP ) Ok (X57)] > A |ID({ X3}, (p—1)| < =
(4.17) A
k(XS 2,0 - 1) = 5]
<§+ﬂfﬁmmUﬁqXW}%(p—D”
- A A P> Sn

24

83 n)
—i-QXMU"(p){D%’(X; s (p - 1))} + A &

6
|:by (3.26) with ¢ replaced by Z]

6 3
< (‘9 n 4%0(2) + 283).

A
So, if 3An'/2 > 2An'/2 41, say for n > ny(e, A), then
: (n)
Y. Or(X5)

p=s1+1

® sup

n—Anl/2<s;<sy<n+Anl/?

U,(n+An'/?) {

1,.,1/2
Z4sn }

n+Ant/?

< Y OO {oX)/ (Len'?)

n—Anl/2
< (12&* + 48C(2)s + 24 A¢)s.
Thus, it suffices to show

S [Dr(XY: %0(p 1)) — pi]

t+1

sup
|s—n|<An1/2

U,(n+An'/?) {

> 1sn1/2}
(4.18) 4

<e.

To do this we observe that the distribution of (%,(p —1) - X (pn) )N [-K, K]?
converges to that of a Poisson field with mean 1 in [-K, K]? as n — oo and
p/n — 1. In particular we have

(4.19) wIPUD (X5 %,(p = 1)} — px = n™{Dg(0; 2(1))}
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uniformly in n — AnY2 < p < n + An'/2. We can therefore further replace
[Dg(X}; %,(p - 1)) - px] by

Z, = [Dg(X5"%,(p - 1) - px] — nUP[Dr(X: %,(p — 1) - -
It then suffices to show that

| 8 |
1/2
MUn(n+An ){ sup I Z Zpl > §8n1/2} <e.
joonl=anvz | 77 7|

By (3.8) (with 8 = cc), the Z , are bounded by C4(K) and uV»(P{Z )} = 0. The
Z , are not independent, but we have that for p; # p, the joint distribution of
(%,(p1—1)— XY N[-K, K¢ and (%, (py— 1) — XW)n[-K, K]¢ converges
to the distribution of two independent Poisson fields on [—-K, K]¢ as n — oo.
From this it follows that EZ , Z,, — 0 and

lE(Z Zp)z -0

L

as n — oo, uniformly in n — An'/2 < s < n+ Anl/2. Therefore, for fixed n > 0,

t+jnAnt/?
nV? N Z,-0
t+1
in uUn(+4n"*) measure, uniformly for j =1,2, ..., |2/n]. This proves
S
(4.20) n 2 sup |Y Zp) -0
ls-nl<Anv2 | 17

. 1/2
in uwUn(r+4n7%) _measure because

s t+jnAnl/?
172
sup Z Zp — Z Zp < nAn Cl4(K)
t+jnAnl2<s<t+(j+1)mAnt/2 | 111 t+1

Inequality (4.18) and hence (4.14) now follow from (4.20). O

PROOF OF COROLLARY 1. Note that
pO e e (X, X)) - pS (XY, X)) - p
= uU DX TN 2, (1)} - p
= pU DO (X)) + D(X SN %,(0)} — pic + pic — p-
It therefore follows from (4.17), (4.19) and (4.13) that

pO e x (Y, XD UM (x, LX) > (n > o).
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In the special case when (x) = x%, rescaling to the unit cube shows that
(with X(ll), Xél), ...1i.i.d. and uniform on [0, 1]¢)

o 1 1 1 1
oy IEME LX) - BMX . K] >
(n — o0).

This implies the following asymptotic equivalences as n — oo:

4.22) E{MXY, . xDia)y~> pk/d ~ d’lnl—a/d if o < d,
1

4.23) E{M(X", .. xVid)}~> pkt~plogn,
1

4.24) E{MXP, . XDia)y~ =3 pkd ~ d";dnlfa/d ifa > d,
n —

provided
(4.25) E{MXYP,.. x>0 (n— )

in case a > d.
Now, first, if « < d, (4.22) shows that

3 o 1
[(n+ D = EM(XY, L X)) > 22— (n = o0),

which together with (4.21) proves (1.9) with p = pd/(d — a) in this case.
Equation (1.8) is just (4.22).

Next, if @« = d, then (4.23), together with (1.2) shows that p = 0. Then, by
(4.21) and (1.2),

(n+DHE{MXY, ..., xW.;

n+1s

d)}—nE{M(X"V, ... xVd))
= o)+ E{M(X", ..., X" d)} - e(d, d).

n+1’

This proves (1.9) when a = d while (1.8) is immediate from (1.2).
Finally, when « > d, we must first prove (4.25). This follows from Lemmas
3 and 6. Indeed, if 6 = 6(x) is defined as in (3.17), then by Lemma 3, for any

MST T on %, (n) = {X\",..., X"}, it holds that
> le* < d*/(8(x) + 3)|C(x) N %, (n)|.
e€T, one endpoint
of e in C(x)
Therefore, the expectation of the left-hand side with respect to uY» is at most
dP[uY{(8(x) + 8)**Iu{|C(x) N %, (n)[P}]"? < Cy5

for some C;5, independent of x, n. Summing over x = v(1l),v(2),...,
v(([nY¢] + 1)) proves that for y(x) = x¢,

pU X", X)) < Cos([nY4] + 17



522 H. KESTEN AND S. LEE

Rescaling again to the unit cube shows that
E{Mx?P, ..., xP;a)} < Cigntd.

Thus (4.25) and (4.24) follow. We leave it to the reader to derive (1.8) and (1.9)
for a > d.

The strict positivity of p follows in all cases by the argument of Steele
[(1988), end of Section 4]. O

LEMMA 14. If along some subsequence n’l/Q(Mn - ,upn(ﬁn)) converges in
distribution to F with characteristic function F, then along the same subse-
quence n‘1/2(M(X(1n), o, XY= uP(M ) converges in distribution to G with
characteristic function

G(6) = / exp(i0x)dG(x) = F(0) - exp(16%p?).

Proor. Couple &, and %,(m) by first choosing an infinite sequence
X (1n), X (zn) ,... of ii.d. uniform random variables on @, and, independently
of the Xﬁ”’, a Poisson variable N = N, with mean n. Then (X(ln), ey XE,’Z))
has the distribution wU»(™ and (X (n), e X 5\7)) has the distribution

wPn. In particular, M ., has the same distribution as M(X (1n), o, X g\;;))’
n~Y2(N, —n) = N(0, 1) and, by Lemma 13,

4.26) 2 x, L xYy-mxt, . x) —(N, —n)p] > 0

in probability. Thus, if n~Y/2(M, — uP»{M,}) is tight, then n~22(M (X", ...,
XY — wP{M,}) is tight. Therefore, if along some subsequence n~2(J, —
uf»{M,}) converges in distribution to F with characteristic function F, then

along the same subsequence, by (4.26), n‘l/Z(M(Xgn), L XY uP M)+
(n)

(N,—n)p) converges in distribution to F'. Since N, is independent of the X,
along the same subsequence, n-V2(M(X\", ..., X\") — uP»{M,}) converges
in distribution to G with characteristic function G, where G(8) exp(—36%p?) =

F(9). O

PROOF OF THEOREM 2. At ﬁ};st we prove the theorem in the Poissonized
version which says that n=12(M, — uP»{M,}) converges in distribution to a
normal distribution with mean 0 and \@riance 72 for some 7 > 0. By virtue of
the representation (4.2) of M, — u"»{M,} as a sum of martingale differences
and Theorem 2.3 in McLeish (1974), it suffices to verify the following relations
(4.27)—(4.30):

1
(4.27) - Y A2 72 in uPr-measure,
k
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where
(4.28) 2= Jim 2,
7 = pP W {D(C(0) N2, ([-L, L+ 11\ C(0))n2) | 7}
— uP{D(CO) N2, (-L, L+ 119\ C(0)) N 2) | 7}]",

F=c{C(x)NZP: x 7% C(x)N[-L, L +1]¢ £,
x strictly precedes 0 in the lexicographical order or x = 0}

and
T =o{C(x)NZ: x 7%, C(x)N[-L,L+1]¢ #,
x strictly precedes 0 in the lexicographical order};
(4.29) n~1/2 m}?x|Ak| — 0 in uf-measure
and
(4.30) n~tufr { max |Ak|2} is bounded in n

[the existence of the limit in (4.28) is part of what needs to be proven].
First let us deal with the easy relations (4.29) and (4.30). Equation (4.29)
holds, because

P max |y o) < P [ S| fent )P < nCar (3 (ont 2y
k

by (4.3) and (3.12). For (4.30) we observe that
u{ max |84[2} < Y wP{AT} < nCyC(2),
k

again by (4.3) and (3.12).
Finally we prove that for fixed L,

1
(4.31) - YA} L — 75 in pPr-measure.
k

We claim that (4.31) implies (4.27). To see this, note first that (4.28) holds, as in
the argument for (4.13), by the eventual monotonicity in L of u”{D(C(0)N 2,
([-L, L +1]¢\ C(0)) N 22)|.7 }. We may therefore choose L is so large that for
all L > L,

(4.32) |72 — 72| < &/3.
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Now, for given ¢ > 0, we can [by (4.5)] choose L = L(¢?) > L so that in
addition to (4.32), for n > ng(L),

1
(4.33) = uP{1A] - A% LI} < o
k

Finally, by (4.31), we can obtain an n,(L, &) > ns so that for n > ny,

1
,u,P"{ ;Xk:AiL—T% > g} <e.
Then, for n > n4, by (4.33) and (4.32),
p{ loaz 2 }
=Y AL —1% > ¢
ny
1 1 & 1 e
e o B Rt [-Sor PR
-
~¢g/3 &

Thus (4.31) indeed implies (4.27).

To see (4.31) we merely note that A, ; and A; ; are independent as soon
as [(v(k)); — L, (v(k)); + L+ 11nM[(v(j)); — L, (v(j)); + L +1] = ¢ and that
for all v(k) € [L,nY¢ — L —1]¢, uP»{A2 |} = 7% as defined above, provided
we order the v(k) lexicographically (as we may). Since the contribution of the
terms with v(k) ¢ [L, n¥/¢ — L —1]% to (4.31) is at most C;gn~%, (4.31) follows
from a simple variance estimate and Chebychev’s inequality.

As stated above, the relations (4.27)—(4.30) prove that

Mn - MP"{Mn}

172 = N(0,7%).

By Lemma 14 we then have

mx(®, .. xM) -

P
1% "{Mn}
1/ = N(O, 0'2),

(4.34)

where 72 = 02 + p2. Below we will show that o2 > 0. This then completes the
proof of the Poissonized version of Theorem 2.
To prove the original version of Theorem 2, we observe first that

(4.35) n V(P {M,} — nUr{M(%,)}) — 0,
because [see (4.26)]

(4.36) n"Y3(M, — M(%,)) = N(0, p?)
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and (4.15) shows that (when we use the coupling of Lemma 14, that is, N =
N,,, a Poisson variable with mean n)

"B, ~ M(%,)P)

j 2
> DUXYY, u(p - 1))

p=n+1

< Bl ¥ nN-J

oo

n—1 n 2
FYIN=j] Y DAXYY, % (p - 1)) }
J=0 pej+l
00 J
< VB[ Y IN=G-m X EDHXS), - 1)
Jj=n+1 p=n+1
LY IN == ) Y EDUXE), % - D)
Jj=0 p=j+1
(by Schwarz’s inequality)
< LCLB{(N, ~n)’} = Cap

Therefore, the left-hand side of (4.35) is uniformly irgegrable and hence, by
(4.36), (4.35) holds. We may therefore replace u”»{M,} by uV~{M(%,)} in
(4.34).

Finally we show o2 > 0, by proving that M (%, ) cannot be concentrated on
an interval of length o(n'/?). This is done by a block argument which is similar
to that of Avram and Bertsimas [(1993), Proposition 5]. We just describe our
block for d = 2 and leave the case d > 3 to the reader. For d = 2 we consider
a 13 x 13 square W C @,,. For each 1 x 1 square along the boundary of W (see
Figure 4) we require that

(4.37) there is at least one point of %,, in the 1 x 1 square.

We also require that

(4.38) %, contains exactly one point v; in each of B;, i =1, 2,
where B; are 1 x 1 squares as in Figure 4. Finally we require that

apart from vy, vy and the points in the 1 x 1 squares along
the boundary of W, there are no points of %, in W.

We claim that, if %, N W has these properties, then in any MST T on %,,
there is only one edge incident to vy € By, and this edge connects v, to v;.
Indeed, for any v € %, \ {vi, vy}, the line segment (v, vy) must intersect a
1 x 1 square on the boundary of W. Choose a %,-point w; in this square.
Next choose a %,,-point w, in the adjacent boundary square. Keep choosing
%,-points w ; in successive adjacent boundary squares until we choose a %,-
point w,, in By (see Figure 4). Then 7 = (v, wy, ..., w,,, U1, Ug) is a path from

(4.39)
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e Bl B,
_B3 . .
. R v2

Fi1G. 4. If %, contains this 13 x 13 square configuration, then in any MST on %,, the only edge
incident to vy is the edge (v1, vg).

v to vy in %,, such that |(v, wy)| < |(v, Vo), [(w;_1, w;)| < |(v,v9)], 2 <1 < m,
[(w,,, v1)] < [(v,vy)| and |(vy, vy)| < |(v, vg)|. Therefore, by Lemma 2, (v, vy)
cannot be an edge in any MST T on %,,. This proves our claim that the only
edge in T incident to v, is the edge (v, vg).

It follows from this claim that, if %, N W satisfies (4.37)—(4.39), then

M(%,) = M(%, \ {va}) + ¢(I(v1, va)])-

As in Avram and Bertsimas (1993), this proves that Var (M (%,)) > Cyn for
some constant Cy; > 0. However, without a proof of uniform integrability of
nYM(%,) — nY{M(%,)})?, this does not guarantee o> > 0. For §(x) =
|x|, this uniform integrability is in fact contained in Talagrand’s much more
detailed and deeper tail estimates for M (%, ) [see Theorem 11.3.2 in Talagrand
(1995)]. Alternatively, we can use the following well known argument. Choose
M = [Cyyn| disjoint 13 x 13 squares Wy, ..., Wy, in @,. Let W; ,..., W; be
the random collection of those squares for which %, N W;; has the properties
(4.37)—~(4.39) (after a suitable translation). Let v; ; and vy ; be the analogues
in W;; of v; and vy, respectively. Then conditioned on the index set {i4, ..., s}
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and %, \ [ U’=1{vz, ;}], the ¢(|(vy, j, vg, ;)|) are independent and

j§§¢<|<v1,j,vz,j>|>

is asymptotically normal with some mean, but with a variance v? > Cyy for
some constant Cy3 > 0. In addition, it is easy to see that there exists some
Cy4 > 0 such that

pUr{s = Cyyn} — 1
as n — oo. Standard arguments now show that

supuU{a <n V2M(%,)<a+e}— 0

as ¢ | 0, uniformly in n. Together with (4.34) this implies o2 > 0. This com-
pletes the proof of Theorem 2. O
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